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ÂâåäåíèåÒåîðèÿ êîí�ëèêòíî óïðàâëÿåìûõ ïðîöåññîâ ïðåäñòàâëÿåò ñîáîé èí-òåíñèâíî ðàçâèâàþùèéñÿ ðàçäåë ñîâðåìåííîé ìàòåìàòèêè. Â äàííîéòåîðèè èññëåäóþòñÿ çàäà÷è óïðàâëåíèÿ äèíàìè÷åñêèìè ïðîöåññàìè âóñëîâèÿõ êîí�ëèêòà, êîòîðîé ïðåäïîëàãàåò íàëè÷èå äâóõ èëè áîëåå ñòî-ðîí ñ ïðîòèâîïîëîæíûìè èëè íåñîâïàäàþùèìè öåëÿìè, ñïîñîáíûõ âîç-äåéñòâîâàòü íà ïðîöåññ. Äèíàìè÷åñêèå ïðîöåññû, îïèñûâàåìûå îáûêíî-âåííûìè äè��åðåíöèàëüíûìè óðàâíåíèÿìè, íàçûâàþò òàêæå äè��å-ðåíöèàëüíûìè èãðàìè.Ïðåäëàãàåìàÿ ðàáîòà ïîñâÿùåíà äè��åðåíöèàëüíûì èãðàì ïðåñëå-äîâàíèÿ�óáåãàíèÿ äâóõ ñòîðîí, ïðåäñòàâëåííûõ ãðóïïîé ïðåñëåäîâàòå-ëåé ñ îäíîé ñòîðîíû, è êàê îäíîãî óáåãàþùåãî, òàê è ãðóïïû óáåãàþùèõ,ñ äðóãîé. Ïîòðåáíîñòü èçó÷åíèÿ òàêèõ çàäà÷ âîçíèêàåò ïðè ðåøåíèèðÿäà ïðèêëàäíûõ çàäà÷ èç ìåõàíèêè, ýêîíîìèêè, âîåííîãî äåëà, ðàäèî-ýëåêòðîíèêè, áèîëîãèè è íåêîòîðûõ äðóãèõ îáëàñòåé.Îäíîé èç ïåðâûõ ðàáîò â ýòîé îáëàñòè, ïî âñåé âèäèìîñòè, ñëåäóåòñ÷èòàòü ðàáîòó �. Øòåéíãàóçà, îïóáëèêîâàííóþ â 1925 ãîäó, â êîòî-ðîé îí �îðìóëèðóåò çàäà÷ó ïðåñëåäîâàíèÿ êàê äè��åðåíöèàëüíóþ èã-ðó ïðåñëåäîâàíèÿ. Ñòàíîâëåíèå òåîðèè äè��åðåíöèàëüíûõ èãð ñâÿçàíîñ èññëåäîâàíèÿìè �. Àéçåêñà, À. Áðàéñîíà, Ó. Ôëåìèíãà, Á.Í. Ïøåíè÷-íîãî.Îñíîâîïîëàãàþùèé âêëàä â ðàçâèòèå òåîðèè äè��åðåíöèàëüíûõ èãðâíåñëè àêàäåìèêè Í.Í. Êðàñîâñêèé è Ë.Ñ. Ïîíòðÿãèí.Ê íàñòîÿùåìó âðåìåíè òåîðèÿ äè��åðåíöèàëüíûõ èãð ïîëó÷èëà ñó-ùåñòâåííîå ðàçâèòèå.Â ðàáîòå [77℄ Á.Í. Ïøåíè÷íîãî ðàññìàòðèâàëàñü çàäà÷à ïðîñòîãîïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî, ïðè óñëî-âèè, ÷òî ñêîðîñòü óáåãàþùåãî è ïðåñëåäîâàòåëåé ïî íîðìå íå ïðåâîñ-õîäÿò åäèíèöû. Áûëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿïîèìêè. 4



Ô.Ë. ×åðíîóñüêî â ðàáîòå [94℄ ðàññìàòðèâàëàñü çàäà÷à óêëîíåíèÿóïðàâëÿåìîé òî÷êè, ñêîðîñòü êîòîðîé îãðàíè÷åíà ïî âåëè÷èíå, îò âñòðå-÷è ñ ëþáûì êîíå÷íûì ÷èñëîì ïðåñëåäóþùèõ òî÷åê, ñêîðîñòè êîòîðûõòàêæå îãðàíè÷åíû ïî âåëè÷èíå è ñòðîãî ìåíüøå ñêîðîñòè óêëîíÿþùåé-ñÿ òî÷êè. Áûë ïîñòðîåí òàêîé ñïîñîá óïðàâëåíèÿ, êîòîðûé îáåñïå÷èâà-åò óêëîíåíèå îò âñåõ ïðåñëåäîâàòåëåé íà êîíå÷íîå ðàññòîÿíèå, ïðè÷¼ìäâèæåíèå óêëîíÿþùåéñÿ òî÷êè îñòà¼òñÿ â �èêñèðîâàííîé îêðåñòíîñòèçàäàííîãî äâèæåíèÿ.Óêàçàííûå ðàáîòû, ïî ñóùåñòâó, áûëè ïåðâûìè, ïîñâÿù¼ííûìè çà-äà÷å ãðóïïîâîãî ïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãà-þùåãî.Çàäà÷à óêëîíåíèÿ îò âñòðå÷è â äè��åðåíöèàëüíûõ èãðàõ èç ëþáûõíà÷àëüíûõ ïîëîæåíèé íà ïîëóáåñêîíå÷íîì èíòåðâàëå âðåìåíè âïåðâûåáûëà ïîñòàâëåíà è ðåøåíà â ëèíåéíîì ñëó÷àå Ë.Ñ. Ïîíòðÿãèíûì èÅ.Ô. Ìèùåíêî [71�74℄.Â ðàáîòå [23℄ Í.Ë. �ðèãîðåíêî ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷-íûå óñëîâèÿ óêëîíåíèÿ îò âñòðå÷è îäíîãî óáåãàþùåãî îò íåñêîëüêèõïðåñëåäîâàòåëåé ïðè óñëîâèè, ÷òî óáåãàþùèé è ïðåñëåäîâàòåëè îáëàäà-þò ïðîñòûì äâèæåíèåì, è ìíîæåñòâî óïðàâëåíèé êàæäîãî èç èãðîêîâ �îäèí è òîò æå âûïóêëûé êîìïàêò.�àáîòà [20℄ îáîáùàåò ðåçóëüòàò Á.Í. Ïøåíè÷íîãî íà ñëó÷àé l -ïîèì-êè. Â ðàáîòå [113℄ Á.Ê. Õàéäàðîâ ðàññìîòðåë çàäà÷ó ïîçèöèîííîé l -ïîèìêè îäíîãî óáåãàþùåãî ãðóïïîé ïðåñëåäîâàòåëåé ïðè óñëîâèè, ÷òîêàæäûé èç èãðîêîâ îáëàäàåò ïðîñòûì äâèæåíèåì.Â ðàáîòàõ [38,80℄ ïîëó÷åíû óñëîâèÿ îïòèìàëüíîñòè âðåìåíè ïðåñëå-äîâàíèÿ â äè��åðåíöèàëüíîé èãðå îäíîãî óáåãàþùåãî è íåñêîëüêèõïðåñëåäîâàòåëåé, äâèæåíèå êîòîðûõ ÿâëÿåòñÿ ïðîñòûì.Â ðàáîòå [37℄ �.Ï. Èâàíîâ ðàññìîòðåë çàäà÷ó ïðîñòîãî ïðåñëåäîâà-íèÿ ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî ïðè óñëîâèè, ÷òî óáå-ãàþùèé íå ïîêèäàåò ïðåäåëû âûïóêëîãî êîìïàêòà ñ íåïóñòîé âíóòðåí-5



íîñòüþ. Áûëî äîêàçàíî, ÷òî åñëè ÷èñëî ïðåñëåäîâàòåëåé ìåíüøå ðàç-ìåðíîñòè ìíîæåñòâà, òî áóäåò óêëîíåíèå, èíà÷å � ïîèìêà è ïîëó÷åíàîöåíêà âðåìåíè ïîèìêè.�àáîòà [59℄ Í.Í. Ïåòðîâà îáîáùàåò ðåçóëüòàò �.Ï. Èâàíîâà íà ñëó-÷àé, êîãäà óáåãàþùèé íå ïîêèäàåò ïðåäåëû âûïóêëîãî ìíîãîãðàííîãîìíîæåñòâà ñ íåïóñòîé âíóòðåííîñòüþ.Çàäà÷è ïðîñòîãî ïðåñëåäîâàíèÿ ñ ¾ëèíèåé æèçíè¿ ðàññìîòðåíûË.À. Ïåòðîñÿíîì â [68℄.À.Ì. Êîâøîâ â [40℄ ðàññìîòðåë çàäà÷ó ïðîñòîãî ïðåñëåäîâàíèÿ îä-íîãî óáåãàþùåãî ãðóïïîé ïðåñëåäîâàòåëåé íà ñ�åðå.Ïî âñåé âèäèìîñòè, ïåðâîé ðàáîòîé, ïîñâÿù¼ííîé çàäà÷å ïðåñëåäî-âàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ áûëà ðàáîòà [58℄.Â äàííîé ðàáîòå ðàññìàòðèâàëàñü çàäà÷à ïðîñòîãî ïðåñëåäîâàíèÿ ãðóï-ïîé ïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ, ïðè óñëîâèè, ÷òî ñêîðîñòè âñåõó÷àñòíèêîâ ïî íîðìå íå ïðåâîñõîäÿò åäèíèöû è öåëüþ ïðåñëåäîâàòåëåéÿâëÿåòñÿ ïîèìêà âñåõ óáåãàþùèõ. Áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿóêëîíåíèÿ îò âñòðå÷è è ïîëó÷åíû îöåíêè ñâåðõó è ñíèçó ìèíèìàëüíîãî÷èñëà óáåãàþùèõ, óêëîíÿþùèõñÿ îò çàäàííîãî ÷èñëà ïðåñëåäîâàòåëåéèç ëþáûõ íà÷àëüíûõ ïîçèöèé.�àáîòà [111℄ îáîáùàåò ðåçóëüòàòû ïðåäûäóùåé ðàáîòû íà ëèíåéíûåäè��åðåíöèàëüíûå èãðû.Â ðàáîòå [60℄ ðàññìàòðèâàëàñü çàäà÷à ïðîñòîãî ïðåñëåäîâàíèÿ ãðóï-ïîé ïðåñäåäîâàòåëåé ãðóïïû óáåãàþùèõ, ïðè óñëîâèè, ÷òî ñêîðîñòè âñåõó÷àñòíèêîâ ïî íîðìå íå ïðåâîñõîäÿò åäèíèöû, êàæäûé ïðåñëåäîâàòåëüëîâèò íå áîëåå îäíîãî óáåãàþùåãî, à óáåãàþùèå â íà÷àëüíûé ìîìåíòâðåìåíè âûáèðàþò ñâî¼ óïðàâëåíèå íà èíòåðâàë [0,+∞) . Áûëè ïîëó-÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîèìêè.Â ðàáîòå [89℄ Í.Þ. Ñàòèìîâ è Ì.Ø. Ìàìàòîâ ðàññìîòðåëè çàäà÷óïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ, ïðè óñëî-âèè, ÷òî ïðåñëåäîâàòåëè è óáåãàþùèå îáëàäàþò ïðîñòûì äâèæåíèåì ñ6



åäèíè÷íîé ïî íîðìå ìàêñèìàëüíîé ñêîðîñòüþ è, óáåãàþùèå, êðîìå òî-ãî, èñïîëüçóþò îäíî è òî æå óïðàâëåíèå (æ¼ñòêî ñêîîðäèíèðîâàííûåóáåãàþùèå). Öåëü ãðóïïû ïðåñëåäîâàòåëåé � ïîéìàòü õîòÿ áû îäíîãîóáåãàþùåãî. Áûëè ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ ïîèìêè.�àáîòû Ä.À. Âàãèíà è Í.Í. Ïåòðîâà [18,67℄ äîïîëíÿþò ïðåäûäóùóþðàáîòó.Íà ñåãîäíÿøíèé äåíü ðàçðàáîòàíî äîñòàòî÷íî ìíîãî èäåéíî ðàçëè÷-íûõ ìåòîäîâ è ìàíåâðîâ óêëîíåíèÿ îò âñòðå÷è: íàïðèìåð, ìåòîä ìà-íåâðà îáõîäà [71�74℄ è åãî ìîäè�èêàöèè [26�28, 30, 52, 53, 76, 79℄, ìåòî-äû ïîñòîÿííûõ è ïåðåìåííûõ íàïðàâëåíèé [48,75,84,96�103,106℄, ìåòîäèíâàðèàíòíûõ ïîäïðîñòðàíñòâ [78, 83, 100℄, ìåòîäû, èñïîëüçóþùèå èñ-÷èñëåíèå Ìèêóñèíñêîãî [49,51,120℄, ðåêóðñèâíûå ìåòîäû [25,32,95,109,117�119, 121�123℄ è òàê äàëåå. Ìåæäó ýòèìè ìåòîäàìè, áåçóñëîâíî, ñó-ùåñòâóþò ãëóáîêèå ñâÿçè, ìíîãèå èç êîòîðûõ äî ñèõ ïîð íå âûÿñíåíû.Ñðåäè äðóãèõ ðàáîò, ïîñâÿù¼ííûõ çàäà÷å ïðîñòîãî ïðåñëåäîâàíèÿ,îòìåòèì ðàáîòû [1, 15, 21, 31, 44, 46, 47, 69,86,87, 107,114,115℄.Îáîáùåíèåì çàäà÷è ïðîñòîãî ïðåñëåäîâàíèÿ ÿâëÿåòñÿ ïðèìåð Ïîíò-ðÿãèíà [71℄. Äàííîìó ïðèìåðó ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà, òàê êàêîí ÿâëÿåòñÿ ìîäåëüíûì äëÿ àíàëèçà ïîëó÷åííûõ ðàçëè÷íûõ óñëîâèéïîèìêè è óáåãàíèÿ.Â ðàáîòå [63℄ Í.Í. Ïåòðîâ ðàññìîòðåë çàäà÷ó ïðåñëåäîâàíèÿ ãðóïïîéïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî â ïðèìåðå Ïîíòðÿãèíà ñ ðàâíûìèäèíàìè÷åñêèìè âîçìîæíîñòÿìè èãðîêîâ. Áûëè ïîëó÷åíû äîñòàòî÷íûåóñëîâèÿ ïîèìêè.Â ðàáîòå [66℄ ðàññìîòðåíà çàäà÷à î ìíîãîêðàòíîé ïîèìêå îäíîãî óáå-ãàþùåãî ãðóïïîé ïðåñëåäîâàòåëåé â ïðèìåðå Ïîíòðÿãèíà ñ �àçîâûìèîãðàíè÷åíèÿìè.Çàäà÷à ïðåñëåäîâàíèÿ æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ ãðóï-ïîé ïðåñëåäîâàòåëåé â ïðèìåðå Ïîíòðÿãèíà ïðè ðàâíûõ äèíàìè÷åñêèõè èíåðöèîííûõ âîçìîæíîñòÿõ ó÷àñòíèêîâ ðàññìîòðåíà â [19℄. Ïîëó÷åíû7



äîñòàòî÷íûå óñëîâèÿ ïîèìêè õîòÿ áû îäíîãî óáåãàþùåãî.Â ðàáîòå [64℄ Í.Í. Ïåòðîâ ðàññìîòðåë çàäà÷ó ïðåñëåäîâàíèÿ ãðóïïîéïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ â ïðèìåðå Ïîíòðÿãèíà ñ ðàâíûìèäèíàìè÷åñêèìè è èíåðöèîííûìè âîçìîæíîñòÿìè èãðîêîâ, ïðèð óñëî-âèè, ÷òî êàæäûé ïðåñëåäîâàòåëü ëîâèò íå áîëåå îäíîãî óáåãàþùåãî èóáåãàþùèå âûáèðàþò ñâîè óïðàâëåíèÿ ïðè t = 0 ñðàçó íà [0,∞) è íåïîêèäàþò ïðåäåëû ìíîãîãðàííîãî ìíîæåñòâà D. Áûëè ïîëó÷åíû äîñòà-òî÷íûå óñëîâèÿ ïîèìêè.¾Ìÿãêàÿ¿ ïîèìêà îäíîãî óáåãàþùåãî ãðóïïîé ïðåñëåäîâàòåëåé äëÿèíåðöèîííûõ îáúåêòîâ ðàññìàòðèâàëàñü �.Ï. Èâàíîâûì â ðàáîòå [39℄.Ïðèìåð Ïîíòðÿãèíà ñ ðàçëè÷íûìè èíåðöèîííûìè è äèíàìè÷åñêèìèâîçìîæíîñòÿìè ó÷àñòíèêîâ ðàññìàòðèâàëñÿ òàêæå â ðàáîòàõ [24,33�36,56, 70, 71, 85, 108℄.Êâàçèëèíåéíûå äèíàìè÷åñêèå ïðîöåññû ïðåäñòàâëÿþò åñòåñòâåííîåîáîáùåíèå ðàçññìîòðåííûõ âûøå çàäà÷.Ïðè óñëîâèè äèñêðèìèíàöèè óáåãàþùåãî â ðàáîòàõ Í.Ë. �ðèãîðåí-êî [24℄, À.À. ×èêðèÿ [108℄ ðàññìîòðåíû ðàçëè÷íûå ðàçëè÷íûå ìåòîäûãðóïïîâîãî ïðåñëåäîâàíèÿ îäíîãî óáåãàþùåãî â êâàçèëèíåéíûõ äèíàìè-÷åñêèõ ïðîöåññàõ. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîèìêè è r -ïîèìêè.Â ðàáîòå [70℄ Þ.Â. Ïèëèïåíêî è À.À. ×èêðèé ðàññìàòðèâàëè êâà-çèëèíåéíûå ïðîöåññû, äëÿ êîòîðûõ óñëîâèå Ë.Ñ. Ïîíòðÿãèíà [71℄ âû-ïîëíåíî ëèøü íà íåêîòîðûõ èíòåðâàëàõ ÷èñëîâîé ïîëóîñè, ïîñëåäíååîáñòîÿòåëüñòâî ìîæåò èìåòü ìåñòî, íàïðèìåð, åñëè îäíîðîäíàÿ ñèñòå-ìà îñóùåñòâëÿåò ïåðèîäè÷åñêèå êîëåáàòåëüíûå äâèæåíèÿ. Ïðè äèñêðè-ìèíàöèè óáåãàþùåãî ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîèìêè ãðóïïîéïðåñëåäîâàòåëåé.Ñðåäè äðóãèõ ðàáîò, ïîñâÿùåííûõ çàäà÷àì ïðåñëåäîâàíèÿ è óáåãàíèÿâ êâàçèëèíåéíûõ ïðîöåññàõ ñî ìíîãèìè ó÷àñòíèêàìè îòìåòèì [22,29,41,62, 65, 88, 90, 104,105,112℄.
8



Íèæå ïðèâåäåíû êðàòêèé îáçîð äàííîé ðàáîòû è ñïèñîê ïóáëèêàöèéàâòîðà ïî òåìå äèññåðòàöèè.Êðàòêèé îáçîð ðàáîòû�àáîòà ñîñòîèò èç äâóõ ãëàâ è øåñòè ïàðàãðà�îâ. Â ïåðâîé ãëàâåðàññìàòðèâàþòñÿ çàäà÷è êîí�ëèêòíîãî âçàèìîäåéñòâèÿ ãðóïï ïðåñëå-äîâàòåëåé è óáåãàþùèõ. Öåëü ïðåñëåäîâàòåëåé � ïåðåëîâèòü âñåõ óáå-ãàþùèõ, öåëü óáåãàþùèõ � õîòÿ áû îäíîìó èçáåæàòü ïîèìêè. Äëÿ îä-íîòèïíûõ ëèíåéíûõ ñèñòåì äàíû óñëîâèÿ âçàèìíîãî ðàñïîëîæåíèÿ ïðå-ñëåäîâàòåëåé è óáåãàþùèõ, äîñòàòî÷íûå äëÿ óáåãàíèÿ íà áåñêîíå÷íîìïîëóèíòåðâàëå. Â ñëó÷àå ïðîñòûõ ìàòðèö ðàññìîòðåí âîïðîñ î ñîîò-íîøåíèè ÷èñëà ïðåñëåäîâàòåëåé è óáåãàþùèõ, ïðè êîòîðîì ðàçðåøèìàãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ. Âñå äè��åðåíöèàëüíûå èãðû ðàññìàòðè-âàþòñÿ â ïðîñòðàíñòâå Rk (k > 2) .Ïåðâûé ïàðàãðà� íîñèò âñïîìîãàòåëüíûé õàðàêòåð è ñîäåðæèò îïè-ñàíèå íåêîòîðûõ ñâîéñòâ ãðàíèöû ìíîæåñòâà óïðàâëÿåìîñòè, ñâÿçàí-íûõ ñ óñëîâèåì ìàêñèìóìà. �àññìàòðèâàåòñÿ óïðàâëÿåìûé îáúåêò, ïî-âåäåíèå êîòîðîãî îïèñûâàåòñÿ óðàâíåíèåì âèäà
ẋ(t) = A(t)x(t) + u(t), u ∈ U. (1)Ïóñòü x(t) � ðåøåíèå óðàâíåíèÿ (1) , ñîîòâåòñòâóþùåå óïðàâëåíèþ

u(t) è íà÷àëüíîìó óñëîâèþ x(t0) ∈ M0 , ãäå M0 � âûïóêëûé êîìïàêò.Îáîçíà÷èì ÷åðåç X(t; t0,M0, U) ìíîæåñòâî äîñòèæèìîñòè óïðàâëÿåìî-ãîîáúåêòà â ìîìåíò t > t0 èç ìíîæåñòâà M0 .Îïðåäåëåíèå 1. �îâîðÿò, ÷òî ïàðà {u(t), x(t)} óäîâëåòâîðÿåò óñëî-âèþ ìàêñèìóìà íà îòðåçêå [t0, t1] è óñëîâèþ òðàíñâåðñàëüíîñòè íàìíîæåñòâå M0 , åñëè ñóùåñòâóåò òàêîå ðåøåíèå ψ(t) ñîïðÿæåííîé ñè-ñòåìû ψ̇(t) = −A∗(t)ψ(t) ñ íà÷àëüíûì óñëîâèåì ψ(t0) ∈ ∂S , ÷òî âû-ïîëíåíû ñëåäóþùèå óñëîâèÿ: 9



• (u(t), ψ(t)) = C(U ;ψ(t)) äëÿ ïî÷òè âñåõ t ∈ [t0, t1] ,
• (x(t0), ψ(t0)) = C(M0;ψ(t0)) .Ëåììà 1. Ïóñòü ïàðà {û(t), x̂(t)} óäîâëåòâîðÿåò óñëîâèþ ìàêñèìó-ìà íà îòðåçêå [t0, t1] è óñëîâèþ òðàíñâåðñàëüíîñòè íà ìíîæåñòâå

M0

(û(t), ψ(t)) = C(U ;ψ(t)) äëÿ ïî÷òè âñåõ t ∈ [t0, t1], (2)
(x̂(t0), ψ(t0)) = C(M0;ψ(t0)). (3)Òîãäà x̂(t1) ∈ ∂X(t1; t0,M0, U) .Ëåììà 2. Ïóñòü M0 � âûïóêëûé êîìïàêò. Òî÷êà x(t1) ïðèíàäëå-æèò ìíîæåñòâó ∂X(t1; t0,M0, U) ïðè t1 > t0 òîãäà, êîãäà ïàðà

{u(t), x(t)} óäîâëåòâîðÿåò óñëîâèþ ìàêñèìóìà íà îòðåçêå [t0, t1] èóñëîâèþ òðàíñâåðñàëüíîñòè íà ìíîæåñòâå M0 :
(u(t), ψ(t)) = C(U ;ψ(t)) äëÿ ïî÷òè âñåõ t ∈ [t0, t1],

(x(t0), ψ(t0)) = C(M0;ψ(t0)).Ëåììà 3. Ïóñòü M0�âûïóêëûé êîìïàêò. Åñëè x1(t0) 6= x2(t0) , êàæ-äàÿ èç ïàð {ui(t), xi(t)}, i = 1, 2 , óäîâëåòâîðÿåò óñëîâèþ ìàêñèìóìàíà îòðåçêå [t0, t1] , t1 > t0 , è óñëîâèþ òðàíñâåðñàëüíîñòè íà ìíîæå-ñòâå M0 , à êðîìå òîãî, îïîðíàÿ �óíêöèÿ C(U ;ψ1) äè��åðåíöèðóåìàïî ψ1 âäîëü ψ1(t) äëÿ ïî÷òè âñåõ t ∈ [t0, t1] , òî x1(t1) 6= x2(t1) .Âî âòîðîì ïàðàãðà�å ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà Γ

n+m ëèö: n ïðåñëåäîâàòåëåé è m óáåãàþùèõ. Çàêîí äâèæåíèÿ êàæ-äîãî èç ïðåñëåäîâàòåëåé Pi , i = 1, . . . , n , èìååò âèä:
ẋi(t) = A(t)xi(t) + ui(t), ui ∈ U.Çàêîí äâèæåíèÿ êàæäîãî èç óáåãàþùèõ Ej , j = 1, . . . , m , èìååò âèä:
ẏj(t) = A(t)yj(t) + vj(t), vj ∈ U.10



Â ìîìåíò âðåìåíè t = t0 çàäàíû íà÷àëüíûå óñëîâèÿ xi(t0) = x0i ,
yj(t0) = y0j , ïðè÷¼ì x0i 6= y0j äëÿ âñåõ i , j . Çäåñü U ⊂ Rk � âû-ïóêëûé êîìïàêò, A(t) � äåéñòâèòåëüíàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà
k , èçìåðèìàÿ íà âñåé îñè t , íîðìà ||A(t)|| èíòåãðèðóåìà íà ëþáîìêîìïàêòíîì ïîäìíîæåñòâå îñè t . Óïðàâëåíèÿìè èãðîêîâ ÿâëÿþòñÿ èç-ìåðèìûå �óíêöèè ui(t) , vj(t) , ïðèíèìàþùèå ïðè t > t0 çíà÷åíèÿ èçìíîæåñòâà U .Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî â äè��åðåíöèàëüíîé èãðå Γ èçíà÷àëüíîãî ñîñòîÿíèÿ z0 = (x01, . . . , x

0
n, y

0
1, . . . , y

0
m) ðàçðåøèìà íà ïîëó-áåñêîíå÷íîì èíòåðâàëå [t0,+∞) ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ, åñëè ñó-ùåñòâóþò òàêèå óïðàâëåíèÿ v1(t), . . . , vm(t) óáåãàþùèõ, ÷òî ïðè ëþáûõóïðàâëåíèÿõ u1(t) ,. . . ,un(t) ïðåñëåäîâàòåëåé íàéäåòñÿ íîìåð

s ∈ {1, . . . , m} , òàêîé, ÷òî ys(t) 6= xi(t) äëÿ âñåõ i ∈ {1, . . . , n} ïðèâñåõ t > t0 .Ïóñòü G � íåêîòîðîå íåïóñòîå ïîäìíîæåñòâî ïðîñòðàíñòâà Rk . Ïî-ëàãàåì x(t) = (x1(t), . . . , xn(t)) , y(t) = (y1(t), . . . , ym(t)) è îïðåäåëèììíîæåñòâà èíäåêñîâ
I(x(t), G) = {i| i ∈ {1, . . . , n}, xi(t) ∈ G},

J(y(t), G) = {j| j ∈ {1, . . . , m}, yj(t) ∈ G},ïðè÷åì, åñëè ñóùåñòâóþò èíäåêñû jl ∈ J(y(t), ∂G) , l = 1, . . . , s , s > 1 ,
j1 < j2 < . . . < js , òàêèå, ÷òî yj1(t) = yj2(t) = · · · = yjs(t) , òî ñ÷èòàåì,÷òî jl /∈ J(y(t), ∂G) äëÿ l = 2, . . . , s . Îáîçíà÷èì ÷åðåç |I| êîëè÷åñòâîýëåìåíòîâ êîíå÷íîãî ìíîæåñòâà I .Ïðåäïîëîæèì, ÷òî G � âûïóêëûé êîìïàêò. Îáîçíà÷èì ÷åðåç ψj(t)ðåøåíèå ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −A∗(t)ψ(t), (4)ñîîòâåòñòâóþùåå íà÷àëüíîìó óñëîâèþ ψj(t0) = pj , ãäå pj � åäèíè÷íûéîïîðíûé âåêòîð ê ìíîæåñòâó G â ãðàíè÷íîé òî÷êå y0j , j ∈ J(y(t0), ∂G) .11



Òåîðåìà 1. Ïóñòü ñóùåñòâóåò âûïóêëûé êîìïàêò G , ÷òî
|J(y(t0), ∂G)| > |I(x(t0),R

k\G)|,è äëÿ ëþáîãî j ∈ J(y(t0), ∂G) îïîðíàÿ �óíêöèÿ C(U ;ψj) äè��åðåí-öèðóåìà ïî ψj âäîëü òðàåêòîðèè ψj(t) ñèñòåìû (4) äëÿ ïî÷òè âñåõ
t > t0 , òîãäà â äè��åðåíöèàëüíîé èãðå Γ èç íà÷àëüíîãî ñîñòîÿíèÿ z0ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Òåîðåìà 2. Ïóñòü U � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðà-íèöåé. Åñëè ñóùåñòâóþò âûïóêëûå êîìïàêòû G1 , G2 , òàêèå, ÷òî
x0i ∈ G1 ∪G2 äëÿ ëþáîãî i ∈ {1, . . . , ν} , è

|I(x(t0), G1\G2)| < |J(y(t0),R
n\(G1 ∪G2))|+ |J(y(t0), ∂G2)|, (5)òî â äè��åðåíöèàëüíîé èãðå Γ èç íà÷àëüíîãî ñîñòîÿíèÿ z0 ðàçðåøè-ìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Â òðåòüåì ïàðàãðà�å ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà A(t)=−a(t)Ek ,ãäå a(t) � äåéñòâèòåëüíàÿ èçìåðèìàÿ �óíêöèÿ, èíòåãðèðóåìàÿ íà ëþ-áîì êîìïàêòíîì ïîäìíîæåñòâå îñè t , à U � ñòðîãî âûïóêëûé êîìïàêò.Òîãäà çàêîí äâèæåíèÿ ïðåñëåäîâàòåëåé ïðèíèìàåò âèä

ẋi(t) = −a(t)xi(t) + ui(t), xi(t0) = x0i , ui ∈ U.Çàêîí äâèæåíèÿ êàæäîãî èç óáåãàþùèõ ïðèíèìàåò âèä:
ẏj(t) = −a(t)yj(t) + vj(t), yj(t0) = y0j , vj ∈ U.Ïóñòü äàëåå

f+(t) = e

t∫
t0

a(s) ds

dτ, g(t) =

t∫

t0

f+(s) ds, λ0 = lim
t→+∞

1

g(t)
.Ïóñòü σ íåêîòîðîå ðàçáèåíèå t0 = τ0 < τ1 < · · · < ïðîìåæóòêà

[t0,+∞) , íå èìåþùåå êîíå÷íûõ òî÷åê ñãóùåíèÿ.12



Îïðåäåëåíèå 3. Íàçîâ¼ì êóñî÷íî-ïðîãðàììíîé ñòðàòåãèåé Vj óáåãà-þùåãî Ej , îòâå÷àþùåé ðàçáèåíèþ σ , ñåìåéñòâî îòîáðàæåíèé {blj}
∞
l=0 ,ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì

(τl, x1(τl), . . . , xn(τl), y1(τl), . . . , ym(τl),

min
i=1..n

min
τ∈[τ0,τl]

‖xi(τ)− y1(τ)‖, . . . , min
i=1..n

min
τ∈[τ0,τl]

‖xi(τ)− ym(τ)‖)èçìåðèìóþ �óíêöèþ vlj(t) , îïðåäåëåííóþ íà [τl, τl+1) è òàêóþ ÷òî
vlj(t) ∈ U äëÿ âñåõ t ∈ [τl, τl+1) .Îïðåäåëåíèå 4. Â äè��åðåíöèàëüíîé èãðå Γ(n,m, z0) ðàçðåøèìàãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ, åñëè èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ z0ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Ñíà÷àëà ðàññìàòðèâàþòñÿ òðè ëåììû, ñîäåðæàùèå äîñòàòî÷íûå óñ-ëîâèÿ ðàçðåøèìîñòè ëîêàëüíîé çàäà÷è óêëîíåíèÿËåììà 4. Ïóñòü â èãðå Γ(n,m, z0) ñóùåñòâóåò ãèïåðïëîñêîñòü H ,òàêàÿ, ÷òî x0i ∈ H−, i = 1, . . . , n, y0j ∈ H+, j = 1, . . . , m. Òîãäà âèãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Çàìå÷àíèå 1. Åñëè íà÷àëüíàÿ ïîçèöèÿ õîòÿ áû îäíîãî óáåãàþùåãîíå ïðèíàäëåæèò âíóòðåííîñòè âûïóêëîé îáîëî÷êè íà÷àëüíûõ ïîçèöèéïðåñëåäîâàòåëåé, òî â ñèëó ëåììû 4 ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëî-íåíèÿ.Ëåììà 5. Ïóñòü â èãðå Γ(n,m, z0) ñóùåñòâóþò ãèïåðïëîñêîñòè H1 ,
H2, ìíîæåñòâà I ⊂ {1, . . . , n} , J ⊂ {1, . . . , m}, òàêèå, ÷òî âûïîë-íåíû ñëåäóþùèå óñëîâèÿ:1. H1 ‖ H2 , H+

2 ⊂ H+
1 ,2. |J | > |I|+ 1 ,3. x0i ∈ H2

+ , i ∈ I , x0i ∈ H1
− , i /∈ I , y0j ∈ H1

+ ∩H2
− , j ∈ J ,13



4. äëÿ ëþáîé ïàðû èíäåêñîâ s , l ∈ J, s 6= l , âûïîëíåíî y0s − y0l ∦

v(p)− v(−p) , p � åäèíè÷íûé âåêòîð íîðìàëè H1 , íàïðàâëåííûéâ H+
1 .Òîãäà â èãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Ëåììà 6. Ïóñòü â èãðå Γ(n,m, z0) λ0 = 0, ñóùåñòâóþò ãèïåðïëî-ñêîñòè H1, H2, . . . , H2l, ìíîæåñòâà I1, I2, . . . , Il, J1, J2, . . . , Jl,òàêèå, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:1. H1 ‖ H2 ‖ · · · ‖ H2l , H+

j ⊂ H+
j−1 , j = 2, . . . , 2l, p � åäèíè÷íûéâåêòîð íîðìàëè ãèïåðïëîñêîñòè H1, íàïðàâëåííûé â H+

1 ,2. Is ⊂ {1, . . . , n} , Jq ⊂ {1, . . . , m} , s, q = 1, . . . , l,

Is ∩ Iq = ∅ , s 6= q , Js ∩ Jq = ∅ , s 6= q,3. x0i ∈ H1
− , i /∈ l⋃

s=1
Is,4. x0i ∈ H+

2s ∩H
−
2s+1 , i ∈ Is, s = 1, . . . , l − 1,

x0i ∈ H+
2l , i ∈ Il,5. y0j ∈ H+
2s−1

⋂
H−

2s , j ∈ Js , s = 1, . . . , l,6. |J1|+ [|J2| − |I1|]
+ + · · ·+ [|Jl| − (|I1|+ |I2|+ · · ·+ |Il−1|)]

+
>

> |I1|+ |I2|+ · · ·+ |Il|, ãäå a+ = max(a, 0),7. äëÿ ëþáîé ïàðû èíäåêñîâ i, j ∈
l⋃

s=1
Js, i 6= j, âûïîëíåíî

y0i − y0j ∦ v(p)− v(−p).Òîãäà â èãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Îñíîâûâàÿñü íà ëåììàõ 4, 5, 6 î äîñòàòî÷íûõ óñëîâèÿõ ðàçðåøèìîñòèëîêàëüíîé çàäà÷è óêëîíåíèÿ äîêàçûâàåòñÿ ñëåäóþùàÿÒåîðåìà 3. Ïóñòü λ0 = 0, U � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîéãðàíèöåé. Òîãäà äëÿ ëþáûõ íàòóðàëüíûõ p, m, òàêèõ, ÷òî m > p2p+2â èãðå Γ(2p + 1, m, z0) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ.14



Ââåäåì �óíêöèþ f : N → N âèäà
f(n) = min{m : âΓ(n,m,z0) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ}.Ñëåäñòâèå 1. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû. Òîãäà ñóùåñòâó-þò êîíñòàíòû C1 > 0 , C2 > 0 òàêèå, ÷òî äëÿ âñåõ n ∈ N, n 6= 1 ñïðà-âåäëèâî íåðàâåíñòâî C1n lnn 6 f(n) 6 C2n lnn .Ïðèìåð 1. Ïóñòü a(t) = a > 0 äëÿ âñåõ t > t0, A � ïîëîæèòåëüíîîïðåäåëåííàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà k , U = {x|(Ax, x) 6 1} .Òîãäà λ0 = 0 , U � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé èïîýòîìó äëÿ ëþáûõ íàòóðàëüíûõ p , m , òàêèõ, ÷òî m > p2p+ 2 â èãðå
Γ(2p + 1, m, z0) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ.Âòîðàÿ ãëàâà ñîñòîèò èç òð¼õ ïàðàãðà�îâ, â íåé ðàññìàòðèâàþòñÿçàäà÷è ãðóïïîâîãî ïðåñëåäîâàíèÿ îäíîãî óáåãàþùåãî.Â ïåðâîì ïàðàãðà�å ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà n+1ëèö: n ïðåñëåäîâàòåëåé P1, . . . , Pn è óáåãàþùåãî E .Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi èìååò âèä

ẋi(t) = a(t)ui(t), xi(t0) = x0, ui ∈ Q. (6)Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä
ẏ(t) = a(t)v(t), y(t0) = y0, v ∈ Q, (7)ïðè÷åì z0i = x0i − y0 /∈Mi, i = 1, . . . , n, Mi � çàäàííûå âûïóêëûå êîì-ïàêòû; a(t) � èçìåðèìàÿ ïî Ëåáåãó �óíêöèÿ, èíòåãðèðóåìàÿ íà ëþáîìêîìïàêòíîì ïîäìíîæåñòâå îñè t,

∫ +∞
t0

|a(s)| = +∞; Q � âûïóêëûéñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé, 0 ∈ Q.Ïðåäïîëàãàåòñÿ, ÷òî óáåãàþùèé E â ïðîöåññå èãðû íå ïîêèäàåò ïðå-äåëû ìíîæåñòâà D âèäà
D =

{
y|y ∈ Rk (pj, y) 6 µj , j = 1, . . . , r

}
, (8)ãäå p1, . . . , pr � åäèíè÷íûå âåêòîðû, µ1, . . . , µl � âåùåñòâåííûå ÷èñëàòàêèå, ÷òî IntD 6= ∅ . 15



Ïóñòü T > t0 � ïðîèçâîëüíîå ÷èñëî è σ � íåêîòîðîå êîíå÷íîå ðàç-áèåíèå îòðåçêà [t0, T ] : t0 = τ0 < τ1 < . . . < τs < τs+1 = T.Îïðåäåëåíèå 5. Êóñî÷íî-ïðîãðàììíîé ñòðàòåãèåé V óáåãàþùåãî E,çàäàííîé íà [t0, T ], ñîîòâåòñòâóþùåé ðàçáèåíèþ σ, íàçûâàåòñÿ ñåìåé-ñòâî îòîáðàæåíèé bl, l = 0, 1, . . . , s, ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷è-íàì
(τl, x1(τl), . . . , xn(τl), y(τl)) (9)èçìåðèìóþ �óíêöèþ vl(t), îïðåäåëåííóþ äëÿ t ∈ [τl, τl+1), è òàêóþ,÷òî vl(t) ∈ Q, y(t) ∈ D, t ∈ [τl, τl+1) .Îïðåäåëåíèå 6. Êóñî÷íî-ïðîãðàììíîé êîíòðñòðàòåãèåé Ui ïðåñëå-äîâàòåëÿ Pi, ñîîòâåòñòâóþùåé ðàçáèåíèþ σ, íàçûâàåòñÿ ñåìåéñòâî îòî-áðàæåíèé cl, l = 0, 1, . . . , s, ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì (9) èóïðàâëåíèþ vl(t) èçìåðèìóþ �óíêöèþ uil(t), îïðåäåëåííóþ íà ïîëóèí-òåðâàëå [τl, τl+1) è òàêóþ, ÷òî uil(t) ∈ Q, t ∈ [τl, τl+1) .Ïóñòü z0 = (x01, . . . , x
0
n, y

0). Îáîçíà÷èì äàííóþ èãðó Γ = Γ(n, z0, D).Îïðåäåëåíèå 7. Â èãðå Γ âîçìîæíî óêëîíåíèå îò âñòðå÷è, åñëè äëÿëþáîãî ÷èñëà T > t0 ñóùåñòâóåò ðàçáèåíèå σ èíòåðâàëà [t0, T ], ñòðà-òåãèÿ V óáåãàþùåãî E, ñîîòâåòñòâóþùàÿ ðàçáèåíèþ σ, òàêèå, ÷òî äëÿëþáûõ òðàåêòîðèé èãðîêîâ Pi èìååò ìåñòî
xi(t)− y(t) /∈Mi, t ∈ [t0, T ], i = 1, . . . , n,ãäå y(t) � ðåàëèçîâàâøàÿñÿ â äàííîé ñèòóàöèè òðàåêòîðèÿ óáåãàþùå-ãî E .Îïðåäåëåíèå 8. Â èãðå Γ ïðîèñõîäèò ïîèìêà, åñëè ñóùåñòâóåò ìî-ìåíò âðåìåíè T > t0 è äëÿ ëþáîãî ðàçáèåíèÿ σ èíòåðâàëà [t0, T ] ,ëþáîé òðàåêòîðèè y(t) èãðîêà E ñóùåñòâóþò êóñî÷íî-ïðîãðàììíûåêîíòðñòðàòåãèè Ui èãðîêîâ Pi, ñîîòâåòñòâóþùèå ðàçáèåíèþ σ, ñóùå-ñòâóåò ìîìåíò τ ∈ [t0, T ] è íîìåð m ∈ {1, 2, . . . , n} òàêèå, ÷òî

xm(τ)− y(τ) ∈Mm,16



ãäå xm(t) � ðåàëèçîâàâøàÿñÿ â äàííîé ñèòóàöèè òðàåêòîðèÿ ïðåñëåäî-âàòåëÿ Pm.Âìåñòî ñèñòåì (6) è (7) áóäåì ðàññìàòðèâàòü ñèñòåìó
żi(t) = a(t)(ui(t)− v(t)), zi(t0) = z0i = x0i − y0. (10)Ââåäåì �óíêöèè λi ñëåäóþùèì îáðàçîì:

λi(v,mi) = max{λ | v − λ(z0i −mi) ∈ Q, v ∈ Q},

λi(v) = max
mi∈Mi

λi(v,mi), i = 1, . . . , n,

λ−i (w,mi) = max{λ |w − λ(z0i −mi) ∈ −Q, w ∈ −Q},

λ−i (w) = max
mi∈Mi

λ−i (w,mi), i = 1, . . . , n.Òàê êàê Q � âûïóêëûé ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé,òî �óíêöèè λi íåïðåðûâíû íà Q , λ−i íåïðåðûâíû íà −Q , (ñì. [108℄)è ñóùåñòâóþò
δ(z0) = min

v∈Q
max
i=1,...,n

λi(v), δ−(z0) = min
w∈−Q

max
i=1,...,n

λ−i (w),ïðè÷åì
δ(z0) = 0 ⇐⇒ 0 ∈ Int conv

n⋃

i=1

(z0i −Mi)

δ(z0) = 0 ⇐⇒ δ−(z0) = 0.Îáîçíà÷èì
A±(t) = {τ ∈ [t0, t]

∣∣ ±a(τ) > 0}, A± = A±(+∞),

A0(t) = {τ ∈ [t0, t]
∣∣ a(τ) > 0}, A0 = A0(+∞),

α±(t) =

∫

A±(t)

|a(s)| ds.�àññìîòðèì ñëó÷àé, êîãäà D = Rk, òî åñòü íà òðàåêòîðèþ óáåãàþ-ùåãî íå íàëîæåíî íèêàêèõ �àçîâûõ îãðàíè÷åíèé.Òåîðåìà 4. Â èãðå Γ(n, z0, D) ïðîèñõîäèò ïîèìêà òîãäà è òîëüêîòîãäà, êîãäà δ(z0) > 0. 17



Ïðåäïîëàãàÿ , ÷òî óáåãàþùèé E â ïðîöåññå èãðû íå ïîêèäàåò ïðåäå-ëû ìíîæåñòâà D âèäà (8) , Q � øàð ðàäèóñà R > 0 ñ öåíòðîì â íà÷àëåêîîðäèíàò, ïîëó÷àåì íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîèìêè.Ïóñòü
λn+j(v) = 〈v, pj〉, j = 1..r

δ1(z
0) = min

v∈Q
max

s=1,...,n+r
λs(v), δ−1 (z

0) = min
v∈Q

max
s=1,...,n+r

λs(−v).Âåëè÷èíà δ1(z0) = 0 â òîì è òîëüêî òîì ñëó÷àå ( [8℄), êîãäà
0 /∈ Int conv{z01 −M1, . . . , z

0
n −Mn, p1, . . . , pr}.Ó÷èòûâàÿ, ÷òî ïî îïðåäåëåíèþ δ1(z

0) > 0, ïîëó÷àåì, ÷òî
δ1(z

0) > 0 ⇐⇒ 0 ∈ Int conv {z01 −M1, . . . , z
0
n −Mn, p1, . . . , pr}

δ1(z
0) > 0 ⇐⇒ δ−1 (z

0) > 0.Òåîðåìà 5. Ïóñòü ÷èñëî ýëåìåíòîâ ìíîæåñòâà n⋃
i=1

(z0i −Mi) íå ìåíü-øå k. Òîãäà äëÿ òîãî, ÷òîáû â èãðå Γ ïðîèñõîäèëà ïîèìêà, íåîáõîäèìîè äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü óñëîâèå δ1(z0) > 0.Âî âòîðîì ïàðàãðà�å ðàññìàòðèâàåòñÿ çàäà÷à ïîçèöèîííîé ïîèìêèîäíîãî óáåãàþùåãî. Ïîêàçûâàåòñÿ, ÷òî åñëè ïðåñëåäîâàíèå ìîæåò áûòüçàâåðøåíî çà êîíå÷íîå âðåìÿ â êëàññå ïîçèöèîííûõ êîíòðñòðàòåãèé,òî ïðè èí�îðìèðîâàííîñòè ïðåñëåäîâàòåëåé òîëüêî î ïîçèöèè èãðû,îíî ìîæåò áûòü çàêîí÷åíî çà òî æå ñàìîå âðåìÿ â ñêîëü óãîäíî ìàëîéîêðåñòíîñòè òåðìèíàëüíîãî ìíîæåñòâà.Â êîíå÷íîìåðíîì åâêëèäîâîì ïðîñòðàíñòâå Rk (k > 2 ) ðàññìàòðè-âàåòñÿ äè��åðåíöèàëüíàÿ èãðà Γ n + 1 -ãî ëèöà: n ïðåñëåäîâàòåëåé
P1, . . . , Pn è óáåãàþùåãî E. Çàêîíû äâèæåíèÿ êàæäîãî èç ïðåñëåäîâà-òåëåé Pi è óáåãàþùåãî E èìåþò âèä:

Pi : ẋi(t) = a(t)ui(t), xi(t0) = x0i , ui ∈ Q,

E : ẏ(t) = a(t)v(t), y(t0) = y0, v ∈ Q,18



ïðè÷¼ì z0i = x0i − y0 /∈ Mi, i ∈ Nn = {1, . . . , n}, Mi ⊂ Rk � çàäàí-íûå âûïóêëûå êîìïàêòû, a(t) : [t0,+∞) → R � èçìåðèìàÿ ïî Ëåáå-ãó �óíêöèÿ, èíòåãðèðóåìàÿ íà ëþáîì êîìïàêòíîì ïîäìíîæåñòâå ïîëó-îñè [t0,+∞), Q ⊂ Rk � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé.Ïóñòü zi(t) = xi(t)− y(t), i ∈ Nn, z(t) = (z1(t), . . . , zn(t)). Òîãäà
żi(t) = a(t)

(
ui(t)− v(t)

)
, zi(t0) = z0i . (11)Äëÿ êàæäîé èç ñèñòåì (11) ðàññìîòðèì ñèñòåìó�ïîâîäûðÿ [93℄

ẇi(t) = a(t)
(
ui(t)− v(t)

)
, wi(t0) = w0

i , ui, v ∈ Q, i ∈ Nn. (12)Îïðåäåëåíèå 9. Áóäåì ãîâîðèòü, ÷òî â èãðå Γ ïðîèñõîäèò ïîèìêàèç çàäàííîé íà÷àëüíîé ïîçèöèè z0 = z(t0), åñëè ñóùåñòâóþò ìîìåíòâðåìåíè T0 = T (z0), ïîçèöèîííûå ñòðàòåãèè óïðàâëåíèÿ ñ ïîâîäûð¼ì
Ui = (Ui, ψi, χi) ïðåñëåäîâàòåëåé Pi, i ∈ Nn òàêèå, ÷òî äëÿ ëþáîéèçìåðèìîé �óíêöèè v(·), v(t) ∈ Q, t ∈ [t0, T0] ñóùåñòâóþò ìîìåíòâðåìåíè τ ∈ [t0, T0] è íîìåð s ∈ Nn òàêèå, ÷òî èìååò ìåñòî âêëþ÷åíèå
zs(τ) ∈Ms .Çäåñü Ui � �óíêöèÿ, êîòîðàÿ áóäåò �îðìèðîâàòü óïðàâëåíèå ïðå-ñëåäîâàòåëÿ Pi â èñõîäíîé ñèñòåìå (11)

Ui : [t0, T0]× Rk × Rk → Q,�óíêöèÿ ψi åñòü ïåðåõîäíàÿ �óíêöèÿ i -ãî ïîâîäûðÿ
ψi : T

2
+ × Rnk × Rnk → Rk

(
T 2
+ =

{
(t1, t2) ∈ [t0, T0]

2
∣∣ t1 6 t2

})
.Çíà÷åíèå ïåðåõîäíîé �óíêöèè ψi(t1, t2, z, w) åñòü ïîçèöèÿ wi = wi(t2),â êîòîðîé i -é ïîâîäûðü îêàæåòñÿ â çàäàííûé ìîìåíò âðåìåíè t2 ïðèóñëîâèè, ÷òî â ìîìåíò t = t1 óïðàâëÿåìàÿ ñèñòåìà è ïîâîäûðè íàõîäè-ëèñü â òî÷êàõ z = z(t1) è w = w(t1) ñîîòâåòñòâåííî.Òðåòüÿ �óíêöèÿ χi ñòàâèò â ñîîòâåòñòâèå ïîçèöèè (t, z) ïîëîæåíèåïîâîäûðÿ χi(t, z) = wi = wi(t). 19



Ââåä¼ì �óíêöèè λi ñëåäóþùèì îáðàçîì:
λi(v,mi) = max{λ|v − λ(w0

i −mi) ∈ Q, v ∈ Q},

λi(v) = max
mi∈Mi

λi(v,mi),

λ−i (v,mi) = max{λ|v − λ(w0
i −mi) ∈ −Q, v ∈ −Q},

λ−i (v) = max
mi∈Mi

λ−i (v,mi).

w0 = (w0
1, . . . , w

0
n), w0

i /∈Mi, i ∈ Nn.Òàê êàê Q � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé, òî ñóùå-ñòâóþò
δ(w0) = min

v∈Q
max
i∈Nn

λi(v) > 0, δ−(w0) = min
v∈−Q

max
i∈Nn

λ−i (v) > 0,ïðè÷¼ì (δ(w0))2 + (δ−(w0))2 > 0 ⇔ 0 ∈ Int conv
⋃

i∈Nn

(w0
i −Mi).Ââåä¼ì îáîçíà÷åíèÿ:

A+(t) = {τ ∈ [t0, t]|a(τ) > 0}, A−(t) = {τ ∈ [t0, t]|a(τ) < 0},

C ′(Q; h) � ãðàäèåíò îïîðíîé �óíêöèè, Bk � åäèíè÷íûé øàð â Rk ñöåíòðîì â íà÷àëå êîîðäèíàò.Òåîðåìà 6. Ïóñòü íà÷àëüíàÿ ïîçèöèÿ z0 è �óíêöèÿ a(·) òàêîâû,÷òî
T̂ = T̂ (z0) = min

{
t > t0 | δ(z

0)

∫

A+(t)

a(s) ds + δ−(z0)

∫

A−(t)

|a(s)| ds = n
}
< +∞.Òîãäà äëÿ ëþáîãî ε > 0 â èãðå Γ ïðîèñõîäèò ïîèìêà ñ òåðìèíàëüíû-ìè ìíîæåñòâàìè M ε

i = Mi + εBk.Â òðåòüåì ïàðàãðà�å ðàññìàòðèâàåòñÿ çàäà÷à óêëîíåíèÿ óáåãàþùå-ãî îò ãðóïïû ïðåñëåäîâàòåëåé â ñëó÷àå, êîãäà èãðîêè ðàñïîðÿæàþòñÿóñêîðåíèÿìè (èíåðöèîííûå îáúåêòû).Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi, i = 1, . . . , n, èìååòâèä:
ẍi(t) = a(t)ui(t), ui ∈ U.20



Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä:
ÿ(t) = a(t)v(t), v ∈ U,ïðè÷åì, â íà÷àëüíûé ìîìåíò xi(t0) = x0i , ẋi(t0) = ẋ0i ,

y(t0) = y0, ẏ(t0) = ẏ0, x0i 6= y0, i = 1, . . . , n.Çäåñü U ⊂ Rk � âûïóêëûé êîìïàêò, 0 ∈ IntU ; a(t) � îãðàíè÷åííàÿèçìåðèìàÿ �óíêöèÿ, èíòåãðèðóåìàÿ íà ëþáîì êîìïàêòíîì ïîäìíîæå-ñòâå îñè t, a(t) 6= 0 ïî÷òè âñþäó íà [t0,+∞). Óïðàâëåíèÿìè èãðîêîâÿâëÿþòñÿ èçìåðèìûå �óíêöèè ui(t), v(t), ïðèíèìàþùèå ïðè t > t0çíà÷åíèÿ èç ìíîæåñòâà U.Îáîçíà÷èì äàííóþ èãðó ÷åðåç Γ(n, z(t0)), ãäå
z(t) = (z1(t), ż1(t), . . . , zn(t), żn(t)), zi(t) = xi(t)− y(t), i = 1, . . . , n.Îïðåäåëåíèå 10. Ïîçèöèîííîé êîíòðñòðàòåãèåé V óáåãàþùåãî Eíàçîâåì èçìåðèìîå îòîáðàæåíèå

[t0,+∞)× R2nk × Un → U.Òîãäà ïðè çàäàííûõ óïðàâëåíèÿõ ui(t) ïðåñëåäîâàòåëåé Pi, i = 1, . . . , nñòðàòåãèÿ V îïðåäåëÿåò óïðàâëåíèå v(t) = V (t, z(t), u1(t), . . . , un(t)),êîòîðîå áóäåò èçìåðèìîé �óíêöèåé.Îïðåäåëåíèå 11. Â äè��åðåíöèàëüíîé èãðå Γ(n, z(t0)) èç íà÷àëüíî-ãî ñîñòîÿíèÿ z(t0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ, åñëè äëÿëþáûõ èçìåðèìûõ �óíêöèé
ui(t), t > t0, ui ∈ U, i = 1, . . . , n,ñóùåñòâóåò ñòðàòåãèÿ V óáåãàþùåãî E, òàêàÿ, ÷òî zi(t) 6= 0 äëÿ âñåõ

t > t0, i = 1, . . . , n .Ñ÷èòàåì, ÷òî óïðàâëåíèÿ ïðåñëåäîâàòåëåé �îðìèðóþòñÿ íà îñíîâå èí-�îðìàöèè î ñîñòîÿíèè z(t) äè��åðåíöèàëüíîé èãðû.Òåîðåìà 7. Åñëè 0 /∈ co

{
n⋃

i=1

ż0i

}
, òîãäà â èãðå Γ(n, z(t0)) èç íà÷àëü-íîãî ñîñòîÿíèÿ z(t0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.21
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�ëàâà 1.Óêëîíåíèå ãðóïïû óáåãàþùèõ
� 1.1. �åîìåòðè÷åñêèå ñâîéñòâà ìíîæåñòâà äîñòèæè-ìîñòè�àññìîòðèì óïðàâëÿåìûé îáúåêò, ïîâåäåíèå êîòîðîãî îïèñûâàåòñÿóðàâíåíèåì âèäà

ẋ(t) = A(t)x(t) + u(t), u ∈ U. (1.1)Ïóñòü x(t) � ðåøåíèå óðàâíåíèÿ (1.1) , ñîîòâåòñòâóþùåå óïðàâëåíèþ
u(t) è íà÷àëüíîìó óñëîâèþ x(t0) ∈ M0 , ãäå M0 � âûïóêëûé êîìïàêò.Îáîçíà÷èì ÷åðåç X(t; t0,M0, U) ìíîæåñòâî äîñòèæèìîñòè óïðàâëÿåìî-ãî îáúåêòà â ìîìåíò t > t0 èç ìíîæåñòâà M0 .Îïðåäåëåíèå 1.1. �îâîðÿò, ÷òî ïàðà {u(t), x(t)} óäîâëåòâîðÿåò óñëî-âèþ ìàêñèìóìà íà îòðåçêå [t0, t1] è óñëîâèþ òðàíñâåðñàëüíîñòè íàìíîæåñòâå M0 , åñëè ñóùåñòâóåò òàêîå ðåøåíèå ψ(t) ñîïðÿæåííîé ñè-ñòåìû ψ̇(t) = −A∗(t)ψ(t) ñ íà÷àëüíûì óñëîâèåì ψ(t0) ∈ ∂S , ÷òî âû-ïîëíåíû ñëåäóþùèå óñëîâèÿ:

• (u(t), ψ(t)) = C(U ;ψ(t)) äëÿ ïî÷òè âñåõ t ∈ [t0, t1] ,
• (x(t0), ψ(t0)) = C(M0;ψ(t0)) .Ëåììà 1.1. Ïóñòü ïàðà {û(t), x̂(t)} óäîâëåòâîðÿåò óñëîâèþ ìàêñè-ìóìà íà îòðåçêå [t0, t1] è óñëîâèþ òðàíñâåðñàëüíîñòè íà ìíîæåñò-24



âå M0 :
(û(t), ψ(t)) = C(U ;ψ(t)) äëÿ ïî÷òè âñåõ t ∈ [t0, t1], (1.2)

(x̂(t0), ψ(t0)) = C(M0;ψ(t0)). (1.3)Òîãäà x̂(t1) ∈ ∂X(t1; t0,M0, U) .Äîêàçûâàòü áóäåì ìåòîäîì îò ïðîòèâíîãî. Ïóñòü x̂(t1) � âíóòðåííÿÿòî÷êà ìíîæåñòâà X(t1; t0,M0, U) .Òàê êàê ψ(t) 6= 0 äëÿ âñåõ t , òî ñó-ùåñòâóåò òî÷êà x(t1) ∈ ∂X(t1; t0,M0, U) , ÷òî
(x̂(t1), ψ(t1)) < (x(t1), ψ(t1)) (1.4)Ïóñòü u(t) � óïðàâëåíèå, îòâå÷àþùåå x(t1) . Â ñèëó óñëîâèÿ (1.2) äëÿïî÷òè âñåõ t

(û(t), ψ(t)) > (u(t), ψ(t)) (1.5)Â ñèëó óñëîâèÿ (1.3)

(x̂(t0), ψ(t0)) > (x(t0), ψ(t0)) (1.6)Òàê êàê ψ(t) � íåòðèâèàëüíîå ðåøåíèå ñèñòåìû
ψ̇(t) = −A∗(t)ψ(t)òî ψ èìååò âèä

ψ(t) = (F−1(t))∗ψ(t0)ãäå ψ(t0) ∈ ∂S , F (t) = F (t, t0) � �óíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû
ẋ(t) = A(t)x(t),

F (t0, t0) = E.�åøåíèÿ x̂(t) , x(t) ïðåäñòàâèì â âèäå
x̂(t) = F (t)


x̂(t0) +

t∫

t0

F−1(s)û(s) ds


 ,
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x(t) = F (t)


x(t0) +

t∫

t0

F−1(s)u(s) ds


 .Ïîýòîìó

(x̂(t), ψ(t)) = (x̂(t), (F−1(t))∗ψ(t0)) = (F−1(t)x̂(t), ψ(t0)) =

= (x̂(t0) +

t∫

t0

F−1(s)û(s) ds, ψ(t0)) = (x̂(t0), ψ(t0)) +

t∫

t0

(û(s), ψ(s)) ds.Àíàëîãè÷íî (x(t), ψ(t)) = (x(t0), ψ(t0))+
t∫
t0

(u(s), ψ(s)) ds . Èç (1.5) ñëå-äóåò, ÷òî
t1∫

t0

(u(s), ψ(s)) ds 6

t1∫

t0

(û(s), ψ(s)) ds (1.7)Ñêëàäûâàÿ (1.6) è (1.7) , ïîëó÷àåì
(x(t0), ψ(t0)) +

t1∫

t0

(u(s), ψ(s)) ds 6 (x̂(t0), ψ(t0)) +

t1∫

t0

(û(s), ψ(s)) dsèëè
(x(t1), ψ(t1)) 6 (x̂(t1), ψ(t1)) (1.8)Ïîëó÷åííîå íåðàâåíñòâî ïðîòèâîðå÷èò (1.4). Òåì ñàìûì ëåììà 1.1 äî-êàçàíà.Ëåììà 1.2. Ïóñòü M0 � âûïóêëûé êîìïàêò. Òî÷êà x(t1) ïðèíàä-ëåæèò ìíîæåñòâó ∂X(t1; t0,M0, U) ïðè t1 > t0 òîãäà, êîãäà ïàðà

{u(t), x(t)} óäîâëåòâîðÿåò óñëîâèþ ìàêñèìóìà íà îòðåçêå [t0, t1] èóñëîâèþ òðàíñâåðñàëüíîñòè íà ìíîæåñòâå M0 :
(u(t), ψ(t)) = C(U ;ψ(t)) äëÿ ïî÷òè âñåõ t ∈ [t0, t1],

(x(t0), ψ(t0)) = C(M0;ψ(t0)).Ïóñòü u(t) òàêîâî, ÷òî ïåðåâîäèò x(t0) ∈M0 â x(t1) ∈ ∂X(t1; t0,M0, U)ïî òðàåêòîðèè
x(t) = F (t)


x(t0) +

t∫

t0

F−1(s)u(s) ds
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Òàê êàê X(t1; t0,M0, U) � âûïóêëûé êîìïàêò, òî ñóùåñòâóåò ãèïåð-ïëîñêîñòü π, îïîðíàÿ äëÿ X(t1; t0,M0, U) â ãðàíè÷íîé òî÷êå x(t1) .Ïóñòü ψ(t1) � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ïëîñêîñòè π âòî÷êå x(t1) , òîãäà
(x, ψ(t1)) 6 (x(t1), ψ(t1)) äëÿ âñåõ x ∈ X(t1; t0,M0, U).Îïðåäåëèì íåòðèâèàëüíîå ðåøåíèå ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −A∗(t)ψ(t)òàêîå, ÷òî ψ(t1) = (F−1(t1))
∗ψ(t0) . Òîãäà

(x(t), ψ(t)) = (F (t)(x(t0) +

t∫

t0

F−1(s)u(s) ds), (F−1(t))∗ψ(t0)) =

= (x(t0), ψ(t0)) +

t∫

t0

(F−1(s)u(s), ψ(t0)) ds =

= (x(t0), ψ(t0)) +

t∫

t0

(u(s), ψ(s)) ds .Ïðåäïîëîæèì òåïåðü, ÷òî (u(t), ψ(t)) < C(U, ψ(t)) íà íåêîòîðîì íå-íóëåâîì ïðîìåæóòêå âðåìåíè èç èíòåðâàëà [t0, t1] . Îïðåäåëèì óïðàâ-ëåíèå û(t) ∈ U íà [t0, t1] òàê, ÷òîáû âûïîëíÿëîñü ñîîòíîøåíèå
(û(t), ψ(t)) = C(U ;ψ(t)).Òîãäà äëÿ ñîîòâåòñòâóþùåãî ðåøåíèÿ x̂(t) (x̂(t0) = x(t0)) áóäåì èìåòü

(x̂(t1), ψ(t1)) = (x(t0), ψ(t0)) +
t1∫
t0

(û(s), ψ(s)) ds . Ïîñêîëüêó
t1∫

t0

(u(s), ψ(s)) ds <

t1∫

t0

(û(s), ψ(s)) ds,òî è (x(t1), ψ(t1)) < (x̂(t1), ψ(t1)) . À ýòî íåðàâåíñòâî ïðîòèâîðå÷èò âû-áîðó âåêòîðà ψ(t1) êàê âåêòîðà âíåøíåé íîðìàëè ê ïëîñêîñòè π â òî÷êå
x(t1) . Çíà÷èò, (u(t), ψ(t)) = C(U ;ψ(t)) äëÿ ïî÷òè âñåõ t ∈ [t0, t1] .27



Ïóñòü (x(t0), ψ(t0)) < C(U ;ψ(t0)) . �àññìîòðèì òî÷êó x̂(t0) ∈ M0 ,òàêóþ ÷òî (x̂(t0), ψ(t0)) = C(M0;ψ(t0)) . Ñîîòâåòñòâóþùåå óïðàâëåíèþ
û(t) ðåøåíèå èìååò ñëåäóþùèé âèä

x̂(t) = F (t)


x̂(t0) +

t∫

t0

F−1(s)û(s) ds




è (x̂(t), ψ(t)) = (x̂(t0), ψ(t0))+
t∫
t0

(û(s), ψ(s)) ds . Ñêàëÿðíîå ïðîèçâåäåíèå
(x̂(t1), ψ(t1)) 6 (x(t1), ψ(t1)) äëÿ âñåõ û ∈ U.�àññìîòðèì óïðàâëåíèå û(t) = u(t) ïî÷òè âñþäó íà [t0, t1] . Òîãäà
C(M0;ψ(t0)) = (x̂(t0), ψ(t0)) 6 (x(t0), ψ(t0)),÷òî ïðîòèâîðå÷èò ïðåäïîëîæåíèþ (x(t0), ψ(t0)) < C(U ;ψ(t0)) . Çíà-÷èò, óñëîâèå òðàíñâåðñàëüíîñòè (x(t0), ψ(t0)) = C(M0;ψ(t0)) âûïîëíå-íî.Ëåììà 1.2 ïîëíîñòüþ äîêàçàíà.Ëåììà 1.3. Ïóñòü M0 � âûïóêëûé êîìïàêò. Åñëè x1(t0) 6= x2(t0) ,êàæäàÿ èç ïàð {ui(t), xi(t)}, i = 1, 2 , óäîâëåòâîðÿåò óñëîâèþ ìàê-ñèìóìà íà îòðåçêå [t0, t1] , t1 > t0 , è óñëîâèþ òðàíñâåðñàëüíîñòè íàìíîæåñòâå M0 , à êðîìå òîãî, îïîðíàÿ �óíêöèÿ C(U ;ψ1) äè��åðåí-öèðóåìà ïî ψ1 âäîëü ψ1(t) äëÿ ïî÷òè âñåõ t ∈ [t0, t1] , òî x1(t1) 6=

x2(t1) .Ïóñòü âûïîëíåíû óñëîâèÿ óñëîâèÿ ëåììû, íî x1(t1) = x2(t1) . Ïîýòîìó
F (t1)


x1(t0) +

t1∫

t0

F−1(s)u1(s) ds


=F (t1)


x2(t0) +

t1∫

t0

F−1(s)u2(s) ds


Òàê êàê F (t1) íåâûðîæäåíà, òî

x2(t0)− x1(t0) =

t1∫

t0

F−1(s)(u1(s)− u2(s)) ds28



è çíà÷èò
(x2(t0)− x1(t0), ψ1(t0)) = (

t1∫

t0

F−1(s)(u1(s)− u2(s)) ds, ψ1(t0)) =

=

t1∫

t0

(u1(s)− u2(s), ψ1(s)) dsÂ ñèëó óñëîâèÿ òðàíñâåðñàëüíîñòè (x1(t0), ψ1(t0)) = C(M0;ψ1(t0)) , ïî-ýòîìó (x2(t0) − x1(t0), ψ1(t0)) 6 0 . Ñ äðóãîé ñòîðîíû, òàê êàê ïàðà
{u1(t), x1(t)} óäîâëåòâîðÿåò óñëîâèþ ìàêñèìóìà íà îòðåçêå [t0, t1] , òî
t1∫
t0

(u1(s)− u2(s), ψ1(s)) ds > 0 . Çíà÷èò,
(x2(t0)− x1(t0), ψ1(t0)) =

t1∫

t0

(u1(s)− u2(s), ψ1(s)) ds = 0.Ýòî âîçìîæíî ëèøü â ñëó÷àå êîãäà (u1(s)−u2(s), ψ1(s)) = 0 äëÿ ïî÷òèâñåõ s ∈ [t0, t1] . Èç äè��åðåíöèðóåìîñòè C(U, ψ1) ïî ψ1 âäîëü ψ1(t)ñëåäóåò, ÷òî ìàêñèìóì â âûðàæåíèè max
u∈U

(u, ψ1(t)) äîñòèãàåòñÿ íà åäèí-ñòâåííîì âåêòîðå u1(t) äëÿ ïî÷òè âñåõ t ∈ [t0, t1] . Ïîëó÷àåì ðàâåíñòâîóïðàâëåíèé u1(t) = u2(t) ïî÷òè âñþäó íà [t0, t1] è
x1(t1)− x2(t1) = F (t)(x1(t0)− x2(t0)) 6= 0,÷òî ïðîòèâîðå÷èò ïðåäïîëîæåíèþ î ñîâïàäåíèè x1(t1) = x2(t1) . Ëåì-ìà 1.3 äîêàçàíà.
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� 1.2. Äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ëîêàëüíîéçàäà÷è óêëîíåíèÿ�àññìàòðèâàåòñÿ ëèíåéíàÿ íåñòàöèîíàðíàÿ çàäà÷à êîí�ëèêòíîãîâçàèìîäåéñòâèÿ óïðàâëÿåìûõ îáúåêòîâ ñ ó÷àñòèåì n ïðåñëåäîâàòåëåé è
m óáåãàþùèõ ïðè îäèíàêîâûõ äèíàìè÷åñêèõ âîçìîæíîñòÿõ âñåõ ó÷àñò-íèêîâ. Öåëü ïðåñëåäîâàòåëåé � ïåðåëîâèòü âñåõ óáåãàþùèõ, öåëü óáå-ãàþùèõ � õîòÿ áû îäíîìó èç íèõ èçáåæàòü ïîèìêè. Â ñòàöèîíàðíîìñëó÷àå çàäà÷à ðàññìàòðèâàëàñü â [108℄. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿðàçðåøèìîñòè ëîêàëüíîé çàäà÷è óêëîíåíèÿ.Â ïðîñòðàíñòâå Rk (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èã-ðà Γ n+m ëèö: n ïðåñëåäîâàòåëåé è m óáåãàþùèõ. Çàêîí äâèæåíèÿêàæäîãî èç ïðåñëåäîâàòåëåé Pi , i = 1, . . . , n , èìååò âèä:

ẋi(t) = A(t)xi(t) + ui(t), xi(t0) = x0i , ui ∈ U.Çàêîí äâèæåíèÿ êàæäîãî èç óáåãàþùèõ Ej , j = 1, . . . , m , èìååò âèä:
ẏj(t) = A(t)yj(t) + vj(t), yj(t0) = y0j , vj ∈ U,ïðè÷¼ì x0i 6= y0j äëÿ âñåõ i , j . Çäåñü xi , yj , ui , vj ∈ Rk , U ⊂ Rk �âûïóêëûé êîìïàêò, A(t) � äåéñòâèòåëüíàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿä-êà k , èçìåðèìàÿ íà âñåé îñè t , íîðìà ‖A(t)‖ èíòåãðèðóåìà íà ëþáîìêîìïàêòíîì ïîäìíîæåñòâå îñè t . Óïðàâëåíèÿìè èãðîêîâ ÿâëÿþòñÿ èç-ìåðèìûå �óíêöèè ui(t) , vj(t) , ïðèíèìàþùèå ïðè t > t0 çíà÷åíèÿ èçìíîæåñòâà U .Îïðåäåëåíèå 2.1. Áóäåì ãîâîðèòü, ÷òî â äè��åðåíöèàëüíîé èãðå Γèç íà÷àëüíîãî ñîñòîÿíèÿ z0 = (x01, . . . , x

0
n, y

0
1, . . . , y

0
m) ðàçðåøèìà íàïîëóáåñêîíå÷íîì èíòåðâàëå [t0,+∞) ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ, åñ-ëè ñóùåñòâóþò òàêèå óïðàâëåíèÿ v1(t), . . . , vm(t) óáåãàþùèõ, ÷òî ïðèëþáûõ óïðàâëåíèÿõ u1(t) ,. . . ,un(t) ïðåñëåäîâàòåëåé íàéäåòñÿ íîìåð

s ∈ {1, . . . , m} , òàêîé, ÷òî ys(t) 6= xi(t) äëÿ âñåõ i ∈ {1, . . . , n} ïðèâñåõ t > t0 . 30



Ïóñòü G � íåêîòîðîå íåïóñòîå ïîäìíîæåñòâî ïðîñòðàíñòâà Rn . Ïî-ëàãàåì x(t) = (x1(t), . . . , xν(t)) , y(t) = (y1(t), . . . , yµ(t)) è îïðåäåëèììíîæåñòâà èíäåêñîâ
I(x(t), G) = {i| i ∈ {1, . . . , ν}, xi(t) ∈ G},

J(y(t), G) = {j| j ∈ {1, . . . , µ}, yj(t) ∈ G},ïðè÷åì, åñëè ñóùåñòâóþò èíäåêñû jl ∈ J(y(t), ∂G) , l = 1, . . . , s , s > 1 ,
j1 < j2 < . . . < js , òàêèå, ÷òî yj1(t) = yj2(t) = · · · = yjs(t) , òî ñ÷èòàåì,÷òî jl /∈ J(y(t), ∂G) äëÿ l = 2, . . . , s . Îáîçíà÷èì ÷åðåç |I| êîëè÷åñòâîýëåìåíòîâ êîíå÷íîãî ìíîæåñòâà I .Ïðåäïîëîæèì, ÷òî G � âûïóêëûé êîìïàêò. Îáîçíà÷èì ÷åðåç ψj(t)ðåøåíèå ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −A∗(t)ψ(t), (2.1)ñîîòâåòñòâóþùåå íà÷àëüíîìó óñëîâèþ ψj(t0) = pj , ãäå pj � åäèíè÷íûéîïîðíûé âåêòîð ê ìíîæåñòâó G â ãðàíè÷íîé òî÷êå y0j , j ∈ J(y(t0), ∂G) .Òåîðåìà 2.1. Ïóñòü ñóùåñòâóåò âûïóêëûé êîìïàêò G , ÷òî
|J(y(t0), ∂G)| > |I(x(t0),R

n\G)|,è äëÿ ëþáîãî j ∈ J(y(t0), ∂G) îïîðíàÿ �óíêöèÿ C(U ;ψj) äè��åðåíöè-ðóåìà ïî ψj âäîëü òðàåêòîðèè ψj(t) ñèñòåìû (2.1) äëÿ ïî÷òè âñåõ
t > t0 , òîãäà â äè��åðåíöèàëüíîé èãðå Γ èç íà÷àëüíîãî ñîñòîÿíèÿ z0ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Äîê à ç à ò å ë ü ñ ò â î. Â êà÷åñòâå óïðàâëåíèÿ óáåãàþùåãî

Ej, j ∈ J(y(t0), ∂G)âûáåðåì �óíêöèþ vj(t) ∈ U , t > t0 , óäîâëåòâîðÿþùóþ óñëîâèþ
(vj(t), ψj(t)) = C(U ;ψj(t)), t > t0. (2.2)Èç ïðåäïîëîæåíèÿ òåîðåìû î äè��åðåíöèðóåìîñòè îïîðíîé �óíêöèèâäîëü òðàåêòîðèè ψj(t) äëÿ ïî÷òè âñåõ t > t0 ñëåäóåò, ÷òî ìíîæåñòâî31



U ñòðîãî âûïóêëî â êàæäîì èç íàïðàâëåíèé ψj(t) ïðè ïî÷òè âñåõ t > t0è ìàêñèìóì â âûðàæåíèè (2.2) äîñòèãàåòñÿ íà åäèíñòâåííîì ýëåìåíòå
vj(t) = vj(ψj(t)) , ïðè÷åì vj çàâèñèò îò ψj íåïðåðûâíî. Íî òàê êàê
ψj(t) � àáñîëþòíî íåïðåðûâíàÿ �óíêöèÿ, òî �óíêöèÿ vj(ψj(t)) êàêñóïåðïîçèöèÿ äâóõ ïî÷òè âåçäå íåïðåðûâíûõ �óíêöèé ÿâëÿåòñÿ íåïðå-ðûâíîé �óíêöèåé âðåìåíè äëÿ ïî÷òè âñåõ t > t0 , à çíà÷èò èçìåðèìîé.Óïðàâëåíèÿ óáåãàþùèõ Ej , j /∈ J(y(t0), ∂G) ïðîèçâîëüíû.Ïîêàæåì, ÷òî ïðåñëåäîâàòåëü Pi , i ∈ I(x(t0), G) , íå ìîæåò ïîéìàòüíè îäíîãî óáåãàþùåãî Ej , j ∈ J(y(t0), ∂G) . �àññìîòðèì ñíà÷àëà ñëó÷àé
i ∈ I(x(t0), IntG) . Èç ëåìì 1.1, 1.2 ñëåäóåò, ÷òî ïðè ëþáîì óïðàâëåíèè
ui(τ) , τ ∈ [t0, t] , ui(τ) ∈ U, ñïðàâåäëèâî ñîîòíîøåíèå

xi(t) /∈ ∂X(t; t0, G, U),â òî âðåìÿ êàê
yj(t) ∈ ∂X(t; t0, G, U)äëÿ ëþáûõ j ∈ J(y(t0), ∂G) . Ñëåäîâàòåëüíî, ïðè t > t0 xi(t) 6= yj(t)äëÿ ëþáîãî

j ∈ J(y(t0), ∂G) .Òåïåðü ïîêàæåì, ÷òî åñëè â ìîìåíò t1 äëÿ íåêîòîðîãî èíäåêñà i
xi(t1) ∈ ∂X(t1; t0, G, U) è xi(t1) 6= yj(t1),

j ∈ J(y(t0), ∂G) , òî xi(t1 + t) 6= yj(t1 + t) ïðè t > 0 .Ïðåäïîëîæèì ïðîòèâíîå: ñóùåñòâóåò òàêîå ÷èñëî t2 > 0 , óïðàâëåíèå
ui(τ) , τ ∈ [t1, t1+t2] , òàêèå, ÷òî xi(t1+t2) = yj(t1+t2) . Òîãäà, ó÷èòûâàÿâêëþ÷åíèå yj(t) ∈ ∂X(t; t0, G, U) , t > t0 , ïîëó÷èì, ÷òî

xi(t1 + t2) ∈ ∂X(t1 + t2; t0, G, U) = ∂X(t2; t1, X(t1; t0, G, U), U).Ïîýòîìó ïàðà {ui(t), xi(t)} óäîâëåòâîðÿåò óñëîâèþ ìàêñèìóìà íà îò-ðåçêå [t1, t1 + t2] è óñëîâèþ òðàíñâåðñàëüíîñòè íà ìíîæåñòâå
X(t1; t0, G, U) . Ïàðà {vj(t), yj(t)} òàêæå óäîâëåòâîðÿåò óäîâëåòâîðÿåò32



óñëîâèþ ìàêñèìóìà íà îòðåçêå [t1, t1 + t2] è óñëîâèþ òðàíñâåðñàëüíî-ñòè íà ìíîæåñòâå X(t1; t0, G, U) . Ïîñêîëüêó îïîðíàÿ �óíêöèÿ C(U ;ψj)äè��åðåíöèðóåìà ïî ψj âäîëü òðàåêòîðèè ψj(t) ïðè ïî÷òè âñåõ t èçîòðåçêà [t1, t1 + t2] , òî, â ñèëó ëåììû 1.3 xi(t1 + t2) 6= yj(t1 + t2) . Ïðî-òèâîðå÷èå. Îòñþäà ñëåäóåò, ÷òî åñëè i ∈ I(x(t0), ∂G) , òî xi(t) 6= yj(t)äëÿ âñåõ j ∈ J(y(t0), ∂G) , t > t0 .Ïðåñëåäîâàòåëü Pi , i ∈ I(x(t0),R
n\G) , ìîæåò ïîéìàòü íå áîëåå îä-íîãî óáåãàþùåãî Ej , j ∈ J(y(t0), ∂G) . Äåéñòâèòåëüíî, íà îñíîâàíèèëåììû 1.3 çàêëþ÷àåì, ÷òî

yj0(t) 6= yj1(t) äëÿ ëþáûõ j0, j1 ∈ J(y(t0), ∂G), j0 6= j1, t > t0, (2.3)òî åñòü îäíîâðåìåííàÿ ïîèìêà ïðåñëåäîâàòåëåì Pi , i ∈ I(x(t0),R
n\G) ,äâóõ óáåãàþùèõ

Ej0, Ej1, j0, j1 ∈ J(y(t0), ∂G),íåâîçìîæíà.Ïðåäïîëîæèì, ÷òî â ìîìåíò t1 > t0 ïðåñëåäîâàòåëü Pi ëîâèò óáå-ãàþùåãî Ej0 , i ∈ I(x(t0),R
n\G) , j0 ∈ J(y(t0), ∂G) , òî åñòü âûïîëíåíîðàâåíñòâî xi(t1) = yj0(t1) . Èç ñîîòíîøåíèé (2.2) , (2.3) ïîëó÷àåì, ÷òî

xi(t1 + t) 6= yj1(t1 + t) äëÿ âñåõ j1 ∈ J(y(t0), ∂G)\{j0} , t > 0 . Ñëåäîâà-òåëüíî, ïðåñëåäîâàòåëè ìîãóò ïîéìàòü íå áîëåå |I(x(t0),R
n\G)| óáåãà-þùèõ Ej , j ∈ J(y(t0), ∂G) . Ïîñêîëüêó

|J(y(t0), ∂G)| > |I(x(t0),R
n\G)|,òî òåîðåìà äîêàçàíà.Òåîðåìà 2.2. Ïóñòü U � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðà-íèöåé. Åñëè ñóùåñòâóþò âûïóêëûå êîìïàêòû G1 , G2 , òàêèå, ÷òî

x0i ∈ G1 ∪G2 äëÿ ëþáîãî i ∈ {1, . . . , ν} , è
|I(x(t0), G1\G2)| < |J(y(t0),R

n\(G1 ∪G2))|+ |J(y(t0), ∂G2)|, (2.4)òî â äè��åðåíöèàëüíîé èãðå Γ èç íà÷àëüíîãî ñîñòîÿíèÿ z0 ðàçðåøè-ìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ. 33



Äîê à ç à ò å ë ü ñ ò â î. Îïðåäåëèì óïðàâëåíèå vj(t) , t > t0 , äëÿ ëþáîãî
j ∈ J(y(t0), ∂G2) èç óñëîâèÿ

(vj(t), ψj(t)) = C(U ;ψj(t)), (2.5)ãäå ψj(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû (2.1) , ñîîòâåòñòâóþùåå íà-÷àëüíîìó óñëîâèþ ψj(t0) = pj , pj � åäèíè÷íûé îïîðíûé âåêòîð ê ìíî-æåñòâó G2 â ãðàíè÷íîé òî÷êå y0j . Ìîæåì ñ÷èòàòü, ÷òî ìíîæåñòâî G2èìååò ãëàäêóþ ãðàíèöó. Â ïðîòèâíîì ñëó÷àå âîçüìåì äîñòàòî÷íî ìàëîå÷èñëî δ > 0 , òàêîå, ÷òîáû âûïîëíÿëèñü ñîîòíîøåíèÿ
X(t0 + δ; t0, y

0
j , U) ∩ (

⋃

i=1,2

X(t0 + δ; t0, Gi, U)) = ∅ (2.6)ïðè ëþáîì j ∈ J(y(t0),R
n\(G1 ∪G2)) ;

X(t0 + δ; t0, G2, U) ∩X(t0 + δ; t0, x
0
i , U) = ∅ (2.7)ïðè ëþáîì i ∈ I(x(t0), G1\G2) , è çàäàäèì óïðàâëåíèå vj(t) äëÿ ëþáîãî

j ∈ {1, . . . , µ}\J(y(t0), ∂G2) íà ïîëóèíòåðâàëå [t0, t0+δ) ïðîèçâîëüíûìîáðàçîì.Èç ñîîòíîøåíèé (2.6) , (2.7) è ëåìì 1.1, 1.2, 1.3 ïîëó÷èì, ÷òî â ìî-ìåíò t = t0 + δ ïðè ëþáûõ óïðàâëåíèÿõ ïðåñëåäîâàòåëåé
|I(x(t0), G1\G2)| = |I(x(t0 + δ), X(t0 + δ; t0, G1, U)\X(t0 + δ; t0, G2, U))|,(2.8)
|J(y(t0),R

n
\(G1∪G2))| = |J(y(t0+δ),Rn

\(X(t0+δ; t0, G1, U)∪X(t0+δ; t0, G2, U)))|, (2.9)
|J(y(t0), ∂G2)| 6 |J(y(t0 + δ), ∂X(t0 + δ; t0, G2, U))| (2.10)è X(t0+ δ; t0, G2, U) � êîìïàêò ñ ãëàäêîé ãðàíèöåé. Â ìîìåíò âðåìåíè

t = t0 + δ â êà÷åñòâå ìíîæåñòâ G1 , G2 , �èãóðèðóþùèõ â óñëîâèÿõòåîðåìû, âîçüìåì ìíîæåñòâà X(t0 + δ; t0, G1, U) , X(t0 + δ; t0, G2, U) .Èòàê, ìíîæåñòâî G2 èìååò ãëàäêóþ ãðàíèöó. Äëÿ âñåõ èíäåêñîâ i ,
i ∈ I(x(t0), ∂G2) îïðåäåëèì òðàåêòîðèþ xi(t) , t > t0 , êîòîðàÿ èñõî-äèò èç òî÷êè x0i è ñîîòâåòñòâóåò óïðàâëåíèþ ui(t) , âûáèðàåìîìó èçðàâåíñòâà

(ui(t), ψi(t)) = C(U ;ψi(t)), (2.11)34



ãäå ψi(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû (2.1) ïðè ψi(t0) = pi ; pi �åäèíè÷íûé îïîðíûé âåêòîð ê ìíîæåñòâó G2 â ãðàíè÷íîé òî÷êå x0i .Òàê êàê U � ñòðîãî âûïóêëîå ìíîæåñòâî è G2 � êîìïàêò ñ ãëàäêîéãðàíèöåé, òî òðàåêòîðèè
yj(t), j ∈ J(y(t0), ∂G2), xi(t), i ∈ I(x(t0), ∂G2), t > t0,îïðåäåëÿþòñÿ åäèíñòâåííûì îáðàçîì. Ïîýòîìó, åñëè â ìîìåíò t > t0

xi(t) ∈ ∂X(t; t0, G2, U) ïðè íåêîòîðîì óïðàâëåíèè ui(τ) , τ ∈ [t0, t] , òî
xi(t) = xi(t) , i ∈ I(x(t0), ∂G2) . Çàäàäèì óïðàâëåíèÿ óáåãàþùèõ yj ,

j ∈ {1, . . . , µ}\ (J(y(t0),R
n\(G1 ∪G2)) ∪ J(y(t0), ∂G2)) ,ïðè t > t0 ïðîèçâîëüíûì îáðàçîì.Äîêàçàòåëüñòâî òåîðåìû ïðîâåäåì ïî èíäóêöèè îòíîñèòåëüíî ÷èñ-ëà óáåãàþùèõ, íà÷àëüíûå ïîëîæåíèÿ êîòîðûõ ïðèíàäëåæàò ìíîæåñòâó

Rn\(G1 ∪G2) .Ïóñòü |J(y(t0),R
n\(G1∪G2))| = l . Åñëè l = 0 , òî èç óñëîâèé òåîðåìûñëåäóåò ñóùåñòâîâàíèå òàêîãî âûïóêëîãî êîìïàêòà G2 , ÷òî

|J0(y(t0), ∂G2)| > |I(x(t0),R
n\G2)|.Ìîæíî ïðèìåíèòü òåîðåìó 2.1.�àññìîòðèì ñëó÷àé l = 1 . Îïðåäåëèì äëÿ ïðîèçâîëüíîãî âûïóêëîãîêîìïàêòíîãî ìíîæåñòâà K ⊂ Rn �óíêöèþ

ϕ(x, p,K) = (x, p)− C(K; p), x ∈ Rn, p ∈ Rn, (2.12)è ìíîãîçíà÷íîå îòîáðàæåíèå
P (x,K) = {p ∈ ∂S| ϕ(x, p,K) > 0} (2.13)íà ìíîæåñòâå domP = Rn\ IntK . Óïðàâëåíèå

vj(t), t ∈ [t0, t(pj)) , j ∈ J(y(t0),R
n\(G1 ∪G2)),îïðåäåëèì èç óñëîâèÿ ìàêñèìóìà (2.5) , â êîòîðîì ψj(t) � ðåøåíèåñîïðÿæåííîé ñèñòåìû (2.1) , ñîîòâåòñòâóþùåå íà÷àëüíîìó óñëîâèþ

ψj(t0) = pj, pj ∈ P (y0j , G1), (2.14)35



ïðè÷åì âåêòîð pj òàêîé, ÷òî ñïðàâåäëèâû ñîîòíîøåíèÿ
yj(t(pj), pj) 6= xi(t(pj)), i ∈ I(x(t0), ∂G2), (2.15)
yj(t(pj), pj) 6= ys(t(pj)), s ∈ J(y(t0), ∂G2), (2.16)ãäå t(pj) � ïåðâûé ìîìåíò âðåìåíè, êîãäà yj(t, pj) ∈ X(t; t0, G2, U) .Çäåñü ÷åðåç yj(t, pj) , j ∈ J(y(t0),R

n\(G1 ∪G2)) , t > t0 , îáîçíà÷åíàòðàåêòîðèÿ èãðîêà Ej , ñîîòâåòñòâóþùàÿ óïðàâëåíèþ vj(t) , âûáèðàå-ìîìó èç ðàâåíñòâà (2.5) , â êîòîðîì ψj(t) � ðåøåíèå ñèñòåìû (2.1)ïðè ψj(t0) = pj . Åñëè òàêîé ìîìåíò t(pj) íå ñóùåñòâóåò, òî ïîëîæèì
t(pj) = +∞ . Â ýòîì ñëó÷àå èãðîê Ej , j ∈ J(y(t0),R

n\(G1 ∪ G2)) , ïðèòàê âûáðàííîì óïðàâëåíèè èçáåæèò ïîèìêè. Äåéñòâèòåëüíî, ðàññìîò-ðèì ñêàëÿðíîå ïðîèçâåäåíèå
(yj(t)− xi(t), ψj(t)) = (y0j − x0i , pj) +

t∫

t0

(vj(s)− ui(s), ψj(s)) ds,

i ∈ I(x(t0), G1\G2).Îíî íåîòðèöàòåëüíî ïðè âñåõ t > t0 , ïðè÷¼ì ðàâíî íóëþ òîãäà è òîëüêîòîãäà, êîãäà (y0j − x0i , pj) = 0 è vj(s) = ui(s) ïðè ïî÷òè âñåõ s > t0 . Íîòîãäà yj(t)− xi(t) = F (t)(y0j − x0i ) 6= 0 ïðè âñåõ t > t0 . Çíà÷èò, íè îäèíïðåñëåäîâàòåëü Pi , i ∈ I(x(t0), G1\G2) íå ìîæåò ïîéìàòü óáåãàþùåãî
Ej , j ∈ J(y(t0),R

n\(G1 ∪ G2)) . À òàê êàê t(pj) = +∞ , òî íè îäèíïðåñëåäîâàòåëü Pi , i ∈ I(x(t0), G2) íå ìîæåò ïîéìàòü óáåãàþùåãî Ej ,
j ∈ J(y(t0),R

n\(G1 ∪G2)) Ïîýòîìó ñ÷èòàåì, ÷òî t(pj) < +∞ .Ïîêàæåì, ÷òî åñëè p1j ,p2j ∈ P (y0j , G1) , p1j 6= p2j , òî
yj(t, p

1
j) 6= yj(t, p

2
j) ïðè t > t0. (2.17)Äîïóñòèì ïðîòèâíîå: ñóùåñòâóåò òàêîé ìîìåíò t > t0 , ÷òî âûïîëíå-íî ðàâåíñòâî yj(t, p1j) = yj(t, p

2
j) . Òîãäà

(yj(t, p
1
j), p

1
j) = (yj(t, p

2
j), p

1
j)36



è, ñëåäîâàòåëüíî,
t∫

t0

(v1j (s)− v2j (s), ψ
1
j (s)) ds = 0. (2.18)Òàê êàê U � êîìïàêò ñ ãëàäêîé ãðàíèöåé, òî ñïðàâåäëèâî íåðàâåí-ñòâî

(v1j (s), ψ
1
j (s)) > (v2j (s), ψ

1
j (s)) ïðè ëþáîì s ∈ [t0, t] . Ïîýòîìó èíòåãðàëâ ðàâåíñòâå (2.18) ïîëîæèòåëåí. Ïîëó÷èëè ïðîòèâîðå÷èå. Òåì ñàìûìñîîòíîøåíèå (2.17) äîêàçàíî.Çàìåòèì òàêæå, ÷òî åñëè ïðè íåêîòîðîì

p1j ∈ P (y0j , G1), j ∈ J(y(t0),R
n\(G1 ∪G2)),âûïîëíåíî ðàâåíñòâî

yj(t(p
1
j), p

1
j) = xs(t(p

1
j)), (2.19)äëÿ íåêîòîðîãî s ∈ I(x(0), ∂G2) , òî ïðè ëþáîì äðóãîì âåêòîðå

p2j ∈ P (y0j , G1) , p1j 6= p2j (ïðåäïîëàãàåì, ÷òî t(p2j) < +∞ ), ñïðàâåäëèâîñîîòíîøåíèå
yj(t(p

2
j), p

2
j) 6= xs(t(p

2
j)). (2.20)Äîêàæåì ýòî. Ïðåäïîëîæèì ïðîòèâíîå:

yj(t(p
2
j), p

2
j) = xs(t(p

2
j)). (2.21)Èç ñîîòíîøåíèé (2.17) , (2.19) , (2.21) ñëåäóåò, ÷òî t(p1j) 6= t(p2j) . Íåîãðàíè÷èâàÿ îáùíîñòè, ìîæåì ñ÷èòàòü, ÷òî t(p1j) < t(p2j) . Òàê êàê

xs(t(p
1
j)) ∈ ∂X(t(p1j); t0, y

0
j , U),

xs(t(p
2
j)) ∈ ∂X(t(p2j); t0, y

0
j , U),è âûïîëíåíî ðàâåíñòâî (2.19) , òî â ñèëó ëåìì 1.1, 1.2, 1.3

xs(t(p
2
j)) = yj(t(p

2
j), p

1
j),÷òî ïðîòèâîðå÷èò ñîîòíîøåíèþ (2.17) . Òåì ñàìûì íåðàâåíñòâî (2.20)äîêàçàíî. 37



Òàêèì îáðàçîì, óáåãàþùèé Ej , j ∈ J(y(t0),R
n\(G1 ∪G2)) , çíàÿ íà-÷àëüíûå ïîëîæåíèÿ èãðîêîâ Pi, i ∈ I(x(t0), ∂G2) , Es, s ∈ J(y(t0), ∂G2) ,âûáèðàåò â êà÷åñòâå ψj(t0) òàêîé âåêòîð pj ∈ P (y0j , G1) , ÷òî äëÿ ñîîò-âåòñòâóþùåé òðàåêòîðèè yj(t, pj) , t > t0 , â ìîìåíò t = t(pj) ñïðàâåä-ëèâû ñîîòíîøåíèÿ (2.15) , (2.16) .Èòàê, ïóñòü â ìîìåíò t = t(pj) âïåðâûå âûïîëíåíî âêëþ÷åíèå

yj(t) ∈ X(t; t0, G2, U), j ∈ J(y(t0),R
n\(G1 ∪G2)).Åñëè xi(τ) ∈ X(τ ; t0, G2, U) , i ∈ I(x(t0), G1\G2) ïðè τ ∈ (t0, t(pj)) , òîâ ñèëó ëåìì 1.1, 1.2 ïðåñëåäîâàòåëü Pi íå ìîæåò ïîéìàòü íà èíòåðâàëå

(τ,+∞) íè îäíîãî óáåãàþùåãî Es , s ∈ J(y(t0), ∂G2) , òî åñòü íà îòðåçêå
[t0, t(pj)] ëþáîé ïðåñëåäîâàòåëü Pi , i ∈ I(x(t0), G1\G2) , ìîæåò ïîéìàòüíå áîëåå îäíîãî óáåãàþùåãî Es , s ∈ J(y(t0), ∂G2) . Ó÷èòûâàÿ òî, ÷òî
yj(t(pj)) ∈ ∂X(t(pj); t0, G2, U) , è ñîîòíîøåíèÿ (2.4) , (2.15) è (2.16) ,ïîëó÷èì

|I(x(t(pj)),X(t(pj); t0, G1, U)\X(t(pj); t0, G2, U))| < |J(y(t(pj)), ∂X(t(pj); t0, G2, U))|.(2.22)Óïðàâëåíèå vj(t) ïðè t > t(pj) áóäåì âûáèðàòü èç óñëîâèÿ (2.5) , âçÿââ êà÷åñòâå ψj(t) ðåøåíèå ñîïðÿæåííîé ñèñòåìû (2.1) ïðè
ψj(t(pj)) = p′j, (2.23)ãäå p′j � åäèíè÷íûé âåêòîð, îïîðíûé ê ìíîæåñòâó X(t(pj); t0, G2, U) âãðàíè÷íîé òî÷êå yj(t(pj)) . Èç íåðàâåíñòâà (2.22) ïîëó÷àåì, ÷òî õîòÿáû îäèí èç óáåãàþùèõ èçáåæèò ïîèìêè.Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû è ïðè l 6 r â äè��åðåíöèàëü-íîé èãðå Γ èç íà÷àëüíîãî ñîñòîÿíèÿ z0 ðàçðåøèìà ëîêàëüíàÿ çàäà÷àóêëîíåíèÿ. Ïîêàæåì, ÷òî òåîðåìà âåðíà è ïðè l = r + 1 . Çà�èêñèðóåìíåêîòîðîå âûïóêëîå êîìïàêòíîå ìíîæåñòâî G , òàêîå, ÷òî 0 ∈ IntG .Ìîæåì ñ÷èòàòü, ÷òî

J(y(t0),R
n\(G1 ∪G2)) = {1, 2, . . . , r + 1}è

y0s ∈ ∂(G1 + εsG), εs > 0, s = 1, . . . , r + 1,38



ïðè÷åì ε1 > ε2 > . . . > εr+1 . Äåéñòâèòåëüíî, äëÿ ëþáîãî íîìåðà
j ∈ J(y(t0),R

n\(G1 ∪ G2)) íàéäåòñÿ òàêîå ÷èñëî εj > 0 , ïðè êîòîðîì
y0j ∈ ∂(G1 + εjG) . Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò èíäåêñû
j1 , j2 ∈ J(y(t0),R

n\(G1∪G2)) , j1 6= j2 , äëÿ êîòîðûõ εj1 = εj2 . Âûáåðåìòàêîå ÷èñëî δ > 0 , ÷òîáû âûïîëíÿëèñü ñîîòíîøåíèÿ (2.6) , (2.7) .Ïóñòü p1 , p2 � åäèíè÷íûå âåêòîðû, îïîðíûå ê G1 + εj1G ñîîòâåò-ñòâåííî â òî÷êàõ y0j1 , y0j2 . Óïðàâëåíèå èãðîêà Eji íà ïîëóèíòåðâàëå
[t0, t0 + δ) áóäåì âûáèðàòü èç ðàâåíñòâà

(vji(t), ψji(t)) = C(U ;ψji(t)),ãäå ψji(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû (2.1) ïðè ψji(t0) = p1 ,
i = 1, 2 . Òîãäà

yj1(t0 + δ) ∈ ∂(X(t0 + δ; t0, G1, U) + εj1F (t0 + δ)G),

yj2(t0 + δ) ∈ Int(X(t0 + δ; t0, G1, U) + εj1F (t0 + δ)G),ìíîæåñòâî F (t0 + δ)G âûïóêëî è êîìïàêòíî è 0 ∈ IntF (t0 + δ)G ,ïîýòîìó
yj2(t0 + δ) ∈ ∂(X(t0 + δ; t0, G1, U) + εj12F (t0 + δ)G), 0 < εj12 < εj1.Óïðàâëåíèå èãðîêà Ej äëÿ ëþáîãî j ∈ J(y(t0),R

n\(G1∪G2))\{j1, j2}âûáåðåì íà [t0, t0+ δ) èç óñëîâèÿ (2.5) , â êîòîðîì ψj(t) � ðåøåíèå ñî-ïðÿæåííîé ñèñòåìû (2.1) ïðè ψj(t0) = pj , ãäå pj � åäèíè÷íûé âåêòîð,îïîðíûé ê ê ìíîæåñòâó G1 + εjF â ãðàíè÷íîé òî÷êå y0j . Â ìîìåíò
t = t0 + δ â êà÷åñòâå ìíîæåñòâ G1 , G2 , �èãóðèðóþùèõ â óñëîâèè òåî-ðåìû, âîçüìåì ìíîæåñòâà X(t0 + δ; t0, G1, U) , X(t0 + δ; t0, G2, U) , à âêà÷åñòâå ìíîæåñòâà G � ìíîæåñòâî F (t0+δ)G . Åñëè íåîáõîäèìî, ýòîòïðèåì ïîâòîðÿåì. Çàòåì ïðîèçâîäèì ïåðåíóìåðàöèþ óáåãàþùèõ.Èòàê, â ìîìåíò âðåìåíè t = t0 ìû çà�èêñèðîâàëè òàêîå âûïóêëîåêîìïàêòíîå ìíîæåñòâî G , 0 ∈ IntG , ÷òî y0s ∈ ∂(G1 + εsG) ,
s = 1, . . . , r + 1 , ε1 > ε2 > · · · > εr+1 > 0 . Äî ìîìåíòà t = t(p1) , â39



êîòîðûé óáåãàþùèé E1 âïåðâûå ïîïàäàåò íà ìíîæåñòâî X(t; t0, G2, U) ,óïðàâëåíèå v1(t) íàõîäèì èç óñëîâèÿ ìàêñèìóìà
(v1(t), ψ1(t)) = C(U ;ψ1(t)), (2.24)ãäå ψ1(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû (2.1) ïðè ψ1(t0) = p1 ,à p1 ∈ P (y01, G1 + ε2G) , ïðè÷åì y1(t(p1)) 6= xs(t(p1)) äëÿ ëþáîãî

s ∈ I(x(t0), ∂G2) , y1(t(p1)) 6= ys(t(p1)) äëÿ ëþáîãî s ∈ J(y(t0), ∂G2) .Åñëè òàêîé ìîìåíò âðåìåíè t(p1) íå ñóùåñòâóåò, òî ïîëîæèì
t(p1) = +∞ . Â ýòîì ñëó÷àå ïðè òàê âûáðàííîì óïðàâëåíèè óáåãàþ-ùèé E1 èçáåæèò ïîèìêè. Íà èíòåðâàëå [t(p1),+∞) óïðàâëåíèå v1(t)âûáèðàåì èç óñëîâèÿ (2.24) , â êîòîðîì ψ1(t) � ðåøåíèå ñîïðÿæåííîéñèñòåìû (2.1) ïðè ψ1(t(p1)) = p′1 , ãäå p′1 � åäèíè÷íûé âåêòîð, îïîðíûéê ìíîæåñòâó X(t(p1); t0, G2, U) â ãðàíè÷íîé òî÷êå y1(t(p1)) .Ñ÷èòàÿ óïðàâëåíèå èãðîêîâ E1, . . . , Ej−1 , j 6 r + 1 , çàäàííûìè,ïîñòðîèì óïðàâëåíèå èãðîêà Ej . Óïðàâëåíèå vj(t) ïðè t ∈ [t0, t(pj))íàõîäèì èç ðàâåíñòâà (2.5) , â êîòîðîì ψj(t) � ðåøåíèå ñèñòåìû (2.1)ïðè ψj(t0) = pj , ãäå âåêòîð pj ∈ P (y0j , G1 + εj+1F ) , åñëè j < r + 1 ,
pr+1 ∈ P (y0r+1, G1) , ïðè÷åì

yj(t(pj)) 6= xs(t(pj)), s ∈ I(x(t0), ∂G2),

yj(t(pj)) 6= ys(t(pj)), s ∈ J0(y(t0), ∂G2),

yj(t(pj)) 6= ys(t(pj)), s = 1, . . . , j − 1,ãäå t(pj) � ìîìåíò âðåìåíè, êîãäà âïåðâûå âûïîëíåíî âêëþ÷åíèå
yj(t) ∈ X(t; t0, G2, U) . Ïðåäïîëàãàåì, ÷òî òàêîé ìîìåíò t(pj) ñóùå-ñòâóåò. Ïðè t > t(pj) óïðàâëåíèå vj(t) îïðåäåëèì èç ðàâåíñòâà (2.5) ,ãäå ψj(t) � ðåøåíèå ñèñòåìû (2.1) ïðè ψj(t(pj)) = p′j , p′j � åäèíè÷-íûé âåêòîð, îïîðíûé ê ìíîæåñòâó X(t(pj); t0, G2, U) â ãðàíè÷íîé òî÷êå
yj(t(pj)) .Îáîçíà÷èì t∗ = min

j∈J(y(t0),R
n
\(G1∪G2))

t(pj) . Ó÷èòûâàÿ ñïîñîá ïîñòðîå-
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íèÿ óáåãàþùèõ, ëåììû 1.1, 1.2, ïîëó÷èì
|J(y(t∗)),Rn\(X(t∗; t0, G1, U) ∪X(t∗; t0, G2, U))| 6 r,

|I(x(t∗), X(t∗; t0, G1, U)\X(t∗; t0, G2, U))| <

< |J(y(t∗),Rn\(X(t∗; t0, G1, U) ∪X(t∗; t0, G2, U)))|+

+|J0(y(t
∗), ∂X(t∗; t0, G2, U))|.Ñîãëàñíî ïðåäïîëîæåíèþ èíäóêöèè, â äè��åðåíöèàëüíîé èãðå Γ èçíà÷àëüíîãî ñîñòîÿíèÿ z(t∗) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Òåîðåìà äîêàçàíà.
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� 1.3. Äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ãëîáàëü-íîé çàäà÷è óêëîíåíèÿ â íåñòàöèîíàðíîé çàäà÷åñ ïðîñòîé ìàòðèöåéÂ 1976 Á.Í. Ïøåíè÷íûì áûëà îïóáëèêîâàíà ðàáîòà, â êîòîðîé áûëèïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîèìêè ãðóïïîé ïðåñëå-äîâàòåëåé îäíîãî óáåãàþùåãî â çàäà÷å ïðîñòîãî ïðåñëåäîâàíèÿ ñ ðàâíû-ìè âîçìîæíîñòÿìè èãðîêîâ [77℄. Åñòåñòâåííûì îáîáùåíèåì óêàçàííîéçàäà÷è ÿâëÿåòñÿ ñèòóàöèÿ êîí�ëèêòíîãî âçàèìîäåéñòâèÿ, êîãäà â èã-ðå ó÷àñòâóþò äâå ãðóïïû � ïðåñëåäîâàòåëè è óáåãàþùèå. Öåëü ãðóïïûïðåñëåäîâàòåëåé � ïîèìêà çàäàííîãî ÷èñëà óáåãàþùèõ, öåëü ãðóïïûóáåãàþùèõ � ïðîòèâîïîëîæíà. Â [23℄ äëÿ çàäà÷è ïðîñòîãî ïðåñëåäî-âàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé ãðóïïó óáåãàþùèõ áûëè ïîëó÷åíû äî-ñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ãëîáàëüíîé çàäà÷è óêëîíåíèÿ. Â [37℄áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ãëîáàëüíîé çàäà÷èóêëîíåíèÿ â ëèíåéíîé ñòàöèîíàðíîé äè��åðåíöèàëüíîé èãðå ñ ó÷àñòè-åì ãðóïïû ïðåñëåäîâàòåëåé è ãðóïïû óáåãàþùèõ ïðè ðàâíûõ âîçìîæíî-ñòÿõ âñåõ ó÷àñòíèêîâ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íåñòàöèîíàðíàÿçàäà÷à êîí�ëèêòíîãî âçàèìîäåéñòâèÿ ãðóïïû ïðåñëåäîâàòåëåé è ãðóï-ïû óáåãàþùèõ ïðè ðàâíûõ âîçìîæíîñòÿõ âñåõ ó÷àñòíèêîâ. Öåëüþ ãðóï-ïû ïðåñëåäîâàòåëåé ÿâëÿåòñÿ ïîèìêà âñåõ óáåãàþùèõ, à öåëüþ ãðóïïûóáåãàþùèõ ÿâëÿåòñÿ ïðåäîñòàâëåíèå âîçìîæíîñòè ïî êðàéíåé ìåðå îä-íîìó èç íèõ óêëîíèòüñÿ îò âñòðå÷è. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿðàçðåøèìîñòè ëîêàëüíîé è ãëîáàëüíîé çàäà÷ óêëîíåíèÿ.Â ïðîñòðàíñòâå Rk (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èã-ðà Γ n+m ëèö: n ïðåñëåäîâàòåëåé è m óáåãàþùèõ. Çàêîí äâèæåíèÿêàæäîãî èç ïðåñëåäîâàòåëåé Pi , i = 1, . . . , n, èìååò âèä:
ẋi(t) = −a(t)xi(t) + ui(t), xi(t0) = x0i , ui ∈ U.Çàêîí äâèæåíèÿ êàæäîãî èç óáåãàþùèõ Ej, j = 1, . . . , m, èìååò âèä:
ẏj(t) = −a(t)yj(t) + vj(t), yj(t0) = y0j , vj ∈ U,42



ïðè÷åì x0i 6= y0j , äëÿ âñåõ i = 1, . . . , n , j = 1, . . . , m . Çäåñü xi , yj , ui,
vj ∈ Rk , U ⊂ Rk � ñòðîãî âûïóêëûé êîìïàêò, a(t) � äåéñòâèòåëüíàÿèçìåðèìàÿ �óíêöèÿ, èíòåãðèðóåìàÿ íà ëþáîì êîìïàêòíîì ïîäìíîæå-ñòâå îñè t . Óïðàâëåíèÿìè èãðîêîâ ÿâëÿþòñÿ èçìåðèìûå �óíêöèè ui(t) ,
vj(t) , ïðèíèìàþùèå ïðè t > t0 çíà÷åíèÿ èç ìíîæåñòâà U .Îáîçíà÷èì äàííóþ èãðó ÷åðåç Γ(n,m, z0) , ãäå

z0 = (x01, . . . , x
0
n, y

0
1, . . . , y

0
m).Îïðåäåëèì �óíêöèþ v ñëåäóþùèì îáðàçîì.

v(p) = c′(U ; p),ãäå c′(U ; p) � ãðàäèåíò îïîðíîé �óíêöèè c(U ; p) . Ïóñòü äàëåå
f±(t) = e

±
t∫

t0

a(s) ds

dτ, g(t) =

t∫

t0

f+(s) ds, λ0 = lim
t→+∞

1

g(t)
,

H+ , H− � îòêðûòûå ïîëîæèòåëüíîå è îòðèöàòåëüíîå ïîëóïðîñòðàí-ñòâà, îïðåäåëÿåìûå ãèïåðïëîñêîñòüþ H . Ïóñòü σ íåêîòîðîå ðàçáèåíèå
t0 = τ0 < τ1 < · · · < ïðîìåæóòêà [t0,+∞) , íå èìåþùåå êîíå÷íûõ òî÷åêñãóùåíèÿ.Îïðåäåëåíèå 3.1. Íàçîâ�åì êóñî÷íî-ïðîãðàììíîé ñòðàòåãèåé Vj óáå-ãàþùåãî Ej , îòâå÷àþùåé ðàçáèåíèþ σ, ñåìåéñòâî îòîáðàæåíèé {blj}

∞
l=0 ,ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì

(τl, x1(τl), . . . , xn(τl), y1(τl), . . . , ym(τl),

min
i=1..n

min
τ∈[τ0,τl]

‖xi(τ)− y1(τ)‖, . . . , min
i=1..n

min
τ∈[τ0,τl]

‖xi(τ)− ym(τ)‖)èçìåðèìóþ �óíêöèþ vlj(t) , îïðåäåëåííóþ íà [τl, τl+1) è òàêóþ ÷òî
vlj(t) ∈ U äëÿ âñåõ t ∈ [τl, τl+1) .Îïðåäåëåíèå 3.2. Â èãðå Γ(n,m, z0) èç ñîñòîÿíèÿ z0 ðàçðåøèìà ëî-êàëüíàÿ çàäà÷à óêëîíåíèÿ, åñëè ñóùåñòâóþò ðàçáèåíèå σ ïðîìåæóòêà
[t0,+∞) , êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè V1, . . . , Vm óáåãàþùèõ E1 ,43



. . . , Em , îòâå÷àþùèå ðàçáèåíèþ σ òàêèå, ÷òî äëÿ ëþáûõ òðàåêòîðèéïðåñëåäîâàòåëåé x1(t), . . . , xn(t) íàéäåòñÿ íîìåð s òàêîé, ÷òî íåðàâåí-ñòâî ys(t) 6= xi(t) áóäåò âûïîëíåíî äëÿ âñåõ t > t0 è âñåõ i ∈ {1, . . . , n} .Îïðåäåëåíèå 3.3. Â äè��åðåíöèàëüíîé èãðå Γ(n,m, z0) ðàçðåøèìàãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ, åñëè èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ z0ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Ëåììà 3.1. Ïóñòü â èãðå Γ(n,m, z0) ñóùåñòâóåò ãèïåðïëîñêîñòü H,òàêàÿ, ÷òî x0i ∈ H−, i = 1, . . . , n, y0j ∈ H+, j = 1, . . . , m. Òîãäà âèãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Äîê à ç à ò å ë ü ñ ò â î. Ïóñòü p � åäèíè÷íûé âåêòîð íîðìàëè ãèïåðïëîñ-êîñòè H, íàïðàâëåííûé â H+. �àññìîòðèì ðåøåíèå ψ(t) ñîïðÿæåííîéñèñòåìû
ψ̇(t) = a(t)ψ(t) (3.1)ñ íà÷àëüíûì óñëîâèåì ψ(t0) = p. Òîãäà ψ(t) = f+(t)p. Â êà÷åñòâåñòðàòåãèé óáåãàþùèõ Vj , j = 1, . . . , m, âûáåðåì îäíó è òó æå �óíêöèþ

w(t), t > t0, óäîâëåòâîðÿþùóþ óñëîâèþ
(w(t), ψ(t)) = c(U ;ψ(t)).Â ñèëó ñòðîãîé âûïóêëîñòè U è ñîíàïðàâëåííîñòè ψ(t) è p �óíêöèÿ

w(t) ïîñòîÿííà è ðàâíà v(p), yj(t) = f−(t)(y
0
j + g(t)v(p)) .Ïîêàæåì, ÷òî íè îäèí èç ïðåñëåäîâàòåëåé Pi , i = 1, . . . , n, íå ìîæåòïîéìàòü íè îäíîãî óáåãàþùåãî Ej , j = 1, . . . , m. Ïóñòü ui � óïðàâëå-íèå ïðåñëåäîâàòåëÿ Pi. Òîãäà

x(t) = f−(t)(x
0
i +

t∫

t0

f+(s)ui(s) ds).
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�àññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå:
(xi(t)− yj(t), ψ(t)) =

= (f−(t)(x
0
i − y0j +

t∫

t0

f+(s)(ui(s)− v(p)) ds), f+(t)p) =

= (x0i − y0j +

t∫

t0

f+(s)(ui(s)− v(p)) ds, p) =

= (x0i − y0j , p) +

t∫

t0

(ui(s)− v(p), f+(s)p) ds =

= (x0i − y0j , p) +

t∫

t0

(ui(s), ψ(s))− c(U ;ψ(s)) ds.

Îíî íåïîëîæèòåëüíî ïðè âñåõ t > t0, ïðè÷åì ðàâíî íóëþ òîãäà è òîëüêîòîãäà, êîãäà x0i ∈ H, y0j ∈ H è ui(s) = v(p) ïî÷òè âñþäó íà [t0, t].Òîãäà xi(t)− yj(t) = f−(t)(x
0
i − y0j ) 6= 0 äëÿ âñåõ t > t0 â ñèëó óñëîâèÿ

x0i 6= y0j äëÿ âñåõ i = 1, . . . , n, j = 1, . . . , m. Çíà÷èò, â èãðå Γ(n,m, z0)ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ. Ëåììà äîêàçàíà.Çàìå÷àíèå 3.1. Åñëè íà÷àëüíàÿ ïîçèöèÿ õîòÿ áû îäíîãî óáåãàþùå-ãî íå ïðèíàäëåæèò âíóòðåííîñòè âûïóêëîé îáîëî÷êè íà÷àëüíûõ ïîçè-öèé ïðåñëåäîâàòåëåé, òî â ñèëó ëåììû 3.1 ðàçðåøèìà ëîêàëüíàÿ çàäà÷àóêëîíåíèÿ.Ëåììà 3.2. Ïóñòü â èãðå Γ(n,m, z0) ñóùåñòâóþò ãèïåðïëîñêîñòè
H1, H2, ìíîæåñòâà I ⊂ {1, . . . , n} , J ⊂ {1, . . . , m}, òàêèå, ÷òîâûïîëíåíû ñëåäóþùèå óñëîâèÿ:1. H1 ‖ H2 , H+

2 ⊂ H+
1 ,2. |J | > |I|+ 1 ,3. x0i ∈ H2

+ , i ∈ I , x0i ∈ H1
− , i /∈ I , y0j ∈ H1

+ ∩H2
− , j ∈ J ,45



4. äëÿ ëþáîé ïàðû èíäåêñîâ s , l ∈ J, s 6= l , âûïîëíåíî y0s − y0l ∦

v(p)− v(−p) , p � åäèíè÷íûé âåêòîð íîðìàëè H1 , íàïðàâëåííûéâ H+
1 .Òîãäà â èãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Äîê à ç à ò å ë ü ñ ò â î. �àññìîòðèì ðåøåíèÿ ψ1(t) , ψ2(t) ñîïðÿæåí-íîé ñèñòåìû (1)  íà÷àëüíûìè óñëîâèÿìè ψ1(t0) = p, ψ2(t0) = −p .Òîãäà ψ1(t) = f+(t)p, ψ2(t) = −f+(t)p. Ïóñòü �óíêöèè w1(t) , w2(t),óäîâëåòâîðÿþò óñëîâèþ

(wi(t), ψi(t)) = c(U ;ψi(t)), i = 1, 2.Òàê êàê f+(t) > 0 äëÿ âñåõ t > t0 è U � ñòðîãî âûïóêëûé êîì-ïàêò, òî w1(t) ≡ v(p), w2(t) ≡ v(−p). Êðîìå òîãî, åñëè v(p) = v(−p),òî U = {v(p)} � îäíîòî÷å÷íîå ìíîæåñòâî, ïîýòîìó â ñèëó åäèíñòâåí-íîñòè ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ âñå òðàåêòîðèè xi(t),

i = 1, . . . , n, yj(t), j = 1, . . . , m, ïîïàðíî íå ïåðåñåêàþòñÿ. Ýòî îçíà-÷àåò, ÷òî íè îäèí ïðåñëåäîâàòåëü íå ìîæåò ïîéìàòü íè îäíîãî óáåãà-þùåãî, è â äè��åðåíöèàëüíîé èãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿçàäà÷à óêëîíåíèÿ. Ïîýòîìó â äàëüíåéøåì ñ÷èòàåì, ÷òî U ñîäåðæèò áî-ëåå îäíîé òî÷êè. Çàìåòèì òàêæå, ÷òî (v(p)− v(−p), p) 6= 0, òàê êàê âïðîòèâíîì ñëó÷àå U ⊂ Ĥ, ãäå Ĥ � îïîðíàÿ ãèïåðïëîñêîñòü ê U, ïðî-õîäÿùàÿ ÷åðåç v(−p)  âåêòîðîì íîðìàëè p, ÷òî ïðîòèâîðå÷èò ñòðîãîéâûïóêëîñòè U. Çíà÷èò, (v(p)− v(−p), p) > 0.Îïðåäåëèì ñòðàòåãèè óáåãàþùèõ Ej , j ∈ J, ïîëàãàÿ
vj(t) =

{
v(−p), t ∈ [t0, tj),

v(p), t ∈ [tj,+∞),ãäå tj � ìîìåíò âðåìåíè ïîïàäàíèÿ óáåãàþùåãî Ej íà ãèïåðïëîñêîñòü
H(t) = {x ∈ Rk|(x, p) = (yj0(t), p)} � ãèïåðïëîñêîñòü, ïàðàëëåëüíàÿ
H1 , ïðîõîäÿùàÿ â êàæäûé ìîìåíò âðåìåíè t ÷åðåç ïîçèöèþ yj0(t) óáå-ãàþùåãî Ej0, j0 ∈ J, íàõîäÿùåãîñÿ ïðè t = t0 áëèæå âñåãî ê H1.46



Âûÿñíèì, ïðè êàêèõ óñëîâèÿõ òàêîé ìîìåíò âðåìåíè tj ñóùåñòâóåò.Óáåãàþùèé Ej ïîïàäåò íà ãèïåðïëîñêîñòü H(t) òîãäà è òîëüêî òîãäà,êîãäà (yj(t), p) = (yj0(t), p). Åñëè j = j0, òî tj = t0 , vj(t) = v(p). Åñëè
j 6= j0, òî vj(t) = v(−p) è

(yj(t)− yj0(t), p) = (f−(t)(y
0
j − y0j0 + g(t)(v(−p)− v(p))), p) = 0òîãäà è òîëüêî òîãäà, êîãäà óðàâíåíèå

g(t) =
(y0j − y0j0, p)

(v(p)− v(−p), p)
(3.2)èìååò ðåøåíèå ïðè t > t0 . Ôóíêöèÿ g(t) íåïðåðûâíà è ñòðîãî ìîíî-òîííî âîçðàñòàåò. Ñêàëÿðíîå ïðîèçâåäåíèå (y0j − y0j0, p) > 0 â ñèëó âû-áîðà j0. Åñëè (y0j − y0j0, p) = 0, òî tj = t0 è vj(t) = v(p). Åñëè æå

(y0j − y0j0, p) > 0, òî óðàâíåíèå (3.2) èìååò åäèíñòâåííîå ðåøåíèå tj ïðèóñëîâèè, ÷òî ëèáî λ0 = 0 (è, òàêèì îáðàçîì, g(t) íåîãðàíè÷åííî âîçðàñ-òàåò), ëèáî ïðè âûïîëíåíèè íåðàâåíñòâà (y0j−y0j0
,p)

(v(p)−v(−p),p) <
1
λ0

ïðè λ0 > 0 .Åñëè õîòÿ áû ïðè îäíîì j ∈ J ïîñëåäíåå íåðàâåíñòâî íå âûïîëíåíî,òîãäà óáåãàþùèé Ej0 èçáåæèò ïîèìêè. Ïîêàæåì ýòî.Ïóñòü ui � óïðàâëåíèå ïðåñëåäîâàòåëÿ Pi , i ∈ I. Òîãäà ïðè ëþáîì
t > t0

(yj0(t)− xi(t), ψ1(t)) = (y0j0 − x0i + f+(s)(v(p)− ui(s)) ds, p) =

= (y0j0 − x0i , p) +

t∫

t0

(v(p)− ui(s), ψ1(s)) ds 6

6 (y0j0 − x0i , p) +

t∫

t0

(v(p)− v(−p), ψ1(s)) ds =

= (y0j0 − x0i , p) + g(t)(v(p)− v(−p), p) < 0òàê êàê
g(t) <

1

λ0
6

(y0j − y0j0, p)

(v(p)− v(−p), p)
<

(x0i − y0j0, p)

(v(p)− v(−p), p)
.47



Âûÿñíèì òåïåðü, ïðè êàêèõ óñëîâèÿõ òðàåêòîðèè, ñîîòâåòñòâóþùèå òàêîïðåäåëåííûì ñòðàòåãèÿì óáåãàþùèõ, ïîïàðíî íå ïåðåñåêàþòñÿ. �àñ-ñìîòðèì äâóõ óáåãàþùèõ Ei è Ej , i , j ∈ J , ñî ñòðàòåãèÿìè Vi è Vj .
vi(t) =

{
v(−p), t ∈ [t0, ti),

v(p), t ∈ [ti,+∞),

vj(t) =

{
v(−p), t ∈ [t0, tj),

v(p), t ∈ [tj,+∞).Ìîæíî ñ÷èòàòü, ÷òî ti 6 tj. Òàê êàê ïðè t ∈ [t0, ti] è ïðè t ∈ [tj,+∞)

vi(t) = vj(t), òî óáåãàþùèå ìîãóò ñòîëêíóòüñÿ òîëüêî â ìîìåíò âðåìåíè
T ∈ [ti, tj]. Òîãäà

yi(T ) = f−(T )(y
0
i +

T∫

t0

f+(s)vi(s) ds) =

= f−(T )(y
0
i + g(ti)v(−p) + (g(T )− g(ti))v(p)),

yj(T ) = f−(T )(y
0
j +

T∫

t0

f+(s)vj(s) ds) = f−(T )(y
0
j + g(T )v(−p)),è yi(T ) = yj(T ) òîãäà è òîëüêî òîãäà, êîãäà

y0j − y0i = (g(T )− g(ti))(v(p)− v(−p)),ïðè ýòîì T = tj (â ñèëó îïðåäåëåíèÿ tj ) è g(tj)− g(ti) > 0, òàê êàê ïîóñëîâèþ y0j 6= y0i .Èç óñëîâèÿ 4 ñëåäóåò, ÷òî òðàåêòîðèè óáåãàþùèõ Ej , j ∈ J íå ïå-ðåñåêàþòñÿ. Ïîêàæåì, ÷òî ñòðàòåãèè Vj , j ∈ J � åñòü ñòðàòåãèè óêëî-íåíèÿ. Èç ëåììû 1 ñëåäóåò, ÷òî äëÿ ëþáîé òðàåêòîðèè xi(t) , i /∈ Iâûïîëíåíî xi(t) 6= yj(t) ïðè ëþáîì t > t0 è äëÿ ëþáîãî íîìåðà j ∈ J.Êðîìå òîãî, èç ëåììû (3.1) ñëåäóåò, ÷òî äëÿ ëþáîé òðàåêòîðèè xi(t) ,
i ∈ I âûïîëíåíî xi(t) 6= yj(t), äëÿ âñåõ j ∈ J, t ∈ [t0,max

j∈J
tj ].Ïîêàæåì, ÷òî êàæäûé èç ïðåñëåäîâàòåëåé Pi, i ∈ I, ëîâèò íå áîëååîäíîãî óáåãàþùåãî Ej, j ∈ J. Ïóñòü ýòî óòâåðæäåíèå íåâåðíî, ò. å.48



ñóùåñòâóþò i ∈ I, j1, j2 ∈ J, t1, t2 > max
j∈J

tj òàêèå, ÷òî
xi(t1) = yj1(t1), xi(t2) = yj2(t2) (3.3)äëÿ íåêîòîðîé òðàåêòîðèè xi(t).Òàê êàê yj1(t) 6= yj2(t) äëÿ âñåõ t > t0, òî t1 6= t2. Ïóñòü t1 < t2, òî-ãäà â ìîìåíò âðåìåíè t1 óáåãàþùèé Ej2 è ïðåñëåäîâàòåëü Pi íàõîäÿòñÿíà îäíîé ãèïåðïëîñêîñòè H(t1), ïîýòîìó â ñèëó ëåììû 1 yj2(t) 6= xi(t)ïðè ëþáîì t > t1. À ýòî ïðîòèâîðå÷èò (3.3). Ñëåäîâàòåëüíî, êàæäûéèç ïðåñëåäîâàòåëåé Pi , i ∈ I ëîâèò íå áîëåå îäíîãî óáåãàþùåãî Ej,

j ∈ J. Â ñèëó óñëîâèÿ 2 ïîëó÷àåì, ÷òî â èãðå Γ(n,m, z0) ðàçðåøèìàëîêàëüíàÿ çàäà÷à óêëîíåíèÿ. Ëåììà äîêàçàíà.Ëåììà 3.3. Ïóñòü â èãðå Γ(n,m, z0) λ0 = 0, ñóùåñòâóþò ãèïåðïëî-ñêîñòè H1, H2, . . . , H2l, ìíîæåñòâà I1, I2, . . . , Il, J1, J2, . . . , Jl,òàêèå, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:1. H1 ‖ H2 ‖ · · · ‖ H2l , H+
j ⊂ H+

j−1 , j = 2, . . . , 2l, p � åäèíè÷íûéâåêòîð íîðìàëè ãèïåðïëîñêîñòè H1, íàïðàâëåííûé â H+
1 ,2. Is ⊂ {1, . . . , n} , Jq ⊂ {1, . . . , m} , s, q = 1, . . . , l,

Is ∩ Iq = ∅ , s 6= q , Js ∩ Jq = ∅ , s 6= q,3. x0i ∈ H1
− , i /∈ l⋃

s=1
Is,4. x0i ∈ H+

2s ∩H
−
2s+1 , i ∈ Is, s = 1, . . . , l − 1,

x0i ∈ H+
2l , i ∈ Il,5. y0j ∈ H+
2s−1

⋂
H−

2s , j ∈ Js , s = 1, . . . , l,6. |J1|+ [|J2| − |I1|]
+ + · · ·+ [|Jl| − (|I1|+ |I2|+ · · ·+ |Il−1|)]

+
>

> |I1|+ |I2|+ · · ·+ |Il|, ãäå a+ = max(a, 0),7. äëÿ ëþáîé ïàðû èíäåêñîâ i, j ∈
l⋃

s=1

Js, i 6= j, âûïîëíåíî
y0i − y0j ∦ v(p)− v(−p).Òîãäà â èãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.49



Äîê à ç à ò å ë ü ñ ò â î. Ïóñòü I0 = l⋃
s=1

Is, J0 =
l⋃

s=1
Js. Ñòðàòåãèè óáåãàþ-ùèõ Ej, j /∈ J0 çàäàåì ïðîèçâîëüíî, à äëÿ j ∈ J0 ïîëàãàåì

vj(t) =

{
v(−p), t ∈ [t0, t

1
j),

v(p), t ∈ [t1j ,+∞),
j ∈ J1,

vj(t) =





v(−p), t ∈ [t0, t
q
j),

v(p), t ∈ [tqj , t
q),

v(−p), t ∈ [tq, tq∗),

v(p), t ∈ [tq∗,+∞),

j ∈ Jq, q 6= 1.

Ïóñòü H(t) = {x ∈ Rk|(x, p) = (yj0(t), p)} � ãèïåðïëîñêîñòü, ïàðàë-ëåëüíàÿ H1, ïðîõîäÿùàÿ ÷åðåç íà÷àëüíóþ ïîçèöèþ óáåãàþùåãî Ej0,

j0 ∈ J1, áëèæàéøåãî ê H1. Äâèæåíèå óáåãàþùèõ Ej, j ∈ Jq, q > 2,ïðîèñõîäèò ñëåäóþùèì îáðàçîì: íà èíòåðâàëå [t0, t
q) óáåãàþùèå "âû-ðàâíèâàþòñÿ"òàê, ÷òîáû â ìîìåíò tq âñåì ïîïàñòü íà íåêîòîðóþ ãè-ïåðïëîñêîñòü H̃q ‖ H1; íà èíòåðâàëå [tq, tq∗] óáåãàþùèå ñáëèæàþòñÿ ñãèïåðïëîñêîñòüþ H(t); â ìîìåíò tq∗ óáåãàþùèå Ej, j ∈ Jq, q > 2, ïî-ïàäàþò íà ãèïåðïëîñêîñòü H(t) è îñòàþòñÿ íà íåé. Ìîìåíòû âðåìåíè

tij, i = 1, . . . , l, j ∈ Ji, îïðåäåëÿþòñÿ èç óðàâíåíèÿ
g(tji ) =

(y0j − y0
j0i
, p)

(v(p)− v(−p), p)
,ãäå j0i ∈ Ji � íîìåð óáåãàþùåãî, áëèæàéøåãî ê H2i−1. Ìîìåíòû âðåìå-íè ti, i = 2, . . . , l, îïðåäåëÿþòñÿ èç óðàâíåíèÿ g(ti) =

(y0
j1
i

−y0
j0
i

,p)

(v(p)−v(−p),p)
ãäå

j1i , j
0
i ∈ Ji � íîìåðà óáåãàþùèõ, áëèæàéøèõ ê H2i è H2i−1 . Ìîìåíòûâðåìåíè ti

∗
, i = 2, . . . , l îïðåäåëÿþòñÿ èç óðàâíåíèÿ

g(ti
∗
) =

(y0
j1i
− y0

j01
, p)

(v(p)− v(−p), p)
,ãäå j1i ∈ Ji � íîìåð óáåãàþùåãî, áëèæàéøåãî ê H2i, j

0
1 ∈ J1 � íîìåðóáåãàþùåãî, áëèæàéøåãî ê H1.Èç ëåììû 3.2 ñëåäóåò, ÷òî äëÿ ëþáîé òðàåêòîðèè xi(t), i /∈ I0,

xi(t) 6= yj(t), t > t0, j ∈ J0. 50



Ïîêàæåì, ÷òî åñëè i ∈ Iq, òî Pi ëîâèò íå áîëåå l−q+1 óáåãàþùèõ.Èç ëåììû 3.2 ñëåäóåò, ÷òî xi(t) 6= yj(t), äëÿ âñåõ j ∈ Jr, r 6 q,

t ∈ [t0, t
r∗]. Èç ëåììû 3.2 ñëåäóåò òàêæå, ÷òî yj(t) 6= xi(t), j ∈ Js,

s > q, t ∈ [t0, t
s]. Äàëåå, åñëè xi(t

∗) ∈ H(t∗), òî íà èíòåðâàëå (t∗,+∞)ïðåñëåäîâàòåëü Pi íå ëîâèò íè îäíîãî èç óáåãàþùèõ Ej, j ∈ J0.Åñëè æå äî ìîìåíòà T xi(T ) /∈ H(T ), òî íà îòðåçêå [t0, T ] ïðåñëå-äîâàòåëü Pi ìîæåò ïîéìàòü íå áîëåå îäíîãî óáåãàþùåãî Ej, j ∈ Js,

s > q. Îòñþäà ïîëó÷àåì, ÷òî Pi ëîâèò íå áîëåå (l− q + 1) óáåãàþùèõ.Ïåðåéäåì ê äîêàçàòåëüñòâó ëåììû. Îáîçíà÷èì ÷åðåç
rs = [|Js| − (|I1|+ · · ·+ |Is−1|)]

+, s = 2, . . . , l.Åñëè rs = 0, s = 2, . . . , l, òî ëåììà 3.3 ñëåäóåò èç ëåììû 3.2.Ïóñòü rs > 0, s = 2, . . . , l. Â ñèëó ïðåäûäóùåãî óòâåðæäåíèÿ êàæ-äûé èç ïðåñëåäîâàòåëåé Pi, i ∈ Is ëîâèò íå áîëåå (l − s + 1) óáåãàþ-ùèõ. Ïîýòîìó âñå ïðåñëåäîâàòåëè Pi, i ∈ I0, ìîãóò ïîéìàòü íå áîëåå
l|I1|+ (l − 1)|I2|+ · · ·+ 2|Il−1|+ |Il| óáåãàþùèõ, à òîãäà

|J1|+ |J2|+ · · ·+ |Jl| − [l|I1|+ (l − 1)|I2|+ · · ·+ 2|Il−1|+ |Il|] =

|J1|+ r2 + r3 + · · ·+ rl − [|I1|+ |I2|+ · · ·+ |Il−1|+ |Il|] > 0.Ïîýòîìó â ýòîì ñëó÷àå ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ îòâñòðå÷è.Åñëè rs > 0 íå äëÿ âñåõ s, ðàññìîòðèì òîëüêî òå s, äëÿ êîòîðûõ
rs > 0. Îáîçíà÷èì äàííûå çíà÷åíèÿ s ÷åðåç s1, s2, . . . , sq;
2 6 s1 < s2 < · · · < sq 6 l. Ââåäåì ìíîæåñòâà J ′

1 ,. . . , J ′
q+1 , I ′1 ,. . . , I ′q+1ñëåäóþùèì îáðàçîì:

J ′
1 = J1, J ′

j+1 = Jsj , j = 1, 2, . . . , q, I ′1 = I1
⋃

I2
⋃

Is1−1,

I ′2 = Is1
⋃

Is1+1

⋃
· · ·
⋃

Is2−1,

I ′j = Isj−1

⋃
Isj−1+1

⋃
· · ·
⋃

Isj−1, j = 3, . . . , q,

I ′q+1 = Isq
⋃

Isq+1

⋃
· · ·
⋃

Il.51



Òîãäà âñå óñëîâèÿ ëåììû 3.3 äëÿ ìíîæåñòâ J ′
1 ,. . . , J ′

q+1, I
′
1, . . . , I ′q+1 èãèïåðïëîñêîñòåé H ′

1, . . . , H ′
2q+2 áóäóò âûïîëíåíû, ïðè÷åì

r′s = [|J ′
s| − (|I ′1|+ · · ·+ |I ′s−1|)]

+
> 0, s = 2, . . . , q + 1.Çäåñü

H ′
1 = H1, H ′

2 = H2, H ′
2i+1 = H2si−1, H ′

2i+2 = H2si, i = 1, . . . , q.Òåì ñàìûì äîêàçàíî, ÷òî â èãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿçàäà÷à óêëîíåíèÿ. Ëåììà äîêàçàíà.Òåîðåìà 3.1. Ïóñòü λ0 = 0, U � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàä-êîé ãðàíèöåé. Òîãäà äëÿ ëþáûõ íàòóðàëüíûõ ÷èñåë p, m, òàêèõ, ÷òî
m > p2p+2 â èãðå Γ(2p+1, m, z0) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëî-íåíèÿ.Äîê à ç à ò å ë ü ñ ò â î. Ïóñòü n = 2p+1 , x01 ,. . . ,x0n � íà÷àëüíûå ïîçèöèèïðåñëåäîâàòåëåé, y01 ,. . . ,y0m � íà÷àëüíûå ïîçèöèè óáåãàþùèõ. Ñ÷èòàåì,÷òî òî÷êè x01, . . . ,x0n, y01, . . . , y0m ïîïàðíî ðàçëè÷íû. Ïóñòü q � åäè-íè÷íûé âåêòîð, òàêîé, ÷òî

(q, x0i − x0j) 6= 0, 1 6 j < i 6 n, (3.4)
(q, y0i − y0j ) 6= 0, 1 6 j < i 6 m, (3.5)

(q, y0j − x0i ) 6= 0, i = 1, . . . , n, j = 1, . . . , m, (3.6)
y0i − y0j ∦ v(q)− v(−q), 1 6 j < i 6 m. (3.7)Òàêîé âåêòîð q ñóùåñòâóåò, òàê êàê ñîîòíîøåíèÿ (3.4)�(3.6) îòíîñèòåëü-íî q îïðåäåëÿþò êîíå÷íîå ÷èñëî ãèïåðïëîñêîñòåé, ïðîõîäÿùèõ ÷åðåçíà÷àëî êîîðäèíàò, à óñëîâèþ (3.7) óäîâëåòâîðÿåò êîíå÷íîå ÷èñëî âåêòî-ðîâ åäèíè÷íîé ñ�åðû. Äîêàæåì ýòî. U � ñòðîãî âûïóêëûé êîìïàêò ñãëàäêîé ãðàíèöåé, òåìè æå ñâîéñòâàìè îáëàäàþò ìíîæåñòâà −U è U−

U . Îïîðíàÿ �óíêöèÿ ìíîæåñòâà −U èìååò âèä c(−U ; p) = c(U ;−p),ìíîæåñòâà U −U c(U −U ; p) = c(U ; p)+ c(−U ; p) = c(U ; p)+ c(U ;−p).52



�ðàäèåíò îïîðíîé �óíêöèè U − U ðàâåí c′(U ; p)− c′(U ;−p) = v(p)−

v(−p) è ýòà �óíêöèÿ âçàèìíî îäíîçíà÷íî è íåïðåðûâíî îòîáðàæàåòåäèíè÷íóþ ñ�åðó íà ãðàíèöó ìíîæåñòâà U −U . Ïîýòîìó äëÿ êàæäîãîâåêòîðà zij = y0i − y0j , 1 6 j < i 6 m ñóùåñòâóåò ðîâíî äâà âåêòîðà pijè −pij, òàêèõ, ÷òî v(pij)− v(−pij) ‖ zij.Ïóñòü H1 , . . . , Hn � ãèïåðïëîñêîñòè ñ íîðìàëüþ q, òàêèå, ÷òî x0i ∈
Hi, i = 1, . . . , n, ïðè÷åì H+

i ⊂ H+
i+1, i = 1, . . . , n − 1. Ñ÷èòàåì, ÷òî qíàïðàâëåí â H+

n , è y0j ∈ H−
1 ∩H+

n , j = 1, . . . , m.Çàäàäèì ñòðàòåãèè V1(t), . . . , Vm(t) ñëåäóþùèì îáðàçîì. Ïðè p = 1ðàññìîòðèì ìíîæåñòâà A1 = {j|y0j ∈ H−
1 ∩H

+
2 }, A2 = {j|y0j ∈ H−

2 ∩H
+
3 }.Ïóñòü d1j (d2j) � ðàññòîÿíèå îò y0j , j ∈ A1 (j ∈ A2) äî H1 (H3).Ïóñòü A1 = {α1, α2, . . . , αs}, A2 = {β1, β2, . . . , βr} , d1α1

6 d1α2
6 . . . 6

d1αs
, d2β1

6 d2β2
6 . . . 6 d2βr

. Òîãäà ïîëàãàåì
vβ1

(t) = v1, t ∈ [t0,∞),

vβj
(t) =

{
v2, t ∈ [t0, t

2
βj
),

v1, t ∈ [t2βj
,∞),

j = 2, . . . , r,

vα1
=

{
v2, t ∈ [t0, t

1
α1
),

v1, t ∈ [t1α1
,∞),

vαj
=





v1, t ∈ [t0, t
1
αj
),

v2, t ∈ [t1αj
, t1α1

),

v1, t ∈ [t1α1
,∞),

j = 2, . . . , s.Çäåñü t2βj
� ðåøåíèå óðàâíåíèÿ

g(t) =
(y0βj

− y0β1
, q)

(v1 − v2, q)
, j = 2, . . . , r,

t1α1
� ðåøåíèå óðàâíåíèÿ

g(t) =
(y0α1

− y0β1
, q)

(v1 − v2, q)
,

t1αj
� ðåøåíèå óðàâíåíèÿ

g(t) =
(y0α1

− y0αj
, q)

(v1 − v2, p)
, j = 2, . . . , s.53



Ïðåäïîëîæèì, ÷òî ñòðàòåãèè V1(t), . . . , Vm(t) îïðåäåëåíû äëÿ âñåõ
p < l . Ïîñòðîèì òåïåðü ñòðàòåãèè v1(t), . . . , vm(t) äëÿ p = l. Ïóñòü
n1 = 2l−1+1, A1 = {j|y0j ∈ H−

1 ∩H+
n1
}, A2 = {j|y0j ∈ H−

n1
∩H+

n }. Â ñèëóèíäóêöèîííîãî ïðåäïîëîæåíèÿ â èãðå Γ(n1, |A1|, z0), ãäå z0 = (x0, y0),

x0 = (x01, . . . , x
0
n1
) , y0 = (y0j , j ∈ A1) îïðåäåëåíû ñòðàòåãèè vj, j ∈ A1,óáåãàþùèõ Ej, j ∈ A1. Àíàëîãè÷íî â èãðå Γ(n1, |A2|, ẑ0), ãäå ẑ0 =

(x̂0, ŷ0), x̂0 = (x0n1
, . . . , x0n), ŷ0 = (y0j , j ∈ A2), îïðåäåëåíû ñòðàòåãèè

v̂j, j ∈ A2, óáåãàþùèõ Êj, j ∈ A2.Îïðåäåëèì ñòðàòåãèè â èãðå Γ(n,m, z0) ñëåäóþùèì îáðàçîì:
vj(t) =

{
v̂j(t), t ∈ [t0, t2),

v1, t ∈ [t2,∞),
j ∈ A2

vj(t) =





vj(t), t ∈ [t0, t1),

v2, t ∈ [t1, t3),

v1, t ∈ [t3,∞),

j ∈ A1.

Çäåñü t1 � ðåøåíèå óðàâíåíèÿ g(t) =
(y0α1−y0αs ,q)

(v1−v2,q)
, t2 � ðåøåíèå óðàâ-íåíèÿ g(t) =

(y0βr−y0β1
,q)

(v1−v2,q)
, t3 � ðåøåíèå óðàâíåíèÿ g(t) =

(y0α1−y0β1
,q)

(v1−v2,q)
, ãäå

α1 ∈ A1 � íîìåð óáåãàþùåãî Eα1
, áëèæàéøåãî ê H1 , αs ∈ A1 � íî-ìåð óáåãàþùåãî Eαs

, áëèæàéøåãî ê Hn1
, β1 ∈ A2 � íîìåð óáåãàþùåãî

Eβ1
, áëèæàéøåãî ê Hn , βr ∈ A2 � íîìåð óáåãàþùåãî Eαr

, áëèæàéøå-ãî ê Hn1. . Ïóñòü H(t) = {x ∈ Rk|(x, q) = (yβ1(t), q)} � ãèïåðïëîñêîñòü,ïàðàëëåëüíàÿ Hn , ïðîõîäÿùàÿ ÷åðåç ïîçèöèþ yβ1
(t) óáåãàþùåãî Eβ1

.Èñïîëüçóÿ èíäóêöèþ, ïîëó÷àåì, ÷òî íà èíòåðâàëå [t0, t3] ïðåñëåäîâàòå-ëè P1, . . . , Pn ëîâÿò íå áîëåå (l− 1)2l+1 óáåãàþùèõ. Äåéñòâèòåëüíî,ïðè p = 1 ïðåñëåäîâàòåëü P2 ëîâèò íå áîëåå 1 = (1− 1)21 + 1 óáåãàþ-ùåãî äî ïîïàäàíèÿ èõ íà îäíó ãèïåðïëîñêîñòü. Ïðåäïîëîæèâ, ÷òî ïðè
p < l ïðåñëåäîâàòåëè Pi ëîâÿò íå áîëåå (p − 1)2p + 1 óáåãàþùèõ äîïîïàäàíèÿ èõ íà îäíó ãèïåðïëîñêîñòü, äîêàæåì, ÷òî ïðè p = l ïðåñëå-äîâàòåëè ëîâÿò íå áîëåå (l − 1)2l + 1 óáåãàþùåãî äî ïîïàäàíèÿ èõ íàîäíó ïëîñêîñòü. Â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ äî ìîìåíòà t1 �54



ìîìåíòà ïîïàäàíèÿ óáåãàþùèõ Ej , j ∈ A1 , íà îäíó ïëîñêîñòü Ĥ1 ïðå-ñëåäîâàòåëè ïîéìàþò íå áîëåå (l− 2)2l−1+1 óáåãàþùåãî. Àíàëîãè÷íî,äî ìîìåíòà t2 �ìîìåíòà ïîïàäàíèÿ óáåãàþùèõ Ej , j ∈ A2 , íà îäíóïëîñêîñòü Ĥ2 ïðåñëåäîâàòåëè ïîéìàþò íå áîëåå (l − 2)2l−1 + 1 óáåãà-þùåãî. Ìåæäó ïëîñêîñòÿìè Ĥ1, Ĥ2 ìîæåò íàõîäèòñÿ íå áîëåå 2l − 1ïðåñëåäîâàòåëÿ, êàæäûé èç êîòîðûõ ëîâèò íå áîëåå îäíîãî óáåãàþùå-ãî, ÷òî â ñóììå äàåò íå áîëåå 2((l − 2)2l−1 + 1) + 2l − 1 = (l − 1)2l + 1óáåãàþùèõ, ïîéìàííûõ ïðåñëåäîâàòåëÿìè äî ìîìåíòà t3 � ìîìåíòà ïî-ïàäàíèÿ âñåõ óáåãàþùèõ íà îäíó ãèïåðïëîñêîñòü.Â ñèëó ëåììû 3.3 íà èíòåðâàëå [t3,+∞) ïðåñëåäîâàòåëè P1 , . . . , Pnëîâÿò íå áîëåå 2l óáåãàþùèõ. Ïîýòîìó âñåãî ïðåñëåäîâàòåëè P1 , . . . ,
Pn ëîâÿò íå áîëåå l2l + 1 óáåãàþùèõ. À òàê êàê m > l2l + 2 , òî õîòÿáû îäèí óáåãàþùèé èçáåæèò ïîèìêè. Òåîðåìà äîêàçàíà.Ââåäåì �óíêöèþ f : N → N âèäà
f(n) = min{m : âΓ(n,m,z0) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ}.Ñëåäñòâèå 3.1. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû. Òîãäà ñóùå-ñòâóþò êîíñòàíòû C1 > 0 , C2 > 0 òàêèå, ÷òî äëÿ âñåõ n ∈ N, n 6= 1ñïðàâåäëèâî íåðàâåíñòâî C1n lnn 6 f(n) 6 C2n lnn.Äîê à ç à ò å ë ü ñ ò â î. Èç òåîðåìû 3.1 ñëåäóåò, ÷òî äëÿ âñåõ p ∈ Nñïðàâåäëèâî íåðàâåíñòâî f(2p + 1) 6 p2p + 2 . Ïóñòü n ∈ N , n 6= 1 .Âîçüìåì p ∈ N òàêîå, ÷òî 2p−1 < n 6 2p + 1 . Òîãäà

f(n) 6 f(2p + 1) 6 p2p + 2 6 C2n lnn,ãäå C2 =
5

ln 2 .Äëÿ äîêàçàòåëüñòâà îöåíêè ñíèçó ïðåäâàðèòåëüíî ïîêàæåì, ÷òî äëÿëþáîãî n ∈ N ñóùåñòâóåò íà÷àëüíàÿ ïîçèöèÿ z0 òàêàÿ, ÷òî â èãðå
Γ((k+1)n, n(k+1)n−1, z0) ïðîèñõîäèò ïîèìêà. Äîêàçàòåëüñòâî äàííîãîóòâåðæäåíèÿ ïðîâåä�åì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.55



Åñëè n = 1 , òî ïîäõîäÿùåé áóäåò ëþáàÿ ïîçèöèÿ, â êîòîðîé y0 ∈

Int co{x0i}
k+1
i=1 . Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå âåðíî äëÿ âñåõ n 6 p .Äîêàæåì åãî äëÿ n = p + 1 .Â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ ñóùåñòâóåò ïîçèöèÿ z0 òàêàÿ,÷òî â èãðå Γ((k + 1)p, p(k + 1)p−1, z0) ïðîèñõîäèò ïîèìêà íå ïîçäíååâðåìåíè T . Çà�èêñèðóåì äàííûå íà÷àëüíûå ïîçèöèè.Ïóñòü A � ìíîæåñòâî äàííûõ íà÷àëüíûõ ïîçèöèé, R1 = R1(T ) �ðàäèóñ øàðà ñ öåíòðîì â íà÷àëå êîîðäèíàò, êîòîðûé ñîäåðæèò âñå âîç-ìîæíûå ïîëîæåíèÿ èãðîêîâ â èãðå Γ((k + 1)p, p(k + 1)p−1, z0) .�àññìîòðèì â Rk ïðàâèëüíûé ñèìïëåêñ ñ âåðøèíàìè a1 ,. . . ,ak+1 èäëèíîé ðåáðà β . Ñäåëàåì òðàíñëÿöèþ ìíîæåñòâà A íà êàæäûé èç âåê-òîðîâ as , s = 1, . . . , k + 1 è ðàññìîòðèì âñå òî÷êè âèäà as + x0i , ãäå

x0i � íà÷àëüíîå ïîëîæåíèå ïðåñëåäîâàòåëÿ Pi ( i = 1, . . . , (k + 1)p ) âèãðå Γ((k + 1)p, p(k + 1)p−1, z0) , as � îäèí èç âåêòîðîâ a1 ,. . . ,ak+1 .Â êàæäóþ òî÷êó äàííîãî âèäà ïîìåñòèì ïî ïðåñëåäîâàòåëþ, ïîëó÷èìâñåãî (k + 1)p+1 ïðåñëåäîâàòåëåé.Â êàæäóþ òî÷êó âèäà as + y0j , ãäå y0j � ïîëîæåíèå óáåãàþùåãî Ej( j = 1, . . . , p(k + 1)p−1 ) â èãðå Γ((k + 1)p, p(k + 1)p−1, z0) , ïîìåñòèì ïîóáåãàþùåìó, ïîëó÷èì p(k + 1)p óáåãàþùèõ. Åù�å (k + 1)p óáåãàþùèõïîìåñòèì âîâíóòðü øàðà B0 åäèíè÷íîãî ðàäèóñà  öåíòðîì â öåíòðåñèìïëåêñà. Òîãäà îáùåå êîëè÷åñòâî óáåãàþùèõ áóäåò (p+ 1)(k + 1)p .�àññìîòðèì ïîëó÷èâøóþñÿ èãðó Γ((k+1)p+1, (p+1)(k+1)p, z′0) è ïî-êàæåì, ÷òî β ìîæíî ïîäîáðàòü òàê, ÷òî â ïîëó÷åííîé èãðå ïðîèçîéä�åòïîèìêà. Äëÿ ýòîãî ðàññìîòðèì øàðû B1 ,. . . , Bk+1 ðàäèóñà R1 ñ öåí-òðàìè â òî÷êàõ a1 ,. . . ,ak+1 . Îáîçíà÷èì ÷åðåç Hj ãèïåðïëîñêîñòü, îïîð-íóþ ê êàæäîìó èç øàðîâ Ds , s 6= j è ðàçäåëÿþùóþ ⋃
s 6=j

Ds è Dj . Òàêàÿãèïåðïëîñêîñòü ñóùåñòâóåò, åñëè β äîñòàòî÷íî âåëèêî. Ïóñòü H+
j �çàìêíóòîå ïîëóïðîñòðàíñòâî, îïðåäåëÿåìîå ãèïåðïëîñêîñòüþ Hj è ñî-äåðæàùåå Dj .Âîçüì�åì β òàêèì, ÷òîáû ìíîæåñòâî k+1⋂

j=1

H+
j ñîäåðæàëî øàð ðàäèóñà56



R2 = R2(T ) ,  öåíòðîì â öåíòðå ñèìïëåêñà, â êîòîðîì áû ïîëíîñòüþïîìåñòèëîñü ìíîæåñòâî äîñòèæèìîñòè øàðà B0 .Ïîêàæåì, ÷òî òàêîé âûáîð β ãàðàíòèðóåò ïîèìêó â ïîëó÷åííîé èãðå
Γ((k+1)p+1, (p+1)(k+1)p, z′0) . Â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿïðåñëåäîâàòåëè, íàõîäÿùèåñÿ â Ai = A+ ai , ëîâÿò óáåãàþùèõ èç ýòîãîæå ïîäìíîæåñòâà ïîçèöèé ê ìîìåíòó âðåìåíè, íå ïðåâîñõîäÿùåå T . Âñèëó âûáîðà β êàæäûé èç óáåãàþùèõ, ñ íà÷àëüíîé ïîçèöèåé èç B0 íà-õîäèòñÿ âíóòðè âûïóêëîé îáîëî÷êè, íàòÿíóòîé íà ïîçèöèè P̂1(T ) ,. . . ,
P̂k+1(T ) (ãäå P̂i(T ) � ïîçèöèÿ ïðåñëåäîâàòåëÿ â ìîìåíò âðåìåíè T , âêîòîðîé îí îêàçàëñÿ èç íà÷àëüíîé ïîçèöèè â Ai ). Òàêèì îáðàçîì, äëÿêàæäîãî èç îñòàâøèõñÿ íåïîéìàííûìè óáåãàþùèõ ñòðîèòñÿ ¾îêðóæå-íèå¿, ãàðàíòèðóþùåå ïîèìêó çà êîíå÷íîå âðåìÿ. Òåì ñàìûì ïîêàçàíî,÷òî â èãðå Γ((k + 1)p+1, (p+ 1)(k + 1)p, z′0) ïðîèñõîäèò ïîèìêà.Ïóñòü n > k + 1 � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî, p ∈ N , òàêîå,÷òî

(k + 1)p 6 n < (k + 1)p+1Òîãäà
f(n) > f((k + 1)p) > p(k + 1)p−1Òàê êàê p = [logk+1 n] , òî f(n) > C1n lnn . Ñëåäñòâèå äîêàçàíî.Ïðèìåð 3.1. Ïóñòü a(t) = a > 0 äëÿ âñåõ t > t0, A � ïîëîæèòåëüíîîïðåäåëåííàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà k , U = {x|(Ax, x) 6 1} .Òîãäà λ0 = 0 , U � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé èïîýòîìó äëÿ ëþáûõ íàòóðàëüíûõ p , m , òàêèõ, ÷òî m > p2p+ 2 â èãðå

Γ(2p + 1, m, z0) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ.

57



�ëàâà 2.�ðóïïîâîå ïðåñëåäîâàíèå îäíîãîóáåãàþùåãî
� 2.1. Íåñòàöèîíàðíàÿ çàäà÷à ïðîñòîãî ïðåñëåäîâà-íèÿ îäíîãî óáåãàþùåãî ñ �àçîâûìè îãðàíè÷å-íèÿìè�àññìàòðèâàåòñÿ íåñòàöèîíàðíàÿ çàäà÷à ïðîñòîãî ïðåñëåäîâàíèÿ íå-ñêîëüêèìè óïðàâëÿåìûìè îáúåêòàìè îäíîãî óáåãàþùåãî ñ �àçîâûìèîãðàíè÷åíèÿìè íà ñîñòîÿíèå óáåãàþùåãî è îäèíàêîâûìè äèíàìè÷åñêè-ìè âîçìîæíîñòÿìè âñåõ ó÷àñòíèêîâ. Ñòàöèîíàðíûé ñëó÷àé a(t) ≡ 1ðàññìàòðèâàëñÿ ìíîãèìè àâòîðàìè. Â ðàáîòàõ [23,77℄ ïîëó÷åíî ðåøåíèåòàêîé çàäà÷è áåç �àçîâûõ îãðàíè÷åíèé, ïðè÷åì â ðàáîòå [77℄ ðàññìîò-ðåí ñëó÷àé, êîãäà ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé èãðîêîâ� øàð,òåðèìèíàëüíûå ìíîæåñòâà� íà÷àëî êîîðäèíàò, â ðàáîòå [23℄� ìíîæå-ñòâî äîïóñòèìûõ óïðàâëåíèé è òåðìèíàëüíûå ìíîæåñòâà� âûïóêëûåêîìïàêòû. Â ðàáîòå [37℄ ïîëó÷åíî ðåøåíèå çàäà÷è ñ �àçîâûìè îãðàíè÷å-íèÿìè, êîãäà ìíîæåñòâî, îãðàíè÷èâàþùåå óïðàâëåíèÿ èãðîêîâ, � øàðåäèíè÷íîãî ðàäèóñà, òåðìèíàëüíûå ìíîæåñòâà� íà÷àëî êîîðäèíàò, à�àçîâûå îãðàíè÷åíèÿ� âûïóêëûé êîìïàêò. Â ðàáîòå [65℄ ïîëó÷åíî ðå-øåíèå çàäà÷è ñ �àçîâûìè îãðàíè÷åíèÿìè, êîãäà ìíîæåñòâî, îãðàíè÷è-âàþùåå óïðàâëåíèÿ èãðîêîâ, � øàð åäèíè÷íîãî ðàäèóñà, òåðìèíàëüíûå58



ìíîæåñòâà� êîìïàêòû, à �àçîâûå îãðàíè÷åíèÿ� âûïóêëîå ìíîãîãðàí-íîå ìíîæåñòâî. Â ðàáîòå [61℄ ðàññìàòðèâàëñÿ ñëó÷àé, êîãäà ìíîæåñòâîäîïóñòèìûõ óïðàâëåíèé èãðîêîâ� âûïóêëûé êîìïàêò, òåðìèíàëüíûåìíîæåñòâà� âûïóêëûå êîìïàêòû, �àçîâûå îãðàíè÷åíèÿ� âûïóêëîåìíîãîãðàííîå ìíîæåñòâî.Â äàííîé ðàáîòå ðàññìîòðåí íåñòàöèîíàðíûé ñëó÷àé, êîãäà ìíîæå-ñòâî, îãðàíè÷èâàþùåå óïðàâëåíèÿ èãðîêîâ,� øàð, òåðìèíàëüíûå ìíî-æåñòâà� âûïóêëûå êîìïàêòû, �àçîâûå îãðàíè÷åíèÿ� âûïóêëîå ìíî-ãîãðàííîå ìíîæåñòâî.Â ïðîñòðàíñòâå Rk (k > 2 ) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èã-ðà n+ 1 ëèö: n ïðåñëåäîâàòåëåé P1, . . . , Pn è óáåãàþùåãî E .Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi èìååò âèä
ẋi(t) = a(t)ui(t), xi(t0) = x0, ui ∈ Q. (1.1)Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä
ẏ(t) = a(t)v(t), y(t0) = y0, v ∈ Q, (1.2)ïðè÷åì z0i = x0i − y0 /∈Mi, i = 1, . . . , n, Mi � çàäàííûå âûïóêëûå êîì-ïàêòû; a(t) � èçìåðèìàÿ ïî Ëåáåãó �óíêöèÿ, èíòåãðèðóåìàÿ íà ëþáîìêîìïàêòíîì ïîäìíîæåñòâå îñè t,

∫ +∞
t0

|a(s)| = +∞; Q � âûïóêëûéñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé, 0 ∈ Q.Áóäåì ïîëàãàòü, ÷òî óáåãàþùèé E â ïðîöåññå èãðû íå ïîêèäàåò ïðå-äåëû ìíîæåñòâà D âèäà
D =

{
y|y ∈ Rk (pj, y) 6 µj , j = 1, . . . , r

}
, (1.3)ãäå p1, . . . , pr � åäèíè÷íûå âåêòîðû, µ1, . . . , µl � âåùåñòâåííûå ÷èñëàòàêèå, ÷òî IntD 6= ∅ .Ïóñòü T > t0 � ïðîèçâîëüíîå ÷èñëî è σ � íåêîòîðîå êîíå÷íîå ðàç-áèåíèå îòðåçêà [t0, T ] : t0 = τ0 < τ1 < . . . < τs < τs+1 = T.Îïðåäåëåíèå 1.1. Íàçîâåì êóñî÷íî-ïðîãðàììíîé ñòðàòåãèåé V óáå-ãàþùåãî E , çàäàííîé íà [t0, T ] , ñîîòâåòñòâóþùåé ðàçáèåíèþ σ , ñåìåé-59



ñòâî îòîáðàæåíèé bl, l = 0, 1, . . . , s, ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷è-íàì
(τl, x1(τl), . . . , xn(τl), y(τl)) (1.4)èçìåðèìóþ �óíêöèþ vl(t), îïðåäåëåííóþ äëÿ t ∈ [τl, τl+1), è òàêóþ,÷òî vl(t) ∈ Q, y(t) ∈ D, t ∈ [τl, τl+1).Îïðåäåëåíèå 1.2. Êóñî÷íî-ïðîãðàììíîé êîíòðñòðàòåãèåé Ui ïðå-ñëåäîâàòåëÿ Pi, ñîîòâåòñòâóþùåé ðàçáèåíèþ σ, ñåìåéñòâî îòîáðàæåíèé

cl, l = 0, 1, . . . , s, ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì (1.4) è óïðàâëå-íèþ vl(t) èçìåðèìóþ �óíêöèþ uil(t), îïðåäåëåííóþ äëÿ t ∈ [τl, τl+1) èòàêóþ, ÷òî uil(t) ∈ Q, t ∈ [τl, τl+1).Ïóñòü z0 = (x01, . . . , x
0
n, y

0). Îáîçíà÷èì äàííóþ èãðó Γ = Γ(n, z0, D).Îïðåäåëåíèå 1.3. Â èãðå Γ âîçìîæíî óêëîíåíèå îò âñòðå÷è, åñëèäëÿ ëþáîãî ÷èñëà T > t0 ñóùåñòâóåò ðàçáèåíèå σ èíòåðâàëà [t0, T ],ñòðàòåãèÿ V óáåãàþùåãî E, ñîîòâåòñòâóþùàÿ ðàçáèåíèþ σ, òàêèå, ÷òîäëÿ ëþáûõ òðàåêòîðèé èãðîêîâ Pi èìååò ìåñòî
xi(t)− y(t) /∈Mi, t ∈ [t0, T ], i = 1, . . . , n,ãäå y(t) � ðåàëèçîâàâøàÿñÿ â äàííîé ñèòóàöèè òðàåêòîðèÿ óáåãàþùå-ãî E .Îïðåäåëåíèå 1.4. Â èãðå Γ ïðîèñõîäèò ïîèìêà, åñëè ñóùåñòâóåò ìî-ìåíò âðåìåíè T > t0 è äëÿ ëþáîãî ðàçáèåíèÿ σ èíòåðâàëà [t0, T ] ,ëþáîé òðàåêòîðèè y(t) èãðîêà E ñóùåñòâóþò êóñî÷íî-ïðîãðàììíûåêîíòðñòðàòåãèè Ui èãðîêîâ Pi , ñîîòâåòñòâóþùèå ðàçáèåíèþ σ , ñóùå-ñòâóåò ìîìåíò τ ∈ [t0, T ] è íîìåð m ∈ {1, 2, . . . , n} òàêèå, ÷òî

xm(τ)− y(τ) ∈Mm,ãäå xm(t) � ðåàëèçîâàâøàÿñÿ â äàííîé ñèòóàöèè òðàåêòîðèÿ ïðåñëåäî-âàòåëÿ Pm . 60



Âìåñòî ñèñòåì (1.1) è (1.2) áóäåì ðàññìàòðèâàòü ñèñòåìó
żi(t) = a(t)(ui(t)− v(t)), zi(t0) = z0i = x0i − y0. (1.5)Ââåäåì �óíêöèè λi ñëåäóþùèì îáðàçîì:

λi(v,mi) = max{λ | v − λ(z0i −mi) ∈ Q, v ∈ Q},

λi(v) = max
mi∈Mi

λi(v,mi), i = 1, . . . , n,

λ−i (w,mi) = max{λ |w − λ(z0i −mi) ∈ −Q, w ∈ −Q},

λ−i (w) = max
mi∈Mi

λ−i (w,mi), i = 1, . . . , n.Òàê êàê Q � âûïóêëûé ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé,òî �óíêöèè λi íåïðåðûâíû íà Q , λ−i íåïðåðûâíû íà −Q ,(ñì. [108℄) èñóùåñòâóþò
δ(z0) = min

v∈Q
max
i=1,...,n

λi(v), δ−(z0) = min
w∈−Q

max
i=1,...,n

λ−i (w),ïðè÷åì
δ(z0) = 0 ⇐⇒ 0 ∈ Int conv

n⋃

i=1

(z0i −Mi)

δ(z0) = 0 ⇐⇒ δ−(z0) = 0.Îáîçíà÷èì
A±(t) = {τ ∈ [t0, t]

∣∣ ±a(τ) > 0}, A± = A±(+∞),

A0(t) = {τ ∈ [t0, t]
∣∣ a(τ) > 0}, A0 = A0(+∞),

α±(t) =

∫

A±(t)

|a(s)| ds.�àññìîòðèì ñëó÷àé, êîãäà D = Rk, òî åñòü íà òðàåêòîðèþ óáåãàþ-ùåãî íå íàëîæåíî íèêàêèõ �àçîâûõ îãðàíè÷åíèé.Òåîðåìà 1.1. Â èãðå Γ(n, z0, D) ïðîèñõîäèò ïîèìêà òîãäà è òîëüêîòîãäà, êîãäà δ(z0) > 0.Äîê à ç à ò å ë ü ñ ò â î. Èç [108℄ ñëåäóåò, ÷òî �óíêöèè λi(v,mi) , λ−i (w,mi)íåïðåðûâíû ïî ñîâîêóïíîñòè ïåðåìåííûõ, à îòîáðàæåíèÿ
Mi(v) = {mi ∈Mi|λi(v,mi) = λi(v)} îäíîçíà÷íû è íåïðåðûâíû.61



Çàäàäèì êîíòðñòðàòåãèè Ui ïðåñëåäîâàòåëåé Pi ñëåäóþùèì îáðà-çîì:
uil(t) =





vl(t)− λi(vl(t))
(
z0i −Mi(vl(t))

)
, t ∈ [τl, τl+1) ∩ A

+,

vl(t), t ∈ [τl, τl+1) ∩ A0,

vl(t) + λ−i (−vl(t))
(
z0i −Mi(−vl(t))

)
, t ∈ [τl, τl+1) ∩ A−,ãäå σ = {t0 = τ0 < τ1 < . . . < τs+1 = T (z0)}, V � ïðîèçâîëüíàÿñòðàòåãèÿ óáåãàþùåãî E, ñîîòâåòñòâóþùàÿ ðàçáèåíèþ σ, T (z0) áóäåòîïðåäåëåíî ïîçæå. Òîãäà äëÿ ðåøåíèÿ ñèñòåìû (1.5) ñïðàâåäëèâî ïðåä-ñòàâëåíèå

zi(t) = z0i

(
1−

∫

A+(t)

a(s)λi(v(s)) ds−

∫

A−(t)

|a(s)|λ−i (−v(s)) ds
)
+

+

∫

A+(t)

a(s)Mi(v(s))λi(v(s)) ds+

∫

A−(t)

|a(s)|Mi(−v(s))λ
−
i (−v(s)) ds.Èç îïðåäåëåíèÿ âåëè÷èí δ(z0) , δ−(z0) ïîëó÷àåì

n∑

i=1

(
1−

∫

A+(t)

a(s)λi(v(s)) ds−

∫

A−(t)

|a(s)|λ−i (−v(s)) ds
)
=

= n−
( ∫

A+(t)

a(s)
n∑

i=1

λi(v(s)) ds+

∫

A−(t)

|a(s)|
n∑

i=1

λ−i (−v(s)) ds
)
6

6 n−
( ∫

A+(t)

a(s) max
i=1..n

λi(v(s)) ds+

∫

A−(t)

|a(s)|max
i=1..n

λ−i (−v(s)) ds
)
6

6 n−
( ∫

A+(t)

a(s)δ(z0) ds+

∫

A−(t)

|a(s)|δ−(z0) ds
)
6

6 n−min{δ(z0), δ−(z0)}

t∫

t0

|a(s)| ds.Ïîýòîìó íå ïîçæå ÷åì ê T (z0) = t0+min
{
t|

t∫
t0

|a(s)| ds = n
min{δ(z0),δ−(z0)}

}õîòÿ áû îäíà èç âåëè÷èí 1−

∫

A+(t)

a(s)λi(v(s)) ds−

∫

A−(t)

|a(s)|λ−i (−v(s)) ds62



îáðàòèòñÿ â íóëü. Òîãäà
zi(T (z

0)) =

∫

A+(T (z0))

a(s)Mi(v(s))λi(v(s)) ds+

+

∫

A−(T (z0))

|a(s)|Mi(−v(s))λ
−
i (−v(s)) ds ∈Mi.Òàêèì îáðàçîì, õîòÿ áû îäèí èç ïðåñëåäîâàòåëåé ëîâèò ê ìîìåíòó T (z0)óáåãàþùåãî E .Ïóñòü òåïåðü äëÿ ïîçèöèè z0 âûïîëíåíî δ(z0) = 0 . Ýòî îçíà÷àåò,÷òî ñóùåñòâóþò âåêòîðû v0,−w0 ∈ Q, òàêèå, ÷òî

λi(v0) = 0, λ−i (w0) = 0, i = 1, . . . , n,ïðè ýòîì w0 ìîæíî âûáðàòü òàêèì, ÷òî
C(Q,−p0) = (−w0,−p0),

p0 � åäèíè÷íûé îïîðíûé âåêòîð ê Q â òî÷êå v0 . Çàäàäèì ñòðàòåãèþóáåãàþùåãî ñëåäóþùèì îáðàçîì: σ = {t0,+∞},

v(t) =

{
v0, a(t) > 0,

−w0, a(t) < 0.Ïðåäïîëîæèì, ÷òî â èãðå Γ ïðîèñõîäèò ïîèìêà. Òîãäà ñóùåñòâóåòìîìåíò âðåìåíè T > t0, êîíòðñòðàòåãèè ïðåñëåäîâàòåëåé U1, . . . , Un,òàêèå, ÷òî zi(T ) ∈ Mi ïðè íåêîòîðîì i ∈ {1, . . . , n}. Òîãäà äëÿ zi(T )ñïðàâåäëèâî ïðåäñòàâëåíèå
zi(T ) = z0i + (u1 − v0)α

+(T ) + (u2 − w0)α
−(T ) = mi ∈Mi,

u1 =





∫

A+(T )

a(s)ui(s) ds

α+(T ) ∈ Q, α+(T ) > 0,

v0, α+(T ) = 0,

u2 =





∫

A−(T )

a(s)ui(s) ds

α−(T ) ∈ −Q, α−(T ) > 0,

w0, α−(T ) = 0.63



Ïåðåíåñåì z0i â ïðàâóþ ÷àñòü è óìíîæèì ñêàëÿðíî íà p0 :
α+(T )(u1 − v0, p0) + α−(T )(w0 − u2,−p0) 6 0 6 (mi − z0i , p0),ïðè÷åì îäíîâðåìåííîå ðàâåíñòâî 0 ëåâîé è ïðàâîé ÷àñòè íåâîçìîæíî.Çíà÷èò, â èãðå Γ ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è. Òåîðåìà äîêàçàíà.Áóäåì òåïåðü ïðåäïîëàãàòü, ÷òî óáåãàþùèé E â ïðîöåññå èãðû íåïîêèäàåò ïðåäåëû ìíîæåñòâà D âèäà 1.3 , Q � øàð ðàäèóñà R > 0 ñöåíòðîì â íà÷àëå êîîðäèíàò. Ïóñòü
δ1(z

0) = min
v∈Q

max
s=1,...,n+r

λs(v), δ−1 (z
0) = min

v∈Q
max

s=1,...,n+r
λs(−v).Âåëè÷èíà δ1(z0) = 0 â òîì è òîëüêî òîì ñëó÷àå ( [8℄), êîãäà

0 /∈ Int conv{z01 −M1, . . . , z
0
n −Mn, p1, . . . , pr}.Ó÷èòûâàÿ, ÷òî ïî îïðåäåëåíèþ δ1(z

0) > 0, ïîëó÷àåì, ÷òî
δ1(z

0) > 0 ⇐⇒ 0 ∈ Int conv {z01 −M1, . . . , z
0
n −Mn, p1, . . . , pr}

δ1(z
0) > 0 ⇐⇒ δ−1 (z

0) > 0.Òåîðåìà 1.2. Åñëè âûïîëíåíî íåðàâåíñòâî∣∣∣∣∣

n⋃

i=1

(z0i −Mi)

∣∣∣∣∣ > k,òî äëÿ òîãî, ÷òîáû â èãðå Γ ïðîèñõîäèëà ïîèìêà, íåîáõîäèìî è äî-ñòàòî÷íî, ÷òîáû âûïîëíÿëîñü óñëîâèå δ1(z0) > 0.Äîê à ç à ò å ë ü ñ ò â î. Ïóñòü δ1(z0) > 0. Äîêàæåì, ÷òî â èãðå Γ(n, z0, D)ïðîèñõîäèò ïîèìêà.1. �àññìîòðèì ñíà÷àëà ñëó÷àé r = 1. Ïóñòü V � ïðîèçâîëüíàÿ ñòðà-òåãèÿ óáåãàþùåãî E, ñîîòâåòñòâóþùàÿ íåêîòîðîìó ðàçáèåíèþ
σ = {t0 = τ0 < . . . < τs+1 = T} íåêîòîðîãî èíòåðâàëà [t0, T ] .Çàäàäèì êîíòðñòðàòåãèè Ui ïðåñëåäîâàòåëåé Pi ñëåäóþùèì îáðà-çîì:
uil(t) =





vl(t)− λi(vl(t))
(
z0i −Mi(vl(t))

)
, t ∈ [τl, τl+1) ∩ A+,

vl(t), t ∈ [τl, τl+1) ∩ A
0,

vl(t) + λi(−vl(t))
(
z0i −Mi(−vl(t))

)
, t ∈ [τl, τl+1) ∩ A−,64



Òàê êàê ñòðàòåãèÿ V äîïóñòèìà, òî y(t) ∈ D, t ∈ [t0, T ]. Ýòî îçíà÷àåò,÷òî
(p1, y(t)) = (p1, y

0+

∫ t

t0

a(s)v(s) ds) = (p1, y0) +

∫ t

t0

a(s)(p1, v(s)) ds 6 µ1.Ïóñòü T±
1 (t) è T±

2 (t) � ïîäìíîæåñòâà èíòåðâàëà [t0, T ] òàêèå, ÷òî
T+
1 (t) ={τ ∈ [t0, t]

∣∣ (p1, v(τ)) < δ1(z
0)} ∩ A+(t),

T+
2 (t) ={τ ∈ [t0, t]

∣∣ (p1, v(τ)) > δ1(z
0)} ∩ A+(t),

T−
1 (t) ={τ ∈ [t0, t]

∣∣ (p1,−v(τ)) < δ1(z
0)} ∩ A−(t),

T−
2 (t) ={τ ∈ [t0, t]

∣∣ (p1,−v(τ)) > δ1(z
0)} ∩ A−(t),Òîãäà

µ0 = µ1 − (p1, y
0) >

∫ t

t0

a(s)(p1, v(s)) ds =

=

∫

T1(t)

|a(s)|(p1, v(s) signa(s)) ds+

∫

T2(t)

|a(s)|(p1, v(s) signa(s)) ds >

> −R

∫

T1(t)

|a(s)| ds+ δ1(z
0)

(∫ t

t0

|a(s)| ds−

∫

T2(t)

|a(s)| ds

)
.Ïîëó÷àåì ñëåäóþùóþ îöåíêó äëÿ ∫

T1(t)

|a(s)| ds.

∫

T1(t)

|a(s)| ds >
δ01
∫ t

t0
|a(s)| ds− µ0

R + δ01
(δ01 = δ1(z

0)).Èç îïðåäåëåíèÿ êîíòðñòðàòåãèé Ui è ñèñòåìû (1.5) ïîëó÷àåì
zi(t) = z0i

(
1−

∫

A+(t)

a(s)λi(v(s)) ds−

∫

A−(t)

|a(s)|λi(−v(s)) ds
)
+

+

∫

A+(t)

a(s)Mi(v(s))λi(v(s)) ds+

∫

A−(t)

|a(s)|Mi(−v(s))λi(−v(s)) ds.�àññìîòðèì �óíêöèè
fi(t) = 1−

∫

A+(t)

a(s)λi(v(s)) ds−

∫

A−(t)

|a(s)|λi(−v(s)) ds, i = 1, . . . , n.65



Ýòî íåïðåðûâíûå íåâîçðàñòàþùèå �óíêöèè, fi(t0) = 1 è
n∑

i=1

fi(t) = n−

∫

A+(t)

a(s)
n∑

i=1

λi(v(s)) ds−

∫

A−(t)

|a(s)|
n∑

i=1

λi(−v(s)) ds 6

6 n− δ01

∫

T1(t)

|a(s)| ds 6 n− δ01

(
δ01
∫ t

t0
|a(s)| ds− µ0

R + δ01

)
.Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò, ÷òî ñóùåñòâóåò ìîìåíò âðåìåíè T0

T0 6 t0 +min

{
t
∣∣
∫ t

t0

|a(s)| ds =
n(R+ δ01) + µ0δ

0
1

δ01
2

}
,òàêîé, ÷òî îäíà èç �óíêöèé fi îáðàòèòñÿ â 0 â ìîìåíò T0. Ïîýòîìó ïðè

t = T0 áóäåì èìåòü fi(T0) = 0 è
zi(T0) =

∫

A+(T0)

a(s)Mi(v(s))λi(v(s)) ds +

∫

A−(T0)

|a(s)|Mi(−v(s))λi(−v(s)) ds ∈ Mi.Ýòî è îçíà÷àåò, ÷òî â èãðå Γ(n, z0, D) ïðîèñõîäèò ïîèìêà.2. Ïóñòü òåïåðü r > 1. Òàê êàê δ01 > 0, òî
0 ∈ Int conv{z01 −M1, . . . , z

0
n −Mn, p1, . . . , pr}.Ýòî îçíà÷àåò, ÷òî ñóùåñòâóþò b1, . . . , bm ∈

n⋃
i=1

(z0i −Mi), òàêèå, ÷òî âåê-òîðû b1, . . . , bm, p1, . . . , pr îáðàçóþò ïîëîæèòåëüíûé áàçèñ [57℄. Ìîæíîñ÷èòàòü, ÷òî m > k è âåêòîðû b1, . . . , bk îáðàçóþò áàçèñ Rk. Òàê êàê
b1, . . . , bm , p1, . . . , pr � ïîëîæèòåëüíûé áàçèñ, òî ñóùåñòâóþò ïîëîæè-òåëüíûå ÷èñëà

α1, . . . , αr, β1, . . . , βm,òàêèå, ÷òî
0 = α1p1 + . . .+ αrpr + β1b1 + . . .+ βmbm.�àññìîòðèì âåêòîð p0 = α1p1 + . . .+ αrpr. Òîãäà âåêòîðû b1, . . . , bm, p0îáðàçóþò ïîëîæèòåëüíûé áàçèñ Rk.�àññìîòðèì ìíîæåñòâî

D1 = {z
∣∣ (z, p0) 6 µ0},66



ãäå µ0 =
r∑

i=1

αiµi. Òîãäà D ⊂ D1. Åñëè p0 6= 0, òî â ñèëó ïóíêòà 1äàííîé òåîðåìû â èãðå Γ1(n, z
0, D1) ïðîèñõîäèò ïîèìêà. Åñëè æå p0 =

0, òî D1 = Rk è â ñèëó òåîðåìû 1.1 â èãðå Γ1(n, z
0, D1) ïðîèñõîäèòïîèìêà. Ïîýòîìó ïîèìêà ïðîèçîéäåò è â èãðå Γ(n, z0, D).Ïðåäïîëîæèì, ÷òî δ01 6 0. Ýòî îçíà÷àåò, ÷òî ñóùåñòâóåò òàêîé âåê-òîð v0 ∈ Q , ÷òî

λi(v0) = 0, i = 1, . . . , n,

(pj, v0) 6 0, j = 1, . . . , r.Çàäàäèì ñòðàòåãèþ V óáåãàþùåãî E ñëåäóþùèì îáðàçîì:
σ = {t0,+∞}, v(t) =

{
v0, a(t) > 0,

−v0, a(t) < 0.Ñòðàòåãèÿ V äîïóñòèìà, òàê êàê
(pj, y(t)) = (pj, y

0) +

∫ t

t0

a(s)(pj, v(s)) ds 6 µj, j = 1, . . . , r.Ïðåäïîëîæèì, ÷òî â èãðå Γ ïðîèñõîäèò ïîèìêà. Òîãäà ñóùåñòâóåò ìî-ìåíò âðåìåíè T > t0, êîíòðñòðàòåãèè ïðåñëåäîâàòåëåé U1, . . . , Un, òà-êèå, ÷òî zi(T ) ∈ Mi ïðè íåêîòîðîì i ∈ {1, . . . , n}. Òîãäà ïîâòîðÿÿðàññóæäåíèÿ èç òåîðåìû 1.1 ïðèõîäèì ê íåâîçìîæíîñòè âêëþ÷åíèÿ
zi(T ) ∈ Mi . Òåì ñàìûì äîêàçàíî, ÷òî â èãðå Γ(n, z0, D) ïðîèñõîäèòóêëîíåíèå îò âñòðå÷è. Òåîðåìà ïîëíîñòüþ äîêàçàíà.Ïðèâåäåì òåïåðü äâà ïðèìåðà, ïîêàçûâàþùèõ, ÷òî, âîîáùå ãîâîðÿ,òîëüêî ñòðîãîé âûïóêëîñòè è ãëàäêîé ãðàíèöû ìíîæåñòâà Q ∋ 0 íåäî-ñòàòî÷íî äëÿ ýêâèâàëåíòíîñòè

δ(z0) = 0 ⇐⇒ 0 ∈ Int conv
n⋃

i=1

(z0i −Mi)

δ(z0) = 0 ⇐⇒ δ−(z0) = 0.Ïðèìåð 1.1. Ïóñòü k = 2, Q �øàð ðàäèóñà 1
2 ñ öåíòðîì â òî÷êå

(0,−1
2), n = 2, r = 1, z01 = (−1,−1), z02 = (1,−1), p1 = (0, 1),

M1 =M2 = {0} . 67
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p1 = (0, 1)

z01 = (−1,−1) z02 = (1,−1)�èñ. 2.1. Ê ïðèìåðó 1.1.Â ýòîì ñëó÷àå 0 ∈ Int conv {z01 −M1, z
0
2 −M2, p1}, íî δ1(z

0) = 0 .Äåéñòâèòåëüíî, ïðè v0 = 0 λ3(v0) = (p1, v0) = 0 , λi(v0) = max{λ >

0| − λz0i ∈ Q− v0} = 0, i = 1, 2 .
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PSfrag replaements p1 = (1, 0)p2 = (−1, 0)z01 = (−2, 0)

�èñ. 2.2. Ê ïðèìåðó 1.2.Ïðèìåð 1.2. Ïóñòü k = 2, Q =
{
(x, y)| (x−1)2

4 + y2 6 1
}
, n = 1, r =

2, p1 = (1, 0), p2 = (−1, 0), z01 = (−2, 0), M1 = {0}.Â ýòîì ñëó÷àå 0 /∈ Int conv {z01 −M1, p1, p2}, íî δ1(z0) = 1
2 > 0.
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� 2.2. Ïîçèöèîííàÿ ïîèìêà îäíîãî óáåãàþùåãî ãðóï-ïîé ïðåñëåäîâàòåëåé�àññìàòðèâàåòñÿ íåñòàöèîíàðíàÿ çàäà÷à ïðîñòîãî ïðåñëåäîâàíèÿ íå-ñêîëüêèìè óïðàâëÿåìûìè îáúåêòàìè îäíîãî óáåãàþùåãî ïðè ðàâíûõäèíàìè÷åñêèõ âîçìîæíîñòÿõ âñåõ ó÷àñòíèêîâ. Ñòàöèîíàðíûé ñëó÷àé
a(t) ≡ 1 çàäà÷è ïðîñòîãî ïðåñëåäîâàíèÿ ðàññìàòðèâàëñÿ ìíîãèìè àâòî-ðàìè [23, 77℄. Â ýòèõ ðàáîòàõ îäíèì èç óñëîâèé îêîí÷àíèÿ èãðû áûëîóñëîâèå ïðåèìóùåñòâà ïðåñëåäîâàòåëåé ïî ðåñóðñàì óïðàâëåíèÿ èëèæå óñëîâèå èí�îðìàöèîííîé äèñêðèìèíàöèè óáåãàþùåãî. Îñíîâûâà-ÿñü íà ïðîöåäóðå óïðàâëåíèÿ ñ ïîâîäûð¼ì, ïðåäëîæåííîé Í.Í. Êðà-ñîâñêèì [42,93℄, À.À. ×èêðèé ïðèâîäèò ïîçèöèîííóþ ïðîöåäóðó óïðàâ-ëåíèÿ äëÿ êâàçèëèíåéíîé çàäà÷è ïðåñëåäîâàíèÿ îäèí íà îäèí [108℄. Âðàáîòå [116℄ ýòîò ïîäõîä ðàçâèâàåòñÿ äëÿ èãðû ñî ìíîãèìè ïðåñëåäîâà-òåëÿìè.Â äàííîé ðàáîòå ïîêàçûâàåòñÿ, ÷òî åñëè ïðåñëåäîâàíèå ìîæåò áûòüçàâåðøåíî çà êîíå÷íîå âðåìÿ â êëàññå ïîçèöèîííûõ êîíòðñòðàòåãèé,òî ïðè èí�îðìèðîâàííîñòè ïðåñëåäîâàòåëåé òîëüêî î ïîçèöèè èãðû,îíî ìîæåò áûòü çàêîí÷åíî çà òî æå ñàìîå âðåìÿ â ñêîëü óãîäíî ìàëîéîêðåñòíîñòè òåðìèíàëüíîãî ìíîæåñòâà.Â êîíå÷íîìåðíîì åâêëèäîâîì ïðîñòðàíñòâå Rk (k > 2 ) ðàññìàòðè-âàåòñÿ äè��åðåíöèàëüíàÿ èãðà Γ n + 1 -ãî ëèöà: n ïðåñëåäîâàòåëåé
P1, . . . , Pn è óáåãàþùåãî E. Çàêîíû äâèæåíèÿ êàæäîãî èç ïðåñëåäîâà-òåëåé Pi è óáåãàþùåãî E èìåþò âèä:

Pi : ẋi(t) = a(t)ui(t), xi(t0) = x0i , ui ∈ Q,

E : ẏ(t) = a(t)v(t), y(t0) = y0, v ∈ Q,ïðè÷¼ì z0i = x0i − y0 /∈ Mi, i ∈ Nn = {1, . . . , n}, Mi ⊂ Rk � çàäàí-íûå âûïóêëûå êîìïàêòû, a(t) : [t0,+∞) → R � èçìåðèìàÿ ïî Ëåáå-ãó �óíêöèÿ, èíòåãðèðóåìàÿ íà ëþáîì êîìïàêòíîì ïîäìíîæåñòâå ïîëó-îñè [t0,+∞), Q ⊂ Rk � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé.69



Ïóñòü zi(t) = xi(t)− y(t), i ∈ Nn, z(t) = (z1(t), . . . , zn(t)). Òîãäà
żi(t) = a(t)

(
ui(t)− v(t)

)
, zi(t0) = z0i . (2.1)Äëÿ êàæäîé èç ñèñòåì (2.1) ðàññìîòðèì ñèñòåìó�ïîâîäûðÿ [93℄

ẇi(t) = a(t)
(
ui(t)− v(t)

)
, wi(t0) = w0

i , ui, v ∈ Q, i ∈ Nn. (2.2)Îïðåäåëåíèå 2.1. Áóäåì ãîâîðèòü, ÷òî â èãðå Γ ïðîèñõîäèò ïîèìêàèç çàäàííîé íà÷àëüíîé ïîçèöèè z0 = z(t0), åñëè ñóùåñòâóþò ìîìåíòâðåìåíè T0 = T (z0), ïîçèöèîííûå ñòðàòåãèè óïðàâëåíèÿ ñ ïîâîäûð¼ì
Ui = (Ui, ψi, χi) ïðåñëåäîâàòåëåé Pi, i ∈ Nn òàêèå, ÷òî äëÿ ëþáîéèçìåðèìîé �óíêöèè v(·), v(t) ∈ Q, t ∈ [t0, T0] ñóùåñòâóþò ìîìåíòâðåìåíè τ ∈ [t0, T0] è íîìåð s ∈ Nn òàêèå, ÷òî èìååò ìåñòî âêëþ÷åíèå
zs(τ) ∈Ms .Çäåñü Ui � �óíêöèÿ, êîòîðàÿ áóäåò �îðìèðîâàòü óïðàâëåíèå ïðå-ñëåäîâàòåëÿ Pi â èñõîäíîé ñèñòåìå (2.1)

Ui : [t0, T0]× Rk × Rk → Q,�óíêöèÿ ψi åñòü ïåðåõîäíàÿ �óíêöèÿ i -ãî ïîâîäûðÿ
ψi : T

2
+ × Rnk × Rnk → Rk

(
T 2
+ =

{
(t1, t2) ∈ [t0, T0]

2
∣∣ t1 6 t2

})
.Çíà÷åíèå ïåðåõîäíîé �óíêöèè ψi(t1, t2, z, w) � ïîëîæåíèå wi = wi(t2),â êîòîðîì i -é ïîâîäûðü îêàæåòñÿ â çàäàííûé ìîìåíò âðåìåíè t2 ïðèóñëîâèè, ÷òî â ìîìåíò t = t1 óïðàâëÿåìàÿ ñèñòåìà è ïîâîäûðè íàõîäè-ëèñü â òî÷êàõ z = z(t1) è w = w(t1) ñîîòâåòñòâåííî.Òðåòüÿ �óíêöèÿ χi ñòàâèò â ñîîòâåòñòâèå ïîçèöèè (t, z) ïîëîæåíèåïîâîäûðÿ χi(t, z) = wi = wi(t).
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Ââåä¼ì �óíêöèè λi ñëåäóþùèì îáðàçîì:
λi(v,mi) = max{λ|v − λ(w0

i −mi) ∈ Q, v ∈ Q},

λi(v) = max
mi∈Mi

λi(v,mi),

λ−i (v,mi) = max{λ|v − λ(w0
i −mi) ∈ −Q, v ∈ −Q},

λ−i (v) = max
mi∈Mi

λ−i (v,mi).

w0 = (w0
1, . . . , w

0
n), w0

i /∈Mi, i ∈ Nn.Òàê êàê Q � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé, òî ñóùå-ñòâóþò
δ(w0) = min

v∈Q
max
i∈Nn

λi(v) > 0, δ−(w0) = min
v∈−Q

max
i∈Nn

λ−i (v) > 0,ïðè÷¼ì (δ(w0))2 + (δ−(w0))2 > 0 ⇔ 0 ∈ Int conv
⋃

i∈Nn

(w0
i −Mi).Ââåä¼ì îáîçíà÷åíèÿ: A+(t) = {τ ∈ [t0, t]|a(τ) > 0}, A−(t) = {τ ∈

[t0, t]|a(τ) < 0}, C(Q; h) = max
q∈Q

〈q, h〉 � îïîðíàÿ �óíêöèÿ êîìïàêòà Q,

C ′(Q; h) � ãðàäèåíò îïîðíîé �óíêöèè, Bk � åäèíè÷íûé øàð â Rk ñöåíòðîì â íà÷àëå êîîðäèíàò.Òåîðåìà 2.1. Ïóñòü íà÷àëüíàÿ ïîçèöèÿ z0 è �óíêöèÿ a(·) òàêîâû,÷òî̂
T = T̂ (z0) =

= min
{
t > t0 | δ(z

0)

∫

A+(t)

a(s) ds+ δ−(z0)

∫

A−(t)

|a(s)| ds = n
}
< +∞.Òîãäà äëÿ ëþáîãî ε > 0 â èãðå Γ ïðîèñõîäèò ïîèìêà ñ òåðìèíàëü-íûìè ìíîæåñòâàìè M ε

i =Mi + εBk.Äîê à ç à ò å ë ü ñ ò â î. Â êà÷åñòâå T (z0) âîçüì¼ì T̂ (z0) è îïðåäåëèì
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�óíêöèè χi, Ui ñëåäóþùèì îáðàçîì:
χi(t, z) = zi, i ∈ Nn.

Ui(t, x, w) =





C ′(Q,w − x), ïðè x 6= w è a(t) > 0,

C ′(Q, x− w), ïðè x 6= w è a(t) < 0,

u0i ∈ Q, ïðè x = w èëè a(t) = 0.ãäå u0i � ïðîèçâîëüíûé �èêñèðîâàííûé âåêòîð èç Q. Òîãäà äëÿ âñåõ
(t, x, w) ∈ [t0, T0]× Rk × Rk áóäåò âûïîëíåíî

〈x− w, a(t)Ui(t, x, w)〉 = min
u∈Q

〈x− w, a(t)u〉, i ∈ Nn.Äëÿ îïðåäåëåíèÿ ïåðåõîäíîé �óíêöèè ïîâîäûðÿ ðàññìîòðèì ñòðàòå-ãèþ V ∗(t, s1, . . . , sn) �èêòèâíîãî óáåãàþùåãî â ñèñòåìå (2.2)
V ∗(t, s1, . . . , sn) : [t0, T0]× Rnk → Q

V ∗(t, s1, . . . , sn) =





C ′(Q,−
∑
i∈Nn

si), ïðè ∑
i∈Nn

si 6= 0 è a(t) > 0,

C ′(Q,
∑
i∈Nn

si), ïðè ∑
i∈Nn

si 6= 0 è a(t) < 0,

v0 ∈ Q, ïðè ∑
i∈Nn

si = 0 èëè a(t) = 0,ãäå v0 � ïðîèçâîëüíûé �èêñèðîâàííûé âåêòîð èç Q, è êîíòðñòðàòåãèè�èêòèâíûõ ïðåñëåäîâàòåëåé
U ∗
i

(
t, w0, v∗(t)

)
=





v∗(t)− λi(v
∗(t))(w0

i −Mi(v
∗(t))), a(t) > 0,

v∗(t), a(t) = 0,

v∗(t) + λ−i (−v
∗(t))(w0

i −M−
i (−v

∗(t))), a(t) < 0.(2.3)Çäåñü v∗(t) = V ∗(t, s1, . . . , sn), Mi(v) è M−
i (v) � èçìåðèìûå ïî Áî-ðåëþ ñåëåêòîðû ïîëóíåïðåðûâíûõ ñâåðõó ïî âêëþ÷åíèþ êîìïàêòíûõìíîæåñòâ

Mi(v) = {mi ∈Mi|λi(v,mi) = λi(v)},

M
−
i (v) = {mi ∈Mi|λ

−
i (v,mi) = λ−i (v)}72



ñîîòâåòñòâåííî. Òîãäà äëÿ âñåõ (t, s1, . . . , sn) ∈ [t0, T0]×Rnk âûïîëíåíî
∑

i∈Nn

〈si, a(t)V
∗(t, s1, . . . , sn)〉 = min

v∈Q

∑

i∈Nn

〈si, a(t)v〉.Ïåðåõîäíûå �óíêöèè ïîâîäûðåé îïðåäåëÿþòñÿ òåïåðü òàê:
ψi(t1, t2, z, w) = wi +

∫ t2

t1

a(t)
(
u∗i (t)− v∗(t)

)
dt,

v∗(t) = V ∗(t, z1 − w1, . . . , zn − wn), u∗i (t) = U ∗
i (t, w

0, v∗(t)), t ∈ [t1, t2].

z = (z1, . . . , zn), w = (w1, . . . , wn).�àññìîòðèì ïîñòðîåíèå ïîøàãîâûõ äâèæåíèé zi(t) è wi(t) , t ∈ [t0, T0] ,â ïðîöåäóðå óïðàâëåíèÿ ñ ïîâîäûð¼ì, ãäå íà÷àëüíîå ïîëîæåíèå ïîâî-äûðÿ w0 âûáèðàåòñÿ ðàâíûì íà÷àëüíîìó ïîëîæåíèþ z0.Âûáèðàåì íåêîòîðîå ðàçáèåíèå ∆ = {τi}
ℓ+1
i=0 îòðåçêà [t0, T0] : t0 =

τ0 < . . . < τℓ+1 = T0. Â íà÷àëüíûé ìîìåíò âðåìåíè t = t0 îïðåäåëèìóïðàâëåíèÿ ïðåñëåäîâàòåëåé Pi, i ∈ Nn íà èíòåðâàëå [τ0, τ1), ïîëàãàÿ
u0i (t) = Ui(t, z

0
i , w

0
i ), ãäå w0

i = z0i � íà÷àëüíîå ïîëîæåíèå ïîâîäûðåé.Óïðàâëåíèå v∗(t) óáåãàþùåãî â ñèñòåìå�ïîâîäûðå (2.2) íà [τ0, τ1) ïî-ëàãàåì ðàâíûì V ∗(t, z01 − w0
1, . . . , z

0
n − w0

n), à óïðàâëåíèÿ �èêòèâíûõïðåñëåäîâàòåëåé ñîãëàñíî (2.3) u∗i (t) = U ∗
i (t, w

0, v∗(t)).Ïóñòü zi(τj) è wi(τj) � ïîëîæåíèÿ, â êîòîðûå ïðèøëè óïðàâëÿåìûåñèñòåìà (2.1) è ñèñòåìà�ïîâîäûðü (2.2) â ìîìåíò t = τj. Îïðåäåëÿåìäâèæåíèÿ zi(t), wi(t), ïîëàãàÿ â ñèñòåìå (2.2) óïðàâëåíèå óáåãàþùåãîíà j + 1 øàãå v∗(t) = V ∗
(
t, z1(τj)− w1(τj), . . . , zn(τj)− wn(τj)

)
, óïðàâ-ëåíèÿ ïðåñëåäîâàòåëåé u∗i (t) = U ∗

i (t, w
0, v∗(t)), à óïðàâëåíèÿ ïðåñëåäî-âàòåëåé Pi â ñèñòåìå (2.1) u0i (t) = Ui(t, zi(τj), wi(τj)).Òàêèì îáðàçîì, ïðåñëåäîâàòåëè â ñèñòåìå (2.1) ñòðîÿò ñâîè óïðàâëå-íèÿ ïîøàãîâî, çíàÿ íà êàæäîì øàãå ðåàëüíóþ ïîçèöèþ èãðû è ïîçèöèþâî âñïîìîãàòåëüíîé ñèñòåìå�ïîâîäûðå.Óêàçàííûå ïîñòðîåíèÿ ïðîäîëæàþòñÿ äî òåõ ïîð, ïîêà îäèí èç ïî-âîäûðåé íå ïîïàä¼ò íà ñâî¼ òåðìèíàëüíîå ìíîæåñòâî. Òàêîé ìîìåíòâðåìåíè τ = τ 0(w(·)) ∈ [t0, T0] è íîìåð i0 ∈ Nn, ÷òî wi0(τ) ∈ Mi073



îáÿçàòåëüíî íàéäóòñÿ â ñèëó óñëîâèé òåîðåìû è ñïîñîáîâ ïîñòðîåíèÿóïðàâëåíèé â ñèñòåìå�ïîâîäûðå (2.2) (ñì. [10, ñ. 47℄).Îäíàêî óäîáíåå áóäåò ïðîäîëæèòü äâèæåíèÿ zi(t), wi(t) äî ìîìåíòàâðåìåíè t = T0, �îðìàëüíî ïîëàãàÿ, ÷òî íà ïðîìåæóòêàõ âèäà [τj, τj+1],ãäå τj > τ 0(w(·)), â êà÷åñòâå äâèæåíèÿ ïîâîäûðåé âûáèðàþòñÿ ðåøå-íèÿ óðàâíåíèé (2.2), â êîòîðûõ v∗(t) = V ∗(t, z1(τj)−w1(τj), . . . , zn(τj)−

wn(τj)), à u∗i (t) = u∗i ∈ Q � ïðîèçâîëüíûå ïîñòîÿííûå óïðàâëåíèÿ. Ïðèýòîì â ñèñòåìå (2.1) ïî-ïðåæíåìó âûáèðàþòñÿ óïðàâëåíèÿ ïðåñëåäîâà-òåëåé u0i (t) = Ui(t, zi(τj), wi(τj)), t ∈ [τj, τj+1).Îöåíèì òåïåðü ðàññòîÿíèå ìåæäó äâèæåíèÿìè ïîâîäûðåé è ñîîòâåò-ñòâóþùèìè äâèæåíèÿìè ñèñòåì (2.1).Ââåä¼ì îáîçíà÷åíèÿ
g(t) =




|a(t)|, t ∈ [t0, T0],

0, t ∈ [T0, 2T0 − t0],
, A(t) =

∫ t

t0

g(s) ds, t ∈ [T0, 2T0 − t0],

h(t, δ) = A(t+ δ)−A(t) =

∫ t+δ

t

g(s) ds, (t, δ) ∈ [t0, T0]× [0, T0 − t0],

f(δ) = max
t∈[t0,T0]

h(t, δ), δ ∈ [0, T0 − t0].Òîãäà äëÿ ëþáîãî ðåøåíèÿ óðàâíåíèÿ
ẋ(t) = a(t)

(
u(t)− v(t)

)
, u, v ∈ Q, t ∈ [t0, T0]ñ ëþáûì íà÷àëüíûì óñëîâèåì x(t0) = x0 âûïîëíåíî

‖x(t1)− x(t2)‖ 6

∣∣∣
∫ t2

t1

|a(t)|‖u(t)− v(t)‖ dt
∣∣∣ 6 2Rf(δ),

|t1 − t2| 6 δ, t1, t2 ∈ [t0, T0],ãäå R = max
q∈Q

‖q‖ � ìîäóëü êîìïàêòà Q.Ïîýòîìó äëÿ ëþáûõ ðåàëèçîâàâøèõñÿ äâèæåíèé â (2.1) è (2.2)
max
i∈Nn

‖zi(t1)− zi(t2)‖ 6 2Rf(δ),

max
i∈Nn

‖wi(t1)− wi(t2)‖ 6 2Rf(δ),74



êàê òîëüêî |t1 − t2| 6 δ, ïðè÷¼ì f(δ) → 0 ïðè δ → 0.Ïóñòü si(t) = zi(t) − wi(t), i ∈ Nn, t ∈ [t∗, t∗ + δ], t∗ ∈ [t0, T0),

δ ∈ (0, T0 − t∗]. Òîãäà
d‖si(t)‖2

dt
= 2〈si(t), a(t)

(
u0i (t)− v(t)− u∗i (t) + v∗(t)

)
〉 =

= 2〈si(t∗) + si(t)− si(t∗), a(t)
(
u0i (t)− v(t)− u∗i (t) + v∗(t)

)
〉 =

= 2

(
〈si(t∗), a(t)

(
u0i (t)− u∗i (t)

)
〉+ 〈si(t∗), a(t)

(
v∗(t)− v(t)

)
〉+

+ 〈si(t)− si(t∗), a(t)
(
u0i (t)− v(t)− u∗i (t) + v∗(t)

)
〉

)
6

6 2

(
4Rf(δ) · 4R|a(t)|+ 〈si(t∗), a(t)

(
v∗(t)− v(t)

)
〉

)
,åñëè v∗(t) = V ∗(t, s1(t∗), . . . , sn(t∗)) , u0i (t) = Ui(t, zi(t∗), wi(t∗)) , à óïðàâ-ëåíèÿ u∗i (·) è v(·) � ïðîèçâîëüíûå äîïóñòèìûå óïðàâëåíèÿ.Ïîýòîìó

∑

i∈Nn

d‖si(t)‖2

dt
6 2

∑

i∈Nn

〈si(t∗), a(t)(v
∗(t)− v(t))〉+ 32nR2f(δ)|a(t)| 6

6 |a(t)|ζ(δ),ãäå ζ(δ) = 32nR2f(δ) → 0 ïðè δ → 0 . Çíà÷èò,
max

t∈[t∗,t∗+δ]
max
i∈Nn

‖si(t)‖
2
6
∑

i∈Nn

‖si(t∗)‖
2 + ζ(δ)

∫ t∗+δ

t∗

|a(τ)| dτ.Òàê êàê ∑
i∈Nn

‖si(t0)‖2 = 0 , òî äëÿ ëþáîãî ε > 0

max
t∈[t0,T0]

max
i∈Nn

‖si(t)‖
2
6 ζ(δ)

∫ T0

t0

|a(τ)| dτ 6 ε2 (2.4)êàê òîëüêî áóäåò âûáðàíî ðàçáèåíèå ñ äèàìåòðîì, íå ïðåâîñõîäÿùèì δ,à δ ïîäîáðàíî èç óñëîâèÿ ζ(δ) 6 ε2∫ T0
t0

|a(τ)| dτ
.Â ñèëó îöåíêè (2.4) êàê òîëüêî wi0(τ) ∈Mi0, ýòî áóäåò îçíà÷àòü, ÷òîïðåñëåäîâàòåëü Pi0 íàõîäèòñÿ â ε -îêðåñòíîñòè ìíîæåñòâà Mi0, òî åñòüâ äè��åðåíöèàëüíîé èãðå Γ ïðîèñõîäèò ïîèìêà, ãäå â êà÷åñòâå òåðìè-íàëüíûõ ìíîæåñòâ âçÿòû ìíîæåñòâà M ε

i = Mi+εB
k, ÷òî è òðåáîâàëîñüäîêàçàòü. 75



Çàìå÷àíèå 2.1. Âûøåóêàçàííûé ïîäõîä ìîæíî ïðèìåíÿòü è â ñëó÷àå,êîãäà íåîáõîäèìî çàâåðøèòü èãðó Γ â òî÷íîñòè íà òåðìèíàëüíîì ìíî-æåñòâå. Â ñëó÷àå, êîãäà ñóùåñòâóåò ε > 0 òàêîå, ÷òî äëÿ ëþáîãî i ∈ Nn

M̃i =Mi

∗
− εBk 6= ∅, ìîæíî ðàññìîòðåòü èãðó ñ òåðìèíàëüíûìè ìíîæå-ñòâàìè M̃i. Òîãäà ïîïàäàíèå îäíîãî èç ïîâîäûðåé íà M̃i0 ãàðàíòèðóåòïîèìêó â èãðå ñ èñõîäíûìè ìíîæåñòâàìè Mi .
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� 2.3. Óêëîíåíèå îò ãðóïïû íåñòàöèîíàðíûõ èíåðöè-îííûõ îáúåêòîâÂ ïðîñòðàíñòâå Rk (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èã-ðà Γ n + 1 -ãî ëèöà: n ïðåñëåäîâàòåëåé è îäíîãî óáåãàþùåãî. Çàêîíäâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi, i = 1, . . . , n, èìååò âèä:
ẍi(t) = a(t)ui(t), ui ∈ U.Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä:
ÿ(t) = a(t)v(t), v ∈ U,ïðè÷åì, â íà÷àëüíûé ìîìåíò xi(t0) = x0i , ẋi(t0) = ẋ0i ,

y(t0) = y0, ẏ(t0) = ẏ0, x0i 6= y0, i = 1, . . . , n.Çäåñü xi, y, ui, v ∈ Rk, U ⊂ Rk � âûïóêëûé êîìïàêò, 0 ∈ IntU ;
a(t) � îãðàíè÷åííàÿ èçìåðèìàÿ �óíêöèÿ, èíòåãðèðóåìàÿ íà ëþáîì êîì-ïàêòíîì ïîäìíîæåñòâå îñè t, a(t) 6= 0 ïî÷òè âñþäó íà [t0,+∞). Óïðàâ-ëåíèÿìè èãðîêîâ ÿâëÿþòñÿ èçìåðèìûå �óíêöèè ui(t), v(t), ïðèíèìà-þùèå ïðè t > t0 çíà÷åíèÿ èç ìíîæåñòâà U.Îáîçíà÷èì äàííóþ èãðó ÷åðåç Γ(n, z(t0)), ãäå
z(t) = (z1(t), ż1(t), . . . , zn(t), żn(t)), zi(t) = xi(t)− y(t), i = 1, . . . , n.Îïðåäåëåíèå 3.1. Ïîçèöèîííîé êîíòðñòðàòåãèåé V óáåãàþùåãî Eíàçîâåì èçìåðèìîå îòîáðàæåíèå

[t0,+∞)× R2nk × Un → U.Òîãäà ïðè çàäàííûõ óïðàâëåíèÿõ ui(t) ïðåñëåäîâàòåëåé Pi, i = 1, . . . , nñòðàòåãèÿ V îïðåäåëÿåò óïðàâëåíèå v(t) = V (t, z(t), u1(t), . . . , un(t)),êîòîðîå áóäåò èçìåðèìîé �óíêöèåé.Îïðåäåëåíèå 3.2. Â äè��åðåíöèàëüíîé èãðå Γ(n, z(t0)) èç íà÷àëü-íîãî ñîñòîÿíèÿ z(t0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ, åñëè äëÿ77



ëþáûõ èçìåðèìûõ �óíêöèé
ui(t), t > t0, ui ∈ U, i = 1, . . . , n,ñóùåñòâóåò ñòðàòåãèÿ V óáåãàþùåãî E, òàêàÿ, ÷òî zi(t) 6= 0 äëÿ âñåõ

t > t0, i = 1, . . . , n .Ñ÷èòàåì, ÷òî óïðàâëåíèÿ ïðåñëåäîâàòåëåé �îðìèðóþòñÿ íà îñíîâå èí-�îðìàöèè î ñîñòîÿíèè z(t) äè��åðåíöèàëüíîé èãðû.Òåîðåìà 3.1. Åñëè 0 /∈ co

{
n⋃

i=1

ż0i

}
, òîãäà â èãðå Γ(n, z(t0)) èç íà-÷àëüíîãî ñîñòîÿíèÿ z(t0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ.Äîê à ç à ò å ë ü ñ ò â î. Ïóñòü 0 /∈ co

{
n⋃

i=1

ż0i

}
. Íà îñíîâàíèè òåîðåìû îáîòäåëèìîñòè âûïóêëûõ ìíîæåñòâ ñóùåñòâóåò åäèíè÷íûé âåêòîð p è÷èñëî ε > 0, òàêèå, ÷òî

max
i=1,...,n

(ż0i , p) 6 −2ε. (3.1)Îáîçíà÷èì
η(t) = min

i=1,...,n
‖zi(t)‖, (3.2)

δ = min{1, ε,
√
η(t0)}. (3.3)1. Ïóñòü max

1,...,n
(z0i , p) 6 0. Ïîëîæèì

v(t) = vp(t) =

{
vp, a(t) > 0,

v−p, a(t) < 0,
(3.4)ãäå vp, v−p ∈ U � òàêèå, ÷òî (vp, p) = C(U, p), (v−p,−p) = C(U,−p).Òîãäà äëÿ ëþáîãî i = 1, . . . , n

(zi(t), p) = (z0i , p) + (t− t0)(ż
0
i , p) +

t∫

t0

(t− s)a(s)(ui(s)− vp(t), p) ds 6

6 −2ε(t− t0) < 078



ïðè t > t0, îòêóäà ñëåäóåò âîçìîæíîñòü óêëîíåíèÿ èç íà÷àëüíîãî ñî-ñòîÿíèÿ z(t0).2. Ïðåäïîëîæèì, ÷òî (z01, p) > 0 è (z0i , p) 6 0 äëÿ ëþáîãî èíäåêñà i,
i ∈ {2, . . . , n}. Îïèøåì ìàíåâð óêëîíåíèÿ, ãàðàíòèðóþùèé ðàçðåøè-ìîñòü çàäà÷è óêëîíåíèÿ äëÿ òàêîãî íà÷àëüíîãî ñîñòîÿíèÿ z(t0). Ïóñòü
K = min{1, 1

|U |c}, τ1 = K δ
4, δ1 = K δ2

4 < η(t0). Ïîëîæèì
v(t) = vp(t), t ∈ [t0,+∞)\[t1, t1 + δ1),ãäå t1 � ëèáî ïåðâûé ìîìåíò, â êîòîðûé âïåðâûå âûïîëíÿåòñÿ ðàâåí-ñòâî ‖z1(t1)‖ = δ1 è (z1(t1), p) > 0, ëèáî +∞, è åñëè t1 < +∞, òîãäàíà ïîëóèíòåðâàëå [t1, t1 + τ1), óïðàâëåíèå v(t) áóäåì âûáèðàòü ñïåöè-àëüíûì îáðàçîì.Ïðè òàê âûáðàííîì óïðàâëåíèè óáåãàþùåãî ïðåñëåäîâàòåëü Pi íåâëèÿåò íà õîä èãðû ( i ∈ {2, . . . , n} ). Äåéñòâèòåëüíî, ïðè ëþáûõ óïðàâ-ëåíèÿõ ui(t), i = 1, . . . , n,

(żi(t), p) = (żi(t0), p) +

t∫

t0

a(s)
(
(ui(s), p)− (v(s), p)

)
6

6 −2δ + 2c|U |τ1 < −δ, t > t0. (3.5)Ïîýòîìó
(zi(t), p) = (zi(t0), p) +

t∫

t0

(żi(s), p) ds < (zi(t0), p) 6 0, t > t0, i 6= 1.(3.6)Çíà÷èò, ïðè t > t0 ‖zi(t)‖ 6= 0 , i 6= 1.Çàìåòèì òàêæå, ÷òî â ìîìåíò t = t1 ‖z1(t1)‖ = δ1, ïîýòîìó ïðèëþáûõ óïðàâëåíèÿõ u1(t) è v(t) íà îòðåçêå [t1, t1 + τ1]

(z1(t1 + τ1), p) = (z1(t1), p) +

t1+τ1∫

t1

(ż1(s), p) ds < δ1 − δτ1 = 0. (3.7)
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Ñëåäîâàòåëüíî, â ìîìåíò t = t1+τ1 ñîñòîÿíèå äè��åðåíöèàëüíîé èãðûñîîòâåòñòâóåò ðàññìîòðåííîìó âûøå ñëó÷àþ 1:
(żi(t1 + τ1), p) < −δ,

(zi(t1 + τ1), p) < 0, i = 1, . . . , n.Òàêèì îáðàçîì, åñëè ïî ëþáîìó óïðàâëåíèþ u1(s) ìîæíî ïîñòðîèòüóïðàâëåíèå v(s), s ∈ [t1, t1 + τ1), òàêîå, ÷òî ‖z1(t)‖ 6= 0 ïðè âñåõ
t ∈ [t1, t1 + τ1], òî ðàçðåøèìîñòü ëîêàëüíîé çàäà÷è óêëîíåíèÿ äëÿ íà-÷àëüíîãî ñîñòîÿíèÿ z(t0) â ñëó÷àå 2 áóäåò äîêàçàíà.Ïðåäïîëîæèì, ÷òî âåêòîðû

(z1(t1), ż1(t1)) = −‖z1(t1)‖‖ż1(t1)‖. (3.8)Âåêòîðû z1(t1) è ż1(t1) ëèíåéíî çàâèñèìû, ïîýòîìó ñóùåñòâóåò åäèíè÷-íûé âåêòîð ψ, òàêîé, ÷òî
(ψ, z1(t1)) = (ψ, ż1(t1)) = 0. (3.9)Ïóñòü ε1 ∈ (0, τ1) � íåêîòîðîå ÷èñëî, òàêîå, ÷òî ïðè ïðîèçâîëüíûõ

u1(s), v(s), s ∈ [t1, t1 + ε1], ñïðàâåäëèâî íåðàâåíñòâî (z1(s), p) > 0. Íàîòðåçêå [t1, t1 + ε1] óïðàâëåíèå v(s) âûáèðàåì òàê, ÷òîáû
(ψ, v(s)) =





C(U, ψ), (ψ, u1(s)) 6 0,

−C(U,−ψ), (ψ, u1(s)) > 0.
(3.10)Ïîêàæåì, ÷òî ñóùåñòâóåò γ1 ∈ (0, ε1), òàêîå, ÷òî

(z1(t1 + γ1), ż1(t1 + γ1)) 6= −‖z1(t1 + γ1)‖‖ż1(t1 + γ1)‖. (3.11)Ïðè t > t1 ðàññìîòðèì �óíêöèè
f1(t) = (ψ, z1(t)) =

t∫

t1

(t− s)a(s)(ψ, u1(s)− v(s)) ds,

f2(t) = (ψ, ż1(t)) =

t∫

t1

a(s)(ψ, u1(s)− v(s)) ds.

(3.12)
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Ôóíêöèè f1(t), f2(t), t1 6 t 6 t1 + ε1, óäîâëåòâîðÿþò ñèñòåìå óðàâ-íåíèé
ḟ1(t) = f2(t),

ḟ2(t) = a(t)(ψ, u1(t)− v(t)),
(3.13)ïðè÷åì f1(t1) = f2(t2) = 0.Òàê êàê 0 ∈ IntU, òî C(U, q) > 0 ïðè ëþáîì q 6= 0. Ïîýòîìó

|a(t)(ψ, u1(t) − v(t))| > 0 ïî÷òè âñþäó íà [t1, t1 + ε1], è f2(t) 6≡ 0 íàëþáîì îòðåçêå [α, β] ⊂ [t1, t1 + ε1], t1 < α < β. Çíà÷èò, ìíîæåñòâî
G = {t ∈ (t1, t1 + ε1)|f2(t) 6= 0}åñòü íåïóñòîå îòêðûòîå ìíîæåñòâî. Ïîýòîìó

G =
⋃

j

(αj, βj),ãäå {(αj, βj)} � âçàèìíî íåïåðåñåêàþùàÿñÿ, íå áîëåå ÷åì ñ÷åòíàÿ, ñè-ñòåìà èíòåðâàëîâ.Ïóñòü (αj0, βj0) � íåêîòîðûé èíòåðâàë èç ýòîé ñèñòåìû. Òîãäà
f2(αj0) = f2(βj0) = 0, ḟ2(t) 6= 0, t ∈ (αj0, βj0).Åñëè f1(αj0) 6= 0, òî ñîîòíîøåíèå (3.11) âûïîëíåíî ïðè t1 + γ1 = αj0.Åñëè æå f1(αj0) = 0, òîãäà

ḟ1(t) = f2(t) 6= 0, t ∈ (αj0, βj0).Ïîýòîìó f1(t)f2(t) > 0 íà (αj0, βj0) . Çíà÷èò, ïðè t1+γ1 = τ, ãäå τ �íåêîòîðîå ïðîèçâîëüíî âûáðàííîå ÷èñëî èç èíòåðâàëà (αj0, βj0), èìååòìåñòî ñîîòíîøåíèå (3.11).Èòàê, óïðàâëåíèå v(s) ïðè s ∈ [t1, t1+ε1] âûáèðàåòñÿ â ñîîòâåòñòâèèñ ïðàâèëîì (3.10). Òîãäà
‖z1(t)‖ 6= 0, t ∈ [t1, t1 + ε1],è â íåêîòîðûé ìîìåíò t = t1 + γ1 áóäåò âûïîëíåíî ñîîòíîøåíèå (3.11).81



Åñëè
(z1(t1), ż1(t1) 6= −‖z1(t1)‖‖ż1(t1)‖, (3.14)òî ïîëàãàåì γ1 = 0. Çàìåòèì, ÷òî

(z1(t1 + γ1), p) > 0, (ż1(t1 + γ1), p) < −δ,ïîýòîìó èç íåðàâåíñòâà (3.11) ñëåäóåò ëèíåéíàÿ íåçàâèñèìîñòü âåêòîðîâ
z1(t1 + γ1) è ż1(t1 + γ1). Äàëåå ïðè âñåõ s ∈ [t1 + γ1, t1 + τ1) ïîëîæèì
v(s) = u1(s). Òîãäà

z1(t) = z1(t1 + γ1) + (t− t1 − γ1)ż1(t1 + γ1) (3.15)ïðè êàæäîì çíà÷åíèè t1 + γ1 6 t 6 t1 + τ1, ñëåäîâàòåëüíî ‖z1(t)‖ 6= 0ïðè t ∈ [t1 + γ1, t1 + τ1].Òàêèì îáðàçîì, ïî ëþáîé èçìåðèìîé �óíêöèè u1(s) ∈ U ìîæíîïîñòðîèòü òàêóþ èçìåðèìóþ �óíêöèþ
v(s) = V (s, z(s), u1(s), . . . , un(s)), v(s) ∈ U, s ∈ [t1, t1 + τ1),÷òî ‖z1(t)‖ 6= 0 ïðè t ∈ [t1, t1 + τ1]. �àçðåøèìîñòü ëîêàëüíîé çàäà÷èóêëîíåíèÿ â ñëó÷àå 2 äîêàçàíà.3. Ïóñòü (z0i , p) > 0 äëÿ ëþáîãî i ∈ I ′ = {1, . . . , s}, s 6 n, è

(z0i , p) 6 0 äëÿ i ∈ {1, . . . , n}\I ′. Â ïðîöåññå ïîñòðîåíèÿ ìàíåâðà óêëî-íåíèÿ îïðåäåëèì òàêèå ÷èñëà τj, δj, j = 1, . . . , N1, N1 6 s, ÷òî
τj > τj+1, δj > δj+1, j = 1, . . . , N1 − 1,ïðè÷åì åñëè â ìîìåíò t′ > t0 äëÿ íåêîòîðîãî i ∈ {1, . . . , s} âûïîëíÿåòñÿðàâåíñòâî ‖zi(t
′)‖ = δj è (zi(t

′), p) > 0, òî (zi(t
′+τj), p) < 0 äëÿ ëþáûõóïðàâëåíèé ui(s), v(s) íà îòðåçêå [t′, t′ + τj].Ìîìåíò âðåìåíè ti > t0, êîãäà âïåðâûå âûïîëíÿåòñÿ ðàâåíñòâî

η(t) = δiè ñóùåñòâóåò íîìåð ℓ ∈ {1, . . . , s}, òàêîé, ÷òî
‖zℓ(ti)‖ = δi, (zℓ(ti), p) > 0,82



íàçîâåì ìîìåíòîì i -òîãî ñáëèæåíèÿ. Íå óìåíüøàÿ îáùíîñòè, ïîëàãàåì,÷òî â ìîìåíò t = ti ‖zi(ti)‖ = δi è (zi(ti), p) > 0. Ñîäåðæàòåëüíî ýòîîçíà÷àåò, ÷òî ïðåñëåäîâàòåëè ïðîíóìåðîâàíû â òîì ïîðÿäêå, â êàêîìïðîèñõîäèò èõ ñáëèæåíèå ñ óáåãàþùèì.Ïîëîæèì
v(t) = vp(t), t ∈ [t0,+∞)\T, T =

⋃

i=1,...,N1

[ti, ti + τi), (3.16)Ïðè t = t0 ïîñòðîèì ïîñëåäîâàòåëüíîñòè {τ i1}
∞
i=1, {δi1}

∞
i=1 ñëåäóþùèìîáðàçîì:

τ i1 = K
δ

2i+1
, δi1 = δτ i1 = K

δ2

2i+1
. (3.17)×èñëà τi áóäóò îïðåäåëåíû òàê, ÷òî τi 6 τ i1, i = 1, . . . , N1, ïîýòîìó

∑

i=1,...,N1

τi < ξ1 = K
δ

2
6

δ

2|U |c
.Òîãäà ïðè ëþáûõ óïðàâëåíèÿõ ui(s), i = 1, . . . , n, íà [t0, t] è v(s)íà [t0, t] ∩ T ñïðàâåäëèâû íåðàâåíñòâà

(żi(t), p) = (ż0i , p) +

∫

[t0,t]∩T

a(s)(ui(s)− v(s), p) ds+

+

∫

[t0,t]\T

a(s)(ui(s)− vp(t), p) ds 6 −2δ + 2|U |cµ(T ) <

< −2δ + 2|U |cξ1 6 −δ, t ∈ [t0,+∞), i = 1, . . . , n. (3.18)Ïîýòîìó (zi(t
′ + τ), p) = (zi(t

′), p) +
t′+τ∫
t′

(żi(s), p) ds < (zi(t
′), p), t′ > t0,

τ > 0. Ýòî îçíà÷àåò, ÷òî ñáëèæåíèå ñ ïðåñëåäîâàòåëåì i ∈ {1, . . . , n}\I ′íå íàñòóïèò. Íå îãðàíè÷èâàÿ îáùíîñòè, ñ÷èòàåì äàëåå, ÷òî N1 = n, ò. å.ñáëèæåíèå íàñòóïàåò ñ êàæäûì ïðåñëåäîâàòåëåì.Çàìåòèì òàêæå, åñëè â ìîìåíò t = t′ äëÿ íåêîòîðîãî i ∈ {1, . . . , n}âûïîëíÿþòñÿ ñîîòíîøåíèÿ
‖zi(t

′)‖ = δi1, (zi(t
′), p) > 0,83



òî ïðè ëþáûõ óïðàâëåíèÿõ ui(s), v(s) íà îòðåçêå [t′, t′ + τ i1] ïîëó÷àåì
(zi(t

′ + τ ii ), p) = (zi(t
′), p) +

t′+τ i1∫

t′

(żi(s), p) ds < δi1 − δτ i1 = 0. (3.19)Ïîëîæèì τ1 = τ 11 , δ1 = δ11. Òîãäà t1 > t0. Ìàíåâð óêëîíåíèÿ îïðå-äåëèì ðåêêóðåíòíûì îáðàçîì. Èòàê, ïóñòü â ìîìåíò t = ti âûïîëíåíûñîîòíîøåíèÿ ‖zi(ti)‖ = δi, (zi(ti), p) > 0, îïðåäåëåíû ÷èñëî τi è ìî-íîòîííî óáûâàþùèå ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ ÷èñåë {τ ℓi }
∞
ℓ=i,

{δℓi}
∞
ℓ=i.Äîïóñòèì, ÷òî (zi(ti), żi(ti)) = −‖zi(ti)‖‖żi(ti)‖. Ñóùåñòâóåò ÷èñëî

εi ∈ (0, τi), òàêîå, ÷òî ïðè ïðîèçâîëüíûõ uℓ(s), ℓ = 1, . . . , n, v(s),

s ∈ [ti, ti + εi], ñïðàâåäëèâû íåðàâåíñòâà
min

τ∈[0,εi]
‖zℓ(ti + τ)‖ > δi+1

i , (zi(s), p) > 0. (3.20)Âåêòîðû zi(ti), żi(ti) ëèíåéíî çàâèñèìû, ïîýòîìó ñóùåñòâóåò åäè-íè÷íûé âåêòîð ψi, òàêîé, ÷òî
(ψi, zi(ti)) = (ψi, żi(ti)) = 0.Íà îòðåçêå [ti, ti + εi] óïðàâëåíèå v(s) âûáèðàåì òàê, ÷òîáû

(ψi, v(s)) =





C(U, ψi), (ψi, ui(s)) 6 0,

−C(U,−ψi), (ψi, ui(s)) > 0.
(3.21)Òîãäà ñóùåñòâóåò ÷èñëî γi ∈ (0, εi), òàêîå, ÷òî

(zi(ti + γi), żi(ti + γi)) 6= −‖zi(ti + γi)‖‖żi(ti + γi)‖.Èç (3.20) è íåðàâåíñòâà (żi(ti + γi), p) < −δ ñëåäóåò ëèíåéíàÿ íåçà-âèñèìîñòü âåêòîðîâ zi(ti + γi) è żi(ti + γi). Åñëè æå
(zi(ti), żi(ti)) 6= −‖zi(ti)‖‖żi(ti)‖,òî ïîëàãàåì γi = 0.Ñëåäóÿ ðàññóæäåíèÿì, ïðîâåäåííûì â ñëó÷àå 2, óïðàâëåíèå óáåãàþ-ùåãî v(s) íà ïîëóèíòåðâàëå [ti+γi, ti+τi) íåîáõîäèìî ïîëîæèòü ðàâíûì84



ui(s). Îäíàêî, åñëè i < n, òî íà [ti + γi, ti + τi) âîçìîæíû ñáëèæåíèÿñ ïðåñëåäîâàòåëÿìè i+ 1, . . . , n. Ïîýòîìó
v(s) = ui(s), s ∈ [ti + γi, ti + τi)\

⋃

j=i+1,...,n

[tj, tj + τj),åñëè i < n, è
v(s) = un(s), [tn + γn, tn + τn).Ïðåäïîëîæèì, ÷òî i < n è tℓ ∈ [ti+ γi, ti+ τi), ℓ = i+1, . . . , n. Óáå-ãàþùèé áóäåò ñáëèæàòüñÿ ñ ïðåñëåäîâàòåëÿìè Pi+1, . . . , Pn íàñòîëüêîáëèçêî è îáõîäèòü èõ çà ñòîëü ìàëîå âðåìÿ, ÷òîáû äëÿ òðàåêòîðèè zi(t)íà îòðåçêå [ti+γi, ti+τi] ïðè ëþáîì óïðàâëåíèè ui(s), s ∈ [ti+γi, ti+τi]âûïîëíÿëèñü ñëåäóþùèå ñîîòíîøåíèÿ:

(zi(ti + τ), żi(ti + τ)) 6= −‖zi(ti + τ)‖‖żi(ti + τ)‖, τ ∈ [γi, τi], (3.22)
min

t∈[ti+γi,ti+τi]
‖zi(t)‖ > αi, (3.23)

αi > δi+1. (3.24)Èç (3.24) ñëåäóåò, ÷òî ñáëèæåíèå óáåãàþùåãî ñ êàæäûì ïðåñëåäîâà-òåëåì ìîæåò íàñòóïàòü íå áîëåå îäíîãî ðàçà.Îáîçíà÷èì ÷åðåç Hi(ti+γi+τ), τ ∈ R1, ïðÿìóþ, ïðîõîäÿùóþ ÷åðåçòî÷êè zi(ti + γi) + τ żi(ti + γi) è żi(ti + γi). Íà îñíîâàíèè ëèíåéíîéíåçàâèñèìîñòè âåêòîðîâ zi(ti + γi) è żi(ti + γi) çàêëþ÷àåì, ÷òî ïðèëþáîì τ âåêòîðû zi(ti+γi)+τ żi(ti+γi) è żi(ti+γi) ëèíåéíî íåçàâèñèìû.Ïîýòîìó äëÿ ëþáîãî τ �óíêöèÿ
f(τ) = min

x∈Hi(ti+γi+τ)
‖x‖ > 0. (3.25)

(
f(τ) =

‖
(
(1− τ)‖b‖2 − (a, b)

)(
a+ (τ − 1)b

)
+ ‖a+ b‖2b‖

‖a+ b‖2
,

a = zi(ti + γi), b = żi(ti + γi)
)Êðîìå òîãî, �óíêöèÿ f(τ) íåïðåðûâíà. Â ìîìåíò t = ti+γi îïðåäåëèì÷èñëî

βi = min
τ∈[0,τi−γi]

f(τ). (3.26)85



Åñëè v(s) = ui(s) ïðè s ∈ [ti + γi, ti + τi], òî ñîîòâåòñòâóþùàÿ òðà-åêòîðèÿ
z◦i t = zi(ti + γi) + (t− ti − γi)żi(ti + γi)è
ż◦i (t) = żi(ti + γi), t ∈ [ti + γi, ti + τi].ßñíî, ÷òî äëÿ ëþáîãî t ∈ [ti + γi, ti + τi]

‖z◦i (t)‖ > βi, ‖ż◦i (t)‖ > βi. (3.27)Òåïåðü ïðåäïîëîæèì, ÷òî íà ìíîæåñòâå [ti+ γi, ti+ γi) çàäàíà òàêàÿêîíå÷íàÿ ñèñòåìà ïîëóèíòåðâàëîâ [tr, tr + τ r), r = 1, . . . , ℓ, ℓ > 1, ÷òî
µ(

⋃

r=1,...,l

[tr, tr + τ r)) < ξi+1, (3.28)
ξi+1 = min

{√
τ 2i +

βi
2|U |c

− τi, K
βi
4

}
. (3.29)Ïîêàæåì, ÷òî åñëè

v(s) = ui(s), s ∈ [ti + γi, ti + τi)\
⋃

r=1,...,ℓ

[tr, tr + τ r),óïðàâëåíèå v(s) íà ìíîæåñòâå ⋃
r=1,...,ℓ

[tr, tr + τ r) è óïðàâëåíèå ui(s) íàîòðåçêå [ti + γi, ti + τi] âûáèðàåòñÿ ïðîèçâîëüíûì îáðàçîì, òî ñîîòâåò-ñòâóþùàÿ òðîàåêòîðèÿ zli(t), t ∈ [ti + γi, ti + τi], òàêîâà, ÷òî
‖zℓi (t)− z◦i (t)‖ <

βi
2
, (3.30)

‖żℓi (t)− ż◦i (t)‖ 6
βi
2
, (3.31)Ïóñòü ℓ = 1. Ïîíÿòíî, ÷òî

z1i (t
1) = z◦i (t

1), ‖z1i (t
1 + τ 1)− z◦i (t

1 + τ 1)‖ 6 |U |c(τ 1)2è ïðè t1 + τ 1 < t 6 ti + τi

‖z1i (t)− z◦i (t)‖ 6 |U |c((τ 1)2 + 2τ 1(τi − τ 1)) < |U |c((τ 1)2 + 2τ 1τi).86



Ïîýòîìó äëÿ ëþáîãî t ∈ [ti + γi, ti + τi]

‖z1i (t)− z◦i (t)‖ < |U |c((τ 1)2 + 2τ 1τi) < |U |c(ξ2i+1 + 2ξi+1τi).Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, íåòðóäíî óáåäèòüñÿ, ÷òî äëÿ ℓ ∈
N , t ∈ [ti + γi, ti + τi]

‖zℓi (t)− z◦i (t)‖ < |U |c(ξ2i+1 + 2ξi+1τi) 6
βi
2

(3.32)â ñèëó ñîîòíîøåíèé (3.28), (3.29).Òàêèì îáðàçîì, íåðàâåíñòâî (3.30) äîêàçàíî. Íåðàâåíñòâî (3.31) ñðà-çó ñëåäóåò èç îïðåäåëåíèÿ ÷èñëà ξi+1 .Ïîêàæåì òåïåðü, ÷òî äëÿ ëþáîãî τ ∈ [γi, τi]

(zℓi (ti + τ), żℓi (ti + τ)) 6= −‖zℓi (ti + τ)‖‖żℓi (ti + τ)‖. (3.33)Ïðåäïîëîæèì ïðîòèâíîå: ñóùåñòâóþò
τ0 ∈ [γi, τi], q ∈ R1, q > 0,òàêèå, ÷òî zℓi (ti + τ0) = −qżℓi (ti + τ0) . Â ñèëó íåðàâåíñòâ (3.30), (3.31)ïîëó÷àåì, ÷òî

min
ti+γi,ti+τi

‖zℓi (t)‖ >
βi
2
, (3.34)

z◦i (ti + τ0) ∈ zℓi (ti + τ0) +
βi
2
S, ż◦i (ti + τ0) ∈ żℓi (ti + τ0) +

βi
2
S, (3.35)òî åñòü âåêòîðû z◦i (ti + τ0) , ż◦i (ti + τ0) ïðåäñòàâèìû â âèäå

z◦i (ti + τ0) = zℓi (ti + τ0) + x, ż◦i (ti + τ0) = żℓi (ti + τ0) + y,ãäå x , y ∈ βi

2 S, S ⊂ Rn �øàð ðàäèóñà 1 ñ öåíòðîì â íóëå. Ïóñòü
Σ = {α = (α1, α2) ∈ R2|α1 + α2 = 1}.Ñîãëàñíî (3.26),

min
α∈Σ

‖α1(z
ℓ
i (ti + τ0) + x) + α2(ż

ℓ
i (ti + τ0) + y)‖ > βi.87



Ñ äðóãîé ñòîðîíû, ïðè α∗
1 =

1
1+q

, α∗
2 =

q
1+q

‖α∗
1(z

ℓ
i (ti + τ0) + x) + α∗

2(ż
ℓ
i (ti + τ0) + y)‖ =

= ‖α∗
1x+ α∗

2y‖ 6
βi
2
.Ñëåäîâàòåëüíî, íåðàâåíñòâî (3.33) âûïîëíåíî äëÿ ëþáîãî τ ∈ [γi, τi] .Â ìîìåíò âðåìåíè t = ti + γi ïî ξi+1 îïðåäåëèì ïîñëåäîâàòåëüíîñòü

{τ ℓi+1}
∞
ℓ=i+1 ñëåäóþùèì îáðàçîì:

τ i+1
i+1 = min{τ i+1

i ,
ξi+1

2
}, τ i+k

i+1 =
τ i+1
i+1

2k−1
, k > 2.Ïîíÿòíî, ÷òî

n−i∑

k=1

τ i+k
i+1 < ξi+1.Ïî ýòîé ïîñëåäîâàòåëüíîñòè ñòðîèì ïîñëåäîâàòåëüíîñòü

{δi+k
i+1}

∞
k=1, δi+k

i+1 = δτ i+k
i+1 .Ïîëîæèì δi+1 = δi+1

i+1 , τi+1 = τ i+1
i+1 . Íåòðóäíî âèäåòü, ÷òî âåðíû íåðà-âåíñòâà δi+1 6 τ i+1

i+1 6
βi

8 . Ó÷èòûâàÿ (3.34), óáåæäàåìñÿ â ñïðàâåäëèâî-ñòè íåðàâåíñòâ (3.23), (3.24).Èòàê, óïðàâëåíèå v(s) ïðè s ∈ [ti, ti + γi] âûáèðàåì èç ñîîòíîøå-íèé (3.21) è
v(s) = ui(s), s ∈ [ti + γi, ti + τi)\

⋃

p=i+1,...,n

[tp, tp + τp),åñëè i < n ,
v(s) = un(s), s ∈ [tn + γn, tn + τn).Òîãäà ‖zi(t)‖ 6= 0 ïðè t ∈ [ti, ti + τi] è (zi(t), p) < 0 ïðè t > ti + τi ,

i = 1, . . . , n .Îòìåòèì, ÷òî ñáëèæåíèÿ ïðåñëåäîâàòåëåé ñ óáåãàþùèì ìîãóò íàñòó-ïàòü íå ïîçæå ìîìåíòà
t0 +

max
i=1,...,n

(z0i , p)

δ
.Òåîðåìà äîêàçàíà. 88
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