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�¢¥¤¥­¨¥

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ã¯à ¢«ï¥¬ ï á¨áâ¥¬ 
_x = f(x, u), x ∈ Rn, u ∈ U ⊂ Rm (0.1)

¨ à §«¨ç­ë¥ ¢®¯à®áë ã¯à ¢«ï¥¬®áâ¨ ¤ ­­®© á¨áâ¥¬ë.
�à®¡«¥¬ë ã¯à ¢«ï¥¬®áâ¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬, ¨­â¥­á¨¢­® ¨§-

ãç ¥¬ë¥ á 1961 £®¤ , ª®£¤  ­  ¯¥à¢®¬ ª®­£à¥áá¥ ���� ¡ë« ¯à®ç¨â ­
¤®ª« ¤ �. �. � «¬ ­  [12], ­¥ ¯®â¥àï«¨ á¢®¥©  ªâã «ì­®áâ¨ ¨ á¥©ç á.
� «¨­¥©­®© ¯®áâ ­®¢ª¥ íâ¨ ¢®¯à®áë å®à®è® ¨§ãç¥­ë ¨ ¤®áâ â®ç­®
¯®«­® ®á¢¥é¥­ë ¢ ­ ãç­ëå ¬®­®£à ä¨ïå ¨ ãç¥¡­ëå ¯®á®¡¨ïå. �«ï
­¥«¨­¥©­ëå ¦¥ á¨áâ¥¬ ¢®¯à®á ®¡ ã¯à ¢«ï¥¬®áâ¨, ¢ ç áâ­®áâ¨ ¨áá«¥-
¤®¢ ­¨¥ «®ª «ì­®© ­ã«ì-ã¯à ¢«ï¥¬®áâ¨, ¨áá«¥¤®¢ ­ ­¥ ­ áâ®«ìª® å®-
à®è®, ª ª ¤«ï «¨­¥©­ëå á¨áâ¥¬. �á®¡ë© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â ¨áá«¥-
¤®¢ ­¨¥ «®ª «ì­®© ­ã«ì-ã¯à ¢«ï¥¬®áâ¨ ¢, â ª ­ §ë¢ ¥¬®¬, óªà¨â¨-
ç¥áª®¬ á«ãç ¥ô (â. ¥. ¢ á«ãç ¥, ª®£¤  á¨áâ¥¬  «¨­¥©­®£® ¯à¨¡«¨¦¥­¨ï
¤«ï á¨áâ¥¬ë (0.1) ­¥ ï¢«ï¥âáï ¢¯®«­¥ ã¯à ¢«ï¥¬®©). �¬¥­­® ªà¨â¨-
ç¥áª¨¥ á«ãç ¨ ¤®áâ ¢«ïîâ ¬ ááã ¨­â¥à¥á­ëå íää¥ªâ®¢ ¯®£à ­¨ç­®©
ã¯à ¢«ï¥¬®áâ¨. � ¯à¨¬¥à, ¯®ª § ­®, çâ® á¨áâ¥¬  ¬®¦¥â ¡ëâì ã¯à -
¢«ï¥¬®© ¨ ¯à¨ íâ®¬ ­¥ ï¢«ïâìáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®© (á¬. ­¨¦¥).
�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¨§ãç¥­¨¥ ãá«®¢¨© «®ª «ì­®© ã¯à -
¢«ï¥¬®áâ¨, ãáâ®©ç¨¢®© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨, ãáâ®©ç¨¢®© £«®-
¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¨ ¯®§¨æ¨®­­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬®© (0.1) ¢
ªà¨â¨ç¥áª®¬ á«ãç ¥. �¯¥æ¨ «ì­®¥ ¨áá«¥¤®¢ ­¨¥ ¯à¥¤¯à¨­ïâ® ¤«ï á¨-
áâ¥¬ë ¢â®à®£® ¯®àï¤ª . �®áâà®¥­ë ¯à¨¬¥àë ¢­¥è­¥ ¯à®áâëå á¨áâ¥¬
¢¨¤  (0.1) á  ­®¬ «ì­ë¬ ¯®¢¥¤¥­¨¥¬ ã¯à ¢«ï¥¬ëå âà ¥ªâ®à¨©.

� ¡®â  á®áâ®¨â ¨§ ¢¢¥¤¥­¨ï, âà¥å £« ¢, ¢®áì¬¨ ¯ à £à ä®¢ (­ã¬¥-
à æ¨ï ¯ à £à ä®¢ áª¢®§­ ï) ¨ á¯¨áª  «¨â¥à âãàë.

�¥à¥ç¨á«¨¬ ®á­®¢­ë¥ à¥§ã«ìâ âë ¤¨áá¥àâ æ¨¨.
� ¯¥à¢®© £« ¢¥ à áá¬ âà¨¢ ¥âáï, ¯à¥¤«®¦¥­­ë© �.�. �ãâª®¢áª¨¬

[4], ó¬¥â®¤ èâà¨å®¢ ­­ëå £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ªô. � ®á­®¢¥
¤ ­­®£® ¬¥â®¤  «¥¦ â ¯®­ïâ¨ï ª®­ãá  ¤®¯ãáâ¨¬ëå ­ ¯à ¢«¥­¨©, âà -
¥ªâ®à­®© ¢®à®­ª¨, èâà¨å®¢ ­­®© ¡®ª®¢®© £à ­¨æë ¦¥áâª®© âà ¥ªâ®à-
­®© ¢®à®­ª¨ ¨ ®á®¡ëå ¬­®£®®¡à §¨© á¨áâ¥¬ë (0.1).

� ¯¥à¢®¬ ¯ à £à ä¥ ¢¢®¤ïâáï ¯®­ïâ¨ï ª®­ãá  ¤®¯ãáâ¨¬ëå ­ ¯à -
¢«¥­¨©, âà ¥ªâ®à­®© ¢®à®­ª¨, èâà¨å®¢ ­­®© ¡®ª®¢®© £à ­¨æë ¦¥áâ-
ª®© âà ¥ªâ®à­®© ¢®à®­ª¨ ¤ ­­®£® ¬¥â®¤ .

� ª ç¥áâ¢¥ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© á¨áâ¥¬ë (0.1) ¡¥àãâáï ¢á¥¢®§-
¬®¦­ë¥ ¨§¬¥à¨¬ë¥ äã­ªæ¨¨ u : t −→ U .
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�®¯ãáâ¨¬ë¬ à¥è¥­¨¥¬ á¨áâ¥¬ë (0.1), ã¤®¢«¥â¢®àïîé¨¬ ­ ç «ì-
­®¬ã ãá«®¢¨î x(0) = x0, ­ §ë¢ ¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­ ï ¢¥ªâ®à-
äã­ªæ¨ï x(t), t ∈ [0, τ ], ª®â®à ï ¯®çâ¨ ¢áî¤ã ­  ®âà¥§ª¥ [0, τ ] ã¤®¢«¥-
â¢®àï¥â á¨áâ¥¬¥ (0.1) ¯à¨ ­¥ª®â®à®¬ ã¯à ¢«¥­¨¨ u(t), t ∈ [0, τ ].

�®­ãá®¬ ¤®¯ãáâ¨¬ëå ­ ¯à ¢«¥­¨© áª®à®áâ¥© á¨áâ¥¬ë (0.1) ­ §ë-
¢ ¥âáï ¬­®¦¥áâ¢®

K(x0) .= {αx ∈ TKx0 : α ∈ R+, x ∈ F (x0) .= f(x0, U)},

(§¤¥áì TKx0
.= {y ∈ Rn : y =

n∑
i=1

cif(x0, ui), ci ∈ R, ui ∈ U} | â ª
­ §ë¢ ¥¬®¥, ¯à®áâà ­áâ¢® áª®à®áâ¥© á¨áâ¥¬ë (0.1)). �.¥. K(x0) |
íâ® ª®­ãá, á®áâ®ïé¨© ¨§ ¢á¥å «ãç¥©, ¢ëå®¤ïé¨å ¨§ â®çª¨ 0 ∈ TKx0 ¨
¨¬¥îé¨å ­¥¯ãáâ®¥ ¯¥à¥á¥ç¥­¨¥ á ¬­®¦¥áâ¢®¬ F (x0) .= f(x0, U)

�­®¦¥áâ¢® ¢á¥å â®ç¥ª ¢ Rn, ¢ ª®â®àë¥ ¬®¦­® ¯¥à¥©â¨ ¨§ â®çª¨
x0 ∈ Rn §  ¢à¥¬ï τ > 0, ¤¢¨£ ïáì ¯® ¤®¯ãáâ¨¬ë¬ âà ¥ªâ®à¨ï¬ á¨-
áâ¥¬ë (0.1) ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®¬ ¤®áâ¨¦¨¬®áâ¨ ¨§ â®çª¨ x0 § 
¢à¥¬ï τ ¨ ®¡®§­ ç ¥âáï Dτ(x0).

�âà¥§ª®¬ âà ¥ªâ®à­®© ¢®à®­ª¨ á¨áâ¥¬ë (0.1) ­ §ë¢ ¥âáï ¬­®¦¥-
áâ¢®

V (x0, τ) .=
⋃
t6τ

Dt(x0).

�®çª  x0 ­ §ë¢ ¥âáï ¢¥àè¨­®© âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ).
�á­®¢ ­¨¥¬ âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ) ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®

∂fV (x0, τ) .= ∂V (x0, τ)\{
⋃
t<τ

∂V (x0, t)};

â.¥. ®á­®¢ ­¨¥ ∂fV (x0, τ) á®áâ®¨â ¨§ â¥å â®ç¥ª âà ¥ªâ®à­®© ¢®à®­ª¨
V (x0, τ), ¢ ª®â®àë¥ ¬®¦­® ¯®¯ áâì ¨§ â®çª¨ x0 §  ¢à¥¬ï τ á ¯®¬®éìî
¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ¨ ­¥«ì§ï ¯¥à¥©â¨ §  ¢à¥¬ï ¬¥­ìè¥¥ τ .

�­®¦¥áâ¢® ∂sV (x0, τ) .= ∂V (x0, τ)\∂fV (x0, t) ­ §ë¢ ¥âáï ¡®ª®¢®©
£à ­¨æ¥© âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ).

�à ¥ªâ®à­ ï ¢®à®­ª  V (x0, τ) ­ §ë¢ ¥âáï ¦¥áâª®©, ¥á«¨ áãé¥-
áâ¢ã¥â â ª®¥ ε > 0, çâ® ¤«ï «î¡ëå t1 ∈ (0, τ + ε), t2 ∈ (0, τ + ε),
t1 < t2 ¢ë¯®«­ï¥âáï ãá«®¢¨¥

∂sV (x0, t1)
⋂

∂sV (x0, t2) = ∂sV (x0, t1).

�®ª®¢ãî £à ­¨æã ∂sV (x0, τ) ¦¥áâª®© ¢®à®­ª¨ V (x0, τ) ¡ã¤¥¬ ­ §ë-
¢ âì £à ­¨æ¥© ¨ ®¡®§­ ç âì ∂sV (x0), ¯®¤ç¥àª¨¢ ï, çâ® £à ­¨æ  ¦¥áâ-
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ª®© âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0), ¯® ªà ©­¥© ¬¥à¥ ¢¡«¨§¨ â®çª¨ x0 ­¥
§ ¢¨á¨â ®â ¬®¬¥­â  ¢à¥¬¥­¨ τ .

�®ª § ­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

� ¥ ¬ ¬   0.1. �ãáâì £à ­¨æ  ¦¥áâª®© ¢®à®­ª¨ ∂sV (x0) áã-
é¥áâ¢ã¥â ¨ ï¢«ï¥âáï £« ¤ª®© (¨«¨ ªãá®ç­®-£« ¤ª®©), â® ¢ â®çª å
£« ¤ª®áâ¨ £à ­¨æë ¥¥ ¬®¦­® ®¯¨á âì ª ª ¬­®¦¥áâ¢® ­ã«¥© £« ¤ª®©
(¨«¨ ªãá®ç­®-£« ¤ª®©) äã­ªæ¨¨ ϕ(x) : Rn → R, ª®â®à ï ­¥®¡å®¤¨¬®
ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ 

max
u∈U

〈
f(x, u), ∂ϕ(x)

∂x

〉
= 0. (0.2)

¢® ¢á¥å â®çª å £« ¤ª®áâ¨.

� ¥ ® à ¥ ¬   0.1. �ãáâì äã­ªæ¨ï x → F (x) .= f(x, U) ­¥¯à¥-
àë¢­  ¢ ®¡« áâ¨ G ⊂ Rn ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:

 ) ¯à¨ «î¡®¬ x ∈ G ¬­®¦¥áâ¢® F (x) ¢ë¯ãª«®, ª®¬¯ ªâ­® ¨ áã-
é¥áâ¢ã¥â â ª®¥ l > 0, çâ® |F (x)| 6 l(1 + |x|), £¤¥ |F (x)| .= sup

q∈F (x)
|q|.

¡) äã­ªæ¨ï x → F (x) ã¤®¢«¥â¢®àï¥â «®ª «ì­®¬ã ãá«®¢¨î �¨¯-
è¨æ , â.¥. ¢ ª ¦¤®© ®£à ­¨ç¥­­®© ®¡« áâ¨ D ⊂ G áãé¥áâ¢ã¥â â -
ª®¥ λ = λ(D) > 0, çâ® dist(F (x1), F (x2)) 6 λ(D)|x1 − x2| ¤«ï «î¡ëå
x1, x2 ∈ D, £¤¥ dist(F (x1), F (x2)) { ¬¥âà¨ª  � ãá¤®àä  ¢ áâ ­¤ àâ-
­®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ Rn.

�ãáâì áãé¥áâ¢ãîâ ¢¥ªâ®à p ∈ Rn ¨ ª®­áâ ­â  α < 0, çâ®

H(x, p) .= max
u∈U

〈f(x, u), p〉 6 α (0.3)

¤«ï «î¡®£® x ∈ G.
�®£¤  ¤«ï «î¡®£® x0 ∈ G áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¤¨ää¥à¥­æ¨-

àã¥¬ ï ¯®çâ¨ ¢áî¤ã äã­ªæ¨ï ϕ : Rn → R ã¤®¢«¥â¢®àïîé ï ¯à¨­æ¨-
¯ã ¬ ªá¨¬ã¬  (0.2) ¨ ­ ç «ì­®¬ã ãá«®¢¨î

ϕ(x) = |x− x0|, (0.4)

¤«ï ¢á¥å x ∈ L
.= {x ∈ G : 〈x− x0, p〉 = 0}.

� ª¨¬ ®¡à §®¬ ¤«ï «î¡®© â®çª¨ x0 ¢ ¯à®¨§¢®«ì­®© ®£à ­¨ç¥­­®©
®¡« áâ¨ G ⊂ Rn, ¢ ª®â®à®© ¢ë¯®«­¥­ë ãá«®¢¨ï  ), ¡) ¨ ­¥à ¢¥­áâ¢®
(0.3) ¬®¦­® ¯®áâà®¨âì £à ­¨æã ∂sV (x0) ¨ ¯à®¤®«¦¨âì ¥¥ ¯® ­¥¯à¥-
àë¢­®áâ¨, à áá¬ âà¨¢ ï ¥¥, ª ª ¬­®¦¥áâ¢® ­ã«¥© à¥è¥­¨ï ãà ¢­¥­¨ï
(0.2), ¢¯«®âì ¤® £à ­¨æë ®¡« áâ¨ G.

5



�® ¢â®à®¬ ¯ à £à ä¥ ¢¢®¤¨âáï ¯®­ïâ¨¥ ®á®¡ëå ¬­®£®®¡à §¨© S á¨-
áâ¥¬ë (0.1), ¨ ¢ ç áâ­®áâ¨, ¬­®£®®¡à §¨© ¯¥à¥¬¥­ë èâà¨å®¢ª¨ (á®-
ªà é¥­­® ���) £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª á¨áâ¥¬ë (0.1).

�®çª¨ xα ∈ ∂sV (x0), ¤«ï ª®â®àëå K(xα) ⊂ Txα
(∂sV (x0)) ­ §ë¢ îâ-

áï ®á®¡ë¬¨ â®çª ¬¨ £à ­¨æë ∂sV (x0) (¯à¥¤¯®« £ ¥âáï, çâ® £à ­¨æ 
âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0) ¤ ­­ëå â®çª å ï¢«ï¥âáï £« ¤ª®©).

�­®¦¥áâ¢® ¢á¥å ®á®¡ëå â®ç¥ª ­  £à ­¨æ å ¢á¥å âà ¥ªâ®à­ëå ¢®à®-
­®ª á¨áâ¥¬ë (0.1) ­ §ë¢ ¥âáï ®á®¡ë¬¨ ¬­®£®®¡à §¨ï¬¨ á¨áâ¥¬ë (0.1)
¨ ®¡®§­ ç ¥âáï S.

�®­ïâ¨¥ ®á®¡®£® ¬­®£®®¡à §¨ï â¥á­® á¢ï§ ­® á ¯®­ïâ¨¥¬ ®á®¡ëå
ã¯à ¢«¥­¨© (á¬. ­ ¯à¨¬¥à [6]). �§¢¥áâ­® [6], çâ® ¤«ï á¨áâ¥¬ë

_x = f0(x) + uf1(x), (x, u) ∈ Rn × U, (0.5)

£¤¥ U = cl U ⊂ R, f0, f1 ∈ Cm(Rn), m > n, ®á®¡ë¥ ¬­®£®®¡à §¨ï ¬®¦­®
®¯¨á âì ª ª ¬­®¦¥áâ¢® ­ã«¥© áª «ïà­®© äã­ªæ¨¨

s(x) .= det(f0(x), f1(x), . . . , fn−1(x)).

�ã­ªæ¨¨ {fi(x)}n−1
i=2 ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

fi(x) = [f0(x), fi−1(x)] .=
(∂f0(x)

∂x

)
fi−1(x)−

(∂fi−1(x)
∂x

)
f0(x)

�¯¥à æ¨ï [f0(x), fi−1(x)] ­ §ë¢ ¥âáï áª®¡ª®© �¨-�ã áá®­  ¨«¨ ª®¬¬ã-
â â®à®¬ äã­ªæ¨© f0(x), fi−1(x) (á¬. ­ ¯à¨¬¥à [33]). � ª ¡ã¤¥â ¯®ª -
§ ­® ¢ ¤ «ì­¥©è¨å ¯ à £à ä å äã­ªæ¨ï s(x) ¨£à ¥â ª«îç¥¢ãî à®«ì
¢ ¯®áâà®¥­¨¨ ä §®¢®£® ¯®àâà¥â  ¨ ¨áá«¥¤®¢ ­¨¨ ã¯à ¢«ï¥¬®áâ¨ á¨-
áâ¥¬ ¢¨¤  (0.5).

� âà¥âì¥¬ ¯ à £à ä¥, ¢ ª ç¥áâ¢¥ ¯®ª § â¥«ì­®£® ¯à¨¬¥à , ¨áá«¥-
¤ã¥âáï áâàãªâãà  ¡®ª®¢ëå £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª «¨­¥©­®© á¨-
áâ¥¬ë

_x = Ax + ub, x ∈ Rn, u ∈ [−1, 1]. (0.6)

�®ª § ­  â¥®à¥¬ .
� ¥ ® à ¥ ¬   0.2. �ãáâì rank(b, Ab, . . . , An−1b) = n− 1 ¨

s(x0) .= det(Ax0, b, Ab, . . . , An−2b) 6= 0. (0.7)

�®£¤  áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ® âà ¥ªâ®à­ ï ¢®à®­ª  V (x0, τ)
á¨áâ¥¬ë (0.6) ï¢«ï¥âáï ¦¥áâª®©, â¥«¥á­®©,   ¥¥ £à ­¨æ  ∂sV (x0, τ)
ï¢«ï¥âáï ªãá®ç­®-£« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ ª« áá  C∞.
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�®ª § ­®, çâ® ¢ ¯à¥¤¯®«®¦¥­¨¨ (0.7) £à ­¨æ  ∂sV (x0, τ) ï¢«ï¥âáï
®¡ê¥¤¨­¥­¨¥¬ ­¥¯¥à¥á¥ª îé¨åáï £« ¤ª¨å, ª« áá  C∞, ¬­®£®®¡à §¨©
â.¥.

∂sV (x0, τ) =
n−1⋃

k=1
{Nk

+
⋃

Nk
−}.

�®ª § ­® â ª¦¥, çâ® ¬­®£®®¡à §¨ï Nk
− ¨ Nk

+, k = 1, . . . , n−1 ­¥ ¨¬¥îâ
®¡é¨å â®ç¥ª ¨ ï¢«ïîâáï £« ¤ª¨¬¨ ª« áá  C∞ á« ¡® ¨­¢ à¨ ­â­ë¬¨
¬­®£®®¡à §¨ï¬¨ á¨áâ¥¬ë (0.6), ¯à¨ç¥¬ ¤«ï ª ¦¤®£® k = 0, . . . , n− 2,
¬­®£®®¡à §¨¥ Nk

+
⋃

Nk
− ï¢«ï¥âáï ®¡é¨¬ ªà ¥¬ ¬­®£®®¡à §¨© N 1+k

+ ¨
N 1+k
− .
�­®£®®¡à §¨ï Nk

+ áâà®ïâáï á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï ª ¦¤®£® k =
1, . . . , n − 1 ¬­®£®®¡à §¨¥ Nk

+ ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ ª®­æ®¢ ¢á¥å, ¢ë-
å®¤ïé¨å ¨§ â®çª¨ x0 ¤®¯ãáâ¨¬ëå âà ¥ªâ®à¨© á¨áâ¥¬ë (0.6), á®®â¢¥â-
áâ¢ãîé¨å ¤®¯ãáâ¨¬ë¬ ã¯à ¢«¥­¨ï¬

uk
+(t) =





1, 0 < t 6 t1

−1, t1 < t 6 t2

. . .

(−1)k−1, tk−1 < t 6 tk

,

£¤¥ {ti}k
i=1 | ¯à®¨§¢®«ì­ ï ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ¬®¬¥­-

â®¢ ¢à¥¬¥­¨ ¨§ ¯à®¬¥¦ãâª  (0, τ). �.¥. Nk
+

.= {x = x(tk, uk
+(·)) : tk ∈

(0, τ)}, £¤¥ x(t, uk
+(·)), t ∈ (0, τ) | ¤®¯ãáâ¨¬ë¥ à¥è¥­¨ï á¨áâ¥¬ë, ã¤®-

¢«¥â¢®àïîé¨¥ ­ ç «ì­®¬ã ãá«®¢¨î x(0, uk
+(·)) = 0.

�­®£®®¡à §¨ï Nk
−, k = 1, . . . , n− 1 áâà®ïâáï  ­ «®£¨ç­ë¬ ®¡à §®¬

á § ¬¥­®© ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï ­  uk
−(t) = −uk

+(t).
�ãé¥áâ¢¥­­® ¢ â¥®à¥¬¥ 0.2 â®, çâ® rank(b, Ab, . . . , An−1b) = n − 1,

â.¥. á¨áâ¥¬  (0.1), ¢®®¡é¥ £®¢®àï, ­¥ ï¢«ï¥âáï ¢¯®«­¥ ã¯à ¢«ï¥¬®©.
�¥§ã«ìâ âë ¤ ­­®£® ¯ à £à ä  ¬®¦­® à áá¬ âà¨¢ âì ª ª ¯à®¤®«-

¦¥­¨¥ ¨áá«¥¤®¢ ­¨© �. �. �¨ª®« ¥¢  ¨ �. �. �®­ª®¢  (á¬. [29], [30],
[31]).

�â®à ï £« ¢  ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î ã¯à ¢«ï¥¬®áâ¨ ¢ ­ã«ì á¨-
áâ¥¬ë (0.1) ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® U ­¥¯ãáâ®© ¢ë¯ãª«ë© ª®¬¯ ªâ ¢
Rm, 0 ∈ int f(0, U), f ∈ C1(Rn × Rm,Rn).

�®çª  x0 ­ §ë¢ ¥âáï τ -ã¯à ¢«ï¥¬®©, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ¤®¯ã-
áâ¨¬®¥ ã¯à ¢«¥­¨¥ u : [0, τ ] → U , çâ® à §à¥è¨¬  ªà ¥¢ ï § ¤ ç 

_x = f(x, u(t)), x(0) = x0, x(τ) = 0.
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�­®¦¥áâ¢® ¢á¥å τ -ã¯à ¢«ï¥¬ëå â®ç¥ª ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®¬ ã¯à -
¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.1) §  ¢à¥¬ï τ ¨ ®¡®§­ ç ¥âáï Dτ .

�­®¦¥áâ¢® D∞ =
⋃

τ>0 Dτ ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®¬ ã¯à ¢«ï¥¬®-
áâ¨ á¨áâ¥¬ë (0.1).

�¨áâ¥¬  (0.1) ­ §ë¢ ¥âáï «®ª «ì­® ã¯à ¢«ï¥¬®© ¨«¨ ¯à®áâ® ã¯à ¢-
«ï¥¬®© [5, á. 39], ¥á«¨ 0 ∈ int Dτ ¯à¨ ­¥ª®â®à®¬ τ > 0. �á«¨ ¯à¨ íâ®¬
D∞ = Rn, â® á¨áâ¥¬  (0.1) ­ §ë¢ ¥âáï £«®¡ «ì­® ã¯à ¢«ï¥¬®©.

�.�. �¥âà®¢ë¬ (á¬. ­ ¯à¨¬¥à [35], [36]), ¢¢¥¤¥­® ¯®­ïâ¨¥ N -ã¯à ¢«ï-
¥¬®áâ¨ á¨áâ¥¬ë (0.1). �¢®©áâ¢® N -ã¯à ¢«ï¥¬®áâ¨ ®§­ ç ¥â, çâ® 0 ∈
int Dτ ¯à¨ ¢á¥å τ > 0. �á«¨ ¯à¨ íâ®¬ D∞ = Rn, â® á¨áâ¥¬  (4.1)
­ §ë¢ ¥âáï £«®¡ «ì­® N-ã¯à ¢«ï¥¬®©.

� àï¤ã á ã¦¥ ¨§¢¥áâ­ë¬¨ ¯®­ïâ¨ï¬¨ «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¨
N -ã¯à ¢«ï¥¬®áâ¨, ¢¢®¤¨âáï ¯®­ïâ¨¥ ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.1. �¨áâ¥¬  (0.1) ­ §ë¢ ¥âáï ãáâ®©ç¨-
¢® ã¯à ¢«ï¥¬®©, ¥á«¨ ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï â ª®¥ δ = δ(ε) > 0,
çâ® ¤«ï «î¡®£® x0 ∈ On

δ (x0) áãé¥áâ¢ãîâ ¢à¥¬ï τ ∈ (0,∞) ¨ ¤®¯ãáâ¨-
¬®¥ à¥è¥­¨¥ x(t), t ∈ [0, τ ] á¨áâ¥¬ë (0.1) ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬:

x(0) = x0, x(τ) = 0, |x(t)| 6 ε ¤«ï ¢á¥å t ∈ [0, τ ].

�®­ïâ¨¥ ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ ­¥ ï¢«ï¥âáï ­®¢ë¬. � à ¡®â å
�. �. � à á¥¢  (á¬. ­ ¯à¨¬¥à [13],[14]) ¨ �. �. �®­ª®¢  [45] ¢áâà¥ç -
¥âáï  ­ «®£¨ç­®¥ ¯®­ïâ¨¥ ó«®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¢ ¬ «®¬ô.

�ãáâì L, M, N á®®â¢¥âáâ¢¥­­® ¬­®¦¥áâ¢  «®ª «ì­® ã¯à ¢«ï¥¬ëå,
ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ëå ¨ N -ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ¢¨¤  (0.1).

� ¥ ® à ¥ ¬   0.3. N ⊂ M ⊂ L.
�®ª § ­®, çâ® íâ¨ ¯®­ïâ¨ï ­¥ à ¢­®á¨«ì­ë, ¯à¨¢¥¤¥­ë á®®â¢¥â-

áâ¢ãîé¨¥ ¯à¨¬¥àë. � ª¨¬ ®¡à §®¬, á¢®©áâ¢® N -ã¯à ¢«ï¥¬®áâ¨ ï¢«ï-
¥âáï ­ ¨¡®«¥¥ á¨«ì­ë¬ ¨§ ¨§¢¥áâ­ëå ª ­ áâ®ïé¥¬ã ¢à¥¬¥­¨ á¢®©áâ¢
ã¯à ¢«ï¥¬®áâ¨,   ãáâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì § ­¨¬ ¥â ¯à®¬¥¦ãâ®ç-
­®¥ ¯®«®¦¥­¨¥ ¬¥¦¤ã N -ã¯à ¢«ï¥¬®áâìî ¨ «®ª «ì­®© ã¯à ¢«ï¥¬®-
áâìî.

� à £à äë 5 ¨ 6 ¯®á¢ïé¥­ë ¨§ãç¥­¨î ãá«®¢¨© ãáâ®©ç¨¢®© ã¯à -
¢«ï¥¬®áâ¨ á¨áâ¥¬ë

_x = f0(x) + uf1(x), x ∈ Rn, u ∈ [−1, 1] (0.8)

¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® äã­ªæ¨¨ f0, f1 £®«®¬®àä­ë ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ ­ ç «  ª®®à¤¨­ â, f0(0) = 0, f1(0) = b 6= 0.
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�¥à¥§ x = γ(t) x = γ+(t) ¨ x = γ−(t) ®¡®§­ ç¨¬ à¥è¥­¨ï á®®â¢¥â-
áâ¢ãîé¨å á¨áâ¥¬

_x = f1(x) , _x = f0(x) + f1(x) , _x = f0(x)− f1(x),
ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­®¬ã ãá«®¢¨î

γ(0) = γ+(0) = γ−(0) = 0.

� ¥ ® à ¥ ¬   0.4. �ãáâì n = 2. �«ï â®£®, çâ®¡ë á¨áâ¥¬ 
(0.8) ¡ë«  ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë
äã­ªæ¨ï s(γ(t)) ¬¥­ï«  ¢ ­ã«¥ §­ ª.

� ¥ ® à ¥ ¬   0.5. �ãáâì rank (b, Ab, A2b, . . . , An−1b) > n −
1,   f0, f1 ∈ C∞(Rn,Rn). �á«¨ áãé¥áâ¢ãîâ ç¨á«® τ > 0 ¨ â ª¨¥
à¥è¥­¨ï x+(t) = x(t, u+(·)), x−(t) = x(t, u−(·)), t ∈ [0, τ ] á¨áâ¥¬ë
(0.8), çâ®

x+(0) = x−(0) = 0, s(x+(t))s(x−(t)) < 0 ¤«ï ¢á¥å t ∈ (0, τ),
â® á¨áâ¥¬  (0.8) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

� ¥ ® à ¥ ¬   0.6. �ãáâì rank (b, Ab, A2b, . . . , An−1b) > n −
1,   f0, f1 ∈ C∞(Rn,Rn). �á«¨ áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ®

s(γ+(t))s(γ−(t)) < 0 ¤«ï ¢á¥å t ∈ (0, τ), (0.9)
â® á¨áâ¥¬  (0.8) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

�®ª § ­®, çâ® ¢ á«ãç ¥ n = 2 ãá«®¢¨e (0.9) ï¢«ïeâáï ­¥®¡å®¤¨¬ë¬
¨ ¤®áâ â®ç­ë¬ ãá«®¢¨e¬ ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.8).

� ¤ ç ¬ ¨áá«¥¤®¢ ­¨ï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ­¥«¨­¥©­ëå á¨-
áâ¥¬ ¯®á¢ïé¥­® ­¥¬ «® à ¡®â (á¬. ­ ¯à¨¬¥à [5], [7], [9], [12], [15], [16],
[19], [28], [32], [34], [35], [36], [47], [48], [49], [50], [51], [52], [53], [54]).
� ¨¡®«¥¥ ¨§¢¥áâ­ë© à¥§ã«ìâ â ¯à¨­ ¤«¥¦¨â � «¬ ­ã (á¬. ­ ¯à¨-
¬¥à [5, ]) ¨ á®áâ®¨â ¢ â®¬, çâ® á¨áâ¥¬  (0.1) «®ª «ì­® ã¯à ¢«ï¥¬ ,
¥á«¨ á®®â¢¥âáâ¢ãîé ï ¥©, á¨áâ¥¬  «¨­¥©­®£® ¯à¨¡«¨¦¥­¨ï ï¢«ï-
¥âáï ¢¯®«­¥ ã¯à ¢«ï¥¬®©. � à ¡®â å �. �. �¥âà®¢  [34], [35] ¤®ª -
§ ­®, çâ® ¢ á«ãç ¥ ¥á«¨ á®®â¢¥âáâ¢ãîé ï (0.1) á¨áâ¥¬  «¨­¥©­®£®
¯à¨¡«¨¦¥­¨ï ï¢«ï¥âáï ¢¯®«­¥ ã¯à ¢«ï¥¬®©, â® á¨áâ¥¬  (0.1) ï¢«ï-
¥âáï N-ã¯à ¢«ï¥¬®©,   á«¥¤®¢ â¥«ì­® ¢ íâ®¬ á«ãç ¥, ¢ á¨«ã â¥®à¥¬ë
0.3, á¨áâ¥¬  (0.1) ï¢«ï¥âáï ¨ ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©. �®íâ®¬ã ­ ¨-
¡®«ìè¨© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â, â ª ­ §ë¢ ¥¬ë© óªà¨â¨ç¥áª¨© á«ã-
ç ©ô (â.¥. ª®£¤  á¨áâ¥¬  «¨­¥©­®£® ¯à¨¡«¨¦¥­¨ï ¤«ï á¨áâ¥¬ë (0.1)
­¥ ï¢«ï¥âáï ¢¯®«­¥ ã¯à ¢«ï¥¬®©).
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� ­ áâ®ïé¥¬ã ¢à¥¬¥­¨ ­ ¨¡®«¥¥ ¯®«­ ï ¨­ä®à¬ æ¨ï ® «®ª «ì­®©
ã¯à ¢«ï¥¬®áâ¨ ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥ ¯®«ãç¥­  «¨èì ¤«ï á¨áâ¥¬ ¢â®-
à®£® ¯®àï¤ª  (á¬. ­ ¯à¨¬¥à [7], [9], [22], [28], [36]). � ¨¡®«¥¥ ®¡é¨©
à¥§ã«ìâ â ¢ á«ãç ¥ n = 2 ¯à¨­ ¤«¥¦¨â �. �. �¥âà®¢ã [36], ª®â®àë©
¯®«ãç¨« ªà¨â¥à¨© ã¯à ¢«ï¥¬®áâ¨ ¤«ï á¨áâ¥¬ ¢â®à®£® ¯®àï¤ª  ¢¨¤ 
(0.1) á £®«®¬®àä­®© ¯à ¢®© ç áâìî. �«¥¤ã¥â ®â¬¥â¨âì, çâ® â¥®à¥¬ 
0.4 ¯® áãâ¨ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¤ ­­®£® ªà¨â¥à¨ï.

� á«ãç ¥ ¯à®¨§¢®«ì­®£® n ¢®¯à®á ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ á¨-
áâ¥¬ë (0.1) ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥ ¯®ª  ¨áá«¥¤®¢ ­ ­¥¤®áâ â®ç­®. �
àï¤¥ à ¡®â (á¬. ­ ¯à¨¬¥à [16], [32], [35], [54]) ¯®«ãç¥­ë ¤®áâ â®ç­ë¥
ãá«®¢¨ï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥ ¤«ï ­¥ª®-
â®àëå ¢¨¤®¢ ã¯à ¢«ï¥¬ëå á¨áâ¥¬,   ¢ ¬®­®£à ä¨ïå �. �. �®¯¥©ª¨­®©
[15], [16] ¯®«ãç¥­ë ¨ ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨
¢ ªà¨â¨ç¥áª®¬ á«ãç ¥ 1).

�« ¢  3 ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ á¨-
áâ¥¬ë (0.1). �ãé¥áâ¢¥­­® â®, çâ® ¢ ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¨å ¯ à £à -
ä®¢, §¤¥áì à áá¬ âà¨¢ îâáï ¯®§¨æ¨®­­ë¥ ã¯à ¢«¥­¨ï u : Rn −→ Rm,
  à¥è¥­¨ï á¨áâ¥¬ë

_x = f(x, u(x)) (0.10)

¯®­¨¬ îâáï ¢ á¬ëá«¥ �.�. �¨«¨¯¯®¢  [46].
� áá¬®âà¨¬ á¨áâ¥¬ã (0.1) ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ®
 ) ¬­®¦¥áâ¢® U ⊂ Rm | ­¥¯ãáâ® á¢ï§­® ª®¬¯ ªâ­® ¨ 0 ∈ int U ;
¡) f ∈ C(Rn × U), f(0, 0) = 0,   ¬­®£®§­ ç­ ï äã­ªæ¨ï x → F (x)

ã¤®¢«¥â¢®àï¥â «®ª «ì­®¬ã ãá«®¢¨î �¨¯è¨æ  ¯® x.
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.2. �¨áâ¥¬  (0.1) ­ §ë¢ ¥âáï £«®¡ «ì-

­® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©, ¥á«¨:
 ) ®­  ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ ;
¡) ¬­®¦¥áâ¢® ­ã«ì-ã¯à ¢«ï¥¬®áâ¨ D∞ á¨áâ¥¬ë (0.1) á®¢¯ ¤ ¥â á

Rn.
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.3 ([3]). �¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥-

¬ ï äã­ªæ¨ï v : Rn → R ­ §ë¢ ¥âáï ¡¥áª®­¥ç­® ¡®«ìè®©, ¥á«¨:
1. v(0) = 0, v(x) > 0 ¤«ï ¢á¥å x 6= 0;
2. ¤«ï «î¡®£® a > 0, áãé¥áâ¢ã¥â â ª®¥ r > 0, çâ® ¤«ï ¢á¥å x ∈ Rn,

ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î |x| > r, á«¥¤ã¥â v(x) > a.
1�¤¥áì ­¥ ¯à¨¢®¤ïâáï à¥§ã«ìâ âë à ¡®â [16], [32], [35], [54], ¯®áª®«ìªã ¤«ï ä®à¬ã«¨à®¢ª¨ ®á­®¢-

­ëå ãâ¢¥à¦¤¥­¨© ¤ ­­ëå à ¡®â âà¥¡ã¥âáï ¯®áâà®¥­¨¥ ¤®áâ â®ç­® £à®¬®§¤ª¨å  «£¥¡à ¨ç¥áª¨å
áâàãªâãà.
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�§¢¥áâ­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:
[34]�ãáâì ¤«ï «î¡ëå x, x0 (|x| · |x0 = 0|, x 6= x0) ­ ©¤¥âáï â ª®¥

u ∈ U , çâ® 〈f(x, u), x−x0〉 < 0. �®£¤  á¨áâ¥¬  £«®¡ «ì­® ã¯à ¢«ï¥¬ 
á ¯®¬®éìî ªãá®ç­®-¯®áâ®ï­­®£® ã¯à ¢«¥­¨ï.

[19]�ãáâì f ∈ C(Rn × U) ¨ rank(B, AB, . . . , An−1B) = n, £¤¥

A
.=

(∂f(x, u)
∂x

)
(0,0), B

.=
(∂f(x, u)

∂u

)
(0,0)

�à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ ¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v(x) ¨
­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®¥ ¯®§¨æ¨®­­®¥ ã¯à ¢«¥­¨¥ u : Rn → U ,
çâ®

〈∂v(x)
∂x

, f(x, u(x))
〉

6 0, ¤«ï ¢á¥å x ∈ Rn.

�®£¤  ¬­®¦¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ D∞ á¨áâ¥¬ë á®¢¯ ¤ ¥â á Rn.
� §8 ¤®ª § ­ë â¥®à¥¬ë:

� ¥ ® à ¥ ¬   0.7. �ãáâì á¨áâ¥¬  (0.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥-
¬ . �á«¨ áãé¥áâ¢ãîâ ¨§¬¥à¨¬ ï ¯® �®à¥«î äã­ªæ¨ï u : Rn −→ Rm

¨ ¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v ∈ C1(Rn,R) â ª¨¥, çâ®

_v(x) .=
〈∂v(x)

∂x
, f(x, u(x))

〉
6 0, ¤«ï ¢á¥å x ∈ Rn, (0.11)

¯à¨ç¥¬ ¬­®¦¥áâ¢® {x ∈ Rn : _v(x) = 0} ­¥ á®¤¥à¦¨â æ¥«ëå âà ¥ª-
â®à¨© á¨áâ¥¬ë (0.10), â® á¨áâ¥¬  (0.1) £«®¡ «ì­® ãáâ®©ç¨¢® ã¯à -
¢«ï¥¬ .

� ¥ ® à ¥ ¬   0.8. �ãáâì á¨áâ¥¬  (0.1) «®ª «ì­® ã¯à ¢«ï¥-
¬ . �á«¨ áãé¥áâ¢ãîâ ¨§¬¥à¨¬ ï ¯® �®à¥«î äã­ªæ¨ï u : Rn → U ¨
¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v(x), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (0.11),
¯à¨ç¥¬ ¬­®¦¥áâ¢® {x ∈ Rn\{0} : _v(x) = 0} ­¥ á®¤¥à¦¨â æ¥«ëå
âà ¥ªâ®à¨© á¨áâ¥¬ë (0.10), â® á¨áâ¥¬  (0.1) £«®¡ «ì­® ã¯à ¢«ï¥-
¬ .

� ¬¥â¨¬, çâ® ã â¥®à¥¬ë 0.8 â ª®¥ ¦¥ á®®â­®è¥­¨¥ á ¯à®æ¨â¨à®-
¢ ­­ë¬¨ ¢ëè¥ ãâ¢¥à¦¤¥­¨ï¬¨ ® £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨, ª ª ¨
á®®â­®è¥­¨¥ ¬¥¦¤ã ¢â®à®© â¥®à¥¬®© �. �. �ï¯ã­®¢  [20] ¨ â¥®à¥-
¬®© � à¡ è¨­ -�à á®¢áª®£® [3] ® £«®¡ «ì­®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£®
à¥è¥­¨ï á¨áâ¥¬ë

_x = f(x), x ∈ Rn,
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£¤¥ f(0) = 0, â. ¥. áãé¥áâ¢¥­­® ®á« ¡«¥­ë ãá«®¢¨ï ­ ª« ¤ë¢ ¥¬ë¥ ­ 
äã­ªæ¨î v(x). �à¨¢¥¤¥­ ¯à¨¬¥à ¢ ª®â®à®¬ á ¯®¬®éìî â¥®à¥¬ë 0.8
áà ¢­¨â¥«ì­® ­¥á«®¦­® ¤®ª §ë¢ ¥âáï £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì,  
¯à¨ ¯à¨¬¥­¥­¨¨ ¯à®æ¨â¨à®¢ ­­ëå ¢ëè¥ â¥®à¥¬ ® £«®¡ «ì­®© ã¯à -
¢«ï¥¬®áâ¨ ¢®§­¨ª îâ áãé¥áâ¢¥­­ë¥ âàã¤­®áâ¨.

� àï¤ã á ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ «®ª «ì­®© ¨ £«®¡ «ì­®© ãáâ®©-
ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ ¢ ¤¨áá¥àâ æ¨¨ ¤®ª § ­ë á®®â¢¥âáâ¢ãîé¨¥ â¥-
®à¥¬ë ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.8) ¨ £«®¡ «ì­®© N -
ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.1).

�¥§ã«ìâ âë, ¯à¥¤áâ ¢«¥­­ë¥ ¢ ¤¨áá¥àâ æ¨¨, ®¯ã¡«¨ª®¢ ­ë ¢ à ¡®-
â å [21], [22], [23], [24], [25], [26], [27].

�ëà ¦ î £«ã¡®ªãî ¯à¨§­ â¥«ì­®áâì �. �. �®­ª®¢ã §  ¯®áâ ­®¢ªã
§ ¤ ç¨, ä®à¬ã«¨à®¢ªã â¥®à¥¬ë 0.7 ¨ á¤¥« ­­ë¥ ¢ ¯à®æ¥áá¥ à ¡®âë
­ ¤ ¤¨áá¥àâ æ¨¥© § ¬¥ç ­¨ï. �ëà ¦ î â ª¦¥ ¨áªà¥­­îî ¡« £®¤ à-
­®áâì �. �. �¥âà®¢ã §  ®¡áã¦¤¥­¨¥ ¤¨áá¥àâ æ¨¨ ¨, á¤¥« ­­ë¥ ¨¬,
æ¥­­ë¥ § ¬¥ç ­¨ï ¨ á®¢¥âë.

� ¡®â  ¯®¤¤¥à¦ ­  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥-
¤®¢ ­¨© (£à ­âë 97{01{00413, 99{01{00454), �®­ªãàá­ë¬ æ¥­âà®¬
äã­¤ ¬¥­â «ì­®£® ¥áâ¥áâ¢®§­ ­¨ï (£à ­â 97{0{1.9).
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�¯¨á®ª ®á­®¢­ëå ®¡®§­ ç¥­¨©

� à ¡®â¥ ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:
Rn | áâ ­¤ àâ­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® à §¬¥à­®áâ¨ n;
R+

.= {α ∈ R : α > 0};
( )∗ | ®¯¥à æ¨ï âà ­á¯®­¨à®¢ ­¨ï;
x = (x1, x2, ..., xn)∗ | ¢¥ªâ®à-áâ®«¡¥æ á ª®¬¯®­¥­â ¬¨ x1, x2, ..., xn;
x∗ | ¢¥ªâ®à-áâà®ª ;
〈x, y〉 .=

n∑
i=1

xiyi | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ x = (x1, x2, ..., xn)∗

¨ y = (y1, y2, ..., yn)∗;
|x| .=

√
〈x, x〉 |  ¡á®«îâ­ ï ¢¥«¨ç¨­  ¢¥ªâ®à  x;

On
ε (x0) .= {x ∈ Rn, |x− x0| < ε};

On
ε

.= On
ε (0);

∂G | £à ­¨æ  ¬­®¦¥áâ¢  G;
int G | ¢­ãâà¥­­®áâì ¬­®¦¥áâ¢  G;
dim G | à §¬¥à­®áâì ¬­®¦¥áâ¢  G;
d(B,C) .= supb∈B infc∈C |b− c|;
dist(B, C) .= max{d(B, C), d(C,B)};
Hom(Rm,Rn) | ¯à®áâà ­áâ¢® «¨­¥©­ëå ®â®¡à ¦¥­¨© ¨§ Rm ¢ Rn,

®â®¦¤¥áâ¢«ï¥¬®¥ §¤¥áì á ¯à®áâà ­áâ¢®¬ ¬ âà¨æ à §¬¥à®¬ n×m;
Ck(A,B) | ¯à®áâà ­áâ¢® k-à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå

äã­ªæ¨© ¨§ A ¢ B;(∂f(x)
∂x

)
| m×n ¬ âà¨æ , i-ï áâà®ª  ª®â®à®© á®áâ ¢«¥­  ¨§ ç áâ-

­ëå ¯à®¨§¢®¤­ëå ∂fi(x)/∂xj, j = 1, . . . , n, ¥á«¨ f(x) = ((f1(x), . . . , fm(x))∗
| m-¬¥à­ ï äã­ªæ¨ï ¢¥ªâ®à­®£®  à£ã¬¥­â  x ∈ Rn; ¥á«¨ m = 1, â®(∂f(x)

∂x

)
.= grad f(x);

Mk | ¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ k;
Cr,k | ª« áá £« ¤ª¨å (áâ¥¯¥­¨ r) k-¬¥à­ëå ¬­®£®®¡à §¨©;
Tx0(Mk) | ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® ª ¬­®£®®¡à §¨î Mk ¢ â®çª¥

x0.
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�« ¢  1. �¥â®¤ èâà¨å®¢ ­­ëå £à ­¨æ
âà ¥ªâ®à­ëå

¢®à®­®ª ã¯à ¢«ï¥¬ëå á¨áâ¥¬

� íâ®© £« ¢¥ à áá¬ âà¨¢ ¥âáï £¥®¬¥âà¨ç¥áª¨© ¯®¤å®¤ ª ¨áá«¥¤®¢ -
­¨î ã¯à ¢«ï¥¬ëå á¨áâ¥¬. �¢®¤ïâáï ®¯à¥¤¥«¥­¨ï âà ¥ªâ®à­®© ¢®à®­-
ª¨ ¨ £à ­¨æë âà ¥ªâ®à­®© ¢®à®­ª¨ ¤«ï ãà ¢«ï¥¬ëå á¨áâ¥¬ ®¡é¥£®
¢¨¤ .

�¢®¤ïâáï ¯®­ïâ¨ï ®á®¡ëå ¬­®£®®¡à §¨© ¨ ¬­®£®®¡à §¨© ¯¥à¥¬¥­ë
èâà¨å®¢ª¨, ¨¬¥îé¨å ­¥¬ «®¢ ¦­®¥ §­ ç¥­¨¥ ¤«ï ¯®áâà®¥­¨ï ä §®-
¢®£® ¯®àâà¥â  ã¯à ¢«ï¥¬ëå á¨áâ¥¬.

�®¤à®¡­® ¨§ãç ¥âáï áâàãªâãà  £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª ¤«ï
«¨­¥©­®© á¨áâ¥¬ë

_x = Ax + bu, (x, u) ∈ Rn × [−1, 1].

�à¨¢¥¤¥­ë ¯à¨¬¥àë ¨ ¨««îáâà æ¨¨.
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§1. �à ¥ªâ®à­ë¥ ¢®à®­ª¨ ã¯à ¢«ï¥¬ëå á¨áâ¥¬

� íâ®¬ ¯ à £à ä¥ ¢¢®¤ïâáï ¯®­ïâ¨ï âà ¥ªâ®à­ëå ¢®à®­®ª ¨ £à ­¨æ âà ¥ª-
â®à­ëå ¢®à®­®ª á¨áâ¥¬ë _x = f(x, u), (x, u) ∈ Rn×U . �®ª § ­®, çâ® ¯à¨
¢ë¯®«­¥­¨¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨© £à ­¨æë âà ¥â®à­ëå ¢®à®­®ª ®¯¨áë-
¢ îâáï ª ª ¬­®¦¥áâ¢® ­ã«¥© à¥è¥­¨ï ãà ¢­¥­¨ï � ¬¨«ìâ®­ -�ª®¡¨.

�®¤ ã¯à ¢«ï¥¬®© á¨áâ¥¬®© ¢ ¤ «ì­¥©è¥¬ ¯®­¨¬ ¥âáï á¨áâ¥¬ , ª®-
â®à ï ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬

_x = f(x, u), (x, u) ∈ Rn × U. (1.1)

�­®¦¥áâ¢® U ⊂ Rm, ª®â®à®¥ ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ­ §ë¢ âì ¬­®¦¥-
áâ¢®¬ ¤®¯ãáâ¨¬ëå §­ ç¥­¨© ã¯à ¢«¥­¨ï, ¯à¥¤¯®« £ ¥âáï ­¥¯ãáâë¬,
á¢ï§­ë¬ ¨ ª®¬¯ ªâ­ë¬. �â­®á¨â¥«ì­® ¢¥ªâ®à-äã­ªæ¨¨ f(x, u) ¯à¥¤-
¯®« £ ¥âáï, çâ® ¥¥ ª®¬¯®­¥­âë f1(x, u), . . . , fn(x, u) ­¥¯à¥àë¢­ë ¯® á®-
¢®ªã¯­®áâ¨  à£ã¬¥­â®¢ ¨ ­¥¯à¥àë¢­®-¤¨ää¥à¥­æ¨àã¥¬ë ¯® x1, . . . , xn

¢® ¢á¥¬ ä §®¢®¬ ¯à®áâà ­áâ¢¥ Rn.
� ¯®¬­¨¬ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï, ®â­®áïé¨¥áï ª á¨áâ¥¬¥ (1.1).
�á¥¢®§¬®¦­ë¥ ¨§¬¥à¨¬ë¥ äã­ªæ¨¨ u : t → U ­ §ë¢ îâáï ¤®¯ã-

áâ¨¬ë¬¨ ã¯à ¢«¥­¨ï¬¨ á¨áâ¥¬ë (1.1).
�®¯ãáâ¨¬ë¬ à¥è¥­¨¥¬ ¨«¨ ¤¢¨¦¥­¨¥¬ á¨áâ¥¬ë (1.1) á ­ ç «ì-

­ë¬ ãá«®¢¨¥¬ x(0) = x0 ­ §ë¢ ¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­ ï ¢¥ªâ®à-
äã­ªæ¨ï x(t), t ∈ [0, τ ], ª®â®à ï ¯®çâ¨ ¢áî¤ã ­  ®âà¥§ª¥ [0, τ ] ã¤®¢«¥-
â¢®àï¥â á¨áâ¥¬¥ (1.1) ¯à¨ ­¥ª®â®à®¬ ã¯à ¢«¥­¨¨ u(t), t ∈ [0, τ ].

�à ¥ªâ®à¨ï ¤®¯ãáâ¨¬®£® à¥è¥­¨ï x(t), t ∈ [0, τ ] ­ §ëë¢ ¥âáï ¤®¯ã-
áâ¨¬®© âà ¥ªâ®à¨¥© á¨áâ¥¬ë (1.1), ­ ¯à ¢«¥­­®© ®â ­ ç «  (â®çª¨
x(0)), ª ¥¥ ª®­æã (â®çª¥ x(τ)). � ¯à ¢«¥­¨¥ ¢¤®«ì âà ¥ªâ®à¨¨ ®â ­ -
ç «  ª ª®­æã ­ §ë¢ ¥âáï ¯®«®¦¨â¥«ì­ë¬.

� ä¨ªá¨àã¥¬ â®çªã x0 ¨ § áâ ¢¨¬ ã¯à ¢«ïîé¨© ¯ à ¬¥âà u ¯à®¡¥-
£ âì ¢á¥ ¬­®¦¥áâ¢® U . �®£¤ , ¢ á¨«ã á¨áâ¥¬ë (1.1), â®çª  _x ¯à®¡¥£ ¥â
­¥ª®â®à®¥ ¬­®¦¥áâ¢® F (x0) .= f(x0, U) ¢ «¨­¥©­®¬ ¯à®áâà ­áâ¢¥

TKx0
.= {y ∈ Rn : y =

n∑

i=1
cif(x0, ui), ci ∈ R, ui ∈ U},

ª®â®à®¥ ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ­ §ë¢ âì ¯à®áâà ­áâ¢®¬ áª®à®áâ¥© á¨-
áâ¥¬ë (1.1),   ¬­®¦¥áâ¢® F (x) .= f(x, U) { ¢¥ªâ®£à ¬¬®© ¨«¨ ¬­®¦¥-
áâ¢®¬ ¤®¯ãáâ¨¬ëå áª®à®áâ¥© á¨áâ¥¬ë (1.1). � ª¨¬ ®¡à §®¬ ª ¦¤®©
â®çª¥ x ∈ Rn áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® , â.¥. ¬ë
¯®«ãç ¥¬ ¬­®£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ x → F (x).
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�¢¥¤¥¬ ®¡®§­ ç¥­¨ï
F (M) .=

⋃

x∈M

F (x), |F (M)| .= sup
p∈F (M)

|p|.

�­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) ­ §ë¢ ¥âáï ®£à ­¨ç¥­­®© ­ 
¬­®¦¥áâ¢¥ M ⊂ Rn, ¥á«¨ |F (M)| < ∞.

� ¬¥â¨¬, çâ® ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f(x, u) ¨ ª®¬¯ ªâ­®-
áâ¨ ¬­®¦¥áâ¢  U ⊂ Rm ¬­®¦¥áâ¢® F (x) .= f(x, U) ª®¬¯ ªâ­® ¯à¨ ¢á¥å
x ∈ Rn (á¬. ­ ¯à¨¬¥à [46, áâà. 54]).

�­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) ­ §ë¢ ¥âáï ­¥¯à¥àë¢­®© ¢ â®çª¥
x0 ∈ Rn, ¥á«¨ ¤«ï «î¡®£® ε > 0, áãé¥áâ¢ã¥â â ª®¥ δ > 0, çâ® ¤«ï ¢á¥å
x ∈ Oδ(x0) á«¥¤ã¥â dist(F (x), F (x0)) < ε, £¤¥ dist(F (x), F (x0)) ¬¥âà¨ª 
� ãá¤®àä  ¢ Rn [46].

�­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) ­ §ë¢ ¥âáï ­¥¯à¥àë¢­®© ­  ¬­®-
¦¥áâ¢¥ M ⊂ Rn, ¥á«¨ ®­  ­¥¯à¥àë¢­  ¢ ª ¦¤®© â®çª¥ íâ®£® ¬­®¦¥-
áâ¢ .

�­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) ­ §ë¢ ¥âáï ¯®«ã­¥¯à¥àë¢­®©
á¢¥àåã ¢ â®çª¥ x0 ∈ Rn, ¥á«¨ ¤«ï «î¡®£® ε > 0, áãé¥áâ¢ã¥â â ª®¥ δ > 0,
çâ® ¤«ï ¢á¥å x ∈ Oδ(x0), á«¥¤ã¥â d(F (x), F (x0)) < ε. �ã­ªæ¨ï x → F

­ §ë¢ ¥âáï ¯®«ã­¥¯à¥àë¢­®© á¢¥àåã ­  ¬­®¦¥áâ¢¥ M ⊂ Rn, ¥á«¨ ®­ 
¯®«ã­¥¯à¥àë¢­  á¢¥àåã ¢ ª ¦¤®© â®çª¥ íâ®£® ¬­®¦¥áâ¢  [46].

�¥£ª® ¢¨¤¥âì, çâ® ¢ á¨«ã á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨©, ¬­®¦¥áâ¢®
F (x) ª®¬¯ ªâ­® ¯à¨ ¢á¥å x ∈ Rn,   ¬­®£®§­ ç­ ï äã­ªæ¨ï x → F (x)
­¥¯à¥àë¢­  ¢ Rn. �áî¤ã ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯à¨
ª ¦¤®¬ x ∈ Rn ¬­®¦¥áâ¢® F (x) ¢ë¯ãª«®.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1 (á¬. [46]). �¥è¥­¨¥¬ ¢ª«îç¥­¨ï
_x ∈ F (x) (1.2)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(0) = x0 ­ §ë¢ ¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢-
­ ï äã­ªæ¨ï x(t), t ∈ [0, τ ], ª®â®à ï ¯®çâ¨ ¢áî¤ã ­  ®âà¥§ª¥ [0, τ ]
ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î _x(t) ∈ F (x(t)).

�à¨ á¤¥« ­­ëå ¢ëè¥ ¯à¥¤¯®«®¦¥­¨ïå «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë
(1.1) ï¢«ï¥âáï à¥è¥­¨¥¬ ¢ª«îç¥­¨ï (1.2) ¨ ­ ®¡®à®â, §­ ï à¥è¥­¨¥
x(t), t ∈ [0, τ ], ¤¨ää¥à¥­æ¨ «ì­®£® ¢ª«îç¥­¨ï (1.2), ¬®¦­® ¢®ááâ ­®-
¢¨âì â® ã¯à ¢«¥­¨¥ u(t), t ∈ [0, τ ], ¤«ï á¨áâ¥¬ë (1.1), ª®â®à®¥ ¯®-
à®¦¤ ¥â íâ® à¥è¥­¨¥ (á¬. [46]). �®íâ®¬ã ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬
®â®¦¤¥áâ¢«ïâì á¨áâ¥¬ã (1.1) ¨ ¢ª«îç¥­¨¥ (1.2) (â.¥. ª®£¤  à¥çì ¨¤¥â
® á¨áâ¥¬¥ (1.1), â® ¯à¥¤¯®« £ ¥âáï, çâ® ®¤­®¢à¥¬¥­­® £®¢®à¨âáï ¨ ®
¢ª«îç¥­¨¨ (1.2)).
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� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2 (á¬. [4]). �­®¦¥áâ¢®
K(x0) .= {αx ∈ TKx0 : α ∈ R+, x ∈ F (x0)}

­ §ë¢ ¥âáï ª®­ãá®¬ ¤®¯ãáâ¨¬ëå ­ ¯à ¢«¥­¨© áª®à®áâ¥© á¨áâ¥¬ë
(1.1). �.¥. K(x0) | íâ® ª®­ãá, á®áâ®ïé¨© ¨§ ¢á¥å «ãç¥©, ¢ëå®¤ïé¨å
¨§ â®çª¨ 0 ∈ TKx0 ¨ ¨¬¥îé¨å ­¥¯ãáâ®¥ ¯¥à¥á¥ç¥­¨¥ á ¬­®¦¥áâ¢®¬
F (x0) (á¬. à¨á. 1.1 )).

�¨á. 1.1. � § ¢¨á¨¬®áâ¨ ®â ¬­®¦¥áâ¢  F (x0) ª®­ãá K(x0) ¬®¦¥â ¡ëâì ª ª § ¬ª­ãâë¬
(à¨á.  ), â ª ¨ ­¥ § ¬ª­ãâë¬ ¬­®¦¥áâ¢®¬ (à¨á. ¡).

�á«¨ F (x0) = 0 (â.¥. f(x0, u) ≡ 0 ¯à¨ ¢á¥å u ∈ U), â® â®çª  x0
­ §ë¢ ¥âáï â®çª®©  ¡á®«îâ­®£® à ¢­®¢¥á¨ï á¨áâ¥¬ë (1.1).

� á¨«ã á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨© ª®­ãá ¤®¯ãáâ¨¬ëå ­ ¯à ¢«¥­¨©
áª®à®áâ¥© K(x) ­¥¯ãáâ®© ¨ ¢ë¯ãª«ë© ¤«ï ¢á¥å x ∈ Rn. �¤­ ª®, ­¥-
á¬®âàï ­  â®, çâ® ¬­®¦¥áâ¢® F (x) § ¬ª­ãâ®, á®®â¢¥âáâ¢ãîé¨© ¥¬ã
ª®­ãá K(x) ¬®¦¥â ®ª § âìáï ­¥§ ¬ª­ãâë¬ (á¬. à¨á. 1.1¡)).

�®­ãá K(x0) ¡ã¤¥¬ ­ §ë¢ âì â¥«¥á­ë¬, ¥á«¨ intK(x0) 6= ∅ ¢ ¯à®-
áâà ­áâ¢¥ Rn.

�®­ãá K(x0) ­ §ë¢ ¥âáï § ®áâà¥­­ë¬, ¥á«¨ áãé¥áâ¢ã¥â â ª®© ¢¥ª-
â®à p ∈ Rn, çâ® ¤«ï ¢á¥å u ∈ U ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

(p, f(x0, u)) < 0.

� ¤ «ì­¥©è¥¬, ¤«ï ã¤®¡áâ¢  ¨§«®¦¥­¨ï, ¡ã¤¥¬ à áá¬ âà¨¢ âì ­¥
¢¥áì ª®­ãá K(x),   «¨èì ¥£® ®£à ­¨ç¥­¨¥ ­  è à On

1 , â.¥. K(x) .=
K(x)

⋂
On

1 .
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�®«¥ ª®­ãá®¢ K(x) á¨áâ¥¬ë (1.1) ¡ã¤¥¬ ­ §ë¢ ¥âì ­¥¯à¥àë¢­ë¬ ¢
®¡« áâ¨ G ⊂ Rn ¥á«¨ ¬­®£®§­ ç­ ï äã­ªæ¨ï x → K(x) ­¥¯à¥àë¢­ 
¢ ®¡« áâ¨ G.

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ K(x) ï¢«ï¥â-
áï ¡®«¥¥ á¨«ì­ë¬ ãá«®¢¨¥¬, ç¥¬ ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ F (x), â.¥.
¨§ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ F (x) ­¥ á«¥¤ã¥â ­¥¯à¥àë¢­®áâì äã­ªæ¨¨
K(x).

� à ¨ ¬ ¥ à 1.1. � áá¬®âà¨¬ á¨áâ¥¬ã
{

_x1 = x1 + u1,

_x2 = x2 + u2,
(1.3)

£¤¥ |ui| 6 1, i = 1, 2. �¥£ª® ¢¨¤¥âì, çâ® ¢ ª ¦¤®© â®çª¥ x0 ∈ R2 ¬­®-
¦¥áâ¢® F (x0) .= f(x0, U) ï¢«ï¥âáï ª¢ ¤à â®¬ á® áâ®à®­®© 2 ¨ æ¥­âà®¬
¢ â®çª¥ x0, â.¥. ¬­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) ­¥¯à¥àë¢­  ¢ R2.
�¤­ ª® äã­ªæ¨ï K(x) à §àë¢­  ¢ ª ¦¤®© â®çª¥ £à ­¨æë ª¢ ¤à â 

M = {x ∈ R2 : |xi| 6 1, i = 1, 2}.
�¥©áâ¢¨â¥«ì­®, ¤«ï ª ¦¤®© â®çª¨ x ∈ int M ¢ë¯®«­¥­® ¢ª«îç¥­¨¥

0 ∈ int F (x), â.¥. ª®­ãá K(x) ­¥ ï¢«ï¥âáï § ®áâà¥­­ë¬. � â®çª å x /∈
M ¨¬¥¥¬ 0 /∈ F (x), â.¥. ª®­ãá K(x) | § ®áâà¥­­ë© (á¬.à¨á. 1.2). �
­ ª®­¥æ ¤«ï â®ç¥ª x ∈ ∂M á«¥¤ã¥â 0 ∈ ∂F (x). �® â®£¤  ¤«ï «î¡ëå
¤¢ãå â®ç¥ª xα ∈ ∂M , ¨ xβ /∈ M á«¥¤ã¥â, çâ®

dist(K(xα), K(xβ)) > d(K(xα), K(xβ)) > 1,

â.¥. äã­ªæ¨ï K(x) à §àë¢­  ¢ ª ¦¤®© â®çª¥ £à ­¨æë ª¢ ¤à â  M .

�®®¡é¥ £®¢®àï, ¤«ï ­¥¯à¥àë¢­®áâ¨ ¯®«ï ª®­ãá®¢ K(x) ¢ ­¥ª®â®à®©
®¡« áâ¨ G ⊂ Rn ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨ï F (x) ¡ë«  ­¥¯à¥àë¢­ 
¢ G ¨ ¢ë¯®«­ï«®áì ®¤­® ¨§ ãá«®¢¨©:

 ) ¤«ï «î¡®£® x ∈ G, â®çª  x ∈ int F (x);
¡) ¤«ï «î¡®£® x ∈ G, â®çª  x /∈ F (x), (f(x, u) 6= 0 ­¨ ¯à¨ ª ª¨å

x ∈ G ¨ u ∈ U), â.¥. ª®­ãá K(x) ¤«ï ¢á¥å x ∈ G ¡ë« ¡ë § ®áâà¥­­ë¬.
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.3. �­®¦¥áâ¢® ¢á¥å â®ç¥ª ¢ Rn, ¢ ª®-

â®àë¥ ¬®¦­® ¯¥à¥©â¨ ¨§ â®çª¨ x0 ∈ Rn §  ¢à¥¬ï τ > 0, ¤¢¨£ ïáì
¯® ¤®¯ãáâ¨¬ë¬ âà ¥ªâ®à¨ï¬ á¨áâ¥¬ë (1.1) ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®¬
¤®áâ¨¦¨¬®áâ¨ ¨§ â®çª¨ x0 §  ¢à¥¬ï τ ¨ ®¡®§­ ç ¥âáï Dτ(x0).
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�¨á. 1.2. �ã­ªæ¨ï x → K(x) à §àë¢­  ¢ ª ¦¤®© â®çª¥ £à ­¨æë ª¢ ¤à â  M .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.4. �âà¥§ª®¬ âà ¥ªâ®à­®© ¢®à®­ª¨ á¨á-
â¥¬ë (1.1) ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®

V (x0, τ) .=
⋃
t6τ

Dt(x0).

�®çª  x0 ­ §ë¢ ¥âáï ¢¥àè¨­®© âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ).
�­ ç¥ £®¢®àï, ®âà¥§®ª âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ) á¨áâ¥¬ë (1.1)

| íâ® ¬­®¦¥áâ¢® â®ç¥ª ¢á¥å ¤®¯ãáâ¨¬ëå âà ¥ªâ®à¨© á¨áâ¥¬ë (1.1),
¢ëå®¤ïé¨å ¨§ â®çª¨ x0 ∈ Rn, ¯® ª®â®àë¬ ¨§®¡à ¦ îé ï â®çª  á¨-
áâ¥¬ë ¤¢¨¦¥âáï ¢ â¥ç¥­¨¥ ¢à¥¬¥­¨ τ > 0.

�âà¥§®ª âà ¥ªâ®à­®© ¢®à®­ª¨ ¡ã¤¥¬ ­ §ë¢ âì â¥«¥á­ë¬, ¥á«¨ ¯à¨
«î¡®¬ t ∈ (0, τ ] âà ¥ªâ®à­ ï ¢®à®­ª  V (x0, t) ¨¬¥¥â ­¥¯ãáâãî ¢­ã-
âà¥­­®áâì ®â­®á¨â¥«ì­® Rn.

�®®¡é¥ £®¢®àï, ¨§ â®£® ä ªâ , çâ® ¢®à®­ª  V (x0, τ) | â¥«¥á­ ï,
¢®¢á¥ ­¥ á«¥¤ã¥â, çâ® ª®­ãá K(x0) | â¥«¥á­ë©.

� à ¨ ¬ ¥ à 1.2. � áá¬®âà¨¬ «¨­¥©­ãî á¨áâ¥¬ã

_x = Ax + bu, (1.4)

£¤¥ x ∈ Rn, n > 2, u ∈ [−1, 1], b 6= 0. �ç¥¢¨¤­®, ª®­ãá K(x0)
¨¬¥¥â ¤¢¥ ®¡à §ãîé¨¥ p+(x0) = Ax0+b ¨ p−(x0) = Ax0−b (á¬.à¨á. 1.3).
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�¨á. 1.3. �®­ãá ¤®¯ãáâ¨¬ëå ­ ¯à ¢«¥­¨© K(x) á¨áâ¥¬ë 1.4.

�®áª®«ìªã à §¬¥à­®áâì ¯à®áâà ­áâ¢  dim TKx0 6 2, â® ­¨ ¯à¨ ª -
ª¨å x0 ∈ Rn ª®­ãá K(x0) ­¥ ¬®¦¥â ¡ëâì â¥«¥á­ë¬. �¤­ ª® ¢ á«ãç ¥,
¥á«¨

rank(b, Ab, A2b, . . . , An−1b) = n,

â® âà ¥ªâ®à­ ï ¢®à®­ª  V (x, τ) ¯à¨ «î¡ëå x ∈ Rn ¨ τ > 0 ï¢«ï¥âáï
â¥«¥á­®© (á¬. ­ ¯à¨¬¥à [5]). �®«¥¥ â®£®, ¤«ï «î¡®£® τ > 0, âà ¥ªâ®à-
­ ï ¢®à®­ª  V (0, τ) á®¤¥à¦¨â ­¥ª®â®àãî ®ªà¥áâ­®áâì ­ ç «  ª®®à¤¨-
­ â.

�¥®¬¥âà¨ç¥áª ï ä®à¬  ®âà¥§ª  âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ), ¢ § -
¢¨á¨¬®áâ¨ ®â x0 ¨ τ ¬®¦¥â ¡ëâì ¢¥áì¬  ¯à®¨§¢®«ì­®©: ®â ¯à®áâ¥©è¥©
| V (x0, τ) ≡ x0, ¥á«¨ x0 | â®çª   ¡á®«îâ­®£® à ¢­®¢¥á¨ï á¨áâ¥¬ë
(1.1); ¤® â ª®©, ª®£¤  âà ¥ªâ®à­ ï ¢®à®­ª  V (x0, τ) æ¥«¨ª®¬ § ¯®«-
­ï¥â ­¥ª®â®àãî ®ªà¥áâ­®áâì â®çª¨ x0 ¢ ¯à®áâà ­áâ¢¥ Rn.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.5. �®çª  x0 ∈ Rn, ¤«ï ª®â®à®© ®âà¥-
§®ª âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ) ¯à¨ «î¡ëå τ > 0 á®¤¥à¦¨â ­¥ª®â®-
àãî ®ªà¥áâ­®áâì â®çª¨ x0 ­ §ë¢ ¥âáï â®çª®© «®ª «ì­®© ¤®áâ¨¦¨¬®-
áâ¨ á¨áâ¥¬ë (1.1).

�ãáâì G | ®¡« áâì ¢ Rn, ­¥ á®¤¥à¦ é ï â®ç¥ª «®ª «ì­®© ¤®áâ¨-
¦¨¬®áâ¨ ¨ â®ç¥ª  ¡á®«îâ­®£® à ¢­®¢¥á¨ï á¨áâ¥¬ë (1.1). �à¥¤¯®«®-
¦¨¬, çâ® ¢ ®¡« áâ¨ G ¯®«¥ ª®­ãá®¢ K(x) ­¥¯à¥àë¢­® ¢ ¬¥âà¨ª¥ � ãá-
¤®àä , ¨ ¢á¥ ª®­ãáë ¤ ­­®£® ¯®«ï ï¢«ïîâáï § ®áâà¥­­ë¬¨. �®£¤  ¤«ï
«î¡®© â®çª¨ x0 ∈ G ®âà¥§®ª âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ), ¯® ªà ©-
­¥© ¬¥à¥ ¯à¨ ¤®áâ â®ç­® ¬ «®¬ τ > 0, ­¥ ¡ã¤¥â § ¯®«­ïâì ®ªà¥áâ­®áâì
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â®çª¨ x0 ¢ ¯à®áâà ­áâ¢¥ Rn. �ãáâì âà ¥ªâ®à­ ï ¢®à®­ª  V (x0, t) â¥-
«¥á­ ï. � ª ï ¢®à®­ª  V (x0, τ) ¡ã¤¥â ¨¬¥âì ¢¨¤ ª®­®¨¤  á ¢¥àè¨­®©
¢ â®çª¥ x0 ∈ G (§¤¥áì: ª®­®¨¤ | ¬­®¦¥áâ¢® ¢ Rn, £®¬¥®¬®àä­®¥ ª®-
­ãáã á ª®­¥ç­®© ®¡à §ãîé¥©: {y ∈ Rn :

√
y2

1 + y2
2 + · · ·+ y2

n−1 6 yn 6
l < ∞}). � íâ®£® ª®­®¨¤  ¬®¦­® ¢ë¤¥«¨âì ¡®ª®¢ãî £à ­¨ç­ãî ¯®-
¢¥àå­®áâì (¨«¨ ¡®ª®¢ãî £à ­¨æã ¢®à®­ª¨ V (x0, τ)) ¨ ¥£® ®á­®¢ ­¨¥
(á¬.à¨á. 1.4).

�¨á. 1.4. �à ¥ªâ®à­ ï ¢®à®­ª  V (x0, τ) á¨áâ¥¬ë (1.1)

�á­®¢ ­¨¥¬ âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ) ¡ã¤¥¬ ­ §ë¢ âì ¬­®¦¥-
áâ¢®

∂fV (x0, τ) .= ∂V (x0, τ)\{
⋃
t<τ

∂V (x0, t)};

â.¥. ®á­®¢ ­¨¥ ∂fV (x0, τ) á®áâ®¨â ¨§ â¥å â®ç¥ª âà ¥ªâ®à­®© ¢®à®­ª¨
V (x0, τ), ¢ ª®â®àë¥ ¬®¦­® ¯®¯ áâì ¨§ â®çª¨ x0 §  ¢à¥¬ï τ á ¯®¬®éìî
¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ¨ ­¥«ì§ï ¯¥à¥©â¨ §  ¢à¥¬ï ¬¥­ìè¥¥ τ .

�®ª®¢®© £à ­¨æ¥© ®âà¥§ª  âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ) ¡ã¤¥¬ ­ -
§ë¢ âì ¬­®¦¥áâ¢®

∂sV (x0, τ) .= ∂V (x0, τ)\∂fV (x0, t).

�ãé¥áâ¢¥­­® â®, çâ® ­ á ¡ã¤¥â ¨­â¥à¥á®¢ âì ­¥ ®á­®¢ ­¨¥ âà ¥ªâ®à-
­®© ¢®à®­ª¨,   ¥¥ ¡®ª®¢ ï £à ­¨æ  ∂sV (x0, τ).
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�â¬¥â¨¬ â®â ä ªâ, çâ® ¤«ï «î¡®© â®çª¨ xα ∈ ∂sV (x0, τ) áãé¥-
áâ¢ã¥â â ª®¥ ¢à¥¬ï ϑ = ϑ(xα) ∈ (0, τ), çâ® V (xα, ϑ) ⊂ V (x0, τ), â.¥.
­¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (1.1), ¢ëå®¤ïé ï ¨§ â®çª¨
xα ∈ ∂sV (x0, τ), ­¥ á¬®¦¥â ¯®ª¨­ãâì âà ¥ªâ®à­ãî ¢®à®­ªã (x0, τ) ¯®
ªà ©­¥© ¬¥à¥ ¢ â¥ç¥­¨¥ ­¥ª®â®à®£® ¢à¥¬¥­¨ ϑ > 0 (á¬. à¨á. 1.5) �¥©-
áâ¢¨â¥«ì­®, ¥á«¨ xα ∈ ∂sV (x0, τ), â® áãé¥áâ¢ã¥â â ª®¥ ¢à¥¬ï tα < τ ,
çâ® xα ∈ Dtα(x0). �®£¤  Dtα+ϑ(x0) ⊂ V (x0, τ) ¤«ï «î¡®£® ϑ ∈ [0, τ − tα].
�.¥. «î¡®¥ ¤®¯ãáâ¨¬®¥ à¥è¥­¨¥ x(t), t ∈ [0, tα + ϑ], ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨ï¬ x(0) = x0, x(tα) = xα, ­¥®¡å®¤¨¬® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

x(tα + ϑ) ∈ Dtα+ϑ(x0) ⊂ V (x0, τ).
� íâ® ¨ ®§­ ç ¥â, çâ® V (xα, ϑ) ⊂ V (x0, τ).

�¨á. 1.5. �à¨ «î¡®¬ xα ∈ ∂sV (x0, τ) âà ¥ªâ®à­ ï ¢®à®­ª  V (xα, ϑ) á¨áâ¥¬ë (1.1) á®-
¤¥à¦¨âáï ¢ V (x0, τ).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.6. �à ¥ªâ®à­ ï ¢®à®­ª  V (x0, τ) ­ -
§ë¢ ¥âáï ¦¥áâª®©, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ε > 0, çâ® ¤«ï «î¡ëå
t1 ∈ (0, τ + ε), t2 ∈ (0, τ + ε), t1 < t2 ¢ë¯®«­ï¥âáï ãá«®¢¨¥

∂sV (x0, t1)
⋂

∂sV (x0, t2) = ∂sV (x0, t1).
�®ª®¢ãî £à ­¨æã ∂sV (x0, τ) ¦¥áâª®© ¢®à®­ª¨ V (x0, τ) ¡ã¤¥¬ ­ §ë-

¢ âì £à ­¨æ¥© ¨ ®¡®§­ ç âì ∂sV (x0), ¯®¤ç¥àª¨¢ ï, çâ® £à ­¨æ  ¦¥áâ-
ª®© âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0), ¯® ªà ©­¥© ¬¥à¥ ¢¡«¨§¨ â®çª¨ x0 ­¥
§ ¢¨á¨â ®â ¬®¬¥­â  ¢à¥¬¥­¨ τ .
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�®ïá­¨¬ áª § ­­®¥ ­  ¯à¨¬¥à¥.
� à ¨ ¬ ¥ à 1.3. � áá¬®âà¨¬ á¨áâ¥¬ã

{
_x1 = u

_x2 = x1 + ux1
(1.5)

£¤¥ u ∈ [−1, 1]. � áá¬®âà¨¬ ®âà¥§®ª âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, 1), £¤¥
x0 = (−1, 1)∗. �¥âàã¤­® ãáâ ­®¢¨âì (á¬. à¨á. 1.6), çâ® ¬­®¦¥áâ¢ 

�− .= {x ∈ R2 : x2 = 1, x1 = −1− t, t ∈ [0, 1)},
�+

.= {x ∈ R2 : x2 = (t− 1)2, x1 = −1 + t, t ∈ [0, 1)}
| áãâì ¤®¯ãáâ¨¬ë¥ âà ¥ªâ®à¨¨ á¨áâ¥¬ë (1.5), á®®â¢¥âáâ¢ãîé¨¥ ã¯à -
¢«¥­ï¬ u = −1 ¨ u = −1. �¥©áâ¢¨â¥«ì­® § ¬¥â¨¬, çâ® ¢® ¢á¥å â®çª å
x ∈ �− ¯àï¬ ï {x ∈ R2 : x2 = 1} ï¢«ï¥âáï ®¯®à­®© ª ª®­ãáã ¤®¯ãáâ¨-
¬ëå ­ ¯à ¢«¥­¨© K(x), ¯à¨ç¥¬ ¢¥ªâ®£à ¬¬  ­ ¯à ¢«¥­  ¢­¨§, â.¥.
­¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (1.5) ­¥ ¬®¦¥â á®©â¨ ¢¢¥àå
á âà ¥ªâ®à¨¨ �−. � ª¨¬ ®¡à §®¬ �− ⊂ ∂sV (x0, 1).

�¨á. 1.6. �à ¥ªâ®à­ ï ¢®à®­ª  V (x0, 1) á¨áâ¥¬ë (1.5).

�­ «®£¨ç­®, ¢® ¢á¥å â®çª å x ∈ �+ ª á â¥«ì­ ï ª âà ¥ªâ®à¨¨
�+ ï¢«ï¥âáï ®¯®à­®© ¯àï¬®© ª ª®­ãáã K(x), ¨ ¢¥ªâ®£à ¬¬  ¢ íâ®¬
á«ãç ¥ ­ ¯à ¢«¥­  ¢«¥¢®-¢­¨§, â.¥. ­¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï
á¨áâ¥¬ë (1.5) ­¥ ¬®¦¥â á®©â¨ ¢¯à ¢®-¢¢¥àå á âà ¥ªâ®à¨¨ �+. � -
ª¨¬ ®¡à §®¬ �+ ⊂ ∂sV (x0, 1). �â¬¥ç ï ®ç¥¢¨¤­®¥: (−2, 1)∗, (0, 0)∗ ∈
∂fV (x0, 1), ¯®«ãç ¥¬, çâ® ∂sV (x0, 1) = �−

⋃
�+.
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�¨á. 1.7. �à ­¨æ  ∂sV (x0, 1 + θ) (¦¨à­ ï «¨­¨ï) ­¥ á®¤¥à¦¨â £à ­¨æã ∂sV (x0, 1).

� ¤àã£®© áâ®à®­ë, å®à®è® ¨§¢¥áâ­® (á¬. ­ ¯à¨¬¥à [19]), çâ® ­ ç «®
ª®®à¤¨­ â ï¢«ï¥âáï â®çª®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (1.5),
¨ á«¥¤®¢ â¥«ì­® ¯à¨ «î¡ëå θ > 0 £à ­¨æ  âà ¥ªâ®à­®© ¢®à®­ª¨
V (x0, 1 + θ) ­¥ ¡ã¤¥â á®¤¥à¦ âì £à ­¨æã ∂sV (x0, 1) (á¬. à¨á. 1.7).

� áá¬®âà¨¬ ¦¥áâªãî â¥«¥á­ãî âà ¥ªâ®à­ãî ¢®à®­ªã V (x0). �ãáâì
xα ∈ ∂sV (x0). �à¥¤¯®«®¦¨¬, çâ® ¥¥ £à ­¨æ  ∂sV (x0) ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ â®çª¨ xα ∈ ∂sV (x0) ï¢«ï¥âáï £« ¤ª®©, â.¥. Mn−1

xα

.=
Oε(xα)

⋂
∂sV (x0) ï¢«ï¥âáï £« ¤ª¨¬, ª« áá  C1 ¬­®£®®¡à §¨¥¬ à §¬¥à-

­®áâ¨ n− 1.
�®£¤ , ®ç¥¢¨¤­®, ª®­ãá K(xα) ¡ã¤¥â à á¯®«®¦¥­ ¯® ®¤­ã áâ®à®­ã

®â ª á â¥«ì­®© ¯«®áª®áâ¨ Txα
(Mn−1

xα
),   ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ nxα

ª £à ­¨æ¥ ∂sV (x0) ¯® ¤àã£ãî áâ®à®­ã, ¯à¨ç¥¬ K(xα)
⋂

Txα
(Mn−1

xα
) 6= ∅

(á¬. à¨á. 1.8). � ª¨¬ ®¡à §®¬ ¤«ï ª ¦¤®© â®çª¨ £« ¤ª®áâ¨ £à ­¨æë
∂sV (x0) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ max

u∈U
〈f(xα, u), nxα

〉 = 0.
� á¨«ã ¯à¥¤¯®«®¦¥­¨ï ® £« ¤ª®áâ¨ £à ­¨æë ∂sV (x0), ¢ ®ªà¥áâ­®áâ¨

On
ε (xα) áãé¥áâ¢ã¥â £« ¤ª ï äã­ªæ¨ï ϕ : Rn → R ª®â®à ï ã¤®¢«¥â¢®-

àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬:
1) Mn−1

xα
= {x ∈ On

ε (xα) : ϕ(x) = 0};
2)

(∂ϕ(x)
∂x

)
x=xα

= nxα
.
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�¨á. 1.8. � á â¥«ì­ ï ¯«®áª®áâì Txα∂sV (x0) à §¤¥«ï¥â ª®­ãá K(xα) ¨ ¢¥ªâ®à nxα .

�®£¤  ¤«ï ª ¦¤®£® x ∈ Mn−1
xα

¢ë¯®«­ï¥âáï ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ 

max
u∈U

〈
f(x, u), ∂ϕ(x)

∂x

〉
= 0. (1.6)

� ª¨¬ ®¡à §®¬ ¤®ª § ­  «¥¬¬ .
� ¥ ¬ ¬   1.1. �ãáâì £à ­¨æ  ¦¥áâª®© ¢®à®­ª¨ ∂sV (x0) áã-

é¥áâ¢ã¥â ¨ ï¢«ï¥âáï £« ¤ª®© (¨«¨ ªãá®ç­®-£« ¤ª®©), â® ¢ â®çª å
£« ¤ª®áâ¨ £à ­¨æë ¥¥ ¬®¦­® ®¯¨á âì ª ª ¬­®¦¥áâ¢® ­ã«¥© £« ¤ª®©
(¨«¨ ªãá®ç­®-£« ¤ª®©) äã­ªæ¨¨ ϕ(x) : Rn → R, ª®â®à ï ­¥®¡å®¤¨¬®
ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  (1.6) ¢® ¢á¥å â®çª å £« ¤ª®áâ¨.

�«ï ª ¦¤®£® p ∈ Rn ®¯à¥¤¥«¨¬ äã­ªæ¨î � ¬¨«ìâ®­ 
H(x, p) .= max

u∈U
〈f(x, u), p〉.

�ã¤¥¬ ¯à¥¤¯®« £ âì,çâ® äã­ªæ¨ï x → F (x) ­¥¯à¥àë¢­  ¢ ­¥ª®â®à®©
®¡« áâ¨ G ⊂ Rn ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:

 ) ¯à¨ «î¡®¬ x ∈ G ¬­®¦¥áâ¢® F (x) ¢ë¯ãª«®, ª®¬¯ ªâ­® ¨ áãé¥-
áâ¢ã¥â â ª®¥ l > 0, çâ®

|F (x)| 6 l(1 + |x|);
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¡) äã­ªæ¨ï (x) → F (x) ã¤®¢«¥â¢®àï¥â «®ª «ì­®¬ã ãá«®¢¨î �¨¯-
è¨æ , â.¥. ¢ ª ¦¤®© ®£à ­¨ç¥­­®© ®¡« áâ¨ D ⊂ G áãé¥áâ¢ã¥â â ª®¥
λ = λ(D) > 0, çâ®

dist(F (x1), F (x2)) 6 λ(D)|x1 − x2|
¤«ï «î¡ëå x1, x2 ∈ D.

� ¥ ® à ¥ ¬   1.1. �ãáâì áãé¥áâ¢ã¥â ¢¥ªâ®à p ∈ Rn ¨ ª®­-
áâ ­â  α < 0, â ª¨¥, çâ®

H(x, p) 6 α (1.7)

¤«ï «î¡®£® x ∈ G.
�®£¤  ¤«ï «î¡®£® x0 ∈ G áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¤¨ää¥à¥­æ¨-

àã¥¬ ï ¯®çâ¨ ¢áî¤ã äã­ªæ¨ï ϕ : Rn → R ã¤®¢«¥â¢®àïîé ï ¯à¨­æ¨-
¯ã ¬ ªá¨¬ã¬  (1.6) ¨ ­ ç «ì­®¬ã ãá«®¢¨î

ϕ(x) = |x− x0|, (1.8)

¤«ï ¢á¥å x ∈ L
.= {x ∈ G : 〈x− x0, p〉 = 0}.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.1, ¯à¨¢¥¤¥¬ ¨§-
¢¥áâ­ë¥ ä ªâë.

� ¥ ® à ¥ ¬   1.2 (á¬. [40]). �ãáâì § ¤ ­  ­¥¯à¥àë¢­ ï äã­ª-
æ¨ï σ : Rn → R. �®£¤  áãé¥áâ¢ã¥â ®¤­  ¨ â®«ìª® ®¤­  ­¥¯à¥àë¢­ ï
äã­ªæ¨ï ψ : [0, T ] × G → R, ª®â®à ï ã¤®¢«¥â¢®àï¥â ­ ç «ì­®¬ã
ãá«®¢¨î

ψ(0, x) = σ(x)

¨ ¢® ¢á¥å â®çª å (t, x) ∈ [0, T ] × G, £¤¥ áãé¥áâ¢ãîâ ¯à®¨§¢®¤­ë¥
(∂ψ/∂t), (∂ψ/∂x) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î � ¬¨«ìâ®­ -�ª®¡¨

∂ψ(t, x)
∂t

+ max
u∈U

〈
f(x, u), ∂ψ(t, x)

∂x

〉
= 0. (1.9)

�®«¥¥ â®£®, ¥á«¨ äã­ªæ¨ï σ(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ ,
â® äã­ªæ¨ï ψ(t, x) ¡ã¤¥â ¤¨ää¥à¥­æ¨àã¥¬®© ¯®çâ¨ ¢áî¤ã ¢ [0, T ]×G.

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.1
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� ® ª   §   â ¥ « ì á â ¢ ®. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬
¯®« £ âì, çâ® p∗ = (0, . . . , 0,−1). �®£¤ , ¢ á¨«ã ­¥à ¢¥­áâ¢  (1.7), ¯à®-
¥ªæ¨ï ¢¥ªâ®à  f(x, u) ­  ª®®à¤¨­ â­ãî ®áì OXn ¤«ï ¢á¥å x ∈ G, u ∈ U

¯®«®¦¨â¥«ì­ , â.¥. ª®®à¤¨­ â­ ï äã­ªæ¨ï fn(x, u) > µ > 0.
�®«®¦¨¬ f̂i(x, u) .= (fi(x, u)/fn(x, u)), i = (1, 2, . . . , n− 1).
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:

f̂(x, u)∗ .= (f̂1(x, u), f̂2(x, u), . . . , f̂n−1(x, u));

τ
.= xn − xn0; x̂ = (x1, x2, . . . , xn−1)∗;

Ĝ
.= {x ∈ G : xn > xn0}.

�¥£ª® ¢¨¤¥âì, çâ® f̂ ∈ C1(Ĝ×U),   ¬­®¦¥áâ¢® F̂ (x̂, τ) .= G(x1, . . . , xn−1, τ)
ï¢«ï¥âáï ¢ë¯ãª«ë¬ ª®¬¯ ªâ®¬ ¤«ï ¢á¥å (x̂, τ) ∈ Ĝ. �ç¥¢¨¤­®, çâ®
¬­®£®§­ ç­ ï äã­ªæ¨ï x → F̂ (x̂, τ) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬  ) ¨ ¡).
�® â¥®à¥¬¥ 1.2, ãà ¢­¥­¨¥ � ¬¨«ìâ®­ -�ª®¡¨ (1.9) ¨¬¥¥â ¥¤¨­áâ¢¥­-
­®¥ à¥è¥­¨¥ ψ(x̂, τ), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î ψ(x̂, 0) = |x − x0|.
�®áª®«ìªã äã­ªæ¨ï σ(x̂) = |x̂ − x̂0| ï¢«ï¥âáï «¨¯è¨æ¥¢®©, â® ¤ ­-
­®¥ à¥è¥­¨¥ ψ(x̂, τ) ¤¨ää¥à¥­æ¨àã¥¬® ¯®çâ¨ ¢áî¤ã ¢ Ĝ. �®«®¦¨¬
ϕ(x) = ψ(x̂, τ), â®£¤  ϕ(x0) = ψ(x̂0, 0) = 0, ¯à¨ç¥¬ äã­ªæ¨ï ϕ(x) ¤¨ä-
ä¥à¥­æ¨àã¥¬  ¯®çâ¨ ¢áî¤ã ¢ G ¨ ¢ â®çª å ¤¨ää¥à¥­æ¨àã¥¬®áâ¨, ®ç¥-
¢¨¤­®, ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  (1.6). �¥®à¥¬  ¤®ª § ­ .

� ª¨¬ ®¡à §®¬ ¬ë ¯®«ãç ¥¬, çâ® ¥á«¨ £à ­¨æ  ¦¥áâª®© ¢®à®­ª¨
∂sV (x0) áãé¥áâ¢ã¥â, â® ¢ á¨«ã ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  (1.6) ¨ â¥®à¥¬ë
1.1 áãé¥áâ¢ã¥â ®ªà¥áâ­®áâì On

ε (x0) ¨ ¤¨ää¥à¥­æ¨àã¥¬ ï ¯®çâ¨ ¢áî¤ã
äã­ªæ¨ï ϕ(x) : Rn → R â ª¨¥, çâ®

∂sV (x0)
⋂

On
ε (x0) = {x ∈ On

ε (x0) : ϕ(x) = 0}.

�á«¨ ∂ϕ(x)/∂x 6= 0 ¢ ®ªà¥áâ­®áâ¨ On
ε (x0), â® £à ­¨æ  ∂sV (x0) ¡ã¤¥â

¬­®£®®¡à §¨¥¬ à §¬¥à­®áâ¨ n− 1 £« ¤ª¨¬ ¯®çâ¨ ¢áî¤ã ¢ On
ε (x0).

� ¬¥â¨¬, çâ® â ª¨¬ ®¡à §®¬ ¤«ï «î¡®© â®çª¨ x0 ¢ ¯à®¨§¢®«ì­®©
®£à ­¨ç¥­­®© ®¡« áâ¨ G ⊂ Rn, ¢ ª®â®à®© ¢ë¯®«­¥­ë ãá«®¢¨ï  ), ¡) ¨
­¥à ¢¥­áâ¢® (1.7) ¬®¦­® ¯®áâà®¨âì £à ­¨æã ∂sV (x0) ¨ ¯à®¤®«¦¨âì ¥¥
¯® ­¥¯à¥àë¢­®áâ¨, à áá¬ âà¨¢ ï ¥¥, ª ª ¬­®¦¥áâ¢® ­ã«¥© à¥è¥­¨ï
ãà ¢­¥­¨ï (1.6), ¢¯«®âì ¤® £à ­¨æë ®¡« áâ¨ G.
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§2. �á®¡ë¥ ¬­®£®®¡à §¨ï ã¯à ¢«ï¥¬ëå á¨áâ¥¬

�¤¥áì ¢¢®¤¨âáï ¯®­ïâ¨¥ ®á®¡ëå ¬­®£®®¡à §¨©, èâà¨å®¢ ­­ëå £à ­¨æ âà -
¥ªâ®à­ëå ¢®à®­®ª ¨ ¬­®£®®¡à §¨© ¯¥à¥¬¥­ë èâà¨å®¢ª¨.

� áá¬®âà¨¬ á¨áâ¥¬ã
_x = f(x, u), (x, u) ∈ Rn × U. (2.1)

�à¥¤¯®« £ ¥âáï, çâ® ¬­®¦¥áâ¢® U ⊂ Rm ­¥¯ãáâ®, á¢ï§­® ¨ ª®¬¯ ªâ-
­®,   ¬­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) .= f(x, U) ¢ ­¥ª®â®à®© ®¡« áâ¨
G ⊂ Rn ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 1.1. �ãáâì ªà®¬¥ â®£® ¢ë-
¯®«­¥­® á«¥¤ãîé¨¥ ãá«®¢¨ï: ¤«ï ª ¦¤®£® x ∈ G âà ¥ªâ®à­ ï ¢®à®­-
ª  V (x) ï¢«ï¥âáï ¦¥áâª®©, â¥«¥á­®©,   ¥¥ £à ­¨æ  ∂sV (x) ï¢«ï¥âáï
ªãá®ç­®-£« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ à §¬¥à­®áâ¨ n− 1. �à¨ ¢ë¯®«­¥­¨¨
¤ ­­ëå ãá«®¢¨© ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ On

ε (x0) ª ¦¤®© â®çª¨ x0 ∈ G

áãé¥áâ¢ã¥â ªãá®ç­®-£« ¤ª ï äã­ªæ¨ï ϕ : Rn → R, çâ®
∂sV (x0) = {x ∈ On

ε (x0) : ϕ(x) = 0},
¨ ª ª ¡ë«® ¯®ª § ­® ¢ §1, äã­ªæ¨ï ϕ(x) ­¥®¡å®¤¨¬® ã¤®¢«¥â¢®àï¥â
¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ 

H
(
x,

∂ϕ(x)
∂x

)
.= max

u∈U

〈
f(x, u), ∂ϕ(x)

∂x

〉
= 0. (2.2)

� á¨«ã â¥®à¥¬ë 1.1 ¤ ­­®¥ à¥è¥­¨¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2.2) ¬®¦­®
¯à®¦®«¦¨âì ¤® £à ­¨æë ®¡« áâ¨ G. �ãáâì xα ∈ ∂sV (x0) ï¢«ï¥âáï
â®çª®© £« ¤ª®áâ¨ £à ­¨æë,  

(∂ϕ(xα)
∂x

)
6= 0. �®£¤  ¢ á¨«ã ¯à¨­æ¨¯ 

¬ ªá¨¬ã¬  (2.2) ¢¥ªâ®à pxα
=

(∂ϕ(xα)
∂x

)
ï¢«ï¥âáï ¢¥ªâ®à®¬ ¢­¥è­¥©

­®à¬ «¨ ª £à ­¨æ¥ ∂sV (x0) ¢ â®çª¥ xα. �®£ãâ ¢®§­¨ª­ãâì ¤¢¥ á¨âã -
æ¨¨:

 ) ª®­ãá K(xα) æ¥«¨ª®¬ «¥¦¨â ¢ ª á â¥«ì­®© ¯«®áª®áâ¨ Txα
(∂sV (x0)),

â.¥. 〈f(xα, u), pxα
〉 ≡ 0 ¤«ï ¢á¥å u ∈ U ;

¡) áãé¥áâ¢ã¥â â ª®¥ uα ∈ U , çâ® 〈f(xα, uα), pxα
〉 < 0, â.¥. ª®­ãá

K(xα) ­¥ «¥¦¨â æ¥«¨ª®¬ ¢ ª á â¥«ì­®© ¯«®áª®áâ¨ Txα
(∂sV (x0)).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1 ([4]). �®çª¨ xα ∈ ∂sV (x0), ¤«ï ª®â®-
àëå K(xα) ⊂ Txα

(∂sV (x0)) (â.¥. ¢ë¯®«­¥­® ãá«®¢¨¥  )), ­ §ë¢ îâáï
®á®¡ë¬¨ â®çª ¬¨ £à ­¨æë ∂sV (x0).

�­®¦¥áâ¢® ®á®¡ëå â®ç¥ª ­  £à ­¨æ å ¢á¥å âà ¥ªâ®à­ëå ¢®à®­®ª
á¨áâ¥¬ë (2.1) ­ §ë¢ ¥âáï ®á®¡ë¬¨ ¬­®£®®¡à §¨ï¬¨ á¨áâ¥¬ë (2.1) ¨
®¡®§­ ç ¥âáï S.
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�á®¡®¥ ¬­®£®®¡à §¨¥ ­  £à ­¨æ¥ ∂V (x0) ï¢«ï¥âáï ­¥ª®â®àë¬ ¯®¤-
¬­®£®®¡à §¨¥¬ á ¬®© £à ­¨æë ∂sV (x0). �­® ¬®¦¥â ¨¬¥âì à §«¨ç­ãî
à §¬¥à­®áâì : ®â ­ã«¥¢®© (®â¤¥«ì­ ï â®çª ) ¤® ¯®«­®© à §¬¥à­®áâ¨.
� ª ¬ë ã¢¨¤¨¬, ®á®¡ë¥ ¬­®£®®¡à §¨ï £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª
¢® ¬­®£¨å á«ãç ïå ¨£à îâ áãé¥áâ¢¥­­ãî à®«ì ¢ ¯®áâà®¥­¨¨ ä §®¢®£®
¯®àâà¥â  á¨áâ¥¬ ¨ ®âà ¦ îâ áãé¥áâ¢¥­­ë¥ á¢®©áâ¢  á ¬®© á¨áâ¥¬ë
(­ ¯à¨¬¥à ¥¥ ã¯à ¢«ï¥¬®áâì), çâ® ®á®¡¥­­® å®à®è® ¢¨¤­® ¤«ï á¨áâ¥¬
­  ¯«®áª®áâ¨.

� ª ¡ë«® ¯®ª § ­® ¢ §1 («¥¬¬  1.1), ¥á«¨ ϕ(x) = 0 { ãà ¢­¥­¨¥
£à ­¨æë âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0), â® äã­ªæ¨ï ϕ(x) ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î � ¬¨«ìâ®­ -�ª®¡¨

H
(
x,

∂ϕ(x)
∂x

)
= 0. (2.3)

� ¤àã£®© áâ®à®­ë, ¥á«¨ x̂ ∈ ∂V (x0) | ®á®¡ ï â®çª , â® ª®­ãá K(x̂) æ¥-
«¨ª®¬ «¥¦¨â ¢ ª á â¥«ì­®© ¯«®áª®áâ¨ Tx̂∂V (x0). �® â®£¤  ¤«ï â®ç¥ª
x ∈ S á¯à ¢¥¤«¨¢® ¨ à ¢¥­áâ¢®

H
(
x,
−∂ϕ(x)

∂x

)
= 0. (2.4)

� ª¨¬ ®¡à §®¬ á¨áâ¥¬ë ãà ¢­¥­¨© (2.3), (2.4) ®¯à¥¤¥«ïîâ ®á®¡ë¥
¬­®£®®¡à §¨ï S á¨áâ¥¬ë (2.1).

�¥®à¨ï ¯®«ãç¥­­®© á¨áâ¥¬ë ãà ¢­¥­¨© (2.3), (2.4) ¤®áâ â®ç­® å®-
à®è® ¨§ãç¥­  (á¬. ­ ¯à¨¬¥à [6]). � ª ¤«ï á¨áâ¥¬ë

_x = f0(x) + uf1(x), (2.5)
£¤¥ x ∈ Rn, u ∈ [−1, 1] ⊂ R, f0(x), f1(x) ∈ Cn−1(Rn), ®á®¡ë¥ ¬­®£®®¡à -
§¨ï ®¯à¥¤¥«ïîâáï ãà ¢­¥­¨¥¬

s(x) .= det(f0(x), f1(x), f2(x), . . . , fn−1(x)) = 0,

£¤¥ äã­ªæ¨¨ fi(x), i = 2, . . . , n− 1 ®¯à¥¤¥«ïîâáï à¥ªãà¥­â­®:

fi(x) = [f0(x), fi−1(x)] .=
(∂f0(x)

∂x

)
fi−1(x)−

(∂fi−1(x)
∂x

)
f0(x).

�¯¥à æ¨ï [f0(x), fi−1(x)] ­ §ë¢ ¥âáï áª®¡ª®© �¨-�ã áá®­  ¨«¨ ª®¬-
¬ãâ â®à®¬ äã­ªæ¨© f0(x), fi−1(x) (á¬. ­ ¯à¨¬¥à [33], [42]).

�â¬¥â¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  ª®¬¬ãâ â®à :
 ) ¡¨«¨­¥©­®áâì:

[αf(x) + βg(x), h(x)] = α[f(x), h(x)] + β[g(x), h(x)];
[f(x), αg(x) + βh(x)] = α[f(x), g(x)] + β[f(x), h(x)];
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¡) ª®á®á¨¬¬¥âà¨ç­®áâì:

[f(x), g(x)] = −[g(x), f(x)];

¢) â®¦¤¥áâ¢® �ª®¡¨:

[f(x), [g(x), h(x)]] + [g(x), [h(x), f(x)]] + [h(x), [f(x), g(x)]];

¤«ï «î¡ëå f, g, h ∈ C1(Rn,Rn), α, β ∈ R.

� ¥ ¬ ¬   2.1 ([33]). �ãáâì Mk { £« ¤ª®¥ ¬­®£®®¡à §¨¥ ¢ Rn.
�á«¨ f(x0), g(x0) ∈ Tx0(Mk), â® [f(x0), g(x0)] ∈ Tx0(Mk).

�â¬¥â¨¬, çâ® ª ¦¤ ï £« ¤ª ï ¢¥ªâ®à-äã­ªæ¨ï fi(x) ¯®à®¦¤ ¥â
¢¥ªâ®à­®¥ ¯®«¥. �¢¥¤¥¬ á«¥¤ãîé¨¥ ¯®­ïâ¨ï (á¬. ­ ¯à¨¬¥à [33]):

�« ¤ª®¥ ¬­®£®®¡à §¨¥ M , ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® ª ª®â®à®¬ã ¢
ª ¦¤®© â®çª¥ x ∈ Rn ¯®à®¦¤ ¥âáï ¢¥ªâ®à ¬¨ {v1(x), v2(x), . . . , vk(x)}
­ §ë¢ ¥âáï ¨­â¥£à «ì­ë¬ ¬­®£®®¡à §¨¥¬ á¨áâ¥¬ë ¢¥ªâ®à­ëå ¯®«¥©
{v1(x), v2(x), . . . , vk(x)} (á¬. ­ ¯à¨¬¥à [1]).

�¨áâ¥¬  ¢¥ªâ®à­ëå ¯®«¥© {v1(x), v2(x), . . . , vk(x)} ­ §ë¢ ¥âáï ¨­-
â¥£à¨àã¥¬®© (á¬. ­ ¯à¨¬¥à [42]), ¥á«¨ ç¥à¥§ ª ¦¤ãî â®çªã x ∈ Rn

¯à®å®¤¨â ¨­â¥£à «ì­®¥ ¬­®£®®¡à §¨¥ íâ¨å ¯®«¥©. � ¬¥â¨¬, çâ® «¥¬-
¬  3.1 ¤ ¥â ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ¢¥ªâ®à­ëå ¯®-
«¥©. � ¨¬¥­­®, ¥á«¨ M ï¢«ï¥âáï ¨­â¥£à «ì­ë¬ ¬­®£®®¡à §¨¥¬ á¨-
áâ¥¬ë ¢¥ªâ®à­ëå ¯®«¥© {v1(x), v2(x), . . . , vk(x)}, â® ª ¦¤®¥ ¯®«¥ vi(x),
i = 1, . . . , k,   â ª¦¥ ¢á¥¢®§¬®¦­ë¥ ª®¬¬ãâ â®àë [vi(x), vj(x)], i, j =
1, . . . , k ¤®«¦­ë ª á âìáï íâ®£® ¬­®£®®¡à §¨ï ¢ ª ¦¤®© â®çª¥.

�¨áâ¥¬  ¢¥ªâ®à­ëå ¯®«¥© {v1(x), v2(x), . . . , vk(x)} ­ §ë¢ ¥âáï ¨­-
¢®«îâ¨¢­®© [42], ¥á«¨ áãé¥áâ¢ãîâ äã­ªæ¨¨ ár

ij ∈ C1(Rn,R), i, j, r =
1, . . . , k, çâ® ¤«ï «î¡ëå i, j = 1, . . . , k

[vi(x), vj(x)] =
k∑

r=1
cr
ij(x)vr(x).

� ¥ ® à ¥ ¬   2.1 (�à®¡¥­¨ãá [42]). �ãáâì ¢ ¯à®áâà ­áâ¢¥ Rn

§ ¤ ­  á¨áâ¥¬  £« ¤ª¨å ¢¥ªâ®à­ëå ¯®«¥© {v1(x), v2(x), . . . , vk(x)}. �®-
£¤  á¨áâ¥¬  {v1(x), v2(x), . . . , vk(x)} ¨­â¥£à¨àã¥¬  ¢ â®¬ ¨ â®«ìª®
â®¬ á«ãç ¥, ¥á«¨ ®­  ­ å®¤¨âáï ¢ ¨­¢®«îæ¨¨.

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® § ¤ ç  ®âëáª ­¨ï ®á®¡®£® ¬­®£®®¡à -
§¨ï §¤¥áì ­¥áª®«ìª® �ã¦¥  ­ «®£¨ç­®© § ¤ ç¨ ¢ â¥®à¨¨ ®¯â¨¬ «ì­®£®
ã¯à ¢«¥­¨ï (ª ª ¯®á«¥¤­ïï ¯®­¨¬ ¥âáï ­ ¯à¨¬¥à ¢ [6]). �¥«® ¢ â®¬,
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çâ® â®çª  x ∈ ∂V (x0) ¡ã¤¥â ®á®¡®© ¢ á¬ëá«¥ â¥®à¨¨ ®¯â¨¬ «ì­®£®
ã¯à ¢«¥­¨ï ­¥ â®«ìª® â®£¤ , ª®£¤  K(x) ⊂ Tx∂V (x0), ­® ¨ â®£¤ , ª®-
£¤  ª á â¥«ì­®© ¯«®áª®áâ¨ Tx∂V (x0) ¯à¨­ ¤«¥¦¨â «¨èì ­¥ª®â®à ï
¯«®áª ï £à ­ì ª®­ãá  K(x), (ª®­ãá K(x) ¯à¨ íâ®¬ ¬®¦¥â ¨ ­¥ «¥-
¦ âì æ¥«¨ª®¬ ¢ Tx∂V (x0)). �à¨ íâ®¬ â®çª  x ∈ ∂V (x0) ­¥ ¡ã¤¥â ®á®-
¡®© â®çª®© £à ­¨æë ¢®à®­ª¨ ∂V (x0) ¢ ó­ è¥¬ô á¬ëá«¥: ¢ íâ®© â®çª¥
èâà¨å®¢ª  ®¤­®§­ ç­® ®¯à¥¤¥«¥­  ¢ á¨«ã â®£®, çâ® ª®­ãá K(x) ­ -
¯à ¢«¥­ ¢­ãâàì ¢®à®­ª¨, ¨, â¥¬ á ¬ë¬, ¢ â®çª¥ x ∈ ∂V (x0) ¨¬¥îâáï
¤®¯ãáâ¨¬ë¥ ­ ¯à ¢«¥­¨ï áª®à®áâ¨, ¢ë¢®¤ïé¨¥ ¨§®¡à ¦ îéãî â®çªã
¢­ãâàì ¢®à®­ª¨ V (x0) ¯®¤ ­¥­ã«¥¢ë¬ ã£«®¬ ª ª á â¥«ì­®© ¯«®áª®áâ¨
Tx∂V (x0).

� áá¬®âà¨¬ á«ãç © ª®£¤  â®çª  xα ∈ ∂sV (x0) ­¥ ï¢«ï¥âáï ®á®¡®©.
�®£¤ , ¢ á¨«ã ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¢¥ªâ®à pxα

¨ ª®­ãá K(xα) «¥¦ â ¯®
à §­ë¥ áâ®à®­ë ®â ª á â¥«ì­®© ¯«®áª®áâ¨ Txα

(∂sV (x0)). �ã áâ®à®­ã
£à ­¨æë ∂sV (x0) ª ª®â®à®© ¯à¨«¥£ ¥â ª®­ãá K(xα) ¡ã¤¥¬ ­ §ë¢ âì
¢­ãâà¥­­¥© áâ®à®­®© £à ­¨æë ∂sV (x0),   ¯à®â¨¢®¯®«®¦­ãî áâ®à®-
­ã, á®®â¢¥âáâ¢¥­­®, ­ §®¢¥¬ ¢­¥è­¥© áâ®à®­®©. �  ¢­¥è­îî áâ®à®­ã
£à ­¨æë ∂sV (x0) ­ ­¥á¥¬ èâà¨å®¢ªã. �à ­¨æã ∂sV (x0), ¢¬¥áâ¥ á ­ ­¥-
á¥­­®© ­  ­¥¥ èâà¨å®¢ª®© ¡ã¤¥¬ ­ §ë¢ âì èâà¨å®¢ ­­®© £à ­¨æ¥©
âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0). �¥®¬¥âà¨ç¥áª¨© á¬ëá« èâà¨å®¢ª¨ á®-
áâ®¨â ¢ â®¬, çâ® ¢á¥ ¤®¯ãáâ¨¬ë¥ âà ¥ªâ®à¨¨ á¨áâ¥¬ë (2.1), ¯®¯ ¤ ï
¢ â®çªã xα, ¬®£ãâ ¤ «ìè¥ «¨¡® ¤¢¨£ âìáï ¯® £à ­¨æ¥ ∂sV (x0), «¨¡®
á®©â¨ á £à ­¨æë ¢­ãâàì âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0). �­ ç¥ £®¢®àï,
­¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (2.1) ­¥ ¬®¦¥â ¯¥à¥á¥ª âì
£à ­¨æã ∂sV (x0) ¯à®â¨¢­® èâà¨å®¢ª¥, â.¥. á ¢­ãâà¥­­¥© áâ®à®­ë ¢®
¢­¥è­îî (á¬. à¨á. 2.1).

� ¬¥â¨¬, çâ® ¬­®¦¥áâ¢® S, ®ç¥¢¨¤­® § ¬ª­ãâ®, â.¥. ¬­®¦¥áâ¢® ­¥-
®á®¡ëå â®ç¥ª £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª á¨áâ¥¬ë (2.1) ï¢«ï¥âáï
®âªàëâë¬. �®£¤ , ¥á«¨ ¢ â®çª¥ xα £« ¤ª®áâ¨ £à ­¨æë ∂sV (x0) ®¯à¥-
¤¥«¥­  èâà¨å®¢ª , â® ®­  ¡ã¤¥â ®¯à¥¤¥«¥­  ¨ ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ On

ε ¤ ­­®© â®çª¨. �à¨ç¥¬ ­ ¯à ¢«¥­¨¥ èâà¨å®¢ª¨ ¢ â®çª å
x ∈ On

ε

⋂
∂sV (x0) ¡ã¤¥â á®¢¯ ¤ âì á ­ ¯à ¢«¥­¨¥¬ èâà¨å®¢ª¨ ¢ â®çª¥

xα. � ª¨¬ ®¡à §®¬, çâ®¡ë ®¯à¥¤¥«¨âì èâà¨å®¢ªã ­  £« ¤ª®¬ á¢ï§-
­®¬ ªãáª¥ £à ­¨æë ∂sV (x0), ­¥ á®¤¥à¦ é¥¬ ®á®¡ëå â®ç¥ª, ¤®áâ â®ç­®
®¯à¥¤¥«¨âì èâà¨å®¢ªã ¢ ®¤­®© â®çª¥ íâ®£® ¬­®¦¥áâ¢  ¨ ¯à®¤®«¦¨âì
¥¥ ¤ «ìè¥ ¯® ­¥¯à¥àë¢­®áâ¨. � ­­®¥ á¢®©áâ¢® ¡ã¤¥¬ ­ §ë¢ âì á¢®©-
áâ¢®¬ ­¥¯à¥àë¢­®áâ¨ èâà¨å®¢ª¨.

� áá¬®âà¨¬ âà ¥ªâ®à­ãî ¢®à®­ªã V (x0). � á¨«ã ¯à¥¤¯®«®¦¥­¨ï
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�¨á. 2.1. �¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (2.1) ­¥ ¬®¦¥â ¯¥à¥á¥ª âì £à ­¨æã
∂sV (x0) ¯à®â¨¢­® èâà¨å®¢ª¥, â.¥. á ¢­ãâà¥­­¥© áâ®à®­ë ¢® ¢­¥è­îî

¥¥ £à ­¨æã ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ On
ε (x0) ¬®¦­® ®¯¨á âì, ª ª ¬­®-

¦¥áâ¢® ­ã«¥© ªãá®ç­®-£« ¤ª®© äã­ªæ¨¨ ϕ : Rn → R, â.¥. ∂sV (x0) =
{x ∈ On

ε : ϕ(x) = 0}, £¤¥ ϕ(x) { à¥è¥­¨¥ ãà ¢­¥­¨ï (2.2). � áá¬®-
âà¨¬ ¯à®¤®«¦¥­¨¥ ¤ ­­®£® à¥è¥­¨ï ¤® £à ­¨æë ®¡« áâ¨ G. �­ «®-
£¨ç­® ®¯à¥¤¥«¨¬ èâà¨å®¢ªã ¢® ¢á¥å â®çª å £« ¤ª®áâ¨ ¯®¢¥àå­®áâ¨
M = {x ∈ G : ϕ(x) = 0}. � ­­ãî ¯®¢¥àå­®áâì ¡ã¤¥¬ ­ §ë¢ âì ¯à®-
¤®«¦¥­¨¥¬ £à ­¨æë ∂sV (x0).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2 ([4]). �­®£®®¡à §¨¥ à §¬¥à­®áâ¨ n−
2 ­  ¯à®¤®«¦¥­¨¨ £à ­¨æë âà ¥ªâ®à­®© ¢®à®­ª¨, ª®â®à®¥ à §¤¥«ï-
¥â (¯® ªà ©­¥© ¬¥à¥ «®ª «ì­®) ãç áâª¨ íâ®© ¯®¢¥àå­®áâ¨ á ¯à®â¨-
¢®¯®«®¦­® ­ ¯à ¢«¥­­ë¬¨ èâà¨å®¢ª ¬¨, ­ §ë¢ ¥âáï ¬­®£®®¡à §¨-
¥¬ ¯¥à¥¬¥­ë èâà¨å®¢ª¨. �®¢®ªã¯­®áâì ¢á¥å â ª¨å ¬­®£®®¡à §¨© ­ 
¯à®¤®«¦¥­¨ïå ¢á¥å £à ­¨æ ¢á¥å âà ¥ªâ®à­ëå ¢®à®­®ª á¨áâ¥¬ë (2.1)
­ §ë¢ ¥âáï ¬­®£®®¡à §¨¥¬ ¯¥à¥¬¥­ë èâà¨å®¢ª¨ á¨áâ¥¬ë (2.1) ¨«¨
á®ªà é¥­­® ��� .

�®­ïâ¨¥ ��� ¤ ¥â ¢®§¬®¦­®áâì ®¯à¥¤¥«¨âì ¯à¥¤¥«ë ¯à®¤®«¦¨-
¬®áâ¨ á®¡áâ¢¥­­® âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0) ¨ â¥¬ á ¬ë¬ ®¯à ¢¤ âì
­ §¢ ­¨¥ ó¢®à®­ª ô. �®¦­® áª § âì, çâ® £à ­¨æ  ∂sV (x0) ¤ ­­®© ¢®-
à®­ª¨ V (x0) á ¢¥àè¨­®© ¢ â®çª¥ x0 ¯à®áâ¨à ¥âáï «¨èì ¤® ¢áâà¥ç¨ á
��� . � ª®¥, ã¦¥ ­¥ «®ª «ì­®¥, ®¯à¥¤¥«¥­¨¥ £à ­¨æë âà ¥ªâ®à­®©
¢®à®­ª¨ ¨««îáâà¨àã¥âáï á«¥¤ãîé¥© £¨¤à®¬¥å ­¨ç¥áª®© ª àâ¨­ª®©
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(á¬. à¨á. 2.2). �á«¨ ¯à¥¤áâ ¢¨âì á¥¡¥, çâ® ¢¥àè¨­  x0 ¢®à®­ª¨ V (x0)
ï¢«ï¥âáï ¨áâ®ç­¨ª®¬, â® ¦¨¤ª®áâì ¤¢¨£ ïáì ¯® ¤®¯ãáâ¨¬ë¬ âà ¥ªâ®-
à¨ï¬ á¨áâ¥¬ë, á¬®¦¥â á¬®ç¨âì ¢­¥è­îî áâ®à®­ã íâ®© ¢®à®­ª¨ (áª -
¦¥¬, ¢­®¢ì ¢ ®ªà¥áâ­®áâ¨ â®çª¨ x0), «¨èì ¯¥à¥«¨¢è¨áì ç¥à¥§ ªà ©
(ªà®¬ªã) íâ®© ¢®à®­ª¨, ª®â®à ï ª ª à § ¨ ¯à¨­ ¤«¥¦¨â ��� [4].
�ç¥¢¨¤­®, çâ® ��� ⊂ S.

�¨á. 2.2. �á«¨ ¯à¥¤áâ ¢¨âì á¥¡¥, çâ® ¢¥àè¨­  x0 ¢®à®­ª¨ V (x0) ï¢«ï¥âáï ¨áâ®ç­¨ª®¬,
â® ¦¨¤ª®áâì ¤¢¨£ ïáì ¯® ¤®¯ãáâ¨¬ë¬ âà ¥ªâ®à¨ï¬ á¨áâ¥¬ë, á¬®¦¥â á¬®ç¨âì ¢­¥è­îî
áâ®à®­ã íâ®© ¢®à®­ª¨ (áª ¦¥¬, ¢­®¢ì ¢ ®ªà¥áâ­®áâ¨ â®çª¨ x0), «¨èì ¯¥à¥«¨¢è¨áì ç¥à¥§
ªà © (ªà®¬ªã) íâ®© ¢®à®­ª¨, ª®â®à ï ª ª à § ¨ ¯à¨­ ¤«¥¦¨â ��� .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.3. �­¢ à¨ ­â­ë¬ ¬­®£®®¡à §¨¥¬ Lk

á¨áâ¥¬ë (2.1) ­ §ë¢ ¥âáï ¬­®£®®¡à §¨¥ ¢«®¦¥­­®¥ ¢ Rn ¨ ®¡« ¤ -
îé¥¥ á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£® à¥è¥­¨ï x(t),
t ∈ [0, τ), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î x(0) ∈ Lk, á«¥¤ã¥â x(t) ⊂ Lk

¤«ï ¢á¥å t ∈ [0, τ).
�ç¥¢¨¤­®, çâ® ¤«ï â®£® çâ®¡ë ­¥ª®â®à®¥ ¬­®£®®¡à §¨¥ L, ®¯¨áë-

¢ ¥¬®¥ ãà ¢­¥­¨¥¬ l(x) = 0 (â.¥. L
.= {x ∈ Rn : l(x) = 0}), ¡ë«®

¨­¢ à¨ ­â­ë¬ ¤«ï á¨áâ¥¬ë (2.1), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥-
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­¨¥ ãá«®¢¨ï
〈
f(x, u), ∂l(x)

∂x

〉
≡ 0, (2.6)

¤«ï ¢á¥å x ∈ L, u ∈ U . �® íâ® ãá«®¢¨¥ à ¢­®á¨«ì­® â®¬ã, çâ® äã­ªæ¨ï
l(x) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

H(x, ∂l(x)∂x) .= max
u∈U

〈
f(x, u), ∂l(x)

∂x

〉
≡ 0,

H(x,−∂l(x)∂x) .= max
u∈U

〈
f(x, u), −∂l(x)

∂x

〉
≡ 0.

�âªã¤  á«¥¤ã¥â ®ç¥¢¨¤­®¥: L ⊂ S.
�á¥ ¨­¢ à¨ ­â­ë¥ ¬­®£®®¡à §¨ï ¬®¦­® à §¤¥«¨âì ­  ¤¢  ¢¨¤ :

¨§®«¨à®¢ ­­ë¥ ¨­¢ à¨ ­â­ë¥ ¬­®£®®¡à §¨ï, â.¥. â ª¨¥, ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ ª®â®àëå, ­¥â â®ç¥ª ¤àã£¨å ¨­¢ à¨ ­â­ëå ¬­®£®®¡à §¨©;
¨ ­¥¨§®«¨à®¢ ­­ë¥, ¨­®£¤  § ¯®«­ïîé¨¥ (à áá« ¨¢ îé¨¥) ¢á¥ ¯à®-
áâà ­áâ¢® Rn.

� ª ª ¯à¨¬¥àã, ¤«ï á¨áâ¥¬ë (2.5) ª ¦¤®¥ ¨­â¥£à «ì­®¥ ¬­®£®®¡à -
§¨¥ Lk á¨áâ¥¬ë ¢¥ªâ®à­ëå ¯®«¥© {f0(x), f1(x)} ¡ã¤¥â ï¢«ïâìáï ¨­¢ -
à¨ ­â­ë¬ ¬­®£®®¡à §¨¥¬ á¨áâ¥¬ë (2.5), ¯à¨ç¥¬ ¢ á¨«ã «¥¬¬ë 2.1 ¢ë-
¯®«­ï¥âáï ãá«®¢¨¥ rank(f0(x), f1(x), . . . , fn−1(x) = k ¤«ï ¢á¥å x ∈ Lk.
�á«¨ ¦¥ rank(f0(x), f1(x), . . . , fn−1(x) ≡ k < n ¤«ï ¢á¥å x ∈ Rn, â® ¯®
â¥®à¥¬¥ �à®¡¥­¨ãá  íâ® ®§­ ç ¥â, çâ® ¢á¥ ¯à®áâà ­áâ¢® Rn à áá« ¨-
¢ ¥âáï ­  ¨­¢ à¨ ­â­ë¥ ¬­®£®®¡à §¨ï á¨áâ¥¬ë (2.5) à §¬¥à­®áâ¨ k.
�âªã¤  á«¥¤ã¥â, çâ® ¢ ª ¦¤®© â®çª¥ x ¨­¢ à¨ ­â­®£® ¬­®£®®¡à §¨ï
Lk á¨áâ¥¬ë (2.5) ¢ë¯®«­¥­® ãá«®¢¨¥ s(x) ≡ 0.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.4. �« ¤ª®¥ ¬­®£®®¡à §¨¥ L ⊂ Rn ­ -
§ë¢ ¥âáï á« ¡® ¨­¢ à¨ ­â­ë¬ ¤«ï á¨áâ¥¬ë (2.1), ¥á«¨ ¤«ï «î¡®©
â®çª¨ x0 ∈ L áãé¥áâ¢ã¥â â ª®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ ux0(t), t ∈
[0,∞), çâ® á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã à¥è¥­¨¥ x(t) = x(t, ux0(·)) ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î x(t) ∈ L ¤«ï ¢á¥å t ∈ [t0,∞).

�ç¥¢¨¤­®, çâ® ­¥ª®â®à®¥ £« ¤ª®¥ ¬­®£®®¡à §¨¥ L, ®¯¨áë¢ ¥¬®¥
ãà ¢­¥­¨¥¬ l(x) = 0 (â.¥. L

.= {x ∈ Rn : l(x) = 0}), ¡ã¤¥â á« ¡®
¨­¢ à¨ ­â­ë¬ ¤«ï á¨áâ¥¬ë (2.1), ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨
¤«ï «î¡®£® x0 ∈ L ­ ©¤¥âáï ux0 ∈ U , ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î〈∂l(x)

∂x
, f(x, ux0)

〉
= 0.

�¢¥¤¥¬ ¥é¥ ®¤­® ¯®­ïâ¨¥. �ãáâì ¢ ­¥ª®â®à®© ®¡« áâ¨ G ⊂ Rn ¯®«¥
ª®­ãá®¢ K(x) ­¥¯à¥àë¢­®. �« ¤ª®¥ ¬­®£®®¡à §¨¥

Ln−1 .= {x ∈ G : l(x) = 0} ⊂ G,
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®¡« ¤ îé¥¥ â¥¬ á¢®©áâ¢®¬, çâ® ¤«ï ¢á¥å

x ∈ Ln−1, u ∈ U,
〈∂l(x)

∂x
, f(x, ux0)

〉
< 0

¡ã¤¥¬ ­ §ë¢ âì ®â¤¥«ïîé¨¬ ¬­®£®®¡à §¨¥¬ á¨áâ¥¬ë (2.1). �®  ­ -
«®£¨¨ á £à ­¨æ¥© âà ¥ªâ®à­®© ¢®à®­ª¨, âã áâ®à®­ã Ln−1, ª ª®â®à®©
¯à¨«¥£ ¥â ª®­ãá K(x) ¡ã¤¥¬ ­ §ë¢ âì ¢­ãâà¥­­¥© áâ®à®­®© ®â¤¥«ï-
îé¥£® ¬­®£®®¡à §¨ï Ln−1,   ¯à®â¨¢®¯®«®¦­ãî á®®â¢¥âáâ¢¥­­® ¢­¥è-
­¥©. � èâà¨åã¥¬ ¢­¥è­îî áâ®à®­ã Ln−1.

�§ ®¯à¥¤¥«¥­¨ï ®â¤¥«ïîé¥£® ¬­®£®®¡à §¨ï Ln−1 á«¥¤ã¥â, çâ® ¥á«¨
¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (2.1) ¯à®å®¤¨â áª¢®§ì Ln−1 âà ­á¢¥à-
á «ì­®, â® ®­  ¬®¦¥â íâ® ¤¥« âì â®«ìª® á® áâ®à®­ë èâà¨å®¢ª¨, ­® ­¥
­ ®¡®à®â. � ª ï èâà¨å®¢ ­­ ï ¯®¢¥àå­®áâì  ­ «®£¨ç­  èâà¨å®¢ ­-
­®© ¯®¢¥àå­®áâ¨ ¦¥áâª®© âà ¥ªâ®à­®© ¢®à®­ª¨, ª®â®à ï á ¬  ï¢«ï-
¥âáï ¯à¥¤¥«ì­ë¬ á«ãç ¥¬ ®â¤¥«ïîé¥£® ¬­®£®®¡à §¨ï Ln−1 (á¬. à¨á.
2.3).

�¨á. 2.3. �à¨¬¥à ®â¤¥«ïîé¥£® ¬­®£®®¡à §¨ï

�§«®¦¥­­ë© ¢ëè¥ ¬ â¥à¨ «, ª®â®àë© ¬®¦­® ¡ë«® ¡ë ­ §¢ âì ¬¥-
â®¤®¬ èâà¨å®¢ ­­ëå £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª, ®ª §ë¢ ¥âáï ¤®-
áâ â®ç­® ã¤®¡­ë¬ ¨­áâàã¬¥­â®¬ ¤«ï ¯®áâà®¥­¨ï ä §®¢®£® ¯®àâà¥â 
ã¯à ¢«ï¥¬ëå á¨áâ¥¬. �á®¡¥­­® ¯à®áâ® áâà®¨âáï ä §®¢ë© ¯®àâà¥â ¤«ï
á¨áâ¥¬ ¢ R2. � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ á¨áâ¥¬ã

_x = f0(x) + uf1(x), (2.7)
£¤¥ x ∈ R2, u ∈ U ⊂ R,   äã­ªæ¨¨ f0(x), f1(x) ∈ C1(R2,R2). �à¥¤¯®« -
£ ¥âáï, çâ® U = cl(α, β) ⊂ R, £¤¥ α ¨«¨ β ¬®£ãâ ¡ëâì ­¥®£à ­¨ç¥­ë.
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�«ï ¤ ­­®© á¨áâ¥¬ë áãé¥áâ¢ã¥â ¢á¥£® 5 ¢¨¤®¢ ª®­ãá®¢. �á¥ ®­¨,
¢¬¥áâ¥ á äà £¬¥­â®¬ ä §®¢®£® ¯®àâà¥â , á®®â¢¥âáâ¢ãîé¥£® ª®­ãáã
¤ ­­®£® â¨¯  ¨§®¡à ¦¥­ë ­  à¨áã­ªe 2.4.

�¨á. 2.4. � §«¨ç­ë¥ â¨¯ë ª®­ãá®¢ á¨áâ¥¬ë (2.7) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ä §®¢ë¥ ¯®à-
âà¥âë.

� â®çª å x ∈ R2, ­¥ ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã  ¡á®«îâ­®£® à ¢-
­®¢¥á¨ï, ª®­ãá K(x) § ¬ëª ¥âáï ¤¢ã¬ï ®¡à §ãîé¨¬¨, ­ ¯à ¢«¥­¨ï
ª®â®àëå ®¯à¥¤¥«ïîâáï ­ ¯à ¢«¥­¨¥¬ ¢¥ªâ®à®¢

ϕ1(x) =
{

f0(x) + αf1(x), ¥á«¨ α 6= −∞,

−f1(x), ¥á«¨ α = −∞;

ϕ2(x) =
{

f0(x) + βf1(x) , ¥á«¨ β 6= ∞,

f1(x), ¥á«¨ β = ∞.

�âáî¤  á«¥¤ãîâ ãà ¢­¥­¨ï £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª

_x = ϕ1(x), (2.8)
_x = ϕ2(x). (2.9)
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�¥ªâ®à f0(x) ®¯à¥¤¥«ï¥â ¢­ãâà¥­­®áâì ª®­ãá  K(x),   á«¥¤®¢ â¥«ì­®
®¯à¥¤¥«ï¥â èâà¨å®¢ªã £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª á¨áâ¥¬ë (2.7).

�á®¡ë¥ ¬­®£®®¡à §¨ï S á¨áâ¥¬ë (2.7) ®¯¨áë¢ îâáï ãà ¢­¥­¨¥¬

s(x) = 0, (2.10)

£¤¥ s(x) = det(f0(x), f1(x)). �âáî¤  § ª«îç ¥¬, çâ® â®çª  x0 ∈ S ¢ â®¬
¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ¢¥ªâ®àë f0(x0) ¨ f1(x0) { «¨­¥©­® § ¢¨á¨¬ë.

�  à¨áã­ª¥ 2.4(¥) ¨§®¡à ¦¥­ ¯à¨¬¥à ®á®¡®© ¨§®«¨à®¢ ­­®© ªà¨¢®©
á ¨§®¡à ¦¥­¨¥¬ ¢á¥å ¢®§¬®¦­ëå â¨¯®¢ ª®­ãá®¢ ­  ­¥© ¨ ¯ïâ¨ á«ãç ¥¢
¨å à á¯®«®¦¥­¨ï ®â­®á¨â¥«ì­® ®á®¡®© ªà¨¢®©.

�§®«¨à®¢ ­­®© ¨­¢ à¨ ­â­®© ªà¨¢®© ®â¢¥ç îâ á«ãç ¨ 1,2, ¨§®¡à -
¦¥­­ë¥ ­  à¨á. 2.4(¥) â.¥. ª®­ãá K(x) ª á ¥âáï ®á®¡®© ªà¨¢®©. �à¨
íâ®¬ áãé¥áâ¢¥­­®, çâ® ãá«®¢¨¥ (2.10) ¢ë¯®«­ï¥âáï «¨èì ¤«ï â®ç¥ª
¤ ­­®© ¨­¢ à¨ ­â­®© ªà¨¢®©.

�¡« áâ¨ § ¯®«­¥­­ë¥ ¨­¢ à¨ ­â­ë¬¨ «¨­¨ï¬¨ (à¨á. 2.4 (¡-¢)), ¢ë-
¤¥«ïîâáï ª ª â¥ ®¡« áâ¨ G ⊂ R2, ¢ â®çª å ª®â®àëå ãá«®¢¨¥ (2.10)
¢ë¯®«­ï¥âáï â®¦¤¥áâ¢¥­­®.

�«ãç ©, ª®£¤  ¢ ®¡« áâ¨ G ⊂ R2, f0(x) = f1(x) ≡ 0, â.¥. ª ¦¤ ï
â®çª  x ∈ G ï¢«ï¥âáï â®çª®©  ¡á®«îâ­®£® à ¢­®¢¥á¨ï, ¨§®¡à ¦¥­ ­ 
à¨áã­ª¥ 2.4( ).

�á­®¢­®¥ §­ ç¥­¨¥ ä §®¢®£® ¯®àâà¥â  á®áâ®¨â ¢ â®¬, çâ® ®­ ¯®§¢®-
«ï¥â ¯à®¢®¤¨âì ¢á¥ ¢®§¬®¦­ë¥ ¤®¯ãáâ¨¬ë¥ âà ¥ªâ®à¨¨ ¤ ­­®© á¨-
áâ¥¬ë, ®¡à §ã¥¬ë¥ ¤¥©áâ¢¨¥¬ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨©. �à ¥ªâ®à¨ï
­  ä §®¢®¬ ¯®àâà¥â¥ ¡ã¤¥â ¤®¯ãáâ¨¬®©, ¥á«¨ ®­  ó¯à®è¨¢ ¥âô £à -
­¨æë âà ¥ªâ®à­ëå ¢®à®­®ª á®£ á­® èâà¨å®¢ª¥, (â® ¥áâì á® áâ®à®­ë
èâà¨å®¢ª¨). �á«¨ ª®­ãá K(x) § ¬ª­ãâ, (â.¥. ¤¢¥ ¥£® ®¡à §ãîé¨¥ â ª-
¦¥ ¤ îâ ¤®¯ãáâ¨¬®¥ ­ ¯à ¢«¥­¨¥ áª®à®áâ¨), â® ¢®§¬®¦­® ¤¢¨¦¥­¨¥
¢¤®«ì £à ­¨æ ¢®à®­®ª, (â.¥. á ¬¨ £à ­¨æë âà ¥ªâ®à­ëå ¢®à®­®ª ï¢«ï-
îâáï ¤®¯ãáâ¨¬ë¬¨ âà ¥ªâ®à¨ï¬¨).
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§3. � áâ¥¯¥­¨ £« ¤ª®áâ¨ £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª
«¨­¥©­ëå á¨áâ¥¬

� ¤ ­­®¬ ¯ à £à ä¥ à áá¬ âà¨¢ îâáï £à ­¨æë âà ¥ªâ®à­ëå ¢®à®­®ª «¨-
­¥©­®© á¨áâ¥¬ë

_x = Ax + bu, (x, u) ∈ Rn × [−1, 1].

�à¨ ãá«®¢¨¨, çâ® s(x0) 6= 0, rank(b, Ab, A2b, . . . , An−1b)=n−1 ¤®ª §ë¢ ¥âáï
«®ª «ì­ ï â¥®à¥¬  ® áãé¥áâ¢®¢ ­¨¨ ªãá®ç­® £« ¤ª®© £à ­¨æë ¦¥áâª®©
âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0).

� áá¬®âà¨¬ à¥è¥­¨ï á¨áâ¥¬ë
_x = Ax + bu, (x, u) ∈ Rn × [−1, 1], (3.1)

¢ à áè¨à¥­­®¬ ä §®¢®¬ ¯à®áâà ­áâ¢¥ R+ × Rn.
�§¢¥áâ­® [39, c.103], çâ® ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ §  ¢à¥¬ï t0 > 0

¨§ ¯à®¨§¢®«ì­®© â®çª¨ x0 ∈ Rn ¬®¦­® ®¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬

Dt0(x0) = Φ(t0)
(
x0 +

t0∫

0

Φ−1(t)bUdt
)
,

£¤¥ U = [−1, 1], Φ(t) { äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  á¨áâ¥¬ë _x = Ax,
ã¤®¢«¥â¢®àïîé ï ­ ç «ì­®¬ã ãá«®¢¨î Φ(0) = E,   ¨­â¥£à « ¯®­¨-
¬ ¥âáï ¢ á¬ëá«¥ �.�. �ï¯ã­®¢  (á¬. ­ ¯à¨¬¥à [11, á.229]).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1. �­®¦¥áâ¢®
W (x0, τ) .= {(t, x) ∈ R+ × Rn : x ∈ Dt(x0), t ∈ [0, τ ]}

­ §ë¢ ¥âáï ®âà¥§ª®¬ ¨­â¥£à «ì­®© ¢®à®­ª¨ á¨áâ¥¬ë (3.1). �®çª  x0
­ §ë¢ ¥âáï ¢¥àè¨­®© ¨­â¥£à «ì­®© ¢®à®­ª¨.

� ª¨¬ ®¡à §®¬ ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ Dt0(x0), t0 ∈ [0, τ ] ï¢«ï-
¥âáï á¥ç¥­¨¥¬ ¨­â¥£à «ì­®© ¢®à®­ª¨ ¯«®áª®áâìî t = t0,   ®âà¥§®ª
âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ) ⊂ Rn { íâ® ®àâ®£®­ «ì­ ï ¯à®¥ªæ¨ï
®âà¥§ª  ¨­â¥£à «ì­®© ¢®à®­ª¨ W (x0, τ) ­  ¯«®áª®áâì t = 0 ¢ à áè¨-
à¥­­®¬ ä §®¢®¬ ¯à®áâà ­áâ¢¥ R+ × Rn.

� ¤àã£®© áâ®à®­ë, ¥á«¨ ¢¢¥áâ¨ ­®¢ë¥ ¯¥à¥¬¥­­ë¥
x̂

.= (x1, x2, . . . , xn+1)∗, xn+1 = t = ϑ,

â® ®âà¥§®ª ¨­â¥£à «ì­®© ¢®à®­ª¨ W (x0, t0) ¬®¦­® à áá¬ âà¨¢ âì, ª ª
®âà¥§®ª âà ¥ªâ®à­®© ¢®à®­ª¨ V (x̂0, ϑ0) ⊂ Rn × R á¨áâ¥¬ë

_̂x = Âx̂ + b̂u, (x̂, u) ∈ Rn+1 × [−1, 1], (3.2)
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£¤¥ Â { ª¢ §¨¤¨ £®­ «ì­ ï ¬ âà¨æ  n + 1 × n + 1-¬ âà¨æ , ¢ «¥¢®¬
¢¥àå­¥¬ ã£«ã ª®â®à®© ­ å®¤¨âáï ¬ âà¨æ  A,   ¢ ¯à ¢®¬ ­¨¦­¥¬ áâ®¨â
¥¤¨­¨æ , x̂0

.= (x01, . . . , x0n, 0)∗, ϑ0
.= t0.

� ª¨¬ ®¡à §®¬ ¡®ª®¢ãî £à ­¨æã ∂sW (x0, t0) ®âà¥§ª  ¨­â¥£à «ì-
­®© ¢®à®­ª¨ W (x0, t0) (â.¥. ∂sW (x0, t0) .= ∂W (x0, t0)\Dt0(x0)), ª®â®-
àãî ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ­ §ë¢ âì £à ­¨æ¥© ¨­â¥£à «ì­®© ¢®à®­ª¨
W (x0, t0) á¨áâ¥¬ë (3.1), ¬®¦­® à áá¬ âà¨¢ âì, ª ª £à ­¨æã âà ¥ªâ®à-
­®© ¢®à®­ª¨ V (x̂, ϑ0) á¨áâ¥¬ë (3.2).

�ãáâì á¨áâ¥¬  (3.1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

rank(b, Ab, A2b, . . . , An−1b) = n. (3.3)

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ £®¢®à¨âì çâ® á®¢®ªã¯­®áâì äã­ªæ¨© {ξi(t)}n
i=1

­  ¯®«ã¨­â¥à¢ «¥ [0, t0) ®¡à §ã¥â ç¥¡ëè¥¢áªãî á¨áâ¥¬ã, ¥á«¨ ¢áïª ï
­¥âà¨¢¨ «ì­ ï «¨­¥©­ ï ª®¬¡¨­ æ¨ï äã­ªæ¨©

n∑
k=1

αkξk(t) ¨¬¥¥â ­ 
[0, t0) ­¥ ¡®«¥¥ n − 1 £¥®¬¥âà¨ç¥áª¨ à §«¨ç­ëå (â. ¥. ¡¥§ ãç¥â  ªà â-
­®áâ¥©) ­ã«¥© (á¬. [30], [31]).

�ãáâì ψ1(t), . . . , ψn(t) { ¯à®¨§¢®«ì­ ï äã­¤ ¬¥­â «ì­ ï á¨áâ¥¬ 
à¥è¥­¨© á®¯àï¦¥­­®£® ãà ¢­¥­¨ï

_ψ = −ψA. (3.4)

�á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (3.3), â® áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ® á®-
¢®ªã¯­®áâì äã­ªæ¨©

ξ1(t) .= ψ1(t)b , . . . , ξn(t) .= ψn(t)b (3.5)

­  ¯®«ã¨­â¥à¢ «¥ [0, τ) ï¢«ï¥âáï ç¥¡ëè¥¢áª®© á¨áâ¥¬®©. � ­­®¥
á¢®©áâ¢® ¨§¢¥áâ­® ª ª â¥®à¥¬  � ««¥-�ãáá¥­  [41].

�¥®¬¥âà¨ç¥áª¨ íâ®â ä ªâ ®§­ ç ¥â, çâ® ¢áïª®¥ ­¥âà¨¢¨ «ì­®¥ à¥-
è¥­¨¥ á¨áâ¥¬ë (3.4) ¯¥à¥á¥ª ¥â £¨¯¥à¯«®áª®áâì

Ln−1 .= {ψ ∈ Rn : 〈ψ, b〉 = 0}
­¥ ¡®«¥¥ n− 1 à §, ª®£¤  t ¯à®¡¥£ ¥â ¨­â¥à¢ « [0, τ). �â® á¢®©áâ¢®
¢ à ¡®â å �. �. �®­ª®¢  (á¬. ­ à¨¬¥à [43], [44]) ­ §¢ ­® á¢®©áâ¢®¬
­¥®áæ¨««ïæ¨¨ á¨áâ¥¬ë (3.4) ­  ¨­â¥à¢ «¥ [0, τ) ®â­®á¨â¥«ì­® £¨¯¥à-
¯«®áª®áâ¨ Ln−1.

�¤­® ¨§ ®á­®¢­ëå á¢®©áâ¢ ç¥¡ëè¥¢áª¨å á¨áâ¥¬ ¨§¢¥áâ­®, ª ª â¥®-
à¥¬  �. �. �¥à­èâ¥©­  (á¬. ­ ¯à¨¬¥à [17, á. 53]): ¥á«¨ á®¢®ªã¯­®áâì
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(3.5) ï¢«ï¥âáï ç¥¡ëè¥¢áª®© á¨áâ¥¬®© ­  [0, τ), â® ¤«ï «î¡®£® ­ ¡®à 
â®ç¥ª t1, . . . , tn−1 â ª¨å, çâ® 0 6 t1 < t2 < · · · < tn−1 < τ , ­ ©-
¤¥âáï «¨­¥©­ ï ª®¬¡¨­ æ¨ï äã­ªæ¨© (3.5), ¨¬¥îé ï ¯à®áâë¥ ­ã«¨
¢ â®çª å ti ¨ ­¥ ¨¬¥îé ï ¤àã£¨å ­ã«¥© ­  [0, τ).

�ãáâì τ > 0 â ª®¢®, çâ® á®¢®ªã¯­®áâì äã­ªæ¨© (3.5) ­  ¯®«ã-
¨­â¥à¢ «¥ [0, τ) ï¢«ï¥âáï ç¥¡ëè¥¢áª®© á¨áâ¥¬®©. �«ï ª ¦¤®£® k =
0, 1, . . . , n ®¯à¥¤¥«¨¬ ¬­®£®®¡à §¨ï Mk(t), £¤¥ M 0(t) .= {0},
Mk(t) .={ϑ=(ϑn−k+1, . . . , ϑn) : 0<ϑn−k+1 <. . .<ϑn = t<τ}, k = 1, . . . , n

¨ ¬­®£®®¡à §¨ï

M 1+k = [0, τ)×Mk(t), k = 1, . . . , n.

�áïª®© â®çª¥ p = (t, ϑ) ∈ M 1+k ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ â®çªã q =
(t, x), £¤¥ x = 0 ¯à¨ k = 0,   ¯à¨ k > 1

x = x(p) = −
n−1∑

i=n−k

(−1)i−n+k

ϑi+1∫

ϑi

Φ(t)Φ−1(t)b ds, ϑn−k = 0. (3.6)

� ª¨¬ ®¡à §®¬, ¤«ï ª ¦¤®£® k § ¤ ­  äã­ªæ¨ï p → F (p) = q á
®¡« áâìî ®¯à¥¤¥«¥­¨ï M 1+k ¨ ®¡« áâìî §­ ç¥­¨© N 1+k

+
.= F (M 1+k)

(¢ ¤ «ì­¥©è¥¬ ­¨¦­¨© ¨­¤¥ªá ã N 1
+ ®¯ãáª ¥¬). � ª ª ª N 1+k

+ =
[0, τ) × Nk

+(t), £¤¥ N 0(t) = {0},   ¤«ï k > 1 ¬­®¦¥áâ¢® Nk
+(t) á®-

áâ®¨â ¨§ â®ç¥ª ¢¨¤  (3.6), â® á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ Nk
+(t) ⊂ Dτ(0),

k = 0, 1, . . . , n. �®íâ®¬ã, ¢ á¨«ã ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  �®­âàï£¨­ 

max
u∈[−1,1]

ψ(t)bu = ψ(t)bu(t) (3.7)

¨ ãá«®¢¨ï t = ϑn < τ , ª ¦¤®© â®çª¥ q = (t, x) ∈ N 1+k
+ ®â¢¥ç ¥â ¥¤¨­-

áâ¢¥­­ ï â®çª  p = (t, τ) ∈ M 1+k, § ¤ îé ï (¯à¨ k > 2) ¬®¬¥­âë
¯¥à¥ª«îç¥­¨© ã¯à ¢«¥­¨ï, ¯¥à¥¢®¤ïé¥£® ¯®§¨æ¨î (0, 0) ¢ ¯®§¨æ¨î
(ϑn, x) ¨ ®¯â¨¬ «ì­®£® ¢ á¬ëá«¥ ¡ëáâà®¤¥©áâ¢¨ï (¯à¨ k = 0 ®¯â¨-
¬ «ì­®¥ ã¯à ¢«¥­¨¥ u(t) ≡ 0,   ¯à¨ k = 1 ­¥ ¨¬¥¥â ¯¥à¥ª«îç¥­¨©).

�®áâà®¥­­ë¥ ¬­®£®®¡à §¨ï N 1+k
+ ®¡« ¤ îâ â¥¬ á¢®©áâ¢®¬, çâ® ¤«ï

â®ç¥ª (t0, x0) ∈ N 1+k
+ ®¯â¨¬ «ì­®¥ (¢ á¬ëá«¥ ¡ëáâà®¤¥©áâ¢¨ï) ã¯à -

¢«¥­¨¥ u0(t) ¯à¨ t ∈ [0, τn−k+1(t0, x0)) à ¢­® +1. �­ «®£¨ç­ë¬ ®¡à §®¬
áâà®ïâáï ¬­®£®®¡à §¨ï N 1+k

− , k = 1, . . . , n (¢ íâ®¬ á«ãç ¥ ®¯â¨¬ «ì­®¥
ã¯à ¢«¥­¨¥ ­ ç¨­ ¥âáï á −1).
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� à ¡®â å �.�. �¨ª®« ¥¢  ¨ �.�. �®­ª®¢  (á¬. ­ ¯à¨¬¥à [29], [30],
[31]) ¤®ª § ­®, çâ® ¬­®£®®¡à §¨ï N 1+k

+ , N 1+k
− , k = 0, 1, . . . , n ®¡« ¤ îâ

á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
1) ¤«ï ª ¦¤®£® k = 0, 1, . . . , n, ¬­®£®®¡à §¨ï N 1+k

+ , N 1+k
− ï¢«ïîâáï

£« ¤ª¨¬¨ ¬­®£®®¡à §¨ï¬¨ ª« áá  C∞;
2) ¬­®£®®¡à §¨ï N 1, N 1+k

− ¨ N 1+k
+ , k = 1, . . . , n, à áá¬ âà¨¢ ¥¬ë¥

ª ª ¬­®£®®¡à §¨ï ¢«®¦¥­­ë¥ ¢ R1+n, ­¥ ¨¬¥îâ ®¡é¨å â®ç¥ª, ¨ ¬­®-
£®®¡à §¨¥ Nk

+
⋃

Nk
− ï¢«ï¥âáï ®¡é¨¬ ªà ¥¬ ¬­®£®®¡à §¨© cl N 1+k

+ ¨
cl N 1+k

− .

� ¥ ® à ¥ ¬   3.1 ([31]). �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ ®¡é­®áâ¨
¯®«®¦¥­¨ï (3.3). �®£¤  áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ® ¨­â¥£à «ì­ ï
¢®à®­ª  W (0, τ) á¨áâ¥¬ë (3.1) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

W (0, τ) = cl
(
N1+n

+
⋃

N1+n
−

)
, £¤¥

N1+k
+ = N 1+k

+
⋃

Nk
−

⋃
Nk−1

+
⋃
· · ·

⋃
N 1,

N1+k
− = N 1+k

−
⋃

Nk
+

⋃
Nk−1
−

⋃
· · ·

⋃
N 1,

k = 0, . . . , n. �­®£®®¡à §¨ï N1+k
+ , N1+k

− á« ¡® ¨­¢ à¨ ­â­ë, ¨ ¤«ï ª -
¦¤®£® k = 0, . . . , n, ¬­®£®®¡à §¨¥ Nk

+
⋃

Nk
− ï¢«ï¥âáï ®¡é¨¬ ªà ¥¬

¬­®£®®¡à §¨© cl N1+k
+ ¨ cl N1+k

− .

� ¬¥â¨¬, çâ® ¤«ï á¨áâ¥¬ë (3.1) ¯à¨ «î¡ëå x0 ∈ Rn, t ∈ (0, τ)
¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ Dt(x0) ¯®«ãç ¥âáï ¨§ ¬­®¦¥áâ¢  ¤®áâ¨¦¨-
¬®áâ¨ Dt(0) ¯ à ««¥«ì­ë¬ ¯¥à¥­®á®¬ ­  ¢¥ªâ®à Φ(t)x0, â® ¥áâì ¢ à¥-
§ã«ìâ â¥ ¯à¥®¡à §®¢ ­¨ï (t, x) G−→ (t, x+Φ(t)x0) ¨­â¥£à «ì­ ï ¢®à®­-
ª  W (0, τ) ¯¥à¥å®¤¨â ¢ ¨­â¥£à «ì­ãî ¢®à®­ªã W (x0, τ). �®áª®«ìªã
äã­ªæ¨ï G ∈ C∞(R+ × Rn,R+ × Rn), ∂G/∂t ≡ 1, â.¥. grad G 6= 0, â®
®ç¥¢¨¤­®, çâ® £« ¤ª¨¥ ¬­®£®®¡à §¨ï N 1+k

+ ¨ Nk+1
− ¯¥à¥å®¤ïâ ¢ £« ¤-

ª¨¥ ¬­®£®®¡à §¨ï L1+k
+ ¨ Lk+1

− â ª®£® ¦¥ ª« áá  £« ¤ª®áâ¨. �®£¤ ,
®ç¥¢¨¤­®, á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

� « ¥ ¤ á â ¢ ¨ ¥ 3.1. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ ®¡é­®áâ¨ ¯®-
«®¦¥­¨ï (3.3). �®£¤  áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ® ¤«ï «î¡®£®
x0 ∈ Rn ¨­â¥£à «ì­ ï ¢®à®­ª  W (x0, τ) á¨áâ¥¬ë (3.1) ¯à¥¤áâ ¢¨¬ 
¢ ¢¨¤¥

W (x0, τ) = cl
(
L1+n

+
⋃

L1+n
−

)
, £¤¥
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L1+k
+ = L1+k

+
⋃

Lk
−

⋃
Lk−1

+
⋃
· · ·

⋃
L1,

L1+k
− = L1+k

−
⋃

Lk
+

⋃
Lk−1
−

⋃
· · ·

⋃
L1,

k = 0, . . . , n. �­®£®®¡à §¨ï L1, L1+k
− ¨ L1+k

+ , k = 1, . . . , n ­¥ ¨¬¥-
îâ ®¡é¨å â®ç¥ª ¨ ï¢«ïîâáï £« ¤ª¨¬¨ ª« áá  C∞ á« ¡® ¨­¢ à¨-
 ­â­ë¬¨ ¬­®£®®¡à §¨ï¬¨ á¨áâ¥¬ë (3.1). �à®¬¥ â®£®, ¤«ï ª ¦¤®£®
k = 0, . . . , n, ¬­®£®®¡à §¨¥ Lk

+
⋃

Lk
− ï¢«ï¥âáï ®¡é¨¬ ªà ¥¬ ¬­®£®-

®¡à §¨© cl L1+k
+ ¨ cl L1+k

− .

� ¥ ¬ ¬   3.1. �ãáâì

rank(b, Ab, A2b, . . . , An−1b) = m. (3.8)

�®£¤  áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ® ¤«ï «î¡®£® x0 ∈ Rn ¨­â¥£à «ì-
­ ï ¢®à®­ª  W (x0, τ) á¨áâ¥¬ë (3.1) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

W (x0, τ) = cl
(
L1+m

+
⋃

L1+m
−

)
, £¤¥

L1+k
+ = L1+k

+
⋃

Lk
−

⋃
Lk−1

+
⋃
· · ·

⋃
L1,

L1+k
− = L1+k

−
⋃

Lk
+

⋃
Lk−1
−

⋃
· · ·

⋃
L1,

k = 0, . . . , m.
�­®£®®¡à §¨ï L1, L1+k

− ¨ L1+k
+ , k = 1, . . . , m ­¥ ¨¬¥îâ ®¡é¨å â®-

ç¥ª ¨ ï¢«ïîâáï £« ¤ª¨¬¨ ª« áá  C∞ á« ¡® ¨­¢ à¨ ­â­ë¬¨ ¬­®£®-
®¡à §¨ï¬¨ á¨áâ¥¬ë (3.1). �à®¬¥ â®£®, ¤«ï ª ¦¤®£® k = 0, . . . ,m,

¬­®£®®¡à §¨¥ Lk
+

⋃
Lk
− ï¢«ï¥âáï ®¡é¨¬ ªà ¥¬ ¬­®£®®¡à §¨© cl L1+k

+ ¨
cl L1+k

− .

� ® ª   §   â ¥ « ì á â ¢ ®. �§¢¥áâ­® (á¬. [19, áâà. 108]), çâ®
¤«ï «î¡ëå t > 0 x0 ∈ Rn ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ Dt(x0) á®¤¥à¦¨âáï
¢ «¨­¥©­®¬ ¯à®áâà ­áâ¢¥ L .= {x =

m−1∑
i=0

ciA
ib, ci ∈ R}, ¯à¨ç¥¬ á¨áâ¥¬ 

(3.1) ¯à¨¢®¤¨¬  ª ¢¨¤ã
{

_y1 = A1y + b̂u,

_y2 = A2y2,
(3.9)
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£¤¥ y = (y1, y2)∗, y1, b ∈ Rm, y2 ∈ Rn−m, A1 ∈ Hom(Rn,Rm), A2 ∈
Hom(Rn−m,Rn−m). � â ª®¬ á«ãç ¥

y1(t) = �(t)y1(0) + �(t)
∫ t

0
�−1(s)̂bu ds + �(t)

∫ t

0
�−1(s)y2(t) ds,

£¤¥ �(t) äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  á¨áâ¥¬ë _y1 = A1y, ã¤®¢«¥â¢®àï-
îé ï ­ ç «ì­®¬ã ãá«®¢¨î �(0) = E.

� áá¬®âà¨¬ á¨áâ¥¬ã
_y1 = Â1y1 + b̂u, (3.10)

£¤¥ Â1 | m×m-¬ âà¨æ , ¯®«ãç¥­­ ï ¨§ ¬ âà¨æë A1 ®â¡à áë¢ ­¨¥¬
¯®á«¥¤­¨å n − m áâ®«¡æ®¢. � ¬¥â¨¬, çâ® á¨áâ¥¬  (3.10) ã¤®¢«¥â¢®-
àï¥â ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë 3.1. �áâ ¥âáï § ¬¥â¨âì, çâ® ¤«ï «î¡ëå
y1(0) ∈ Rm, t ∈ (0, τ) ¬­®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ Dt(y(0)) á¨áâ¥¬ë (3.9)
¯®«ãç ¥âáï ¨§ ¬­®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ Dt(0) ¯ à ««¥«ì­ë¬ ¯¥à¥-
­®á®¬ ­  ¢¥ªâ®à (0, �(t)y1(0)+�(t)

∫ t

0 �−1(s)y2(t) ds), â.¥. ¢ à¥§ã«ìâ â¥
¯à¥®¡à §®¢ ­¨ï

(t, y) G−→ (t, y + �(t)y1(0) + �(t)
∫ t

0
�−1(s)y2(t) ds)

¨­â¥£à «ì­ ï ¢®à®­ª  W (0, τ) ¯¥à¥å®¤¨â ¢ ¢®à®­ªã W (y1(0), τ). �®-
áª®«ìªã äã­ªæ¨ï G ∈ C∞(R+×Rn,R+×Rn), ∂G/∂t ≡ 1, â.¥. grad G 6=
0, â® ®ç¥¢¨¤­®, çâ® £« ¤ª¨¥ ¬­®£®®¡à §¨ï N 1+k

+ ¨ Nk−1
+ ¯¥à¥å®¤ïâ ¢

£« ¤ª¨¥ ¬­®£®®¡à §¨ï L1+k
+ ¨ Lk−1

+ â ª®£® ¦¥ ª« áá  £« ¤ª®áâ¨. �¥¬-
¬  ¤®ª § ­ .

�   ¬ ¥ ç   ­ ¨ ¥ 3.1. � ¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå «¥¬¬ë 3.1 ¬­®-
¦¥áâ¢® L1+m .= L1+m

+
⋃

L1+m
− ¡ã¤¥â ï¢«ïâìáï £« ¤ª¨¬ m + 1-¬¥à­ë¬

¬­®£®®¡à §¨¥¬ ª« áá  C∞.
� ¥ ¬ ¬   3.2. �ãáâì ¢ ®£à ­¨ç¥­­®© ®¡« áâ¨ G ∈ Rn ®¯à¥¤¥-

«¥­ë £¨¯¥à¯«®áª®áâì Ln−1 .= {x ∈ Rn : 〈l, x〉 = 0} ¨ £« ¤ª®¥, ª« áá  r,
¬­®£®®¡à §¨¥ Mn−1 á £« ¤ª¨¬ (¨«¨ ªãá®ç­®-£« ¤ª¨¬), ª« áá  r, ªà ¥¬
Mn−2. �á«¨ ¢® ¢á¥å â®çª å £« ¤ª®áâ¨ x ∈ Mn−1 ⋃

Mn−2 ¢ë¯®«­¥­ë
á®®â­®è¥­¨ï:

l /∈ Tx(Mn−1), l /∈ Tx(Mn−2), (3.11)
â® ¬­®¦¥áâ¢® Mn−1 .= {x ∈ Ln−1 : x + αl ∈ Mn−1, α ∈ R} ï¢«ï¥â-
áï £« ¤ª¨¬, ª« áá  r, n − 1-¬¥à­ë¬ ¬­®£®®¡à §¨¥¬, c £« ¤ª¨¬ (¨«¨
á®®â¢¥âáâ¢¥­­® ªãá®ç­®-£« ¤ª¨¬) ª« áá  r, ªà ¥¬

Mn−2 .= {x ∈ Ln−1 : x + αl ∈ Mn−2}.
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�   ¬ ¥ ç   ­ ¨ ¥ 3.2. �¥¬¬  3.2 ãâ¢¥à¦¤ ¥â, çâ® ¯à¨ ãá«®-
¢¨¨ (3.11) ¯à®¥ªæ¨ï £« ¤ª®£® ¬­®£®®¡à §¨ï Mn−1 á ªà ¥¬ Mn−2 ¡ã¤¥â
£« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ á ªà ¥¬ â ª®£® ¦¥ ª« áá  £« ¤ª®áâ¨, çâ® ¨
Mn−1.

� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª Mn−1 £« ¤ª®¥ ¬­®£®®¡à -
§¨¥, â® áãé¥áâ¢ã¥â â ª ï áª «ïà­ ï äã­ªæ¨ï ϕ ∈ Cr(G,R), çâ®
Mn−1 = {x ∈ Rn : ϕ(x) = 0}, ¯à¨ç¥¬

〈∂ϕ(x)
∂x

, l
〉
6= 0 ¤«ï ¢á¥å x ∈ G.

� ¬¥â¨¬, ¤ «¥¥, çâ® áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­®¥ «¨­¥©­®¥ ¯à¥®¡à -
§®¢ ­¨¥ x = Py, P ∈ Hom(Rn,Rn), ª®â®à®¥ ¯¥à¥¢®¤¨â ¢¥ªâ®à l ¢
¥¤¨­¨ç­ë© ¢¥ªâ®à en

.= (0, 0, . . . , 0, 1)∗, ¯«®áª®áâì Ln−1} ¯¥à¥¢®¤¨â
¢ ¯«®áª®áâì OY1Y2 . . . Yn−1, ®¡« áâì G ¢ ®¡« áâì Ĝ,   ¬­®£®®¡à §¨¥
Mn−1 ¢ ¬­®£®®¡à §¨¥ M̂n−1. �¥£ª® § ¬¥â¨âì, çâ® ϕ̂ ∈ Cr(Rn,R), £¤¥
ϕ̂(y) .= ϕ(Py) £« ¤ª ï äã­ªæ¨ï, ¯à¨ç¥¬ ∂ϕ̂(y)

∂yn
6= 0 ¤«ï ¢á¥å y ∈ Ĝ.

�®£¤  ¯® â¥®à¥¬¥ ® ­¥ï¢­®© äã­ªæ¨¨ ¢ ®¡« áâ¨ Ĝ áãé¥áâ¢ã¥â £« ¤-
ª ï, ª« áá  r, äã­ªæ¨ï yn = f(y1, y2, . . . , yn−1) â ª ï, çâ®

M̂n−1 = {y ∈ Ĝ : ϕ̂(y) = 0} = {y ∈ Ĝ : yn = f(y1, y2, . . . , yn−1)}.

�®áª®«ìªã £à ä¨ª äã­ªæ¨¨ f ï¢«ï¥âáï £« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ M̂n−1,
â® ®¡« áâì ®¯à¥¤¥«¥­¨ï ¤ ­­®© äã­ªæ¨¨ (¯à®¥ªæ¨ï M̂n−1 ­  ¯«®á-
ª®áâì OY1Y2 . . . Yn−1) ¡ã¤¥â â ª¦¥ £« ¤ª¨¬ ª« áá  r, n − 1-¬¥à­ë¬
¬­®£®®¡à §¨¥¬. � ª ª ª Ĝ ®£à ­¨ç¥­ , â® ¢á¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥
äã­ªæ¨¨ f ¤® ¯®àï¤ª  r ¢ª«îç¨â¥«ì­® ¡ã¤ãâ ®¯à¥¤¥«¥­ë ¨ ®£à -
­¨ç¥­ë ¢ ®¡« áâ¨ Ĝ. �«¥¤®¢ â¥«ì­® £à ­¨æ  ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï
äã­ªæ¨¨ f ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¯à®¥ªæ¨¨ ¬­®£®®¡à §¨ï M̂n−2 ­ 
¯«®áª®áâì OY1Y2 . . . Yn−1 ¨ ¨¬¥¥â âã ¦¥ áâàãªâãàã ¨ áâ¥¯¥­ì £« ¤ª®-
áâ¨, çâ® ¨ ¬­®£®®¡à §¨¥ M̂n−2.

� ¥ ® à ¥ ¬   3.2. �ãáâì rank(b, Ab, . . . , An−1b) = n− 1 ¨

s(x0) .= det(Ax0, b, Ab, . . . , An−2b) 6= 0. (3.12)

�®£¤  áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ® ¯à¨ «î¡®¬ t < τ âà ¥ª-
â®à­ ï ¢®à®­ª  V (x0, τ) ï¢«ï¥âáï ¦¥áâª®©, â¥«¥á­®©,   ¥¥ £à ­¨æ 
∂sV (x0, τ) ï¢«ï¥âáï ªãá®ç­®-£« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ ª« áá  C∞.

� ® ª   §   â ¥ « ì á â ¢ ®. �â¬¥â¨¬, çâ® ¢ á¨«ã ãá«®¢¨ï (3.12)
¢¥ªâ®àë b, Ab, . . . , An−2b { «¨­¥©­® ­¥§ ¢¨á¨¬ë. � á¨«ã «¥¬¬ë 3.1 áã-
é¥áâ¢ã¥â â ª®¥ τ > 0, çâ® ¤«ï «î¡®£® x0 ∈ Rn ¨­â¥£à «ì­ ï ¢®à®­ª 
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W (x0, τ) á¨áâ¥¬ë (3.1) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

W (x0, τ) = cl
(
Ln

+
⋃

Ln
−
)

, £¤¥

L1+k
+ = L1+k

+
⋃

Lk
−

⋃
Lk−1

+
⋃
· · ·

⋃
L1,

L1+k
− = L1+k

−
⋃

Lk
+

⋃
Lk−1
−

⋃
· · ·

⋃
L1,

k = 0, . . . , n − 1. �­®£®®¡à §¨ï L1+k
+ , L1+k

− á« ¡® ¨­¢ à¨ ­â­ë, ¨ ¤«ï
ª ¦¤®£® k = 0, . . . , n− 1, ¬­®£®®¡à §¨¥ Lk

+
⋃

Lk
− ï¢«ï¥âáï ®¡é¨¬ ªà -

¥¬ ¬­®£®®¡à §¨© cl L1+k
+ ¨ cl L1+k

− . �®£¤  ¢ á¨«ã § ¬¥ç ­¨ï 3.3 ¬­®-
¦¥áâ¢® Ln .= cl Ln

+
⋃

cl Ln
− ¡ã¤¥â ï¢«ïâìáï £« ¤ª¨¬ n-¬¥à­ë¬ ¬­®£®-

®¡à §¨¥¬ á ªà ¥¬ Ln−1
+

⋃
Ln−1
− ª« áá  C∞. � á¨«ã £« ¤ª®áâ¨ äã­ª-

æ¨¨ s(x) ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® ¯®« £ âì, çâ® s(x) 6= 0
¤«ï ¢á¥å x̂

.= (x, t)∗ ∈ Ln. � â ª®¬ á«ãç ¥ ¢ ª ¦¤®© â®çª¥ x̂ ∈ Ln

¢¥ªâ®àë Âx̂ + b̂ ¨ Âx̂ − b̂ ¯à¨­ ¤«¥¦ â ª á â¥«ì­®¬ã ¯à®áâà ­áâ¢ã
Tx̂(Ln) (§¤¥áì: Â | ª¢ §¨¤¨ £®­ «ì­ ï n + 1 × n + 1-¬ âà¨æ , ¢ «¥-
¢®¬ ¢¥àå­¥¬ ã£«ã ª®â®à®© ­ å®¤¨âáï ¬ âà¨æ  A,   ¢ ¯à ¢®¬ ­¨¦­¥¬
áâ®¨â ¥¤¨­¨æ ,   ¢¥ªâ®à b̂ ∈ Rn+1 ¯®«ãç¥­ ¨§ ¢¥ªâ®à  b ¤®¡ ¢«¥­¨¥¬
¯®á«¥¤­¥© ­ã«¥¢®© áâà®ª¨). �® â®£¤  ¢¥ªâ®àë Âx̂ ¨ b̂,   ¢ á¨«ã «¥¬-
¬ë 2.1 ¨ ¢¥ªâ®àë Âb̂, Â2b̂, . . . , Ân−2b̂ â ª¦¥ ¯à¨­ ¤«¥¦ â ª á â¥«ì­®¬ã
¯à®áâà ­áâ¢ã Tx̂(Ln). � ¬¥â¨¬, çâ® ¢¥ªâ®àë Âx̂, b̂, Âb̂, Â2b̂, . . . , Ân−2b̂
¯®«ãç¥­ë ¨§ ¢¥ªâ®à®¢ Ax, b, Ab, . . . , An−2b ¤®¡ ¢«¥­¨¥¬ ª ¯®á«¥¤­¨¬
¯®á«¥¤­¥© ­ã«¥¢®© áâà®ª¨. � ãç¨âë¢ ï ãá«®¢¨¥ s(x) 6= 0 ¤«ï ¢á¥å
x̂

.= (x, t)∈Ln ¯®«ãç ¥¬, çâ® ¢¥ªâ®àë Âx̂, b̂, Âb̂, Â2b̂, . . . , Ân−2b̂ ®¡à §ã-
îâ ¡ §¨á ª á â¥«ì­®£® ¯à®áâà ­áâ¢  Tx̂(Ln). �®£¤  ¤«ï «î¡®£® x̂∈Ln

¢¥ªâ®à t̂
.= (0, 0, . . . , 0, 1)∗ /∈ Tx̂(Ln). �¥©áâ¢¨â¥«ì­®, ¢ ¯à®â¨¢®¯®«®¦-

­®¬ á«ãç ¥ á ®¤­®© áâ®à®­ë n + 1 ¢¥ªâ®à®¢ t̂, Âx̂, b̂, Âb̂, Â2b̂, . . . , Ân−2b̂
ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨,   á ¤àã£®© áâ®à®­ë ®­¨ «¥¦ â ¢
n-¬¥à­®© ª á â¥«ì­®© £¨¯¥à¯«®áª®áâ¨ Tx̂(Ln). �®«ãç¨«¨ ¯à®â¨¢®à¥-
ç¨¥. �«¥¤®¢ â¥«ì­® ¤«ï «î¡®£® x̂ ∈ Ln ¢¥ªâ®à t̂ ­¥ «¥¦¨â ¢ ª á -
â¥«ì­®¬ ¯à®áâà ­áâ¢¥ Tx̂(Ln). �®£¤  ¯® «¥¬¬¥ 3.2 ¯à®¥ªæ¨ï £« ¤ª®-
£® ¬­®£®®¡à §¨ï Ln, á ªà ¥¬ Ln−1

+
⋃

Ln−1
− ­  ¯à®áâà ­áâ¢® Rn ¡ã¤¥â

£« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ Mn á £« ¤ª¨¬ ªà ¥¬ Mn−1
+

⋃
Mn−1

− â ª®£® ¦¥
ª« áá  £« ¤ª®áâ¨, çâ® ¨ Ln−1

+
⋃

Ln−1
− . �®áª®«ìªã ®âà¥§®ª âà ¥ªâ®à­®©

¢®à®­ª¨ V (x0, τ) ⊂ Rn { íâ® ®àâ®£®­ «ì­ ï ¯à®¥ªæ¨ï ®âà¥§ª  ¨­â¥-
£à «ì­®© ¢®à®­ª¨ W (x0, τ) ­  ¯«®áª®áâì t = 0 ¢ à áè¨à¥­­®¬ ä -
§®¢®¬ ¯à®áâà ­áâ¢¥ R+ × Rn, ¬ë ¯®«ãç ¥¬, çâ® Mn−1

+
⋃

Mn−1
− ¡ã¤¥â
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£à ­¨æ¥© âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, τ). �¥á«®¦­® ¢¨¤¥âì, çâ® ¯à¨
«î¡®¬ t < τ £à ­¨æ  âà ¥ªâ®à­®© ¢®à®­ª¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
∂sV (x0, t) = ∂sV (x0, τ)

⋂
V (x0, t). �®£¤  ¯à¨ «î¡®¬ t < τ âà ¥ªâ®à­ ï

¢®à®­ª  V (x0, t) ï¢«ï¥âáï ¦¥áâª®©,   ¥¥ £à ­¨æ  ∂sV (x0, t) ï¢«ï¥âáï
ªãá®ç­®-£« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ ª« áá  C∞.

�   ¬ ¥ ç   ­ ¨ ¥ 3.3. �ãé¥áâ¢¥­­® ¢ â¥®à¥¬¥ 0.2 â®, çâ®

rank(b, Ab, . . . , An−1b) = n− 1,

â.¥. á¨áâ¥¬  (0.1), ¢®®¡é¥ £®¢®àï, ­¥ ï¢«ï¥âáï ¢¯®«­¥ ã¯à ¢«ï¥¬®©.

�¨á. 3.1. �à ­¨æ  âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, 1) á¨áâ¥¬ë (3.13) ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬
¬­®£®®¡à §¨© �+

⋃
�−

⋃
M2

+
⋃

M2−.

� à ¨ ¬ ¥ à 3.1. �  à¨áã­ª¥ 3.1 ¨§®¡à ¦¥­  £à ­¨æ  âà ¥ªâ®à-
­®© ¢®à®­ª¨ V (x0, 1) á¨áâ¥¬ë





_x1 = x2 + x3

_x2 = x1 + u

_x3 = 2x3

(3.13)

£¤¥ u ∈ [−1, 1], x0 = (0, 0, 3)∗.
�à ­¨æ  âà ¥ªâ®à­®© ¢®à®­ª¨ V (x0, 1) á¨áâ¥¬ë (3.13) ï¢«ï¥âáï

®¡ê¥¤¨­¥­¨¥¬ ¬­®£®®¡à §¨© �+
⋃

�−
⋃

�2
+

⋃
�2
−.
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�­®£®®¡à §¨ï �+, �− ï¢«ïîâáï ¤®¯ãáâ¨¬ë¬¨ âà ¥ªâ®à¨ï¬¨ á¨áâ¥-
¬ë (3.13), ¢ëå®¤ïé¨¬¨ ¨§ â®çª¨ x0 ¨ á®®â¢¥âáâ¢ãîé¨¥ ¤®¯ãáâ¨¬ë¬
ã¯à ¢«¥­¨ï¬ u+(t) ≡ 1, u−(t) ≡ −1.

�­®£®®¡à §¨¥ �2
+ ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ ª®­æ®¢ ¢á¥å, ¢ëå®¤ïé¨å

¨§ â®çª¨ x0 ¤®¯ãáâ¨¬ëå âà ¥ªâ®à¨© á¨áâ¥¬ë (3.13), á®®â¢¥âáâ¢ãîé¨å
¤®¯ãáâ¨¬ë¬ ã¯à ¢«¥­¨ï¬

û+(t) =
{

1, 0 < t 6 t1

−1, t1 < t 6 t2
,

£¤¥ t2 ∈ (0, τ). �­®£®®¡à §¨¥ �2
−, áâà®¨âáï  ­ «®£¨ç­ë¬ ®¡à §®¬ á

§ ¬¥­®© ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï ­  û−(t) = −û+(t).
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�« ¢  2. �áâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì ­¥«¨­¥©­ëå
á¨áâ¥¬

� ¤ ­­®© £« ¢¥ ¢¢®¤¨âáï ¯®­ïâ¨¥ ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ á¨-
áâ¥¬ë

_x = f(x, u), (x, u) ∈ Rn × U.

�à®¢¥¤¥­ áà ¢­¨â¥«ì­ë©  ­ «¨§ á à ­­¥¥ ¨§¢¥áâ­ë¬¨ ¯®­ïâ¨ï¬¨ N -
ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë ¨ «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë ¤ ­­®©
á¨áâ¥¬ë. �®ª § ­®, çâ® N -ã¯à ¢«ï¥¬®áâì ¢«¥ç¥â ãáâ®©ç¨¢ãî ã¯à -
¢«ï¥¬®áâì,   ãáâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì, ¢ á¢®î ®ç¥à¥¤ì, ¢«¥ç¥â «®-
ª «ì­ãî ã¯à ¢«ï¥¬®áâì ¤ ­­®© á¨áâ¥¬ë, â.¥. á¢®©áâ¢® N -ã¯à ¢«ï¥¬®áâ¨
ï¢«ï¥âáï ­ ¨¡®«¥¥ á¨«ì­ë¬ ¨§ ¨§¢¥áâ­ëå ª ­ áâ®ïé¥¬ã ¢à¥¬¥­¨
á¢®©áâ¢ ã¯à ¢«ï¥¬®áâ¨,   ãáâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì § ­¨¬ ¥â ¯à®-
¬¥¦ãâ®ç­®¥ ¯®«®¦¥­¨¥ ¬¥¦¤ã N -ã¯à ¢«ï¥¬®áâìî ¨ «®ª «ì­®© ã¯à -
¢«ï¥¬®áâìî. �®ª § ­® â ª¦¥, çâ® ¢ ®¡é¥¬ á«ãç ¥ íâ¨ ¯®­ïâ¨ï ­¥
á®¢¯ ¤ îâ. �®áâà®¥­ë á®®â¢¥âáâ¢ãîé¨¥ ¯à¨¬¥àë.

�®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ ¤«ï
á¨áâ¥¬ë

_x = f0(x) + uf1(x), (x, u) ∈ Rn × [−1, 1],

ª®â®àë¥ ¢ á«ãç ¥ n = 2 ï¢«ïîâáï ¨ ­¥®¡å®¤¨¬ë¬¨ ãá«®¢¨ï¬¨ ãáâ®©-
ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ ¤ ­­®© á¨áâ¥¬ë. �®áâà®¥­ë á®®â¢¥âáâ¢ãîé¨¥
¯à¨¬¥àë.
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§4. � §«¨ç­ë¥ â¨¯ë «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨

� íâ®¬ ¯ à £à ä¥ ¢¢®¤ïâáï à §«¨ç­ë¥ ®¯à¥¤¥«¥­¨ï «®ª «ì­®© ã¯à ¢«ï-
¥¬®áâ¨ á¨áâ¥¬ë (4.1), ¯à®¢®¤¨âáï áà ¢­¨â¥«ì­ë©  ­ «¨§ íâ¨å ¯®­ïâ¨©.

� áá¬®âà¨¬ á¨áâ¥¬ã

_x = f(x, u), (x, u) ∈ Rn × U. (4.1)

�à¥¤¯®« £ ¥âáï, çâ® U ­¥¯ãáâ®© ¢ë¯ãª«ë© ª®¬¯ ªâ ¢ Rm, 0 ∈ int f(0, U),
f ∈ C1(Rn × Rm,Rn).

�®çª  x0 ­ §ë¢ ¥âáï τ -ã¯à ¢«ï¥¬®©, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ¤®¯ã-
áâ¨¬®¥ ã¯à ¢«¥­¨¥ u : [0, τ ] → U , çâ® à §à¥è¨¬  ªà ¥¢ ï § ¤ ç 

_x = f(x, u(t)), x(0) = x0, x(τ) = 0.

�­®¦¥áâ¢® ¢á¥å τ -ã¯à ¢«ï¥¬ëå â®ç¥ª ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®¬ ã¯à -
¢«ï¥¬®áâ¨ á¨áâ¥¬ë (4.1) §  ¢à¥¬ï τ ¨ ®¡®§­ ç ¥âáï Dτ .

�­®¦¥áâ¢® D∞ =
⋃

τ>0 Dτ ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®¬ ã¯à ¢«ï¥¬®-
áâ¨ á¨áâ¥¬ë (4.1) 2).

�â¬¥â¨¬, çâ® ¥á«¨ ­  ¯à®¬¥¦ãâª¥ [0, τ ] ¢á¥ à¥è¥­¨ï á¨áâ¥¬ë (4.1)
á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(0) = 0 ®£à ­¨ç¥­ë ¯® ­®à¬¥ á¢¥àåã ­¥ª®-
â®à®© ª®­áâ ­â®© l > 0,   ¬­®¦¥áâ¢® F (x) .= f(x, U) ¢ë¯ãª«® ¯à¨
¢á¥å x ∈ Rn, â® ¬­®¦¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ Dt ª®¬¯ ªâ­® ¨ ­¥¯à¥àë¢-
­® ¬¥­ï¥âáï ¢® ¢à¥¬¥­¨ ­  ¯à®¬¥¦ãâª¥ [0, τ ] (á¬., ­ ¯à¨¬¥à, [19, á.
265]).

�¨áâ¥¬  (4.1) ­ §ë¢ ¥âáï «®ª «ì­® ã¯à ¢«ï¥¬®© ¨«¨ ¯à®áâ® ã¯à ¢-
«ï¥¬®© [5, á. 39], ¥á«¨ 0 ∈ int Dτ ¯à¨ ­¥ª®â®à®¬ τ > 0.

�á«¨ ¯à¨ íâ®¬ D∞ = Rn, â® á¨áâ¥¬  (4.1) ­ §ë¢ ¥âáï £«®¡ «ì­®
ã¯à ¢«ï¥¬®©.

�.�. �¥âà®¢ë¬ (á¬. [35], [36]) ¢¢¥¤¥­® ¯®­ïâ¨¥ N -ã¯à ¢«ï¥¬®áâ¨
á¨áâ¥¬ë (4.1). �¢®©áâ¢® N -ã¯à ¢«ï¥¬®áâ¨ ®§­ ç ¥â, çâ® 0 ∈ int Dτ

¯à¨ ¢á¥å τ > 0. �á«¨ ¯à¨ íâ®¬ D∞ = Rn, â® á¨áâ¥¬  (4.1) ­ §ë¢ ¥âáï
£«®¡ «ì­® N -ã¯à ¢«ï¥¬®©.

�¢¥¤¥¬ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥­¨¥.
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1. �¨câ¥¬  (4.1) ­ §ë¢ ¥âáï ãáâ®©ç¨-

¢® ã¯à ¢«ï¥¬®©, ¥á«¨ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨-
â¥«ì­®¥ δ = δ(ε), çâ® ¤«ï «î¡®£® x0 ∈ On

δ ­ ©¤ãâáï ¢à¥¬ï τ = τx0,
2�á«¨ ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï u(t) ¢áïª®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë (4.1)

¯à¨ u = u(t) ¯à®¤®«¦ ¥¬® ­  R+, â® ¬­®¦¥áâ¢® D∞ ­¥¯ãáâ®. � ¯à¨¬¥à, ¥á«¨ |f(x, u)| 6 α|x|+ β
¯à¨ ¢á¥å (x, u) ∈ Rn × U, â® ¢áïª®¥ à¥è¥­¨¥ ­¥®£à ­¨ç¥­­® ¯à®¤®«¦ ¥¬® ¢¯à ¢®.

49



0 < τ < ∞, ¨ ¤®¯ãáâ¨¬®¥ à¥è¥­¨¥ x(t), t ∈ [0, τ ] á¨áâ¥¬ë (4.1) ã¤®-
¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬:

x(0) = x0, x(τ) = 0, |x(t)| < ε ¤«ï ¢á¥å t ∈ [0, τ ].

�á«¨ ¯à¨ íâ®¬ D∞ = Rn, â® á¨áâ¥¬  (4.1) ­ §ë¢ ¥âáï £«®¡ «ì­®
ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.

�ãáâì L, M, N á®®â¢¥âáâ¢¥­­® ¬­®¦¥áâ¢  «®ª «ì­® ã¯à ¢«ï¥¬ëå,
ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ëå ¨ N -ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ¢¨¤  (4.1).

� ¥ ® à ¥ ¬   4.1. N ⊂ M ⊂ L.

� ® ª   §   â ¥ « ì á â ¢ ®. �®ª ¦¥¬ ¢ª«îç¥­¨¥ N ⊂ M. �ãáâì
á¨áâ¥¬  (4.1) N -ã¯à ¢«ï¥¬ . �®£¤  áãé¥áâ¢ã¥â â ª®¥ ϑ > 0, çâ® ¯à¨
¢á¥å τ 6 ϑ ¬­®¦¥áâ¢® Dτ ®£à ­¨ç¥­®. �«ï ª ¦¤®£® τ ∈ (0, ϑ] ®¯à¥-
¤¥«¨¬ ç¨á«  δτ = infx∈∂Dτ

|x| ¨ ετ = supx∈∂Dτ
|x|. �®£¤  ¢ á¨«ã N -

ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (4.1) ετ > δτ > 0 ¯à¨ ¢á¥å τ ∈ (0, ϑ]. �ç¥¢¨¤-
­®, çâ® ετ → 0 ¯à¨ τ → 0. �®£¤  ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï â ª®¥
τ > 0, çâ® Dτ ⊂ On

ε . �«¥¤®¢ â¥«ì­® ¤«ï «î¡®£® x0 ∈ On
δτ

áãé¥áâ¢ã¥â
¤®¯ãáâ¨¬®¥ à¥è¥­¨¥ x(t) á¨áâ¥¬ë (4.1) ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬:

x(0) = x0, x(τ) = 0, x(t) ⊂ Dτ ⊂ O n
ε ¯à¨ ¢á¥å t ∈ [0, τ ],

â. ¥. á¨áâ¥¬  (4.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .
�ª«îç¥­¨¥ M ⊂ L ®ç¥¢¨¤­®. �¥®à¥¬  ¤®ª § ­ .
�à¨¢®¤¨¬ë¥ ­¨¦¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® ¬­®¦¥áâ¢  N, M ¨ L

­¥ á®¢¯ ¤ îâ.
� à ¨ ¬ ¥ à 4.1. � áá¬®âà¨¬ á¨áâ¥¬ã

{
_x1 = u,

_x2 = 0.5(5x4
1 − 16x3

1 + 12x2
1) + 0.5(5x4

1 − 16x3
1 + 12x2

1 − 2)u,
(4.2)

£¤¥ u ∈ [−1, 1]. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï:

f0(x) = (0, 0.5(5x4
1 − 16x3

1 + 12x2
1))∗,

f1(x) = (1, 0.5(5x4
1 − 16x3

1 + 12x2
1 − 2))∗,

A =
(∂f0(x)

∂x

)
x=0

, b = f1(0) = (1,−1)∗.
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�ç¥¢¨¤­®, çâ® A { ­ã«¥¢ ï ¬ âà¨æ  ¨, á«¥¤®¢ â¥«ì­®, rank(b, Ab) = 1,
â. ¥. ª á¨áâ¥¬¥ (4.2) ­¥ ¯à¨¬¥­¨¬  â¥®à¥¬  ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨
¯® ¯¥à¢®¬ã ¯à¨¡«¨¦¥­¨î.

� ¬¥â¨¬, çâ® ªà¨¢ë¥ á¥¬¥©áâ¢ 

Γ+
.= {(x1, γ+(x1)) ∈ R2 : γ+(x1) = x5

1 − 4x4
1 + 4x3

1 − x1 + c}
(á¥¬¥©áâ¢® âà ¥ªâ®à¨© à¥è¥­¨© á¨áâ¥¬ë (4.2) ¯à¨ u = 1) ï¢«ïîâáï
®¤­®© £àã¯¯®© £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª á¨áâ¥¬ë (4.2),   á¥¬¥©-
áâ¢® ªà¨¢ëå

Γ−
.= {(x1, γ−(x1)) ∈ R2 : γ−(x1) = −x1 + c}

(á¥¬¥©áâ¢® âà ¥ªâ®à¨© à¥è¥­¨© á¨áâ¥¬ë (4.2) ¯à¨ u = −1) ®â¢¥ç ¥â
¤àã£®© £àã¯¯¥ £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª á¨áâ¥¬ë (4.2) (§¤¥áì c

{ ¯à®¨§¢®«ì­ ï ª®­áâ ­â ). �¢¨¦¥­¨¥ ¯® âà ¥ªâ®à¨ï¬ á¥¬¥©áâ¢  Γ+
®áãé¥áâ¢«ï¥âáï ¢ áâ®à®­ã ¢®§à áâ ­¨ï x1,  ¯® âà ¥ªâ®à¨ï¬ á¥¬¥©áâ¢ 
Γ− { ¢ áâ®à®­ã ã¡ë¢ ­¨ï x1.

�á®¡ë¥ ¬­®£®®¡à §¨ï á¨áâ¥¬ë (4.2) ®¯¨áë¢ îâáï ãà ¢­¥­¨¥¬ s(x) .=
det(f0(x), f1(x)) = 0, â.¥. 0.5x2

1(5x2
1 − 16x1 + 12) = 0, à¥è ï ª®â®à®¥

¯®«ãç ¥¬, çâ® ¯àï¬ë¥ x1 = 0, x1 = 1.2, x1 = 2 ï¢«ïîâáï ®á®¡ë¬¨
¬­®£®®¡à §¨ï¬¨ á¨áâ¥¬ë (4.2). �®áª®«ìªã ¢¥ªâ®à f0(x) ®¯à¥¤¥«ï¥â
­ ¯à ¢«¥­¨¥ èâà¨å®¢ª¨ £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª á¨áâ¥¬ë (4.2),
¯®«ãç ¥¬, çâ® ¯àï¬ë¥ x1 = 1.2 ¨ x1 = 2 ï¢«ïîâáï ��� ,   ¯àï-
¬ ï x1 = 0 ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ ®â­®á¨â¥«ì­®£® à ¢­®¢¥á¨ï á¨áâ¥¬ë
(4.2).

�®ª ¦¥¬,çâ® á¨áâ¥¬  (4.2) ï¢«ï¥âáï «®ª «ì­® ã¯à ¢«ï¥¬®©, ¡®«¥¥
â®£® { £«®¡ «ì­® ã¯à ¢«ï¥¬®©.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï: �+
.= {x2 = γ+(x1) : x1 6 0, γ+(0) = 0},

�− .= {x2 = γ−(x1) : x1 > 0, γ−(0) = 0}, � = �+
⋃

�−.

�¥£ª® ¢¨¤¥âì, çâ® ¨§ «î¡®© â®çª¨ xβ ∈ R2, ­ å®¤ïé¥©áï ­¨¦¥
ªà¨¢®© � (á¬. à¨á. 4.1), ¤¢¨£ ïáì ¯® ¯àï¬®© x2 = −x1 + C(β), ¨§®¡à -
¦ îé ï â®çª  á¨áâ¥¬ë (4.2) §  ª®­¥ç­®¥ ¢à¥¬ï ¤®áâ¨£ ¥â âà ¥ªâ®à¨¨
�+ ¨ ¤ «¥¥, ¤¢¨£ ïáì ¯® ­¥©, §  ª®­¥ç­®¥ ¦¥ ¢à¥¬ï ¤®áâ¨£ ¥â ­ã«ï.
�§ «î¡®© â®çª¨ x0 ∈ R2, ­ å®¤ïé¥©áï ¢ëè¥ ªà¨¢®© γ, ¤¢¨£ ïáì ¯®
âà ¥ªâ®à¨¨ á¥¬¥©áâ¢  Γ+ §  ª®­¥ç­®¥ ¢à¥¬ï ¬®¦­® ¤®áâ¨çì ¯®«®áë
1.2 6 x1 6 2, ¢ ª®â®à®© ®áãé¥áâ¢«ï¥âáï á¯ãáª ¤® âà ¥ªâ®à¨¨ �− ¨
¤ «¥¥, ¤¢¨£ ïáì ¯® �−, ¬®¦­® ¤®áâ¨çì ­ ç «  ª®®à¤¨­ â §  ª®­¥ç­®¥
¢à¥¬ï. � ª¨¬ ®¡à §®¬ á¨áâ¥¬  (4.2) «®ª «ì­® ã¯à ¢«ï¥¬ .
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�¨á. 4.1. �¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (4.2), ¢ëå®¤ïé ï ¨§ â®çª¨ x0 ­¥
á¬®¦¥â ¤®áâ¨çì ­ ç «  ª®®à¤¨­ â ­¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ­®áâ¨ O2

1.2.

�¤­ ª® á¨áâ¥¬  (4.2) ­¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©. �®ª -
¦¥¬, çâ® ¯à¨ ε = 1.2 ­¨ª ªãî â®çªã x0 ∈ On

ε , ­ å®¤ïéãîáï ¢ë-
è¥ ªà¨¢®© γ, ­¥«ì§ï ¯¥à¥¢¥áâ¨ ¢ ­ã«ì §  ª®­¥ç­®¥ ¢à¥¬ï, ­¥ ¯®-
ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ­®áâ¨ On

ε . �¥©áâ¢¨â¥«ì­®, ç¥à¥§ «î¡®î â®ç-
ªã x0, «¥¦ éãî ¢ëè¥ ªà¨¢®© γ, ¬®¦­® ¯à®¢¥áâ¨ âà ¥ªâ®à¨î á¥-
¬¥©áâ¢  Γ + ­  ª®â®à®© ¢áî¤ã, ªà®¬¥ â®çª¨ x1 = 0 ®¯à¥¤¥«¥­ 
èâà¨å®¢ª . �«¥¤®¢ â¥«ì­® ­¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥-
¬ë (4.2) ­¥ á¬®¦¥â ó¯à®âª­ãâìô ¥¥ á¢¥àåã-¢­¨§ ¢ ®ªà¥áâ­®áâ¨ O2

ε .
� íâ® ®§­ ç ¥â, çâ® ¯à¨ «î¡®¬ τ < ∞ ­¥ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®£®
à¥è¥­¨ï x(t), t ∈ [0,∞] á¨áâ¥¬ë (4.2), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬
: x(0) = x̂, x(τ) = 0, |x(t)| 6 ε ¤«ï ¢á¥å t ∈ [0, τ ], â.¥. á¨áâ¥¬ 
(4.2) ­¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.
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� à ¨ ¬ ¥ à 4.2. � áá¬®âà¨¬ á¨áâ¥¬ã
{

_x1 = u,

_x2 = 0.5(5x4
1 − 8x3

1 + 3x2
1) + 1

2(5x4
1 − 8x3

1 + 3x2
1)u + u,

(4.3)

£¤¥ u ∈ [−1, 1]. �®ª § â¥«ìáâ¢® â®£®, çâ® á¨áâ¥¬  (4.3) «®ª «ì­® ã¯à -
¢«ï¥¬ , ­® ­¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®© ¯à®¢®¤¨âáï ª ª ¨ ¢
¯à¨¬¥à¥ 4.1. �® çâ® å à ªâ¥à­®, çâ® ¤«ï ®¯â¨¬ «ì­®£®, ¢ á¬ëá«¥
¡ëáâà®¤¥©áâ¢¨ï, ¯¥à¥å®¤  ¨§ ¨§®¡à ¦¥­­®© ­  à¨áã­ª¥ 4.2 â®çª¨ α,
¢ ­ã«ì ¯®âà¥¡®¢ «®áì 27 ¯¥à¥ª«îç¥­¨© ã¯à ¢«¥­¨ï (¤¢¨¦¥­¨¥ ¢ § -
èâà¨å®¢ ­­®© ®¡« áâ¨ ¯®ª § ­® á¯à ¢  ¢ ¡®«¥¥ ªàã¯­®¬ ¬ áèâ ¡¥).

�¨á. 4.2. �«ï ®¯â¨¬ «ì­®£®, ¢ á¬ëá«¥ ¡ëáâà®¤¥©áâ¢¨ï, ¯¥à¥å®¤  ¨§ â®çª¨ α, ¢ ­ã«ì
âà¥¡ã¥âáï 27 ¯¥à¥ª«îç¥­¨© ã¯à ¢«¥­¨ï.

�®ª ¦¥¬, çâ® ¬­®¦¥áâ¢  N ¨ M ­¥ á®¢¯ ¤ îâ.
� à ¨ ¬ ¥ à 4.3. � áá¬®âà¨¬ á¨áâ¥¬ã

{
_x1 = x2 + u(1− x2),
_x2 = −x1 + ux1,

(4.4)

£¤¥ u ∈ [0, 1]. �¥âàã¤­® § ¬¥â¨âì, çâ® £à ­¨æë âà ¥ªâ®à­ëå ¢®à®­®ª
á¨áâ¥¬ë (4.4) { áãâì ®ªàã¦­®áâ¨ x2

1 + x2
2 = c2

1 ¨ ¯àï¬ë¥ x2 = c2 (âà -
¥ªâ®à¨¨ à¥è¥­¨© á¨áâ¥¬ë (4.4) ¯à¨ u = 0 ¨ u = 1 á®®â¢¥âáâ¢¥­­®),
¯à¨ç¥¬ ¤¢¨¦¥­¨¥ ¯® ®ªàã¦­®áâï¬ ®áãé¥áâ¢«ï¥âáï ¯® ç á®¢®© áâà¥«-
ª¥,   ¯® ¯àï¬ë¬ | ¢ áâ®à®­ã ¢®§à áâ ­¨ï x1 (á¬. à¨á. 4.3).

53



�¨á. 4.3. �â®¡ë ¤®áâ¨çì ­ã«ï ¨§ â®çª¨ x0 ­¥®¡å®¤¨¬® á­ ç «  ¯®¯ áâì ¢ âà¥â¨© ª¢ -
¤à ­â, § âà â¨¢ ­  íâ® ¢à¥¬ï τ = π/4.

�®ª ¦¥¬, çâ® á¨áâ¥¬  (4.4) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ . �¥©áâ¢¨â¥«ì-
­®, ¯ãáâì ε | ¯à®¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®,   x0 | ¯à®¨§¢®«ì-
­ ï â®çª , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î: |x0| < ε. �¢¨£ ïáì ¯® ®ªàã¦-
­®áâ¨ x2

1 + x2
2 = |x0|2 §  ¢à¥¬ï t1 < 2π ¬®¦­® ¤®áâ¨çì ®âà¨æ â¥«ì­®©

¯®«ã®á¨ Ox1, ¨ ¤ «¥¥ ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨¨ �+
.= {x2 = 0, x1 6 0},

§  ¢à¥¬ï t2 = |x0| ¤®áâ¨£ ¥¬ ­ ç «  ª®®à¤¨­ â, ®áâ ¢ ïáì ¢á¥ ¢à¥¬ï
¢ ®ªà¥áâ­®áâ¨ On

ε . �¤­ ª® ¯à¨ ¢á¥å τ 6 π/4 ¬­®¦¥áâ¢® Dτ á®¤¥à¦¨â
­ã«ì ­  á¢®¥© £à ­¨æ¥, â. ¥. á¨áâ¥¬  (4.4) ­¥ ï¢«ï¥âáï N -ã¯à ¢«ï¥¬®©.
�â¬¥â¨¬, çâ® ¯à¨¡«¨§¨âìáï ª ­ã«î ¬®¦­® «¨èì á® áâ®à®­ë âà¥âì¥-
£® ª¢ ¤à ­â . �â®¡ë ¤®áâ¨çì ­ã«ï ¨§ â®ç¥ª ¯®«®¦¨â¥«ì­®© ¯®«ã®á¨
Ox1 ­¥®¡å®¤¨¬® á­ ç «  ¯®¯ áâì ¢ âà¥â¨© ª¢ ¤à ­â, § âà â¨¢ ­  íâ®
¢à¥¬ï τ = π/4, á«¥¤®¢ â¥«ì­® ¯à¨ ¢á¥å τ 6 π/4 ­ã«ì ­¥ ¯à¨­ ¤«¥¦¨â
¢­ãâà¥­­®áâ¨ Dτ , â. ¥. á¨áâ¥¬  (4.4) ­¥ ï¢«ï¥âáï N -ã¯à ¢«ï¥¬®©.

�®®¡é¥ £®¢®àï, á¨áâ¥¬  (4.4) ­¥ ï¢«ï¥âáï á¨áâ¥¬®© ¢¨¤  (4.1),
â. ª. ­ã«ì ­ å®¤¨âáï ­  £à ­¨æ¥ ¬­®¦¥áâ¢  ã¯à ¢«ï¥¬®áâ¨ U =
[0, 1]. �®àà¥ªâ­ë© ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ¯à¨ ®âáãâáâ¢¨¨ N -
ã¯à ¢«ï¥¬®áâ¨ ¬®¦¥â ¨¬¥âì ¬¥áâ® ãáâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì «¥£ª®
¯®áâà®¨âì ­  ®á­®¢¥ ¯à¨¬¥à  4.3.
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� áá¬®âà¨¬ á¨áâ¥¬ã




_x1 = x2 + u2
1(1− x2),

_x2 = −x1 + u2
1x1,

_x3 = u2,
(4.5)

£¤¥ ui ∈ [−1, 1], i = 1, 2. � ª ª ª âà ¥ªâ®à¨¨ á¨áâ¥¬ë (4.4) ¥áâì
¯à®¥ªæ¨¨ âà ¥ªâ®à¨© á¨áâ¥¬ë (4.4), â® á¨áâ¥¬  (4.4) ­¥ ï¢«ï¥âáï N -
ã¯à ¢«ï¥¬®©. �áâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì á«¥¤ã¥â ¨§ â®£®, çâ® ¨§ «î-
¡®© â®çª¨ x0 = (x01, x02, x03)∗, ¯à¨ u2 = 0 ¬®¦­® ¤®áâ¨çì â®çª¨ x03
­  ®á¨ ox3,   § â¥¬ ¯à¨ ¯®¬®é¨ ã¯à ¢«¥­¨ï u2 = sign(−x03), u1 = 0
¤®áâ¨çì ­ã«ï, ­¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ­®áâ¨ On

|x0|.
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§5. �áâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì ­  ¯«®áª®áâ¨

� ¤ ­­®¬ ¯ à £à ä¥ ¯®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï
ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë _x = f0(x) + uf1(x) , (x, u) ∈ R2 × U .

� áá¬®âà¨¬ á¨áâ¥¬ã
_x = f0(x) + uf1(x), (x, u) ∈ R2 × U. (5.1)

�à¥¤¯®« £ ¥âáï, çâ® ¢¥ªâ®à-äã­ªæ¨¨ f0(x), f1(x) £®«®¬®àä­ë ¢ ­¥-
ª®â®à®© ®ªà¥áâ­®áâ¨ ­ ç «  ª®®à¤¨­ â, ¨, ªà®¬¥ â®£® f0(0) = 0. �â-
­®á¨â¥«ì­® ¬­®¦¥áâ¢  U ⊂ R ¯à¥¤¯®« £ ¥¬, çâ® U ­¥¯ãáâ® á¢ï§­®
§ ¬ª­ãâ® ¨ 0 ∈ int U , â.¥. U = cl(α, β) ⊂ R. � ç áâ­®áâ¨, α ¨ β ¬®£ãâ
¯à¨­¨¬ âì §­ ç¥­¨ï −∞ ¨ +∞ á®®â¢¥âáâ¢¥­­®.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

A =
(∂f0(x)

∂x

)
{x=0}

, b = f1(0).

�¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ b = 0, â® á¨áâ¥¬  (5.1) ­¥ ï¢«ï¥âáï ã¯à -
¢«ï¥¬®©. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥, x = 0 ï¢«ï¥âáï â®çª®©  ¡-
á®«îâ­®£® à ¢­®¢¥á¨ï, ¨ ¯®áª®«ìªã äã­ªæ¨¨ f0(x) ¨ f1(x) ­¥¯à¥àë¢-
­® ¤¨ää¥à¥­æ¨àã¥¬ë, â® ­¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë á
®¡à é¥­­ë¬ ¢à¥¬¥­¥¬

_x = −f0(x)− uf1(x)
­¥ ¢ë©¤¥â ¨§ ­ ç «  ª®®à¤¨­ â §  ª®­¥ç­®¥ ¢à¥¬ï, ¨ á«¥¤®¢ â¥«ì­®
­¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (5.1) ­¥ ¢®©¤¥â ¢ ­ ç «®
ª®®à¤¨­ â §  ª®­¥ç­®¥ ¢à¥¬ï, â.¥ á¨áâ¥¬  (5.1) ­¥ ã¯à ¢«ï¥¬ .

�ãáâì rank(b, Ab) 6= 0. �¡®§­ ç¨¬

f−(x) =
{

f0(x) + αf1(x), ¥á«¨ α > −∞,

−f1(x), ¥á«¨ α = −∞,

f+(x) =
{

f0(x) + βf1(x), ¥á«¨ β < ∞,

f1(x), ¥á«¨ β = ∞.

� ª ¡ë«® ¯®ª § ­® ¢ §1 ¢¥ªâ®àë f−(x), f+(x) ®¯à¥¤¥«ïîâ ­ ¯à ¢«¥-
­¨¥ ®¡à §ãîé¨å ª®­ãá  K(x) ¢ ª ¦¤®© â®çª¥ x ∈ R2. �â¨¬ ®¡à §ã-
îé¨¬ á®®â¢¥âáâ¢ãîâ ¤¢¥ ¢¥â¢¨ £à ­¨æ âà ¥ªâ®à­®© ¢®à®­ª¨, ¨áå®-
¤ïé¥© ¨§ ¤ ­­®© â®çª¨. � ª¨¬ ®¡à §®¬ ®¤­  ¨§ £à ­¨æ ®¯¨áë¢ ¥âáï
ãà ¢­¥­¨¥¬

_x = f−(x), (5.2)
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  ¤àã£ ï, á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨¥¬

_x = f+(x). (5.3)

� â¥å â®çª å x ∈ R2, ¤«ï ª®â®àëå ª®­ãá K(x) â¥«¥á­ë©, â.¥. ¢¥ªâ®-
àë f0(x) ¨ f1(x) «¨­¥©­® ­¥§ ¢¨á¨¬ë, ­ ¯à ¢«¥­¨¥ ¢¥ªâ®à  f0(x) ®¤-
­®§­ ç­® ®¯à¥¤¥«ï¥â èâà¨å®¢ªã £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª. �¥©-
áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ¢¥ªâ®à f0(x)

|f0(x)| ¡ã¤¥â ¢­ãâà¥­­¨¬ ¤«ï ª®­ã-
á  K(x),   á«¥¤®¢ â¥«ì­® ¡ã¤¥â ®¤­®§­ ç­® ®¯à¥¤¥«ïâì ¢­ãâà¥­­®áâì
âà ¥ªâ®à­®© ¢®à®­ª¨ V (x). �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¥á«¨ ª®­ãá K(x)
§ ¬ª­ãâ, â.¥. −∞ < α < β < ∞, â® £à ­¨æë âà ¥ªâ®à­ëå ¢®à®­®ª
(âà ¥ªâ®à¨¨ à¥è¥­¨© ãà ¢­¥­¨© (5.2) ¨ (5.3)) ¡ã¤ãâ ¢ â® ¦¥ ¢à¥¬ï ¨
¤®¯ãáâ¨¬ë¬¨ âà ¥ªâ®à¨ï¬¨ á¨áâ¥¬ë (5.3). �á«¨ ¦¥ ª®­ãá K(x) ­¥-
§ ¬ª­ãâ, ­ ¯à¨¬¥à ¯à¨ α = −∞, â® âà ¥ªâ®à¨¨ à¥è¥­¨© ãà ¢­¥­¨ï
(5.2) ­¥ ¡ã¤ãâ ï¢«ïâìáï ¤®¯ãáâ¨¬ë¬¨ âà ¥ªâ®à¨ï¬¨ á¨áâ¥¬ë (5.1).
�¤­ ª® ¢ «î¡®© ®ªà¥áâ­®áâ¨ ¯à®¨§¢®«ì­®© ä¨ªá¨à®¢ ­­®© âà ¥ª-
â®à¨¨ ãà ¢­¥­¨ï (5.3) áãé¥áâ¢ãîâ ¤®¯ãáâ¨¬ë¥ âà ¥ªâ®à¨¨ á¨áâ¥¬ë
(5.1), ­¥ ¢ëå®¤ïé¨¥ §  ¯à¥¤¥«ë íâ®© ®ªà¥áâ­®áâ¨.

�¡á®«îâ­® ¯à®áâ® ®¯¨áë¢ îâáï £à ­¨æë âà ¥ªâ®à­ëå ¢®à®­®ª ¢
á«ãç ¥, ¥á«¨ U = R. �®£¤  f+(x) = −f−(x) = f1(x), ¨, á«¥¤®¢ â¥«ì­®
£à ­¨æë âà ¥ªâ®à­ëå ¢®à®­®ª | áãâì âà ¥ªâ®à¨¨ à¥è¥­¨© ãà ¢­¥-
­¨ï

_x = f1(x). (5.4)

� ª ã¦¥ ¡ë«® áª § ­®, âà ¥ªâ®à¨¨ ãà ¢­¥­¨ï (5.4) ­¥ ï¢«ïîâáï ¤®-
¯ãáâ¨¬ë¬¨, ­® ¯®¤ ¤¥©áâ¢¨¥¬ ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï ¬®¦­® ¤¢¨-
£ âìáï áª®«ì ã£®¤­® ¡«¨§ª® ª âà ¥ªâ®à¨ï¬ ãà ¢­¥­¨ï (5.4), ¯à¨ç¥¬ ¢
®¡®¨å ­ ¯à ¢«¥­¨ïå.

�á®¡ë¥ ¬­®£®®¡à §¨ï S á¨áâ¥¬ë (5.1) ®¯¨áë¢ îâáï ãà ¢­¥­¨¥¬

s(x) = 0, £¤¥ s(x) .= det(f0(x), f1(x)) (5.5)

�âªã¤  á«¥¤ã¥â, çâ® ¬­®¦¥áâ¢® S § ¬ª­ãâ®. �«¥¤®¢ â¥«ì­® ¬­®¦¥-
áâ¢® {x ∈ R2 : s(x) 6= 0}, â.¥. ¬­®¦¥áâ¢® â®ç¥ª ¯«®áª®áâ¨ ¢ ª®â®àëå
®¯à¥¤¥«¥­  èâà¨å®¢ª  £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª, ®âªàëâ® ¢ R2.
�âáî¤  á«¥¤ã¥â ®ç¥¢¨¤­®¥ á¢®©áâ¢® ­¥¯à¥àë¢­®áâ¨ èâà¨å®¢ª¨ £à -
­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª: �ãáâì D ®¡« áâì ¢ R2, ­¥ á®¤¥à¦ é ï
®á®¡ëå â®ç¥ª. �®£¤  èâà¨å®¢ªã £à ­¨æ âà ¥ªâ®à­ëå ¢®à®­®ª á¨-
áâ¥¬ë (5.1), ¯à¨­ ¤«¥¦ é¨å ®¤­®© £àã¯¯¥ (ª ¯à¨¬¥àã âà ¥ªâ®à¨©
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á¨áâ¥¬ë (5.2)), ¤®áâ â®ç­® ®¯à¥¤¥«¨âì ¢ ª ª®©-«¨¡® ®¤­®© â®çª¥
x ∈ D ¨ § â¥¬ ¯à®¤®«¦¨âì ¥¥ ¯® ­¥¯à¥àë¢­®áâ¨ ­  ¢á¥å âà ¥ªâ®-
à¨ïå á¨áâ¥¬ë (5.2) ¢¯«®âì ¤® £à ­¨æë ®¡« áâ¨ D.

�¡®§­ ç¨¬ ç¥à¥§ x = γ−(t), x = γ+(t), x = γ(t), t ∈ R, á®®â¢¥â-
áâ¢¥­­®, à¥è¥­¨ï ãà ¢­¥­¨© (5.2), (5.3), (5.4), ã¤®¢«¥â¢®àïîé¨¥ ­ -
ç «ì­®¬ã ãá«®¢¨î

γ−(0) = γ+(0) = γ(0) = 0, (5.6)

  ç¥à¥§ �−, �+, � | á®®â¢¥âáâ¢¥­­®, âà ¥ªâ®à¨¨ ¤ ­­ëå à¥è¥­¨©.

� ¥ ® à ¥ ¬   5.1. �«ï â®£®, çâ®¡ë á¨áâ¥¬  (5.1) ¡ë«  ãáâ®©-
ç¨¢® ã¯à ¢«ï¥¬®©, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨ï s(γ(t))
¬¥­ï«  ¢ ­ã«¥ §­ ª.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ¤®ª § â¥«ìáâ¢ã ¤ ­­®© â¥®à¥¬ë, ¤®ª ¦¥¬
­¥ª®â®àë¥ ãâ¢¥à¦¤¥­¨ï.

� ¥ ¬ ¬   5.1. �ãáâì ¢¥ªâ®à-äã­ªæ¨ï å = ξ(t) £®«®¬®àä­  ¢
­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï ¨ ξ(0) = 0.

�®£¤  áãé¥áâ¢ã¥â â ª®¥ ϑ > 0, çâ® ­  ®âà¥§ª¥ [−ϑ, ϑ] äã­ªæ¨ï
s(ξ(t)) = det(f0(ξ(t)), f1(ξ(t))) «¨¡® â®¦¤¥áâ¢¥­­® à ¢­  ­ã«î, «¨¡®
¨¬¥¥â ¥¤¨­áâ¢¥­­ë© ª®à¥­ì t = 0.

� ® ª   §   â ¥ « ì á â ¢ ®. �¥¬¬  ãâ¢¥à¦¤ ¥â, çâ® t = 0 ­¥
¬®¦¥â ¡ëâì â®çª®© ­ ª®¯«¥­¨ï ­ã«ï äã­ªæ¨¨ s(ξ(t)). �¥©áâ¢¨â¥«ì-
­®, â ª ª ª äã­ªæ¨¨ f0(x) ¨ f1(x) £®«®¬®àä­ë ¢ ­¥ª®â®à®© ®ªà¥áâ­®-
áâ¨ O2

ε , â® äã­ªæ¨ï s(x) â ª¦¥ £®«®¬®àä­  ¢ O2
ε . �ãé¥áâ¢ã¥â â ª®¥

τ > 0, çâ® ξ(t) ⊂ O2
ε ¯à¨ t ∈ (−τ, τ). � â ª®¬ á«ãç ¥ äã­ªæ¨ï s(ξ(t)),

ª ª £®«®¬®àä­ ï ®â £®«®¬®àä­®© äã­ªæ¨¨ ¡ã¤¥â â ª¦¥ £®«®¬®àä-
­®© ­  ¯à®¬¥¦ãâª¥ (−τ, τ). �® ¥á«¨ £®«®¬®àä­ ï äã­ªæ¨ï s(ξ(t))
¨¬¥¥â ¡¥áª®­¥ç­®¥ ç¨á«® ­ã«¥© ­  ¨­â¥à¢ «¥ (−τ, τ), â® s(ξ(t)) ≡ 0
¤«ï ¢á¥å t ∈ (−τ, τ). �âáî¤  á«¥¤ã¥â, çâ® «¨¡® s(ξ(t)) ≡ 0, «¨¡®
¨¬¥¥â ª®­¥ç­®¥ ç¨á«® ­ã«¥© ­  ¨­â¥à¢ «¥ (−τ, τ). �®£¤  ­ ©¤¥âáï
â ª®¥ ϑ ∈ (0, τ), çâ® «¨¡® s(ξ(t)) ≡ 0, «¨¡® s(ξ(t)) 6= 0 ¤«ï ¢á¥å
t : 0 < |t| < ϑ. �¥¬¬  ¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 5.1. �ãé¥áâ¢ã¥â ®ªà¥áâ­®áâì ­ ç «  ª®®à-
¤¨­ â, ¢ ª®â®à®© âà ¥ªâ®à¨ï � «¨¡® á®¤¥à¦¨âáï ¢ S, «¨¡® ¯¥à¥á¥-
ç¥­¨¥ �

⋂
S á®¤¥à¦¨â ­¥ ¡®«¥¥ ª®­¥ç­®£® ç¨á«  â®ç¥ª.
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� ® ª   §   â ¥ « ì á â ¢ ®. �® â¥®à¥¬¥ �®è¨ ® à¥è¥­¨¨ ¤¨ä-
ä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á £®«®¬®àä­®© ¯à ¢®© ç áâìî (á¬. ­ -
¯à¨¬¥à [37, áâà. 73]) áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ® à¥è¥­¨¥ x = γ(t)
¡ã¤¥â £®«®¬®àä­ë¬ ­  ­¥ª®â®à®¬ ¯à®¬¥¦ãâª¥ (−τ, τ). �®£¤  ¯® «¥¬-
¬¥ 5.1 áãé¥áâ¢ã¥â â ª®¥ ϑ ∈ (0, τ), çâ® ­  ®âà¥§ª¥ [−ϑ, ϑ] äã­ªæ¨ï
s(γ(t)) = det(f0(γ(t)), f1(γ(t))) «¨¡® â®¦¤¥áâ¢¥­­® à ¢­  ­ã«î, «¨¡®
¨¬¥¥â ¥¤¨­áâ¢¥­­ë© ª®à¥­ì t = 0. � íâ® ¨ ®§­ ç ¥â, çâ® áãé¥áâ¢ã¥â
®ªà¥áâ­®áâì ­ ç «  ª®®à¤¨­ â, ¢ ª®â®à®© âà ¥ªâ®à¨ï � «¨¡® á®¤¥à-
¦¨âáï ¢ S, «¨¡® ¯¥à¥á¥ç¥­¨¥ �

⋂
S á®¤¥à¦¨â ­¥ ¡®«¥¥ ª®­¥ç­®£® ç¨á« 

â®ç¥ª.
�   ¬ ¥ ç   ­ ¨ ¥ 5.1. �¥¬¬  5.1, ®ç¥¢¨¤­® ¡ã¤¥â á¯à ¢¥¤«¨-

¢®© ¨ ¢ â®¬ á«ãç ¥, ¥á«¨ ¢¬¥áâ® à¥è¥­¨ï γ(t) à áá¬ âà¨¢ âì à¥è¥­¨¥
γ−(t) ¨«¨ à¥è¥­¨¥ γ+(t).

� ¥ ¬ ¬   5.2. �ã­ªæ¨ï s(γ(t)) â®¦¤¥áâ¢¥­­® à ¢­  ­ã«î ­ 
­¥ª®â®à®¬ ¨­â¥à¢ «¥ (−ϑ, ϑ) ¥á«¨ ¨ â®«ìª® ¥á«¨ � ï¢«ï¥âáï ¨­¢ -
à¨ ­â­ë¬ ¬­®£®®¡à §¨¥¬ á¨áâ¥¬ë (5.1).

� ® ª   §   â ¥ « ì á â ¢ ®. �®ª ¦¥¬ ­¥®¡å®¤¨¬®áâì. �ãáâì
­  ¨­â¥à¢ «¥ (−ϑ, ϑ) ¢ë¯®«­¥­® â®¦¤¥áâ¢® s(γ(t)) ≡ 0. � ª ª ª
s(γ(t)) .= det(f0(γ(t)), f1(γ(t))), â® ¢¥ªâ®à-äã­ªæ¨¨ f0(γ(t)) ¨ f1(γ(t))
«¨­¥©­® § ¢¨á¨¬ë ¤«ï ¢á¥å t ∈ (−ϑ, ϑ). �®£¤  ª®­ãá ¤®¯ãáâ¨¬ëå ­ -
¯à ¢«¥­¨© K(x) æ¥«¨ª®¬ «¥¦¨â ¢ ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥ Tx(�) ¢
ª ¦¤®© â®çª¥ x = γ(t), t ∈ (−ϑ, ϑ). � á¨«ã ­¥¯à¥àë¢­®© ¤¨ää¥à¥­æ¨-
àã¥¬®áâ¨ äã­ªæ¨© f0(x) ¨ f1(x) ­¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨-
áâ¥¬ë (5.1) ­¥ ¯¥à¥á¥ç¥â âà ¥ªâ®à¨î � ¢ â®çª å x = γ(t), t ∈ (−ϑ, ϑ).
�«¥¤®¢ â¥«ì­® � | ¨­¢ à¨ ­â­ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (5.1). � ® á â
  â ® ç ­ ® á â ì . �ç¥¢¨¤­®, ¥á«¨ � ¨­¢ à¨ ­â­ ï ªà¨¢ ï á¨áâ¥¬ë
(5.1), â® � ⊂ S ¨, á«¥¤®¢ â¥«ì­®, s(x) ≡ 0 ¤«ï ¢á¥å x ∈ �.

� « ¥ ¤ á â ¢ ¨ ¥ 5.2. �ãáâì áãé¥áâ¢ã¥â ϑ > 0, çâ® s(γ(t)) ≡
0 ¤«ï ¢á¥å t ∈ [−ϑ, ϑ]. �®£¤  á¨áâ¥¬  (5.1) ­¥ ï¢«ï¥âáï ãáâ®©ç¨¢®
ã¯à ¢«ï¥¬®©.

� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã «¥¬¬ë 5.2 áãé¥áâ¢ã¥â â -
ª ï ®ªà¥áâ­®áâì O2

ε , çâ® � = �
⋂

O2
ε ï¢«ï¥âáï ¨­¢ à¨ ­â­®© ªà¨¢®©

¤«ï á¨áâ¥¬ë (5.1). �®£¤ , ®ç¥¢¨¤­®, çâ® � ï¢«ï¥âáï â ª¦¥ ¨­¢ à¨-
 ­â­®© ªà¨¢®© ¨ ¤«ï á¨áâ¥¬ë á ®¡à é¥­­ë¬ ¢à¥¬¥­¥¬

_x = −f0(x)− uf1(x), (x, u) ∈ R2 × U. (5.7)
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� á¨«ã íâ®£®, ¨§®¡à ¦ îé ï â®çª  á¨áâ¥¬ë (5.7), ­ ç ¢ ¤¢¨¦¥­¨¥ ¢
­ ç «¥ ª®®à¤¨­ â, ­¥ á¬®¦¥â á®©â¨ á âà ¥ªâ®à¨¨ � ¢­ãâà¨ ®ªà¥áâ-
­®áâ¨ O2

ε . �«¥¤®¢ â¥«ì­® ®âà¥§®ª âà ¥ªâ®à­®© ¢®à®­ª¨ V (0) á¨áâ¥¬ë
(5.7), «¥¦ é¨© ¢­ãâà¨ ®ªà¥áâ­®áâ¨ O2

ε «¥¦¨â æ¥«¨ª®¬ ¢ �. �® âà -
¥ªâ®à­ ï ¢®à®­ª  ®¯¨áë¢ ¥â ®¡« áâì ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (5.1).
�«¥¤®¢ â¥«ì­®, ®¡« áâì ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (5.1) ¢­ãâà¨ ®ªà¥áâ-
­®áâ¨ O2

ε á®áâ®¨â «¨èì ¨§ ®âà¥§ª  ªà¨¢®© �,   §­ ç¨â ­¨ª ª ï ¤®¯ã-
áâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (5.1), ¢ë¯ãé¥­­ ï ¨§ ¯à®¨§¢®«ì­®© â®ç-
ª¨ x0 ∈ {O2

εr�} ­¥ á¬®¦¥â ¤®áâ¨çì ­ã«ï §  ª®­¥ç­®¥ ¢à¥¬ï, ­¥ ¢ëå®¤ï
¯à¨ íâ®¬ §  ¯à¥¤¥«ë ®ªà¥áâ­®áâ¨ O2

ε , â.¥. á¨áâ¥¬  (5.1) ­¥ ï¢«ï¥âáï
ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.

� ¥ ¬ ¬   5.3. �á«¨ áãé¥áâ¢ã¥â â ª®¥ ϑ > 0, çâ® äã­ªæ¨ï
s(γ(t)) á®åà ­ï¥â §­ ª ­  ¬­®¦¥áâ¢¥ [−ϑ, 0)

⋃
(0, ϑ], â® á¨áâ¥¬ 

(5.1) ­¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.

� ® ª   §   â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ ®âà¥§®ª âà ¥ªâ®à¨¨
�, £¤¥ � .= {x = γ(t) : 0 < |t| 6 ϑ}. �®«®¦¨¬ ¤«ï ®¯à¥¤¥«¥­­®áâ¨, çâ®
s(γ(t)) > 0 ¤«ï ¢á¥å t ∈ [−ϑ, 0)

⋃
(0, ϑ]. � ª ª ª f1(γ(t)) 6= 0 ­  ®âà¥§ª¥

[−ϑ, ϑ], ¨ s(γ(t)) .= det(f0(γ(t)), f1(γ(t)) ®â«¨ç­  ®â ­ã«ï ­  ¬­®¦¥áâ¢¥
[−ϑ, 0)

⋃
(0, ϑ], â® ¢¥ªâ®àë f0(γ(t)) ¨ f1(γ(t)) á®åà ­ïîâ ®à¨¥­â æ¨î ­ 

¤ ­­®¬ ¬­®¦¥áâ¢¥. � ¯®áª®«ìªã s(x) .= det(f0(x), f1(x)) ¨ s(x) > 0, â®
¤«ï ¢á¥å x ∈ {� r {0}} ¢¥ªâ®à f0(x) ­ ¯à ¢«¥­ ¢¯à ¢® ®â ¢¥ªâ®à 
f1(x). �â® ®§­ ç ¥â, çâ® èâà¨å®¢ª  ®â¤¥«ïîé¥© ªà¨¢®© � ­¥ ¬¥­ï¥â
á¢®¥£® ­ ¯à ¢«¥­¨ï. �®áª®«ìªã ¢áî¤ã ­  � r {0} èâà¨å®¢ª  ®¯à¥-
¤¥«¥­ , â® ¢á¥ ¤®¯ãáâ¨¬ë¥ âà ¥ªâ®à¨¨ á¨áâ¥¬ë (5.1) ¤®«¦­ë ¯¥à¥-
á¥ª âì � á®£« á­® èâà¨å®¢ª¥ (¢ ¤ ­­®¬ á«ãç ¥ á¢¥àåã-¢­¨§). �ãáâì
ε = min{|γ(−ϑ)|, |γ(ϑ)|}. �®£¤  ªà¨¢ ï � ¤¥«¨â ®ªà¥áâ­®áâì O2

ε ­  ¤¢¥
ç áâ¨: ó¢¥àå­îîô ¨ ó­¨¦­îîô. �®ª ¦¥¬, çâ® ¤«ï «î¡®© â®çª¨ x0,
«¥¦ é¥© ¢ ­¨¦­¥© ç áâ¨ ®ªà¥áâ­®áâ¨ O2

ε , ­¥ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®©
âà ¥ªâ®à¨¨ á¨áâ¥¬ë (5.1), ¢ëå®¤ïé¥© ¨§ â®çª¨ x0 ¨ ¤®áâ¨£ îé¥© ­ -
ç «  ª®®à¤¨­ â §  ª®­¥ç­®¥ ¢à¥¬ï, ­¥ ¢ëå®¤ï ¯à¨ íâ®¬ §  ¯à¥¤¥«ë
®ªà¥áâ­®áâ¨ O2

ε .
�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �ãáâì ­ ©¤¥âáï â ª®¥ ¢à¥¬ï tx0 > 0 ¨

¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ ux0(t), t ∈ [0, tx0], çâ® á®®â¢¥âáâ¢ãîé¥¥ ¤ ­-
­®¬ã ã¯à ¢«¥­¨î à¥è¥­¨¥ x = x(t, ux0(·)), t ∈ [0, tx0] á¨áâ¥¬ë (5.1),
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:

x(0) = x0, x(tx0) = 0, |x(t)| 6 ε ¤«ï ¢á¥å t ∈ [0, tx0].
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� áá¬®âà¨¬ á¨áâ¥¬ã

_x = f0(x) + ux0(t)f1(x). (5.8)

� ­­ ï á¨áâ¥¬ , ®ç¥¢¨¤­®, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ � à â¥®¤®à¨ ¨,
á«¥¤®¢ â¥«ì­®, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¥¤¨­áâ¢¥­­®áâ¨ ¨ ­¥¯à¥àë¢-
­®© § ¢¨á¨¬®áâ¨ à¥è¥­¨ï ®â ­ ç «ì­ëå ¤ ­­ëå. �®áª®«ìªã x0 ¢­ã-
âà¥­­ïï â®çª  ®ªà¥áâ­®áâ¨ O2

ε , â® áãé¥áâ¢ã¥â ®ªà¥áâ­®áâì O2
δ(x0) ⊂

O2
ε , «¥¦ é ï ¢ ó­¨¦­¥© ç áâ¨ô ®ªà¥áâ­®áâ¨ O2

ε (á¬. à¨á. 5.1).

�¨á. 5.1. �á«¨ ¨§ â®çª¨ x0 ¬®¦­® ¯¥à¥©â¨ ¢ ­ã«ì §  ª®­¥ç­®¥ ¢à¥¬ï, ­¥ ¢ëå®¤ï ¯à¨ íâ®¬
§  ¯à¥¤¥«ë ®ªà¥áâ­®áâ¨ O2

ε , â® áãé¥áâ¢ã¥â âà ¥ªâ®à¨ï 	 á¨áâ¥¬ë (5.8), ¯¥à¥á¥ª îé ï
âà ¥ªâ®à¨î � ¯à®â¨¢­® èâà¨å®¢ª¥, çâ® ­¥¢®§¬®¦­®. �«¥¤®¢ â¥«ì­® ­¨ª ª ï âà ¥ªâ®à¨ï
á¨áâ¥¬ë (5.8) ­¥ ¬®¦¥â ¯¥à¥©â¨ §  ª®­¥ç­®¥ ¢à¥¬ï ¨§ â®çª¨ x0 ¢ ­ ç «® ª®®à¤¨­ â, ­¥
¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ­®áâ¨ O2

ε .

� áá¬®âà¨¬ á¥¬¥©áâ¢® à¥è¥­¨© {x(t)}, t ∈ [0, t1] á¨áâ¥¬ë (5.8), ã¤®-
¢«¥â¢®àïîé¨å ãá«®¢¨î x(0) ∈ O2

δ(x0). � á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ ª®­æë
âà ¥ªâ®à¨© ¤ ­­ëå à¥è¥­¨© æ¥«¨ª®¬ ¯®ªàë¢ îâ ­¥ª®â®àãî ®ªà¥áâ-
­®áâì ­ ç «  ª®®à¤¨­ â, ¨ á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ãîâ â®çª¨ ¤ ­­ëå

61



âà ¥ªâ®à¨©, «¥¦ é¨¥ ª ª ­  ªà¨¢®© �, â ª ¨ ¢ëè¥ ¥¥. �«¥¤®¢ â¥«ì­®,
áãé¥áâ¢ã¥â âà ¥ªâ®à¨ï 	 á¨áâ¥¬ë (5.8), ¯¥à¥á¥ª îé ï âà ¥ªâ®à¨î �
¯à®â¨¢­® èâà¨å®¢ª¥. �à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì­® ¤«ï «î¡®© â®ç-
ª¨ x0 ∈ O2

ε , «¥¦ é¥© ­¨¦¥ âà ¥ªâ®à¨¨ �, ­¥ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®©
âà ¥ªâ®à¨¨ á¨áâ¥¬ë (5.1), æ¥«¨ª®¬ «¥¦ é¥© ¢ ®ªà¥áâ­®áâ¨ O2

ε , á ­ -
ç «®¬ ¢ â®çª¥ x0 ¨ ª®­æ®¬ ¢ ­ ç «¥ ª®®à¤¨­ â. �.¥. á¨áâ¥¬  (5.1) ­¥
ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.

�¥à¥©¤¥¬ â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë (5.1).
� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì . �§

«¥¬¬ 5.2, 5.3 á«¥¤ã¥â, çâ® ¥á«¨ äã­ªæ¨ï s(γ(t)) ­¥ ¬¥­ï¥â ¢ ­ã«¥
§­ ª, â® á¨áâ¥¬  (5.1) ­¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©. � ­­®¥
ãâ¢¥à¦¤¥­¨¥ à ¢­®á¨«ì­® á«¥¤ãîé¥¬ã: ¥á«¨ á¨áâ¥¬  (5.1) ãáâ®©ç¨¢®
ã¯à ¢«ï¥¬ , â® äã­ªæ¨ï s(γ(t)) ¬¥­ï¥â ¢ ­ã«¥ §­ ª. � ª¨¬ ®¡à §®¬
­¥®¡å®¤¨¬®áâì ¤®ª § ­ .

� ® á â   â ® ç ­ ® á â ì . �ãáâì äã­ªæ¨ï s(γ(t)) ¬¥­ï¥â ¢ ­ã«¥
§­ ª. �®£¤  áãé¥áâ¢ã¥â â ª®¥ ϑ > 0, çâ® s(γ(t)) 6= 0 ­  ¬­®¦¥áâ¢¥
[−ϑ, 0)

⋃
(0, ϑ]. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ s(γ(t)) > 0 ¯à¨ t ∈ [−ϑ, 0)

¨ s(γ(t)) < 0 ¯à¨ t ∈ (0, ϑ]. �®£¤  ¢¥ªâ®àë f0(γ(t)) ¨ f1(γ(t)) ¬¥­ïîâ
¢ ­ã«¥ ®à¨¥­â æ¨î, ¨ ¢ á¨«ã â®£®, çâ® f1(γ(t)) 6= 0 ¯à¨ t ∈ [−ϑ, ϑ], â®
¢¥ªâ®à f0(γ(t)) ¯¥à¥å®¤¨â ¢ ­ã«¥ á ®¤­®© áâ®à®­ë � ­  ¤àã£ãî. �«¥¤®-
¢ â¥«ì­®, èâà¨å®¢ª  ®â¤¥«ïîé¥© ªà¨¢®© � .= {x = γ(t) : t ∈ [−ϑ, ϑ]}
¬¥­ï¥â ¢ ­ã«¥ ­ ¯à ¢«¥­¨¥ (á¬.à¨á. 5.2). � íâ® §­ ç¨â, çâ® «î¡ ï
¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (5.1), ¢ ç áâ­®áâ¨ �+, ¢å®¤ïé ï ¢
­ ç «® ª®®à¤¨­ â á«¥¢ , ¯®¤å®¤¨â ª âà ¥ªâ®à¨¨ � óá¢¥àåãô. �ë©â¨
¨§ ­ ç «  ª®®à¤¨­ â ¢¯à ¢® ¬®¦­® «¨èì ®¯ïâì â ª¨ ó¢¢¥àåô ®â âà -
¥ªâ®à¨¨ �, â.¥. âà ¥ªâ®à¨ï �+ ­¥ ¯¥à¥á¥ª ¥â � ¢ ­ ç «¥ ª®®à¤¨­ â.
�­ «®£¨ç­® ¢®©â¨ á¯à ¢  ¢ ­ ç «® ª®®à¤¨­ â ¢®§¬®¦­® «¨èì óá­¨-
§ãô ®â âà ¥ªâ®à¨¨ � ¨ ¤¢¨¦¥­¨¥ ¢«¥¢® ¨§ ­ ç «  ª®®à¤¨­ â ¬®¦­®
®áãé¥áâ¢¨âì «¨èì á®£« á­® èâà¨å®¢ª¥: â.¥. â ª¦¥ ó¢­¨§ô ®â �. � ª¨¬
®¡à §®¬, âà ¥ªâ®à¨ï �− â ª¦¥ ­¥ ¯¥à¥á¥ª ¥â ªà¨¢ãî � ¢¡«¨§¨ ­ã«ï,
¨ â ª ª ª ªà¨¢ë¥ �− ¨ �+ ­ å®¤ïâáï ¯® à §­ë¥ áâ®à®­ë ®â ªà¨¢®© �,
â® áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ­®áâì O2

�1
, ¢ ª®â®à®© âà ¥ªâ®à¨¨ �, �− ¨

�+ ­¥ ¨¬¥îâ ®¡é¨å â®ç¥ª ªà®¬¥ ­ ç «  ª®®à¤¨­ â (á¬. à¨á. 5.2).
�®áª®«ìªã f−(0) = −f+(0) = b,   b 6= 0, â® ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨

äã­ªæ¨© f−(x) ¨ f+(x) áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ­®áâì O2
�2

, çâ® f−(x) 6=
0 ¨ f+(x) 6= 0 ¤«ï ¢á¥å x ∈ O2

�2
.

�ãáâì ε | ¯à®¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®. �¡®§­ ç¨¬ � =
min{ε, �1, �2}. �®£¤  ¢ ®ªà¥áâ­®áâ¨ O2

� âà ¥ªâ®à¨¨ �, �− ¨ �+ ¨¬¥îâ
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¥¤¨­áâ¢¥­­ãî ®¡éãî â®çªã | ­ã«ì ¨ ª ¦¤ ï ¯¥à¥á¥ª ¥â ®ªàã¦­®áâì
S2

� ¯® ªà ©­¥© ¬¥à¥ ¢ ¤¢ãå â®çª å. �®£¤  áãé¥áâ¢ãîâ â ª¨¥

t−0 = max
t<0,γ−(t)∈S2

�

t, t+
0 = max

t<0,γ+(t)∈S2
�

t.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

A− = γ−(t−0 ), OA− = {x = γ−(t) : t ∈ [t−0 , 0]},

A+ = γ+(t+
0 ), OA+ = {x = γ+(t) : t ∈ [t+

0 , 0]}.
� ­ ª®­¥æ ®¡®§­ ç¨¬ ç¥à¥§ M− ¬­®¦¥áâ¢® âà ¥ªâ®à¨© á¨áâ¥¬ë (5.2),
®ª ­ç¨¢ îé¨åáï ¢ â®çª å ®âà¥§ª  OA+ ªà¨¢®© �+,   ç¥à¥§ M+ |
¬­®¦¥áâ¢® âà ¥ªâ®à¨© á¨áâ¥¬ë (5.3), ®ª ­ç¨¢ îé¨åáï ¢ â®çª å ®â-
à¥§ª  OA− ªà¨¢®© �−, â.¥.

M−
.= {x = γ−(t), t 6 0 : γ−(0) ∈ OA+},

M+
.= {x = γ+(t), t 6 0 : γ+(0) ∈ OA−},

£¤¥ γ−(t), γ+(t), t 6 0 | á®®â¢¥âáâ¢¥­­® à¥è¥­¨ï á¨áâ¥¬ (5.2) ¨ (5.3).
�¡  ¬­®¦¥áâ¢  ­¥¯ãáâë ¨ ®¡ê¥¤¨­¥­¨¥ M = M−

⋃
M+ á®¤¥à¦¨â ­¥-

ª®â®àãî ®ªà¥áâ­®áâì O2
δ ­ ç «  ª®®à¤¨­ â, ¯à¨ç¥¬ δ 6 ε. �®£¤  ¤«ï

«î¡®© â®çª¨ x0 ∈ O2
δ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë

(5.1) á ­ ç «®¬ ¢ â®çª¥ x0 ¨ ª®­æ®¬ ­ã«¥. �¥©áâ¢¨â¥«ì­®, ª ¯à¨¬¥àã,
¥á«¨ x0 ∈ O2

δ

⋂
M−, â® ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨¨ á¨áâ¥¬ë (5.3), ¨§®¡à -

¦ îé ï â®çª  §  ª®­¥ç­®¥ ¢à¥¬ï ¤®áâ¨£ ¥â ®âà¥§ª  OA+ ªà¨¢®© �+,
  § â¥¬ ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨¨ �+, §  ª®­¥ç­®¥ ¢à¥¬ï ¤®áâ¨£ ¥â ­ã-
«ï, ­¥ ¢ëå®¤ï ¯à¨ íâ®¬ §  ¯à¥¤¥«ë ®ªà¥áâ­®áâ¨ O2

�,   á«¥¤®¢ â¥«ì­®
­¥ ¢ëå®¤ï ¨ §  ¯à¥¤¥«ë ®ªà¥áâ­®áâ¨ O2

ε (á¬.à¨á 5.2). �® ¥áâì á¨áâ¥¬ 
(5.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ . �¥®à¥¬  ¤®ª § ­ .

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 5.1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â á¯à ¢¥¤-
«¨¢®áâì á«¥¤ãîé¨å ãâ¢¥à¦¤¥­¨©:

� ¥ ® à ¥ ¬   5.2. �«ï â®£® çâ®¡ë á¨áâ¥¬  (5.1) ¡ë«  ãáâ®©-
ç¨¢® ã¯à ¢«ï¥¬ , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë âà ¥ªâ®à¨¨ �−
¨ �+ ¨¬¥«¨ ¢ ­ã«¥ ­¥ç¥â­ë© ¯®àï¤®ª ª á ­¨ï, (â. ¥. γ+(t)− γ−(t) =
o(t2k−1), lim

t→0

γ+(t)− γ−(t)
t2k

= α 6= 0 ¤«ï ­¥ª®â®à®£® ­ âãà «ì­®£® k

[8].)
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�¨á. 5.2. �§ â®çª¨ x0 ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨¨ á¨áâ¥¬ë (5.3), ¨§®¡à ¦ îé ï â®çª  § 
ª®­¥ç­®¥ ¢à¥¬ï ¤®áâ¨£ ¥â ªà¨¢®© �+,   § â¥¬ ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨¨ �+, §  ª®­¥ç­®¥
¢à¥¬ï ¤®áâ¨£ ¥â ­ã«ï, ­¥ ¢ëå®¤ï ¯à¨ íâ®¬ §  ¯à¥¤¥«ë ®ªà¥áâ­®áâ¨ O2

ε .

� ¥ ® à ¥ ¬   5.3. �«ï â®£® çâ®¡ë á¨áâ¥¬  (5.1) ¡ë«  ãáâ®©-
ç¨¢® ã¯à ¢«ï¥¬ , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

s(γ+(t))s(γ−(t)) < 0
­  ­¥ª®â®à®¬ ¨­â¥à¢ «¥ (0, τ).

�   ¬ ¥ ç   ­ ¨ ¥ 5.2. �§ â¥®à¥¬ë 5.1, ®ç¥¢¨¤­® á«¥¤ã¥â, çâ®
¤«ï ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ «¨­¥©­®© á¨áâ¥¬ë

_x = Ax + bu, (x, u) ∈ R2 × R, |u| < ε

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë rank(b, Ab) = 2.
�¥©áâ¢¨â¥«ì­®, ¢ ¤ ­­®¬ á«ãç ¥ γ(t) = bt,   äã­ªæ¨ï s(γ(t)) .=

det(Abt, b) = t det(Ab, b) ¬¥­ï¥â ¢ ­ã«¥ §­ ª ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,
¥á«¨ det(Ab, b) 6= 0, â.¥. rank(Ab, b) = 2.

� à ¨ ¬ ¥ à 5.1. � áá¬®âà¨¬ á¨áâ¥¬ã
_x = f0(x) + uf1(x), (5.9)
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£¤¥ u ∈ [−1, 1], f0(x) = (0, 4x3
1 + 5x4

1)∗, f1(x) = (1, 4x3
1 − 5x4

1)∗. �¢¥-
¤¥¬ ®¡®§­ ç¥­¨ï: A =

(∂f0(x)
∂x

)
x=0

, b = f1(0) = (1, 0)∗. A | ­ã«¥¢ ï
¬ âà¨æ  ¨, á«¥¤®¢ â¥«ì­®, rank(b, Ab) = 1, â. ¥. ª á¨áâ¥¬¥ (5.9) ­¥
¯à¨¬¥­¨¬  â¥®à¥¬  ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨-
¦¥­¨î.

�¥£ª® ¢¨¤¥âì, çâ® äã­ªæ¨ï x = γ(t) = (t, t4 + t5)∗ ï¢«ï¥âáï à¥è¥-
­¨¥¬ § ¤ ç¨ �®è¨

_x = f1(x), x(0) = 0.

� ª ª ª äã­ªæ¨ï s(γ(t)) .= det(f0(γ(t)), f1(γ(t))) = 4t3 + 5t4, ®ç¥¢¨¤-
­®, ¬¥­ï¥â ¢ ­ã«¥ §­ ª, â® ¯® â¥®à¥¬¥ (5.1) á¨áâ¥¬  (5.9) ï¢«ï¥âáï
ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.
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§6. �áâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì ¢ Rn

� ¤ ­­®¬ ¯ à £à ä¥ ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ãáâ®©ç¨¢®© ã¯à -
¢«ï¥¬®áâ¨ á¨áâ¥¬ë _x = f0(x) + uf1(x), (x, u) ∈ Rn × [−1, 1].

� áá¬®âà¨¬ á¨áâ¥¬ã

_x = f0(x) + uf1(x), (x, u) ∈ Rn × [−1, 1]. (6.1)

�à¥¤¯®« £ ¥âáï, çâ® fi ∈ Cm(Rn,Rn), i = 0, 1, f0(0) = 0, f1(0) = b 6= 0.
� àï¤ã á á¨áâ¥¬®© (6.1) à áá¬®âà¨¬ á®®â¢¥âáâ¢ãîéãî ¥© á¨áâ¥¬ã
«¨­¥©­®£® ¯à¨¡«¨¦¥­¨ï

_x = Ax + bu, (6.2)

£¤¥ A =
(∂f0(x)

∂x

)
x=0

,

� ¥ ¬ ¬   6.1. �á«¨ rank(b, Ab, A2b, . . . , An−1b) = k 6 n, â®
¢¥ªâ®àë b, Ab, A2b, . . . , Ak−1b { «¨­¥©­® ­¥§ ¢¨á¨¬ë.

� ® ª   §   â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, çâ® íâ® ­¥ â ª. �®-
£¤  áãé¥áâ¢ãîâ â ª¨¥ c0, c1, · · · , ck−1, çâ®

k−1∑
i=0

|ci| 6= 0;
k−1∑
i=0

ciA
ib = 0.

�ë¡¥à¥¬ â ª®© ­ ¨¡®«ìè¨© ¨­¤¥ªá m, m < k, çâ® cm 6= 0. �¥§
®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® cm = 1. �®£¤  Amb =
−(

∑m−1
i=0 ciA

ib), ®âªã¤  á«¥¤ã¥â, çâ®

Am+1b = −A
(m−1∑

i=0
ciA

ib
)

= −Amb−
m−1∑
i=1

ciA
ib =

m−1∑
i=0

ĉiA
ib.

�¥©áâ¢ãï  ­ «®£¨ç­ë¬ ®¡à §®¬, ¯®«ãç ¥¬, çâ® Apb =
m−1∑
i=0

�ciA
ib ¤«ï

¢á¥å p > m, ¨ á«¥¤®¢ â¥«ì­® rank(b, Ab, A2b, · · · , An−1b) 6 m �®«ãç¨-
«¨ ¯à®â¨¢®à¥ç¨¥. �¥¬¬  ¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 6.1. �ãáâì rank(b, Ab, A2b, . . . , An−1b) = k 6
n, â®£¤  ¤«ï «î¡®£® ­¥®âà¨æ â¥«ì­®£® æ¥«®£® ç¨á«  m, áãé¥áâ¢ãîâ
â ª¨¥ ç¨á«  cm

i , i = 1, k, çâ® Amb =
k∑

i=1
cm
i Ai−1b.
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� ¥ ¬ ¬   6.2. �ãáâì rank(b, Ab, A2b, . . . , An−1b) = k 6 n,  

Lk .= {x =
k−1∑

0
αiA

ib : α ∈ Rn} | «¨­¥©­®¥ ¯®¤¯à®áâà ­áâ¢® ¢

Rn, ¯®à®¦¤¥­­®¥ ¢¥ªâ®à ¬¨ b, Ab, A2b, . . . , Ak−1b. �®£¤  ¬­®¦¥áâ¢®
ã¯à ¢«ï¥¬®áâ¨ D∞ á¨áâ¥¬ë (6.2) á®¤¥à¦¨âáï ¢ Lk.

� ® ª   §   â ¥ « ì á â ¢ ®. �®à®è® ¨§¢¥áâ­® (á¬. ­ ¯à¨¬¥à
[19]), çâ® ¤«ï «î¡®£® τ > 0 ¬­®¦¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ Dτ á¨áâ¥¬ë
(6.2) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥:

Dτ =
{

x ∈ Rn : x(τ) = −
τ∫

0

e−Atbu(t)dt
}

.

�à¥¤áâ ¢¨¬ ¬ âà¨ç­ãî íªá¯®­¥­âã ¢ ¢¨¤¥ àï¤  e−Atb =
∞∑

m=0
(−1)mAmb

tm

m! .
� á¨«ã á«¥¤áâ¢¨ï 6.1 ¤«ï «î¡®£® ­¥®âà¨æ â¥«ì­®£® æ¥«®£® ç¨á«  m,
áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  cm

i , i = 0, 1, . . . , k, çâ® Amb =
k∑

i=1
cm
i Ai−1b.

�®£¤ 

e−Atb =
∞∑

m=0

(
(−1)m tm

m!
( k∑

i=1
cm
i Ai−1b

))
=

k∑

i=1

(
Ai−1b

( ∞∑
m=0

(−1)mcm
i

tm

m!
))

,

¨, ¢¢®¤ï ®¡®§­ ç¥­¨ï λi(t) =
∞∑

m=0
(−1)mcm

i

tm

m! , ¯®«ãç ¥¬, çâ®

x(τ) = −
τ∫

0

k∑
i=1

λi(t)Ai−1bu(t)dt = −
k∑

i=1
Ai−1b

τ∫

0

λi(t)u(t)dt.

�âªã¤  á«¥¤ã¥â, çâ® Dτ ⊂ Lk ¤«ï «î¡®£® τ > 0. â.¥. Lk ï¢«ï¥âáï
¨­¢ à¨ ­â­ë¬ ¬­®£®®¡à §¨¥¬ á¨áâ¥¬ë (6.2).

�   ¬ ¥ ç   ­ ¨ ¥ 6.1. � ãá«®¢¨ïå «¥¬¬ë 6.2, á¨áâ¥¬  (6.2) ï¢-
«ï¥âáï N -ã¯à ¢«ï¥¬®© ¢ Lk (á¬., ­ ¯à¨¬¥à, [19, áâà. 108]).

� ¥ ¬ ¬   6.3. �ãáâì rank(b, Ab, A2b, . . . , An−1b) = n−1, â®£¤ 
¤«ï «î¡®£® τ > 0 áãé¥áâ¢ã¥â £« ¤ª®¥ ¬­®£®®¡à §¨¥ Mn−1

τ , ª®â®à®¥
á®¤¥à¦¨âáï ¢ ¬­®¦¥áâ¢¥ ã¯à ¢«ï¥¬®áâ¨ Dτ á¨áâ¥¬ë (6.1).

� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã § ¬¥ç ­¨ï 6.1 á¨áâ¥¬  (6.2)
ï¢«ï¥âáï N -ã¯à ¢«ï¥¬®© ­  ¬­®£®®¡à §¨¨ Ln−1, ¯®à®¦¤¥­­®¬ ¢¥ª-
â®à ¬¨ b, Ab, A2b, · · · , An−2b. �«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® τ > 0 áã-
é¥áâ¢ãîâ ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥­¨ï ui(t), t ∈ [0, τ ], i = 1, . . . , n − 1,
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ª®â®àë¥ ¯¥à¥¢®¤ïâ á¨áâ¥¬ã á ®¡à é¥­­ë¬ ¢à¥¬¥­¥¬
_x = −Ax− bu (6.3)

¨§ ­ ç «  ª®®à¤¨­ â ¢ «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ â®çª¨ xi(τ) = x(τ, ui(·)),
i = 1, . . . , n− 1. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ ¯®« £ âì, çâ®:

 ) ui(t) ∈ C∞[0, τ ], i = 1, . . . , n− 1;
¡) ã¯à ¢«¥­¨ï ui(t) ¢ë¡à ­ë â ª, çâ® á®®â¢¥âáâ¢ãîé¨¥ ¨¬ à¥è¥­¨ï

xi(t) = x(t, ui(·)) á¨áâ¥¬ë (6.3) áãé¥áâ¢ãîâ ­  ®âà¥§ª¥ [0, τ ] ¨ ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨î xi(1) = εAi−1b, i = 1, . . . , n − 1, £¤¥ ε | ­¥ª®â®à®¥
¯®«®¦¨â¥«ì­®¥ ç¨á«®. �¡®§­ ç¨¬ u(t, ξ) =

n−1∑
i=1

ξiui(t), £¤¥ |ξ| 6 1.
�ãáâì x(t, ξ) à¥è¥­¨¥ á¨áâ¥¬ë á ®¡à é¥­­ë¬ ¢à¥¬¥­¥¬

_x = −f0(x)− u(t, ξ)f1(x),
ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­®¬ã ãá«®¢¨î x(0, ξ) = 0. �®¦­® ¯®« £ âì,
çâ® ¯à¨ ¢á¥å ξ ∈ On−1

1 ¤ ­­®¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â ­  ®âà¥§ª¥ [0, τ ].
�¡®§­ ç¨¬ Z(t) =

(∂x(t, ξ)
∂ξ

)
ξ=0

.
�¥£ª® ¢¨¤¥âì, çâ® n× (n− 1) ¬ âà¨æ  Z(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥-

­¨î
_Z(t) = −AZ(t)− bu∗(t),

£¤¥ bu∗(t) | ¥áâì ¬ âà¨ç­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à-áâ®«¡æ  b ­  ¢¥ªâ®à-
áâà®ªã u∗(t) = (u1(t), u2(t), . . . , un−1(t)). �âªã¤  á«¥¤ã¥â, çâ® áâ®«¡æë
zi(t), i = 1, . . . , n− 1 ¬ âà¨æë Z(t) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬

_zi(t) = −Azi(t)− bui(t), zi(0) = 0, i = 1, . . . , n− 1.

�® â®£¤  z1(τ), z2(τ), . . . , zn−1(τ) { «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ ¢¥ªâ®àë. �«¥-
¤®¢ â¥«ì­® ®â®¡à ¦¥­¨¥ ξ → x(τ, ξ) ï¢«ï¥âáï ­¥¯à¥àë¢­®-¤¨ää¥à¥­æ¨àã-
¥¬ë¬ ®â®¡à ¦¥­¨¥¬ ®ªà¥áâ­®áâ¨ On−1

1 ¢ Rn. � ¬¥â¨¬ â¥¯¥àì, çâ® ¯®-
áª®«ìªã rank Z(τ) = rank

(∂x(τ, ξ)
∂ξ

)
ξ=0

= n − 1, â® áãé¥áâ¢ã¥â â ª ï

®ªà¥áâ­®áâì On−1
δ , çâ® rank

(∂x(τ, ξ)
∂ξ

)
= n − 1 ¤«ï ¢á¥å ξ ∈ On−1

δ . �
íâ® ®§­ ç ¥â, çâ® ¬­®¦¥áâ¢® Mn−1

τ
.= {x = x(τ, ξ) : ξ ∈ On−1

δ } ¡ã¤¥â
£« ¤ª¨¬ ¬­®£®®¡à §¨¥¬, ¯à¨ç¥¬ Mn−1

τ ⊂ Dτ . �¥¬¬  ¤®ª § ­ .
�   ¬ ¥ ç   ­ ¨ ¥ 6.2. �  á ¬®¬ ¤¥«¥ ¢ ãá«®¢¨ïå «¥¬¬ë 6.3

£« ¤ª®áâì ¬­®£®®¡à §¨ï Mn−1
τ ¡ã¤¥â áâ¥¯¥­¨ m. �â® á«¥¤ã¥â ¨§ â¥-

®à¥¬ë ® áâ¥¯¥­¨ £« ¤ª®áâ¨ § ¢¨á¨¬®áâ¨ à¥è¥­¨© ®â ¯ à ¬¥âà  (á¬.
­ ¯à¨¬¥à [37, �«. 3, §21, áâà. 88]).
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� ¥ ¬ ¬   6.4. �ãáâì rank(b, Ab, A2b, . . . , An−1b) = n− 1. �®£¤ 
¤«ï «î¡®£® τ > 0 áãé¥áâ¢ãîâ ®ªà¥áâ­®áâì On

ε ¨ áª «ïà­ ï äã­ªæ¨ï
ϕτ ∈ C1(Rn,R), â ª¨¥ çâ®:

a) ∂ϕτ(x)/∂x 6= 0 ¤«ï ¢á¥å x ∈ On
ε ;

¡) Mn−1
τ

.= {x ∈ On
ε : ϕτ(x) = 0} ⊂ Dτ .

� ® ª   §   â ¥ « ì á â ¢ ®. �§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 6.3 ®ç¥-
¢¨¤­®, çâ® ¤«ï «î¡®£® τ > 0 áãé¥áâ¢ã¥â ®ªà¥áâ­®áâì On−1

δ , çâ® ¬­®-
£®®¡à §¨¥ Mn−1

τ
.= {x = x(τ, ξ) : ξ ∈ On−1

δ } á®¤¥à¦¨âáï ¢ Dτ , ¯à¨ç¥¬
rank

(∂x(τ, ξ)
∂ξ

)
= n− 1 ¤«ï ¢á¥å ξ ∈ On−1

δ . �§¢¥áâ­® (á¬., ­ ¯à¨¬¥à,[8,
�«. 7, §7, ãâ¢.1, áâà. 505]), çâ® ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ãîâ â ª ï ®ªà¥áâ-
­®áâì On

ε , ¨­¤¥ªá k ¨ äã­ªæ¨ï ϕk
τ (x1, . . . , xk−1, xk+1, . . . , xn), çâ®

Mn−1
τ

.= {x ∈ On
ε : xk = ϕk

τ (x1, . . . , xk−1, xk+1, . . . , xn)}.
�â® à ¢­®á¨«ì­® â®¬ã, çâ® Mn−1 .= {x ∈ On

ε : ϕτ(x) = 0}, £¤¥ ϕτ(x) =
xk − ϕk

τ(x1, . . . , xk−1, xk+1, . . . , xn). � ¬¥â¨¬ â¥¯¥àì, çâ® ∂ϕτ(x)/∂x 6= 0
¤«ï ¢á¥å x ∈ On

ε . �¥¬¬  ¤®ª § ­ .

� ¥ ® à ¥ ¬   6.1. �ãáâì ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ On
ε0 ®¯à¥-

¤¥«¥­  äã­ªæ¨ï ϕτ ∈ C1(Rn,R) â ª ï, çâ® ∂ϕτ(x)/∂x 6= 0 ¤«ï ¢á¥å
x ∈ On

ε0 ¨ Mn−1
τ

.= {x ∈ On
ε : ϕτ(x) = 0} ⊂ Dτ .

�á«¨ áãé¥áâ¢ãîâ τ0 ∈ (0, τ) ¨ â ª¨¥ à¥è¥­¨ï x+(t) = x(t, u+(·)),
x−(t) = x(t, u−(·)), t ∈ [0, τ ] á¨áâ¥¬ë (6.1), çâ®

x+(0) = x−(0) = 0, ϕ(x+(t))ϕ(x−(t)) < 0 ¤«ï ¢á¥å t ∈ (0, τ0],

â® á¨áâ¥¬  (6.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ ε1 > 0, ¨
¯ãáâì ε = min{ε0, ε1}. � ¬¥â¨¬, çâ® £« ¤ª®¥ ¬­®£®®¡à §¨¥ Mn−1

τ ¤¥«¨â
®ªà¥áâ­®áâì On

ε ­  ¤¢¥ ç áâ¨: ¢¥àå­îî { On
+ε

.= {x ∈ On
ε : ϕτ(x) > 0},

¨ ­¨¦­îî { On
−ε

.= {x ∈ On
ε : ϕτ(x) < 0} (á¬. à¨á. 6.1). �®£¤ 

áãé¥áâ¢ã¥â â ª®¥ ¢à¥¬ï t0 ∈ (0, τ0], çâ® ϕτ(x+(t0))ϕτ(x−(t0)) < 0
¨ x+(t), x−(t) ⊂ On

ε ¤«ï ¢á¥å t ∈ (0, t0]. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®-
áâ¨ ¡ã¤¥¬ ¯®« £ âì, çâ® ϕτ(x+(t)) > 0 ϕτ(x−(t)) < 0 ¯à¨ ¢á¥å
t ∈ (0, t0]. �ãáâì x+(t, x0) = x(t, x0, u+(·)), x−(t, x0) = x(t, x0, u−(·)),
t ∈ (0, t0], à¥è¥­¨ï á¨áâ¥¬ë (6.1), ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­®¬ã ãá«®-
¢¨î x−(0, x0) = x+(0, x0) = x0. �®£¤ , ¢ á¨«ã ­¥¯à¥àë¢­®© § ¢¨á¨¬®-
áâ¨ à¥è¥­¨ï ®â ­ ç «ì­ëå ¤ ­­ëå áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ­®áâì On

δ ,
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�¨á. 6.1. �§ «î¡®© â®çª¨ x0 ∈ On
−δ ¯®¤ ¤¥©áâ¢¨¥¬ ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï u+(t),

t ∈ (0, tx0 ] ¬®¦­® ¯®¯ áâì ­  ¬­®£®®¡à §¨¥ Mn−1
τ ,   § â¥¬ ¯¥à¥©â¨ ¢ ­ã«ì §  ¢à¥¬ï tx0 + τ ,

­¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ­®áâ¨ On
ε .

çâ® ϕτ(x+(t0, x0)) > 0, ϕ(x−(t0, x0)) < 0 ¤«ï ¢á¥å x0 ∈ On
δ . �¡®§­ ç¨¬

On
+δ

.= On
δ

⋂
On

+ε0, On
−δ

.= On
δ

⋂
On
−ε0. �®£¤ , ¤«ï «î¡®£® x0 ∈ On

−δ áã-
é¥áâ¢ã¥â â ª®¥ tx0, çâ® ϕτ(x+(tx0, x0)) = 0. �â® á«¥¤ã¥â ¨§ â®£®, çâ®
ϕτ(x+(0, x0)) < 0, ϕτ(x+(t0, x0)) > 0,   äã­ªæ¨ï ϕτ(x+(t, x0)) ­¥¯à¥àë¢-
­  ­  ®âà¥§ª¥ [0, t0]. �.¥. ¨§ «î¡®© â®çª¨ x0ó­¨¦­¥©ô ç áâ¨ ®ªà¥áâ-
­®áâ¨ On

δ ¯®¤ ¤¥©áâ¢¨¥¬ ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï u+(t), t ∈ (0, tx0]
¬®¦­® ¯®¯ áâì ­  ¬­®£®®¡à §¨¥ Mn−1

τ ,   § â¥¬ ¯¥à¥©â¨ ¢ ­ã«ì §  ¢à¥-
¬ï tx0 + τ , ­¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ­®áâ¨ On

ε ,   §­ ç¨â ­¥ ¯®ª¨¤ ï
¨ ®ªà¥áâ­®áâ¨ On

ε1.
�­ «®£¨ç­® ¤«ï «î¡®£® x1 ∈ On

+δ áãé¥áâ¢ã¥â â ª®¥ ¢à¥¬ï tx1, çâ®
ϕτ(x−(tx1, x1)) = 0, â.¥. ¨§ «î¡®© â®çª¨ ó¢¥àå­¥©ô ç áâ¨ ®ªà¥áâ­®áâ¨
x ∈ On

δ ¯®¤ ¤¥©áâ¢¨¥¬ ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï u−(t), t ∈ (0, tx1] ¬®¦-
­® ¯®¯ áâì ­  ¬­®£®®¡à §¨¥ Mn−1

τ ,   § â¥¬ ¯¥à¥©â¨ ¢ ­ã«ì §  ¢à¥¬ï
tx1 + τ , ­¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ­®áâ¨ On

ε1. � íâ® ¨ ®§­ ç ¥â, çâ®
á¨áâ¥¬  (6.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ . �¥®à¥¬  ¤®ª § ­ .

�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ On

ε ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 6.1 ¨ «¥¬¬ë 6.4, äã­ªæ¨¨ f0(x),
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f1(x), ¨ ª ª á«¥¤áâ¢¨¥ äã­ªæ¨ï ϕ ï¢«ïîâáï £®«®¬®àä­ë¬¨ ¢ ­¥ª®-
â®à®© ®ªà¥áâ­®áâ¨ ­ ç «  ª®®à¤¨­ â, ¨ p0(x) .= ∂ϕτ(x)/∂x 6= 0. �¡®-
§­ ç¨¬ ç¥à¥§ x = γ−(t), x = γ+(t), t ∈ (−τ, τ), á®®â¢¥âáâ¢¥­­® ®â¢¥ç -
îé¨¥ ã¯à ¢«¥­¨ï¬ u+(t) ≡ 1 ¨ u−(t) ≡ −1, à¥è¥­¨ï á¨áâ¥¬ë (6.1),
ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­®¬ã ãá«®¢¨î γ−(0) = γ+(0) = 0.

� ¯®¬­¨¬, çâ® ®á®¡ë¥ ¬­®£®®¡à §¨ï á¨áâ¥¬ë (6.1) ®¯¨áë¢ îâáï
ª ª ¬­®¦¥áâ¢® ­ã«¥© äã­ªæ¨¨ s(x) .= det[f0(x), f1(x), . . . , fn−1(x)], £¤¥

fi(x) = [f0(x), fi−1(x)] .=
(∂f0(x)

∂x

)
fi−1(x)−

(∂fi−1(x)
∂x

)
f0(x).

� ¬¥â¨¬, çâ® s(x) ∈ C∞(Rn,R), fi(x) ∈ C∞(Rn,Rn) ¨ fi(0) = Ai−1b ¯à¨
i = 1, . . . , n− 1.

�ãáâì x+(t) = x(t, u+(·)), x−(t) = x(t, u−(·)), t ∈ [0, τ ] â ª¨¥ à¥è¥­¨ï
á¨áâ¥¬ë (6.1), çâ® x+(0) = x−(0) = 0, ϕ(x+(t))ϕ(x−(t)) < 0 ¤«ï ¢á¥å
t ∈ (0, τ ]. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ ¯®« £ âì, çâ® x+, x− ∈
C∞(R,Rn); ϕτ(x+(t)) > 0, ϕτ(x−(t)) < 0 ¯à¨ ¢á¥å t ∈ (0, τ ]. �®£¤ 
áãé¥áâ¢ã¥â â ª®¥ ϑ ∈ (0, τ), çâ®

〈p0(x+(t)), dx+(t)/dt〉 > 0, 〈p0(x−(t)), dx−(t)/dt〉 < 0 (6.4)

¤«ï ¢á¥å t ∈ (0, ϑ). �¥©áâ¢¨â¥«ì­®, ¨­ ç¥, ¢ á¨«ã £®«®¬®àä­®áâ¨
äã­ªæ¨© ϕ(x) ¨ x+(t), x−(t) á«¥¤ã¥â, çâ® ϕ(x+(t)) ≡ ϕ(x−(t)) ≡ 0
­  ­¥ª®â®à®¬ ¨­â¥à¢ «¥ [0, θ) ⊂ [0, τ), çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î
(6.4). �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ ¯®« £ âì, çâ® ϑ = τ . �®£¤ 
¢ «î¡®© â®çª¥ x0 = x+(t0), t0 ∈ (0, τ ] ¢¥ªâ®àë f0(x0), f1(x0) ­¥ ¯à¨-
­ ¤«¥¦ â ®¤­®¢à¥¬¥­­® ª á â¥«ì­®¬ã ¯à®áâà ­áâ¢ã ª £« ¤ª®¬ã ¬­®-
£®®¡à §¨î Mn−1

x0 {x ∈ Rn : ϕ(x) = ϕ(x0)}. �­ ç¥ 〈p0(x0), f0(x0)〉 =
〈p0(x0), f1(x0)〉 = 0, ¨ á«¥¤®¢ â¥«ì­® 〈p0(x+(t0)), dx+(t0)/dt〉 = 〈p0(x0), f0(x0)+
u+(t0)f1(x0)〉 = 0. �®áª®«ìªã ¢¥ªâ®àë f0(x0), f1(x0), ­¥ ¯à¨­ ¤«¥-
¦ â ®¤­®¢à¥¬¥­­® ª á â¥«ì­®¬ã ¯à®áâà ­áâ¢ã ª £« ¤ª®¬ã ¬­®£®®¡à -
§¨î Mn−1

x0 {x ∈ Rn : ϕ(x) = ϕ(x0)}. â® ¤«ï ª ¦¤®£® x+ = x+(t),
t ∈ (0, τ) ¬®¦­® ¯®áâà®¨âì â ªãî á¨áâ¥¬ã «¨­¥©­® ­¥§ ¢¨á¨¬ëå ¢¥ª-
â®à®¢ {pi(x+)}n−1

i=1 , çâ®

p1(x+) = α1(x+)f0(x+) + f1(x+) , p1(0) = f1(0);

pi(x+) = αi(x+)f0(x+) + βi(x+)f1(x+) + fi(x+),

〈pi(x+), p0(x+)〉 = 0 , pi(0) = fi(0), i = 2, . . . , n− 1;
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det[p0(x), p1(x), . . . , pn−1(x)] > 0.

�®­ïâ­®, çâ® äã­ªæ¨¨ αi(x+), βi(x+), i = 2, . . . , n − 1 ¬®¦­® ¢ë-
¡à âì áª®«ì ã£®¤­® £« ¤ª¨¬¨. �ç¥¢¨¤­®, çâ® ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ «î¡®© â®çª¨ x+ ∈ Mn−1

x+ {x ∈ Rn : ϕ(x) = ϕ(x+)} ¢¥ªâ®àë
p1(x), . . . , pn−1(x) á®áâ ¢«ïîâ ¡ §¨á ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ª ¤ ­-
­®¬ã ¬­®£®®¡à §¨î,   ªà®¬¥ â®£®,

s(x) .= det[f0(x), f1(x), . . . , fn−1(x)] =

= det[f0(x), p1(x), p2(x), p3(x), . . . , pn−1(x)]

¤«ï ¢á¥å x = x+(t), t ∈ (0, τ). � ¬¥â¨¬, çâ® ãá«®¢¨¥ ãá«®¢¨¥ 〈p0(x), _x〉 >

0 ¤«ï ¢á¥å x = x+(t), t ∈ (0, τ) à ¢­®á¨«ì­® ãá«®¢¨î:

det[ _x, p1(x), . . . , pn−1(x)] = det[ _x, p1(x), . . . , pn−1(x)] > 0.

� ¤àã£®© áâ®à®­ë

det[ _x, p1(x), . . . , pn−1(x)] = det[f0(x) + uf1(x), p1(x), . . . , pn−1(x)] =

= det[f0(x) + uf1(x), α1(x)f0(x) + f1(x), p2(x), . . . , pn−1(x)] =

= (1− α1(x)u) det[f0(x), p1(x), p2(x), . . . , fn−1(x)] = s(x)

¤«ï ¢á¥å x = x+(t), u = u+(t), t ∈ (0, τ). �®áª®«ìªã äã­ªæ¨ï α1(0) = 0,
  |u| 6 1, â® ¢ á¨«ã £« ¤ª®áâ¨ äã­ªæ¨© α1(x+(t)), u+(t) áãé¥áâ¢ã¥â â -
ª®¥ τ1 ∈ (0, τ), çâ® 1 − α1(x+(t))u+(t) > 0 ¯à¨ t ∈ (0, τ1], â.¥. äã­ªæ¨¨
ϕ(x+(t)) ¨ s(x+(t)) ®¤­®¢à¥¬¥­­® ¡®«ìè¥ ­ã«ï ¯à¨ t ∈ (0, τ1]. �­ «®-
£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® áãé¥áâ¢ã¥â â ª®¥ τ2 ∈ (0, τ), çâ® äã­ªæ¨¨
ϕ(x−(t)) ¨ s(x−(t)) ®¤­®¢à¥¬¥­­® ¬¥­ìè¥ ­ã«ï ¯à¨ t ∈ (0, τ2]. � ª¨¬
®¡à §®¬ ãá«®¢¨¥ ϕ(x+(t))ϕ(x−(t)) < 0 ¤«ï ¢á¥å t ∈ (0, τ0], à ¢­®á¨«ì-
­® ãá«®¢¨î s(x+(t))s(x−(t)) < 0 ¤«ï ¢á¥å t ∈ (0, τ0], â.¥. á¯à ¢¥¤«¨¢ 
á«¥¤ãîé ï â¥®à¥¬ .

� ¥ ® à ¥ ¬   6.2. �ãáâì rank (b, Ab, A2b, . . . , An−1b) > n −
1,   f0, f1 ∈ C∞(Rn,Rn). �á«¨ áãé¥áâ¢ãîâ ç¨á«® τ > 0 ¨ â ª¨¥
à¥è¥­¨ï x+(t) = x(t, u+(·)), x−(t) = x(t, u−(·)), t ∈ [0, τ ] á¨áâ¥¬ë
(6.1), çâ®

x+(0) = x−(0) = 0, s(x+(t))s(x−(t)) < 0 ¤«ï ¢á¥å t ∈ (0, τ),

â® á¨áâ¥¬  (6.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

72



� ª ª á«¥¤áâ¢¨¥ ¨§ ¤ ­­®© â¥®à¥¬ë ®ç¥¢¨¤­  á¯à ¢¥¤«¨¢®áâì á«¥-
¤ãîé¥© â¥®à¥¬ë.

� ¥ ® à ¥ ¬   6.3. �ãáâì rank (b, Ab, A2b, . . . , An−1b) > n −
1,   f0, f1 ∈ C∞(Rn,Rn). �á«¨ áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ®

s(γ+(t))s(γ−(t)) < 0 ¤«ï ¢á¥å t ∈ (0, τ),

â® á¨áâ¥¬  (6.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

� à ¨ ¬ ¥ à 6.1. � áá¬®âà¨¬ á¨áâ¥¬ã

_x = Ax + ub, (x, u) ∈ Rn × [−1, 1], (6.5)

¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® rank(b, Ab, . . . , An−1b = n. �ãáâì x+(t), x−(t)
¢ëå®¤ïé¨¥ ¨§ ­ ç «  ª®®à¤¨­ â à¥è¥­¨ï á¨áâ¥¬ë (6.5), á®®â¢¥âáâ¢ã-
îé¨¥ ã¯à ¢«¥­¨ï¬ u = 1, ¨ u = −1. �¥£ª® ¢¨¤¥âì, çâ® s(x+(t)) .=
det(Ax+(t), b, Ab, . . . , An−2b). �§¢¥áâ­® (á¬. ­ ¯à¨¬¥à [5]), çâ® à¥è¥­¨¥
x+(t) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ àï¤ 

x+(t) .=
∫ t

0
eA(t−s)b ds =

n−1∑

k=0
Ck(t)Akb,

£¤¥ Ck(t) {  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨, ¯à¨ç¥¬ Ck(t) 6≡ 0. �®£¤ 

s(x+(t)) = det(Cn−2(t)An−1b, b, Ab, . . . , An−2b) =

= Cn−2(t) det(An−1b, b, Ab, . . . , An−2b) 6≡ 0.

� ¤àã£®© áâ®à®­ë, ¯®áª®«ìªã x−(t) .=
∫ t

0 eA(t−s)(−b) ds = −x+(t), â®
áãé¥áâ¢ã¥â â ª®¥ τ > 0, çâ®

s(x+(t))s(x−(t)) = −(Cn−2(t) det(An−1b, b, Ab, . . . , An−2b))2 < 0

¤«ï ¢á¥å t ∈ (0, τ), â.¥. ¢ á¨«ã â¥®à¥¬ë 6.2, á¨áâ¥¬  (6.5) ï¢«ï¥âáï
ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.

� à ¨ ¬ ¥ à 6.2. � áá¬®âà¨¬ á¨áâ¥¬ã

_x = f0(x) + uf1(x), (6.6)

£¤¥ u ∈ [−1, 1], f0(x) = (x3
2, x3, 0)∗, f1(x) = (0, 0, 1)∗. �¢¥¤¥¬ ®¡®§­ ç¥-

­¨ï A(x) =
(∂f0(x)

∂x

)
x=0

, b = f1(0) = (0, 0, 1)∗. �®£¤  A(x)b = (0, 1, 0)∗,
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A2(x)b = (3x2
2, 0, 0) ¨, á«¥¤®¢ â¥«ì­®, rank(b, A(0)b, A2(0)b) = 2, â. ¥. ª

á¨áâ¥¬¥ (6.6) ­¥ ¯à¨¬¥­¨¬  â¥®à¥¬  ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®
¯¥à¢®¬ã ¯à¨¡«¨¦¥­¨î.

�¥£ª® ¢¨¤¥âì, çâ® äã­ªæ¨¨

x = γ+(t) = (t7/56, t2/2, t)∗ , x = γ−(t) = −γ+(t) = −(t7/56, t2/2, t)∗,

á®®â¢¥âáâ¢¥­­® ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨©

_x = f0(x) + f1(x) , _x = f0(x)− f1(x),

ã¤®¢«¥â¢®àïîé¨å ­ ç «ì­®¬ã ãá«®¢¨î x(0) = 0.
�®áª®«ìªã s(x) .= det(f0(x), f1(x), f2(x)) = −x3

2, â® ®ç¥¢¨¤­®, çâ®
­¥à ¢¥­áâ¢® s(γ−(t))s(γ−(t)) = −t12/64 < 0 á¯à ¢¥¤«¨¢® ¯à¨ ¢á¥å t 6=
0. �®£¤  â¥®à¥¬¥ (6.1) á¨áâ¥¬  (6.6) ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.
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�« ¢  3. �«®¡ «ì­ ï ãáâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì

� ­­ ï £« ¢  ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î £«®¡ «ì­®© ãáâ®©ç¨¢®©
ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë

_x = f(x, u), (x, u) ∈ Rn × U.

�ãé¥áâ¢¥­­ë¬ ®â«¨ç¨¥¬ ¤ ­­®© £« ¢ë ¡ã¤¥â â®, çâ® §¤¥áì ¡ã¤ãâ
à áá¬ âà¨¢ âìáï ¯®§¨æ¨®­­ë¥ ¨§¬¥à¨¬ë¥ ã¯à ¢«¥­¨ï u : Rn → U .
¯®íâ®¬ã ¯à¥¦­¥¥ ®¯à¥¤¥«¥­¨¥ à¥è¥­¨ï ¤ ­­®© á¨áâ¥¬ë, ª ª à¥è¥-
­¨¥ ¢ á¬ëá«¥ � à â¥®¤®à¨ §¤¥áì ­¥ ¯à¨£®¤­®. �¢®¤¨âáï ®¯à¥¤¥«¥­¨¥
à¥è¥­¨ï á¨áâ¥¬ë ¢ á¬ëá«¥ �. �. �¨«¨¯¯®¢ .

�®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï £«®¡ «ì­®© ãáâ®©ç¨¢®© ã¯à ¢«ï-
¥¬®áâ¨, £«®¡ «ì­®© N -ã¯à ¢«ï¥¬®áâ¨, ¨ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨
¤ ­­®© á¨áâ¥¬ë.

�®áâà®¥­ ¯à¨¬¥à £«®¡ «ì­® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®© á¨áâ¥¬ë á ­¥-
¯à¥àë¢­ë¬ ¯®§¨æ¨®­­ë¬ ã¯à ¢«¥­¨¥¬.
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§7. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

� ¥ ¬ ¬   7.1 ([46]). �ãáâì D | ®¡« áâì ¢ Rn, f : D → Rn |
®£à ­¨ç¥­­ ï ¨§¬¥à¨¬ ï äã­ªæ¨ï. �«ï ª ¦¤®£® x ∈ cl D ®¡®§­ ç¨¬
F (x0) | ¬­®¦¥áâ¢® ¢á¥å ¯à¥¤¥«ì­ëå §­ ç¥­¨© f(x) ¯à¨ x → x0,
¤®¯®«­¥­­®¥ §­ ç¥­¨¥¬ f(x0) ¢ á«ãç ¥ x0 ∈ D. �®£¤  ¬­®£®§­ ç­ë¥
äã­ªæ¨¨ F (x) ¨ conv F (x) ¯®«ã­¥¯à¥àë¢­ë á¢¥àåã ¢ D.

� áá¬®âà¨¬ á¨áâ¥¬ã

_x = f(x), x ∈ Rn. (7.1)

�ãáâì ¢¥ªâ®à-äã­ªæ¨ï f ®¯à¥¤¥«¥­  ¨ ¨§¬¥à¨¬  ¢ ®¡« áâ¨ G ⊂ Rn ¨
¤«ï ª ¦¤®© ®£à ­¨ç¥­­®© § ¬ª­ãâ®© ¯®¤®¡« áâ¨ D ⊂ G áãé¥áâ¢ã¥â
â ª®¥ ª®­¥ç­®¥ ç¨á«® λ = λ(D) > 0, çâ® |f(x)| 6 λ ¯à¨ ¯®çâ¨ ¢á¥å
x ∈ D. �ãáâì ¤ «¥¥, F (x∗) | ­ ¨¬¥­ìè¥¥ § ¬ª­ãâ®¥ ¢ë¯ãª«®¥ ¬­®-
¦¥áâ¢®, á®¤¥à¦ é¥¥ ¢á¥ ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï ¢¥ªâ®à-äã­ªæ¨¨ f(x),
ª®£¤  x → x∗, ¯à®¡¥£ ï ®ªà¥áâ­®áâì â®çª¨ x∗, â. ¥.

F (x∗) =
⋂

δ>0

⋂

µN=0
cl conv{f(On

δ (x∗))\N}

(¯¥à¥á¥ç¥­¨¥ ¡¥à¥âáï ¯® ¢á¥¬ ¬­®¦¥áâ¢ ¬ N ¬¥àë ­ã«ì ¨ ¯® ¢á¥¬
δ > 0). �®£¤  ¯® «¥¬¬¥ 7.1 äã­ªæ¨ï x → F (x) ¯®«ã­¥¯à¥àë¢­  á¢¥àåã
¢ G.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 7.1 ([46]). �ãáâì I | á¢ï§­®¥ ¯®¤¬­®-
¦¥áâ¢® R. �¡á®«îâ­® ­¥¯à¥àë¢­ ï ¢¥ªâ®à-äã­ªæ¨ï x(t), ®¯à¥¤¥«¥­-
­ ï ­  I ­ §ë¢ ¥âáï à¥è¥­¨¥¬ (¢ á¬ëá«¥ �. �. �¨«¨¯¯®¢ ) á¨áâ¥¬ë
(7.1), ¥á«¨ ®­   ¡á®«îâ­® ­¥¯à¥àë¢­  ¨ ¯®çâ¨ ¢áî¤ã ­  I ¨¬¥¥â ¬¥áâ®
¢ª«îç¥­¨¥

_x(t) ∈ F (x(t)), x ∈ Rn. (7.2)

�«ï ¤ «ì­¥©è¥£® ¨§«®¦¥­¨ï ­ ¬ ¯®­ ¤®¡ïâáï ­¥ª®â®àë¥ á¢®©áâ¢ 
¬­®£®§­ ç­ëå ®â®¡à ¦¥­¨©.

� ¥ ¬ ¬   7.2 ([46]). �ãáâì D { ­¥ª®â®à ï ®¡« áâì ¢ Rn,  
x → F (x) ⊂ Rn { ¬­®£®§­ ç­ ï äã­ªæ¨ï. �á«¨ ¤«ï ª ¦¤®£® x ∈ D

¬­®¦¥áâ¢® F (x) ­¥¯ãáâ®, ª®¬¯ ªâ­® ¨ ¬­®£®§­ ç­ ï äã­ªæ¨ï x →
F (x) ¯®«ã­¥¯à¥àë¢­  á¢¥àåã ¢ D (­¥¯à¥àë¢­  ¢ D), â® ¨ äã­ªæ¨ï
F (x) .= conv F (x) â ª¦¥ ¯®«ã­¥¯à¥àë¢­  á¢¥àåã ¢ D (á®®â¢¥âáâ¢¥­-
­® ­¥¯à¥àë¢­  ¢ D).
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� ¥ ¬ ¬   7.3 ([46]). �ãáâì ®¡« áâì D ⊂ Rn,   äã­ªæ¨ï x →
F (x) ®£à ­¨ç¥­  ¢ ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨ x ∈ cl D. �®£¤  ¤«ï
â®£® çâ®¡ë ¬­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) ¡ë«  ¯®«ã­¥¯à¥àë¢­ 
á¢¥àåã ¢ cl D ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¥¥ £à ä¨ª � ¡ë« § -
¬ª­ãâë¬ ¬­®¦¥áâ¢®¬.

� ¥ ¬ ¬   7.4 ([46]). �ãáâì cl D § ¬ëª ­¨¥ ®¡« áâ¨ D ⊂ Rn.
�ãáâì ¢ cl D äã­ªæ¨ï x → F (x) ­¥¯à¥àë¢­ , ®£à ­¨ç¥­  ¨ ã¤®¢«¥â¢®-
àï¥â «®ª «ì­®¬ã ãá«®¢¨î �¨¯è¨æ  ¯® x. �®£¤  ¤«ï «î¡®£® à¥è¥­¨ï
x0(t), t ∈ [0, ϑ] ¢ª«îç¥­¨ï

_x ∈ F0(x),

£¤¥ F0(x) .= conv F (x), áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì xk(t), t ∈
[0, ϑ] à¥è¥­¨© ¢ª«îç¥­¨ï

_x ∈ F (x),

áå®¤ïé ïáï ª x0(t) à ¢­®¬¥à­® ­  ¤ ­­®¬ ®âà¥§ª¥ [0, ϑ].

�ã¤¥¬ £®¢®à¨âì, çâ® ¬­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) ã¤®¢«¥â¢®-
àï¥â ¢ ®¡« áâ¨ D ⊂ Rn ®á­®¢­ë¬ ãá«®¢¨ï¬, ¥á«¨ ¯à¨ ¢á¥å x ∈ D

¬­®¦¥áâ¢® F (x) ­¥¯ãáâ®, ª®¬¯ ªâ­®,¢ë¯ãª«® ¨ äã­ªæ¨ï F (x) ¯®«ã-
­¥¯à¥àë¢­  á¢¥àåã ¢ D.

�ãáâì ¬­®£®§­ ç­ ï äã­ªæ¨ï x → F (x) ⊂ Rn ã¤®¢«¥â¢®àï¥â
®á­®¢­ë¬ ãá«®¢¨ï¬ ¢ Rn. �¥à¥§ 	+ ®¡®§­ ç¨¬ ¯®«®¦¨â¥«ì­ãî ¯®-
«ãâà ¥ªâ®à¨î à¥è¥­¨ï x = ψ(t), t ∈ R+, ¤¨ää¥à¥­æ¨ «ì­®£® ¢ª«î-
ç¥­¨ï

_x(t) ∈ F (x(t)). (7.3)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 7.2 ([46]). �®çª  q ∈ Rn ­ §ë¢ ¥âáï ω-
¯à¥¤¥«ì­®© â®çª®© âà ¥ªâ®à¨¨ 	+, ¥á«¨ áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®-
¢ â¥«ì­®áâì ti →∞, çâ® ψ(ti) áâà¥¬¨âáï ª q ¯à¨ ti →∞. �­®¦¥áâ¢®
¢á¥å ω-¯à¥¤¥«ì­ëå â®ç¥ª âà ¥ªâ®à¨¨ 	+ ­ §ë¢ ¥âáï ω-¯à¥¤¥«ì­ë¬
¬­®¦¥áâ¢®¬ âà ¥ªâ®à¨¨ 	+ ¨ ®¡®§­ ç ¥âáï 
(	+).

�¥£ª® ¢¨¤¥âì, çâ®:
 ) 
(	+) ⊂ cl 	+, 
(	+) = cl 
(	+);
¡) 
(	+) = ∅ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ lim

t→∞
|ψ(t)| = ∞;

¢) ¬­®¦¥áâ¢® 
(	+) | ®£à ­¨ç¥­® ¥á«¨ ¨ â®«ìª® ¥á«¨ âà ¥ªâ®à¨ï
	+ á®¤¥à¦¨âáï ¢ ®£à ­¨ç¥­­®© ®¡« áâ¨;

77



£) ¥á«¨ ¬­®¦¥áâ¢® 
(	+) ®£à ­¨ç¥­®, â® ®­® á¢ï§­® ¨

lim
t→∞

ρ(ψ(t), 
(	+)) = 0.

� ¥ ¬ ¬   7.5 ([46]). �á«¨ 
(	+) ­¥ ¨¬¥¥â ®¡é¨å â®ç¥ª á âà -
¥ªâ®à¨¥© 	+, â®:

 ) 	+ á®¤¥à¦¨âáï ¢ ®¤­®© ¨§ ª®¬¯®­¥­â G1 ®âªàëâ®£® ¬­®¦¥-
áâ¢  Rn\
(	+);

¡) 
(	+) ­¨£¤¥ ­¥ ¯«®â­®;
¢) 
(	+) = ∂G1, â. ¥. 
(	+) ï¢«ï¥âáï £à ­¨æ¥© ®¡« áâ¨ G1.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 7.3 ([46]). �­®¦¥áâ¢® M ⊂ Rn ­ §ë¢ -
¥âáï ¬¨­¨¬ «ì­ë¬ ¤«ï ¢ª«îç¥­¨ï (7.3), ¥á«¨ ®­® ­¥¯ãáâ®, § ¬ª­ãâ®,
á®áâ®¨â ¨§ æ¥«ëå âà ¥ªâ®à¨© (â. ¥. ç¥à¥§ ª ¦¤ãî â®çªã p ∈ M ¯à®å®-
¤¨â å®âï ¡ë ®¤­  âà ¥ªâ®à¨ï 	 .= {x = ψ(t) : t ∈ R} ¢ª«îç¥­¨ï (7.3),
á®¤¥à¦ é ïáï ¢ M) ¨ ­¥ á®¤¥à¦¨â ­¨ª ª®£® ¯®¤¬­®¦¥áâ¢  M0 6= M ,
®¡« ¤ îé¥£® â¥¬¨ ¦¥ á¢®©áâ¢ ¬¨.

� ¥ ® à ¥ ¬   7.1 ([46]). �á«¨ 
(	) ­¥¯ãáâ® ¨ ®£à ­¨ç¥­®, â®
®­® á®¤¥à¦¨â ¬¨­¨¬ «ì­®¥ ¬­®¦¥áâ¢®.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 7.4 ([3]). �¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥-
¬ ï
äã­ªæ¨ï v : Rn → R ­ §ë¢ ¥âáï ¡¥áª®­¥ç­® ¡®«ìè®©, ¥á«¨:

1. v(0) = 0, v(x) > 0 ¤«ï ¢á¥å x 6= 0;
2. ¤«ï «î¡®£® a > 0, áãé¥áâ¢ã¥â â ª®¥ r > 0, çâ® ¤«ï ¢á¥å x ∈ Rn,

ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î |x| > r, á«¥¤ã¥â v(x) > a.
�¥âàã¤­® § ¬¥â¨âì, çâ® ¤«ï «î¡®£® ­¥®âà¨æ â¥«ì­®£® ç¨á«  c,

¬­®¦¥áâ¢® {x ∈ Rn : v(x) 6 c} ®£à ­¨ç¥­® ¢ Rn. �¥©áâ¢¨â¥«ì­®,
¨­ ç¥ ¤«ï «î¡®£® ¯®«®¦¨â¥«ì­®£® ç¨á«  r ­ è« áì ¡ë â ª ï â®çª 
x0 ∈ Rn, çâ® |x0| > r ¨ v(x0) 6 c,   íâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥­¨î.
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§8. �®áâ â®ç­ë¥ ãá«®¢¨ï £«®¡ «ì­®© ãáâ®©ç¨¢®©
ã¯à ¢«ï¥¬®áâ¨

�¤¥áì ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬
®¡é¥£® ¢¨¤ .

� áá¬®âà¨¬ á¨áâ¥¬ã

_x = f(x, u), (x, u) ∈ Rn × U, (8.1)

£¤¥ U ⊂ Rm, ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥©, ¤¨ää¥à¥­æ¨ «ì­®¥ ¢ª«îç¥­¨¥

_x ∈ F (x), (8.2)

£¤¥ F (x) = f(x, U).
�áî¤ã ¢ ¤ «ì­¥©è¥¬, ¥á«¨ íâ® ­¥ ®£®¢®à¥­® ®á®¡®, ¡ã¤¥¬ ¯à¥¤¯®-

« £ âì, çâ®:
 ) ¬­®¦¥áâ¢® U | ­¥¯ãáâ® á¢ï§­® ª®¬¯ ªâ­® ¨ 0 ∈ int U ;
¡) f ∈ C(Rn × U), f(0, 0) = 0,   ¬­®£®§­ ç­ ï äã­ªæ¨ï x → F (x)

ã¤®¢«¥â¢®àï¥â «®ª «ì­®¬ã ãá«®¢¨î �¨¯è¨æ  ¯® x.
�¥¯®áà¥¤áâ¢¥­­® ¨§ íâ¨å ãá«®¢¨© á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£® x ∈ Rn

¬­®¦¥áâ¢® F (x) ­¥¯ãáâ® á¢ï§­® ¨ ª®¬¯ ªâ­®,   ¬­®£®§­ ç­ ï äã­ª-
æ¨ï x → F (x) ­¥¯à¥àë¢­  ¢ Rn.

�à¨¢¥¤¥¬ ¨§¢¥áâ­ë¥ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï ® £«®¡ «ì­®© ã¯à -
¢«ï¥¬®áâ¨:

[34] �ãáâì ¤«ï «î¡ëå x, x0 (|x| · |x0 = 0|, x 6= x0) ­ ©¤¥âáï â ª®¥
u ∈ U , çâ® 〈f(x, u), x−x0〉 < 0. �®£¤  á¨áâ¥¬  £«®¡ «ì­® ã¯à ¢«ï¥¬ 
á ¯®¬®éìî ªãá®ç­®-¯®áâ®ï­­®£® ã¯à ¢«¥­¨ï.

[19]�ãáâì f ∈ C(Rn × U) ¨ rank(B, AB, . . . , An−1B) = n, £¤¥

A
.=

(∂f(x, u)
∂x

)
(0,0), B

.=
(∂f(x, u)

∂u

)
(0,0)

�à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ ¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v(x)
¨ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®¥ ¯®§¨æ¨®­­®¥ ã¯à ¢«¥­¨¥ u : Rn → U

ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
〈∂v(x)

∂x
, f(x, u(x))

〉
6 0, ¤«ï ¢á¥å x ∈ Rn.

�®£¤  ¬­®¦¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ D∞ á¨áâ¥¬ë á®¢¯ ¤ ¥â á Rn.
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� ¥ ® à ¥ ¬   8.1. �ãáâì á¨áâ¥¬  (8.1) ãáâ®©ç¨¢® ã¯à ¢«ï-
¥¬ . �á«¨ áãé¥áâ¢ãîâ ¨§¬¥à¨¬ ï ¯® �®à¥«î äã­ªæ¨ï u : Rn → U ¨
¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v(x), â ª¨¥, çâ®

_v .=
〈∂v

∂x
, f(x, u(x))

〉
6 0 (8.3)

¤«ï ¢á¥å x ∈ Rn, ¯à¨ç¥¬ ¬­®¦¥áâ¢® {x ∈ Rn\{0} : _v = 0} ­¥ á®¤¥à-
¦¨â æ¥«ëå âà ¥ªâ®à¨© á¨áâ¥¬ë

_x = f(x, u(x)), (8.4)

â® á¨áâ¥¬  (8.1) £«®¡ «ì­® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

� ¥ ® à ¥ ¬   8.2. �ãáâì á¨áâ¥¬  (8.1) «®ª «ì­® ã¯à ¢«ï¥-
¬ . �á«¨ áãé¥áâ¢ãîâ ¨§¬¥à¨¬ ï ¯® �®à¥«î äã­ªæ¨ï u : Rn → U ¨
¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v(x), ¤«ï ¢á¥å x ∈ Rn ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨î (8.3), ¯à¨ç¥¬ ¬­®¦¥áâ¢® {x ∈ Rn\{0} : _v = 0} ­¥ á®¤¥à-
¦¨â æ¥«ëå âà ¥ªâ®à¨© á¨áâ¥¬ë (8.4), â® á¨áâ¥¬  (8.1) £«®¡ «ì­®
ã¯à ¢«ï¥¬ .

� ¥ ® à ¥ ¬   8.3. �ãáâì á¨áâ¥¬  (8.1) N-ã¯à ¢«ï¥¬ . �á«¨
áãé¥áâ¢ãîâ ¨§¬¥à¨¬ ï ¯® �®à¥«î äã­ªæ¨ï u : Rn → U ¨ ¡¥áª®­¥ç-
­® ¡®«ìè ï äã­ªæ¨ï v(x), ¤«ï ¢á¥å x ∈ Rn ã¤®¢«¥â¢®àïîé¨¥ ãá«®-
¢¨î (8.3), ¯à¨ç¥¬ ¬­®¦¥áâ¢® {x ∈ Rn\{0} : _v = 0} ­¥ á®¤¥à¦¨â
æ¥«ëå âà ¥ªâ®à¨© á¨áâ¥¬ë (8.4), â® á¨áâ¥¬  (8.1) £«®¡ «ì­® N-
ã¯à ¢«ï¥¬ .

� ¬¥â¨¬, çâ® ã â¥®à¥¬ë 8.1 â ª®¥ ¦¥ á®®â­®è¥­¨¥ á ¯à®æ¨â¨à®-
¢ ­­ë¬¨ ¢ëè¥ ãâ¢¥à¦¤¥­¨ï¬¨ ® £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨, ª ª ¨
á®®â­®è¥­¨¥ ¬¥¦¤ã ¢â®à®© â¥®à¥¬®© �. �. �ï¯ã­®¢  [20] ¨ â¥®à¥-
¬®© � à¡ è¨­ -�à á®¢áª®£® [3] ® £«®¡ «ì­®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£®
à¥è¥­¨ï á¨áâ¥¬ë

_x = f(x), x ∈ Rn,

£¤¥ f(0) = 0, â. ¥. áãé¥áâ¢¥­­® ®á« ¡«¥­ë ãá«®¢¨ï ­ ª« ¤ë¢ ¥¬ë¥ ­ 
äã­ªæ¨î v(x). �¨¦¥ ¯à¨¢¥¤¥­ ¯à¨¬¥à ¢ ª®â®à®¬ á ¯®¬®éìî â¥®à¥¬ë
8.2 áà ¢­¨â¥«ì­® ­¥á«®¦­® ¤®ª §ë¢ ¥âáï £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì,
  ¯à¨ ¯à¨¬¥­¥­¨¨ ¯à®æ¨â¨à®¢ ­­ëå â¥®à¥¬ ® £«®¡ «ì­®© ã¯à ¢«ï¥-
¬®áâ¨ ¢®§­¨ª îâ áãé¥áâ¢¥­­ë¥ âàã¤­®áâ¨.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ¤®ª § â¥«ìáâ¢ â¥®à¥¬ ¤®ª ¦¥¬ á«¥¤ãîé¨¥
ãâ¢¥à¦¤¥­¨ï.
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� ¥ ¬ ¬   8.1. �ãáâì á¨áâ¥¬  (8.1) ã¯à ¢«ï¥¬ ,   äã­ªæ¨ï
F (x) ã¤®¢«¥â¢®àï¥â ®á­®¢­ë¬ ãá«®¢¨ï¬. �á«¨ áãé¥áâ¢ã¥â ¡¥áª®­¥ç-
­® ¡®«ìè ï äã­ªæ¨ï v(x), ¤«ï ª®â®à®© ¢¥àå­ïï ¯à®¨§¢®¤­ ï v~(x) ¢
á¨«ã á¨áâ¥¬ë (8.1) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

v~(x) .= max
u∈U

〈∂v

∂x
, f(x, u)

〉
6 0

¤«ï ¢á¥å x ∈ Rn, ¯à¨ç¥¬ ¬­®¦¥áâ¢® {x ∈ Rn\{0} : v~(x) = 0}
­¥ á®¤¥à¦¨â æ¥«ëå âà ¥ªâ®à¨© ¢ª«îç¥­¨ï (8.2), â® á¨áâ¥¬  (8.1)
£«®¡ «ì­® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �¥£ª® § ¬¥â¨âì, çâ® á¨áâ¥¬  (8.1)
ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ . �¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã á¨áâ¥¬  (8.1) ã¯à -
¢«ï¥¬ , â® ¥¥ ¬­®¦¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ D∞ á®¤¥à¦¨â ­¥ª®â®àë© § -
¬ª­ãâë© è à cl On

r . �«ï ¯à®¨§¢®«ì­®£® ç¨á«  ε > 0 ®¯à¥¤¥«¨¬ ¬­®-
¦¥áâ¢® Mδ = {x ∈ Rn : v(x)~ 6 δ}, £¤¥ δ = minx∈Sn

ε
v(x). �ç¥¢¨¤­®,

çâ® Mδ ⊂ cl On
r . �®áª®«ìªã 0 ∈ Mδ, â® ¯¥à¥á¥ç¥­¨¥ Mδ

⋂
cl On

r á®¤¥à-
¦¨â ­¥ª®â®àë© § ¬ª­ãâë© è à cl On

δ1
. �®£¤  ¤«ï «î¡®£® x0 ∈ cl On

δ1
áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (8.1) á ­ ç «®¬ ¢ â®çª¥
x0 ¨ ª®­æ®¬ ¢ ­ã«¥, ª®â®à ï, ®ç¥¢¨¤­®, ­¨ª®£¤  ­¥ ¢ë©¤¥â §  ¯à¥¤¥«ë
¬­®¦¥áâ¢  Mδ,   á«¥¤®¢ â¥«ì­® ­¥ ¢ë©¤¥â ¨ §  ¯à¥¤¥«ë è à  On

ε , â. ¥.
á¨áâ¥¬  (8.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

�¥¯¥àì ¤«ï ¤®ª § â¥«ìáâ¢  £«®¡ «ì­®© ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®-
áâ¨ ¤®áâ â®ç­® ¯®ª § âì, çâ® «î¡ ï âà ¥ªâ®à¨ï á¨áâ¥¬ë (8.1) (  á«¥-
¤®¢ â¥«ì­® ¨ ¢ª«îç¥­¨ï (8.2)), ¢ëå®¤ïé ï ¨§ ¯à®¨§¢®«ì­®© â®çª¨
x0 ∈ Rn, §  ª®­¥ç­®¥ ¢à¥¬ï ¤®áâ¨£­¥â ®ªà¥áâ­®áâ¨ cl On

r .
�ãáâì â®çª  x0 ∈ Rn { ä¨ªá¨à®¢ ­ ,   � { âà ¥ªâ®à¨ï ­¥ª®â®à®£®

à¥è¥­¨ï x = x(t, x0), t ∈ R+, ã¤®¢«¥â¢®àïîé¥£® ­ ç «ì­®¬ã ãá«®¢¨î
x(0, x0) = x0. �®£¤  v(t) = v(x(t, x0)) | ­¥¯à¥àë¢­ ï, ¤¨ää¥à¥­æ¨-
àã¥¬ ï ¯®çâ¨ ¢áî¤ã ­  R+, äã­ªæ¨ï, ª®â®à ï ¢ ª ¦¤®© â®çª¥ á¢®¥©
¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

dv(x(t, x0))
dt

6 v~(x(t, x0)) 6 0,

â. ¥. äã­ªæ¨ï v(x(t, x0)) ­¥ ¢®§à áâ ¥â ­  R+. �«¥¤®¢ â¥«ì­® âà ¥ª-
â®à¨ï � á®¤¥à¦¨âáï ¢ ª®¬¯ ªâ¥ {x ∈ Rn : v(x) 6 c0}, £¤¥ c0 = v(x0).

�®ª ¦¥¬, çâ® äã­ªæ¨ï v(x(t, x0)) áâà¥¬¨âáï ª ­ã«î ¯à¨ t →∞.
�à¥¤¯®«®¦¨¬, çâ® íâ® ­¥ â ª. �®£¤  ¢ á¨«ã ¬®­®â®­­®áâ¨ äã­ªæ¨¨

v(x(t, x0)) áãé¥áâ¢ã¥â
inf

t∈[0,∞)
v(x(t, x0)) = c1 > 0. (8.5)
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�«¥¤®¢ â¥«ì­® � ⊂ {x ∈ Rn : c1 6 v(x) 6 c0}. � ª ª ª ¬­®¦¥áâ¢®
{x ∈ Rn : c1 6 v(x) 6 c0} ª®¬¯ ªâ­®, â® ω-¯à¥¤¥«ì­®¥ ¬­®¦¥áâ¢®

(�) ­¥¯ãáâ®, á¢ï§­®, ª®¬¯ ªâ­®, ¨ ¢ á¨«ã «¥¬¬ë 7.5 ¨ ãá«®¢¨ï (8.5)
¢ë¯®«­¥­® á«¥¤ãîé¥¥: 
(�) ⊂ {x ∈ Rn : v(x) = c1}. �®£¤  ¯® â¥®-
à¥¬¥ 7.1 ¬­®¦¥áâ¢® 
(�) á®¤¥à¦¨â ¬¨­¨¬ «ì­®¥ ¬­®¦¥áâ¢®, ª®â®à®¥
¯® ®¯à¥¤¥«¥­¨î á®áâ®¨â ¨§ æ¥«ëå âà ¥ªâ®à¨© ¢ª«îç¥­¨ï (8.2). �«¥-
¤®¢ â¥«ì­® áãé¥áâ¢ã¥â à¥è¥­¨¥ x = x̂(t), t ∈ R+, ¢ª«îç¥­¨ï (8.2),
âà ¥ªâ®à¨ï ª®â®à®£® �̂ á®¤¥à¦¨âáï ¢ ¬­®¦¥áâ¢¥ {x ∈ Rn : v(x) = c1}.
�âªã¤  á«¥¤ã¥â, çâ® dv(x̂(t))/dt = 0 ¯®çâ¨ ¢áî¤ã ­  R+, ¨ ¢ á¨«ã â®£®,
çâ®

dv(x̂(t))
dt

6 v~ 6 0 , â® �̂ ⊂ {x ∈ Rn : v~(x) = 0}.

�®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ «¥¬¬ë. �«¥¤®¢ â¥«ì­® äã­ªæ¨ï
v(x(t, x0)) áâà¥¬¨âáï ª ­ã«î ¯à¨ t → ∞. �® íâ® ®§­ ç ¥â, çâ® à¥è¥-
­¨¥ x(t, x0) â ª¦¥ áâà¥¬¨âáï ª ­ã«î ¯à¨ t → ∞. �®£¤  áãé¥áâ¢ã¥â
â ª®¥ ª®­¥ç­®¥ ¢à¥¬ï ϑ > 0, çâ® x(ϑ, x0) ∈ On

r , â. ¥. à¥è¥­¨¥ x(t, x0)
§  ¢à¥¬ï ϑ < ∞ ¤®áâ¨£ ¥â ®¡« áâ¨ ã¯à ¢«ï¥¬®áâ¨. �®áª®«ìªã â®çª 
x0 ¢ë¡à ­  ¯à®¨§¢®«ì­®, â® á¨áâ¥¬  (8.1) £«®¡ «ì­® ãáâ®©ç¨¢® ã¯à -
¢«ï¥¬ .

� « ¥ ¤ á â ¢ ¨ ¥ 8.1. � ãá«®¢¨ïå «¥¬¬ë 8.1 ¤«ï ª ¦¤®£®
x0 ∈ Rn, «î¡®¥ à¥è¥­¨¥ x(t), t ∈ R+, á¨áâ¥¬ë (8.1), ã¤®¢«¥â¢®àï-
îé¥¥ ­ ç «ì­®¬ã ãá«®¢¨î x(0) = x0, áâà¥¬¨âáï ª ­ã«î ¯à¨ t →∞.

� ¥ ¬ ¬   8.2. �ãáâì á¨áâ¥¬  (8.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥-
¬ . �á«¨ áãé¥áâ¢ã¥â ¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v(x), ¤«ï ª®â®-
à®© ­¨¦­ïï ¯à®¨§¢®¤­ ï v~(x) ¢ á¨«ã á¨áâ¥¬ë (8.1) ã¤®¢«¥â¢®àï¥â
­¥à ¢¥­áâ¢ã

v~(x) .= min
u∈U

〈∂v

∂x
, f(x, u)

〉
6 0 (8.6)

¤«ï ¢á¥å x ∈ Rn, ¯à¨ç¥¬ ¬­®¦¥áâ¢® {x ∈ Rn\{0} : v~(x) = 0} ­¥
á®¤¥à¦¨â æ¥«ëå âà ¥ªâ®à¨© ¢ª«îç¥­¨ï

_x = F0(x), £¤¥ F0(x) .= conv f(x, U), (8.7)

â® á¨áâ¥¬  (8.1) £«®¡ «ì­® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �¨áâ¥¬  (8.1) ãáâ®©ç¨¢® ã¯à -
¢«ï¥¬ , á«¥¤®¢ â¥«ì­® ¬­®¦¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë á®¤¥à¦¨â
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§ ¬ª­ãâë© è à cl On
ε . �«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¤®áâ â®ç­® ¯®ª -

§ âì, çâ® ¤«ï «î¡®© â®çª¨ x0 ∈ Rn ­ ©¤¥âáï â ª ï ¤®¯ãáâ¨¬ ï âà -
¥ªâ®à¨ï � .= {x = x(t), t ∈ R+} á¨áâ¥¬ë (8.1), çâ® x(0) = x0 ¨
x(ϑ) = x1 ∈ cl On

ε ¯à¨ ­¥ª®â®à®¬ ϑ > 0.
�ãáâì x0 ∈ Rn ¯à®¨§¢®«ì­ ï ä¨ªá¨à®¢ ­­ ï â®çª . �®£¤  ¬­®¦¥-

áâ¢® {x ∈ Rn : v(x) 6 c}, £¤¥ c = v(x0) ª®¬¯ ªâ­® ¢ Rn,   ¬­®£®§­ ç-
­ ï äã­ªæ¨ï F (x) ®£à ­¨ç¥­  ¨ ­¥¯à¥àë¢­  ­  íâ®¬ ¬­®¦¥áâ¢¥. � ª
ª ª U | ª®¬¯ ªâ, â® ¬¨­¨¬ã¬ ­¨¦­¥© ¯à®¨§¢®¤­®© v~(x) ¤®áâ¨£ ¥â-
áï ­  ­¥ª®â®à®¬ ª®¬¯ ªâ¥ U1(x) ⊂ U . �¡®§­ ç¨¬ F1(x) = f(x, U1(x)).
�®£¤  ¤«ï ¢á¥å p ∈ F1(x) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

v∗(x) = _v .=
〈
∂v/∂x, p

〉
6 0. (8.8)

� ¬ª­ã¢ £à ä¨ª G1 ¬­®£®§­ ç­®© äã­ªæ¨¨ F1(x), ¯®«ãç¨¬ £à ä¨ª
G2 ¬­®£®§­ ç­®© äã­ªæ¨¨ F2(x), ¯®«ã­¥¯à¥àë¢­®© á¢¥àåã ¯® «¥¬¬¥
7.2. � ª ª ª F (x) ­¥¯à¥àë¢­ , â® ¥¥ £à ä¨ª G § ¬ª­ãâ, ¯®íâ®¬ã ¨§
ãá«®¢¨ï G1 ⊂ G á«¥¤ã¥â G2 = cl G1 ⊂ G, â. ¥. F2(x) ⊂ F (x). � ª ª ª
«¥¢ ï ç áâì ­¥à ¢¥­áâ¢  (8.8) ­¥¯à¥àë¢­  ¯® ¯¥à¥¬¥­­ë¬ x ¨ p, â®
¤«ï ¢á¥å p ∈ F2(x) ­¥à ¢¥­áâ¢® (8.8) â ª¦¥ á¯à ¢¥¤«¨¢®.

�à¨ ä¨ªá¨à®¢ ­­ëå x «¨­¥©­®¥ ¯® p ­¥à ¢¥­áâ¢® (8.8) ¢ë¯®«­ï¥â-
áï ¤«ï â¥å ¨ â®«ìª® â¥å p, ª®â®àë¥ ¯à¨­ ¤«¥¦ â ­¥ª®â®à®¬ã § ¬ª­ã-
â®¬ã ¯®«ã¯à®áâà ­áâ¢ã P (x). �­ ç¨â F2(x) ⊂ P (x),   á«¥¤®¢ â¥«ì­®
H(x) = conv F2(x) ⊂ P (x), â. ¥. ­¥à ¢¥­áâ¢® (8.8) á¯à ¢¥¤«¨¢® ¤«ï
¢á¥å p ∈ H(x). �®£¤  ¯® «¥¬¬¥ 7.1 äã­ªæ¨ï H(x) ¯®«ã­¥¯à¥àë¢­ 
á¢¥àåã, â. ¥. H(x) ã¤®¢«¥â¢®àï¥â ®á­®¢­ë¬ ãá«®¢¨ï¬, ¯à¨ç¥¬ ¢¥àå-
­ïï ¨ ­¨¦­ïï ¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ v(x) ¢ á¨«ã ¢ª«îç¥­¨ï

_x ∈ H(x) (8.9)

á®¢¯ ¤ îâ, â. ¥. max
p∈H(x)

〈∂v

∂x
, p

〉
= min

p∈H(x)

〈∂v

∂x
, p

〉
= _v. �® á«¥¤áâ¢¨î 8.1

ª ¦¤®¥ à¥è¥­¨¥ x(t), t ∈ R+ ¢ª«îç¥­¨ï (8.9) áâà¥¬¨âáï ª ­ã«î ¯à¨
t → ∞. � ª ª ª H(x) ⊂ F0(x), â® ª ¦¤®¥ à¥è¥­¨¥ ¢ª«îç¥­¨ï (8.9)
ï¢«ï¥âáï ®¤­®¢à¥¬¥­­® ¨ à¥è¥­¨¥¬ ¢ª«îç¥­¨ï (8.7). �«¥¤®¢ â¥«ì­®,
¤«ï «î¡®£® x0 ∈ Rn, áãé¥áâ¢ã¥â ¢à¥¬ï ϑ : 0 < ϑ < ∞ ¨ à¥è¥­¨¥
x(t), t ∈ [0, ϑ] ¢ª«îç¥­¨ï (8.7) ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬: x(0) = x0,
|x(ϑ)| 6 r

2. �®áª®«ìªã F0(x) = conv f(x, u),   äã­ªæ¨ï F (x) = f(x, u)
­¥¯à¥àë¢­ , ®£à ­¨ç¥­  ­  ¬­®¦¥áâ¢¥ {x ∈ Rn : v(x) 6 c}, £¤¥
c = v(x0), ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ , â® ¯® «¥¬¬¥ 7.4 áã-
é¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì {xk(t)}k∈N, t ∈ [0, ϑ], à¥è¥­¨© á¨áâ¥¬ë
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(8.1), ª®â®à ï áå®¤¨âáï ª à¥è¥­¨î x(t), t ∈ [0, ϑ] ¢ª«îç¥­¨ï (8.7)
à ¢­®¬¥à­® ­  ®âà¥§ª¥ [0, ϑ]. �«¥¤®¢ â¥«ì­® ­ ©¤¥âáï â ª®© ­®¬¥à
k0 ∈ N, çâ® |xk0(t)− x(t)| 6 r

2 ¤«ï ¢á¥å t ∈ [0, ϑ]. �âªã¤  á«¥¤ã¥â, çâ®

|xk0(ϑ)| 6 |xk0(ϑ) − x(ϑ)| + |x(ϑ)| 6 r

2 + r

2 = r ¨ §­ ç¨â á¨áâ¥¬  (8.1)
£«®¡ «ì­® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

� « ¥ ¤ á â ¢ ¨ ¥ 8.2. �ãáâì á¨áâ¥¬  (8.1) ãáâ®©ç¨¢® ã¯à -
¢«ï¥¬ . �á«¨ áãé¥áâ¢ãîâ ¯®«ã­¥¯à¥àë¢­ ï á¢¥àåã äã­ªæ¨ï x →
F̂ (x) ¨ ¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v(x), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨-
ï¬:

 ) ¯à¨ ª ¦¤®¬ x ∈ Rn ¬­®¦¥áâ¢® F̂ (x) § ¬ª­ãâ® ¨ F̂ (x) ⊂ F (x);
¡) _v .=

〈∂v

∂x
, p

〉
≡ α(x) 6 0, ¤«ï ¢á¥å p ∈ F̂ (x), (â. ¥. ¯à®¨§¢®¤­ ï

äã­ªæ¨¨ v(x) ¢ á¨«ã ¢ª«îç¥­¨ï _x ∈ F̂ (x) ®¯à¥¤¥«¥­  ®¤­®§­ ç­® ¨
­¥¯®«®¦¨â¥«ì­  ¤«ï ¢á¥å x ∈ Rn);

¢) ¬­®¦¥áâ¢® {x ∈ Rn\{0} : _v = 0} ­¥ á®¤¥à¦¨â æ¥«ëå âà ¥ªâ®-
à¨© ¢ª«îç¥­¨ï _x ∈ conv F̂ (x), â® á¨áâ¥¬  (8.1) £«®¡ «ì­® ãáâ®©ç¨¢®
ã¯à ¢«ï¥¬ .

� ¥ ¬ ¬   8.3 ([46]). �ãáâì äã­ªæ¨ï f̂(x, u) ®¤­®§­ ç­  ¨ ­¥-
¯à¥àë¢­  ¢ Rn × Rm. �á«¨ ¬­®£®§­ ç­ ï äã­ªæ¨ï x → U(x) ⊂ Rm

¢ â®çª¥ x0 ∈ Rn ®£à ­¨ç¥­  ¨ ¯®«ã­¥¯à¥àë¢­  á¢¥àåã, â® äã­ª-
æ¨ï F̂ (x) = f̂(x, U(x)) ®£à ­¨ç¥­  ¨ ¯®«ã­¥¯à¥àë¢­  á¢¥àåã ¢ â®çª¥
x0 ∈ Rn.

� ¥ ® à ¥ ¬   8.4. �ãáâì á¨áâ¥¬  (8.1) ãáâ®©ç¨¢® ã¯à ¢«ï-
¥¬ . �á«¨ áãé¥áâ¢ãîâ ¯®«ã­¥¯à¥àë¢­ ï á¢¥àåã äã­ªæ¨ï x → Y (x) ⊂
U ¨ ¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï v(x), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬:

 ) ¯à¨ ª ¦¤®¬ x ∈ Rn ¬­®¦¥áâ¢® Y (x) ­¥¯ãáâ® ¨ § ¬ª­ãâ®;
¡) _v .=

〈∂v

∂x
, p

〉
≡ α(x) 6 0, ¤«ï ¢á¥å p ∈ f(x, Y (x)), (â. ¥. ¯à®-

¨§¢®¤­ ï äã­ªæ¨¨ v(x) ¢ á¨«ã ¢ª«îç¥­¨ï _x ∈ f(x, Y (x)) ®¯à¥¤¥«¥­ 
®¤­®§­ ç­® ¨ ­¥¯®«®¦¨â¥«ì­  ¤«ï ¢á¥å x ∈ Rn);

¢) ¬­®¦¥áâ¢® {x ∈ Rn\{0} : _v = 0} ­¥ á®¤¥à¦¨â æ¥«ëå âà ¥ªâ®-
à¨© ¢ª«îç¥­¨ï _x ∈ conv f(x, Y (x)).

�®£¤  á¨áâ¥¬  (8.1) £«®¡ «ì­® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �ç¥¢¨¤­® á«¥¤ã¥â ¨§ «¥¬¬ë 8.3 ¨
á«¥¤áâ¢¨ï 8.2.
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� ª á«¥¤áâ¢¨¥ ¨§ ¤ ­­®© â¥®à¥¬ë, á®¢¥àè¥­­® ®ç¥¢¨¤­  á¯à ¢¥¤«¨-
¢®áâì â¥®à¥¬ë 8.1.

� ¬¥â¨¬, çâ® ¢ ¯à¥¤ë¤ãé¨å ãâ¢¥à¦¤¥­¨ïå ãá«®¢¨¥, çâ® á¨áâ¥-
¬  (8.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬  ¬®¦­® § ¬¥­¨âì ­  ãá«®¢¨¥ ã¯à -
¢«ï¥¬®áâ¨ ¨«¨ ãá«®¢¨¥ N -ã¯à ¢«ï¥¬®áâ¨. �®£¤  ¯®«ãç¨¬  ­ «®£¨ç-
­ë¥ ãâ¢¥à¦¤¥­¨ï ¤«ï £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¨ £«®¡ «ì­®© N -
ã¯à ¢«ï¥¬®áâ¨ â.¥. á¯à ¢¥¤«¨¢ë â¥®à¥¬ë 8.2 ¨ 8.3.

� à ¨ ¬ ¥ à 8.1. � áá¬®âà¨¬ á¨áâ¥¬ã
{

_x1 = x2,
_x2 = −f(x1) + u,

(8.10)

£¤¥ u ∈ [−1, 1], f(x1) ∈ C1(R), f(0) = 0, x1f(x1) > 0 ¤«ï ¢á¥å x1 6= 0,
¯à¨ç¥¬

∞∫
0

f(s)ds,
−∞∫
0

f(s)ds | à áå®¤ïâáï.
�¥£ª® ¢¨¤¥âì, çâ® á¨áâ¥¬  (8.10) ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©.

�¥©áâ¢¨â¥«ì­®, â.ª. det(b, Ab) 6= 0, £¤¥

A =




0 1
−∂f(x1)

∂x1
0


 , b =

(
0
1

)
, Ab =

(
1
0

)
,

â® á¨áâ¥¬  ¯¥à¢®£® ¯à¨¡«¨¦¥­¨ï ¤«ï á¨áâ¥¬ë (8.10) ï¢«ï¥âáï ¢¯®«­¥
ã¯à ¢«ï¥¬®©,   á«¥¤®¢ â¥«ì­® ¨ á¨áâ¥¬  (8.10) ï¢«ï¥âáï ãáâ®©ç¨¢®
ã¯à ¢«ï¥¬®©.

�¥£ª® § ¬¥â¨âì, çâ® äã­ªæ¨ï v(x) = x2
2 + 2

x1∫
0

f(s)ds ï¢«ï¥âáï ¯¥à-
¢ë¬ ¨­â¥£à «®¬ á¨áâ¥¬ë (8.10) ¯à¨ u ≡ 0. �®áâà®¨¬ ¯®§¨æ¨®­­®¥
ã¯à ¢«¥­¨¥

u(x) =





1, ¥á«¨ x2 6 −1,
−x2, ¥á«¨ |x2| < 1,

−1, ¥á«¨ x2 > 1,

¨ à áá¬®âà¨¬ á¨áâ¥¬ã
{

_x1 = x2,
_x2 = −f(x1) + u(x), (8.11)

�¥£ª® ¢¨¤¥âì, çâ® ¯à®¨§¢®¤­ ï
(

dv

dt

)

(8.11)
= 2x2u(x) 6 0
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¤«ï ¢á¥å x2 6= 0. �¤­ ª®, ¯®áª®«ìªã ¯à¨ x1 6= 0, x2 = 0 ¢¥ªâ®à áª®à®áâ¨
( _x1, _x2)∗ = (0,−f(x1))∗ 6= 0, â® ¬­®¦¥áâ¢® x2 = 0 ­¥ á®¤¥à¦¨â æ¥«ëå
âà ¥ªâ®à¨© á¨áâ¥¬ë (8.11).

� ¯®áª®«ìªã á¨áâ¥¬  (8.10) ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©, â®
¯® â¥®à¥¬¥ 8.1 á¨áâ¥¬  (8.10) ï¢«ï¥âáï £«®¡ «ì­® ãáâ®©ç¨¢® ã¯à ¢«ï-
¥¬®©.
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