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�¢¥¤¥¨¥� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï ¥ª®â®àë¥ ¢®¯à®áë ã¯à ¢«ï¥¬®áâ¨«¨¥©ëå ¨ ¥«¨¥©ëå ¥áâ æ¨® àëå á¨áâ¥¬_x = A(t)x+ ub(t), x ∈ R
n, (0.1)_x = f0(x, t) + uf1(x, t), (x, t) ∈ R

n+1, |u| 6 1. (0.2)Ǒà®¡«¥¬ë ã¯à ¢«ï¥¬®áâ¨ ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬, ¨â¥á¨¢® ¨§ãç ¥-¬ë¥ á ª®æ  50-å £®¤®¢ ¯à®è«®£® áâ®«¥â¨ï �.�. �à á®¢áª¨¬ [21℄, [22℄,�. �. � ¬ªà¥«¨¤§¥ [6℄, [7℄, �. �. � «¬ ®¬ [13℄, [14℄, [15℄, �.�. � ¡ á®-¢ë¬ [3℄, �.�. �¨à¨««®¢®© [4℄, [5℄ ¨ ¬®£¨¬¨ ¤àã£¨¬¨ à®áá¨©áª¨¬¨ ¨¨®áâà ë¬¨ ¬ â¥¬ â¨ª ¬¨ [1℄, [23℄, [26℄, [42℄, [50℄, ¥ ¯®â¥àï«¨ á¢®¥© ªâã «ì®áâ¨ ¨ á¥©ç á. �  áâ®ïé¥¬ã ¬®¬¥âã ¢à¥¬¥¨ ¢®¯à®áë ã¯à -¢«ï¥¬®áâ¨ «¨¥©ëå á¨áâ¥¬ ¨ ã¯à ¢«ï¥¬®áâ¨ ¥«¨¥©ëå á¨áâ¥¬ ¯® «¨-¥©®¬ã ¯à¨¡«¨�¥¨î å®à®è® ¨§ãç¥ë ¨ ¤®áâ â®ç® ¯®«® ®á¢¥é¥ë ¢®¬®£¨å ª¨£ å ¨ áâ âìïå (á¬.  ¯à¨¬¥à [10℄, [21℄, [26℄, [11℄, [12℄, [25℄, [35℄,[36℄, [46℄, [47℄, [48℄, [52℄, [54℄, [58℄).�«ï ¥«¨¥©ëå �¥ á¨áâ¥¬ ¢®¯à®á ®¡ ã¯à ¢«ï¥¬®áâ¨, ¢ ç áâ®áâ¨¨áá«¥¤®¢ ¨¥ «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨, à áá¬®âà¥ ¢ ®á®¢®¬ ¤«ï  ¢-â®®¬ëå á¨áâ¥¬. � ®© â¥¬ â¨ª¥ ¯®á¢ïé¥ë à ¡®âë [2℄, [9℄, [16℄, [17℄,[18℄, [19℄, [20℄, [24℄, [27℄, [28℄, [29℄, [33℄, [37℄, [34℄, [38℄, [39℄, [40℄, [51℄, [53℄,[55℄, [56℄, [59℄, [60℄.�á®¡ë© ¨â¥à¥á ¯à¥¤áâ ¢«ï¥â ¨áá«¥¤®¢ ¨¥ «®ª «ì®© ã¯à ¢«ï¥¬®-áâ¨ ¢, â ª  §ë¢ ¥¬®¬, óªà¨â¨ç¥áª®¬ á«ãç ¥� (â. ¥. ¢ á«ãç ¥, ª®£¤  á¨-áâ¥¬  «¨¥©®£® ¯à¨¡«¨�¥¨ï ¤«ï á¨áâ¥¬ë (0.2) ¥ ï¢«ï¥âáï «®ª «ì®ã¯à ¢«ï¥¬®©). �¬¥® ªà¨â¨ç¥áª¨¥ á«ãç ¨ ¤®áâ ¢«ïîâ ¬ ááã ¨â¥à¥á-ëå íää¥ªâ®¢ ¯®£à ¨ç®© ã¯à ¢«ï¥¬®áâ¨. � ¯à¨¬¥à, ¯®ª § ®, çâ® á¨-áâ¥¬  ¬®�¥â ¡ëâì «®ª «ì® ã¯à ¢«ï¥¬®© ¨ ¯à¨ íâ®¬ ¥ ï¢«ïâìáï ãáâ®©-ç¨¢® ã¯à ¢«ï¥¬®© (á¬. ¨�¥). �¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ¨§ãç¥¨¥ãá«®¢¨© «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¨ ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥-¬®© (0.2) ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥. �¯¥æ¨ «ì®¥ ¨áá«¥¤®¢ ¨¥ ¯à¥¤¯à¨ïâ®¤«ï á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª . Ǒ®áâà®¥ë ¯à¨¬¥àë ã¯à ¢«ï¥¬ëå á¨áâ¥¬¢¨¤  (0.2), ¤«ï ª®â®àëå á¨áâ¥¬  «¨¥©®£® ¯à¨¡«¨�¥¨ï ¥ ï¢«ï¥âáï«®ª «ì® ã¯à ¢«ï¥¬®©. 3



� ¡®â  á®áâ®¨â ¨§ ¢¢¥¤¥¨ï, âà¥å £« ¢, ¢®áì¬¨ ¯ à £à ä®¢ (ã¬¥à æ¨ï¯ à £à ä®¢ áª¢®§ ï) ¨ á¯¨áª  «¨â¥à âãàë.Ǒ¥à¥ç¨á«¨¬ ®á®¢ë¥ à¥§ã«ìâ âë ¤¨áá¥àâ æ¨¨.� ¯¥à¢®© £« ¢¥ à áá¬ âà¨¢ îâáï «¨¥©ë¥ ¥áâ æ¨® àë¥ á¨áâ¥¬ë¢¨¤  (0.1). � ¯¥à¢®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥ë ®á®¢ë¥ ®¯à¥¤¥«¥¨ï ¨ ¨§-¢¥áâë¥ â¥®à¥¬ë ® ¯®«®© ã¯à ¢«ï¥¬®áâ¨ «¨¥©ëå á¨áâ¥¬.� ª ç¥áâ¢¥ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© á¨áâ¥¬ë (0.1) ¡¥àãâáï ¢á¥¢®§¬®�-ë¥ ®£à ¨ç¥ë¥ ¨§¬¥à¨¬ë¥ äãªæ¨¨ u : R → R.�®¯ãáâ¨¬ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (0.1) á  ç «ìë¬ ãá«®¢¨¥¬ x(t0)=x0 §ë¢ ¥âáï  ¡á®«îâ® ¥¯à¥àë¢ ï ¢¥ªâ®à-äãªæ¨ï x(t), ª®â®à ï ¯®çâ¨¢áî¤ã   ®âà¥§ª¥ [t0, t1℄ ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (0.1) ¯à¨ ¥ª®â®à®¬ ¤®-¯ãáâ¨¬®¬ ã¯à ¢«¥¨¨ u(t), t ∈ [t0, t1℄.�®áâ®ï¨¥ x0 á¨áâ¥¬ë (0.1)  §ë¢ ¥âáï ã¯à ¢«ï¥¬ë¬   ®âà¥§ª¥[t0, t1℄, ¥á«¨  ©¤¥âáï ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) = x(t, u(·)) á¨áâ¥¬ë (0.1),ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ x(t0) = x0, x(t1) = 0. �¨áâ¥¬  (0.1)  §ë¢ -¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄, ¥á«¨ ¢á¥ á®áâ®ï¨ï x0 ∈ Rn¢ ¬®¬¥â t0 ã¯à ¢«ï¥¬ë   ®âà¥§ª¥ [t0, t1℄.�¨¥©®¥ ¯®¤¯à®áâà áâ¢® L(t0, t1) ¢ R
n  §ë¢ ¥âáï ¯à®áâà áâ¢®¬ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.1)   ®âà¥§ª¥ [t0, t1℄, ¥á«¨ ¢ ¥£® ¢å®¤ïâ ¢á¥â®çª¨ x0 ∈ R

n, ¤«ï ª �¤®© ¨§ ª®â®àëå áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®¥ à¥è¥¨¥
x(t) = x(t, t0, x0) â ª®¥, çâ® x(t1, t0, x0) = 0.�ä®à¬ã«¨àã¥¬ ¤®áâ â®ç®¥ ãá«®¢¨¥ ¯®«®© ã¯à ¢«ï¥¬®áâ¨ ¤«ï á¨-áâ¥¬ë (0.1), ¯à¨¢¥¤¥®¥ ¢ ¬®®£à ä¨¨ �.�. �à á®¢áª®£® [21℄. Ǒà¥¤¯®-« £ ¥âáï, çâ® í«¥¬¥âë ¬ âà¨æë A(t) ¨ ¢¥ªâ®à  b(t) ¨¬¥îâ ¥¯à¥àë¢ë¥¯à®¨§¢®¤ë¥ ¢¯«®âì ¤® (n − 1)-£® ¯®àï¤ª , ¯® ªà ©¥© ¬¥à¥, ¢ ®ªà¥áâ-®áâ¨ ¥ª®â®à®© â®çª¨ t = t∗ ¨§ ®âà¥§ª  [t0, t1℄ (¢ â®çª å t = t0 ¨«¨
t = t1 à¥çì ¨¤¥â «¨èì ® ¯à ¢ëå ¨«¨ «¥¢ëå ¯à®¨§¢®¤ëå á®®â¢¥âáâ¢¥-®). � áá¬ âà¨¢ îâáï ¢¥ªâ®àë qk(t), ®¯à¥¤¥«¥ë¥ ¢ ®ªà¥áâ®áâ¨ â®çª¨
t∗ á«¥¤ãîé¨¬¨ à¥ªãàà¥âë¬¨ á®®â®è¥¨ï¬¨:

q0(t) = b(t), . . . , qk(t) = A(t)qk−1(t)− _qk−1(t), k = 1 . . . n− 1.� ¥ ® à ¥ ¬   0.1. ([21, á. 148℄) Ǒãáâì   ®âà¥§ª¥ [t0, t1℄ ¬®�®ãª § âì â®çªã t = t∗, ¢ ª®â®à®© à £ ¬ âà¨æë
K(t) = {q0(t) . . . qn−1(t)} (0.3)à ¢¥ n. �®£¤  á¨áâ¥¬  (0.1) ¢¯®«¥ ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.4



�® ¢â®à®¬ ¯ à £à ä¥ à áá¬ âà¨¢ îâáï «¨¥©ë¥ ¥áâ æ¨® àë¥ á¨-áâ¥¬ë ¢â®à®£® ¯®àï¤ª _x = A(t)x+ ub(t), x ∈ R
2. (0.4)�«ï ¤ ®© á¨áâ¥¬ë K(t) = (b(t), A(t)b(t)− _b(t)). Ǒà¨¢¥¤¥ë ¯à¨¬¥àë,ª®£¤  ¤®áâ â®ç®¥ ãá«®¢¨¥ ¯®«®© ã¯à ¢«ï¥¬®áâ¨ ¥ ¢ë¯®«¥®, â. ¥.rankK(t) < 2 ¤«ï ¢á¥å t ∈ [t0, t1℄, ® á¨áâ¥¬  (0.4) ¢¯®«¥ ã¯à ¢«ï¥¬   ®âà¥§ª¥ [t0, t1℄. �¤¥áì â ª�¥ ¯®áâà®¥ë ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨¤«ï «¨¥©ëå á¨áâ¥¬ ¢â®à®£® ¯®àï¤ª _x = Â(t)x+ ub̂(t), x ∈ R
2 (0.5)á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥© Â(t).� â¥®à¥¬ å 0.2 ¨ 0.3 ¯à¨¢¥¤¥ë ãá«®¢¨ï ¯®«®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥-¬ë (0.5) ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥, â. ¥. ª®£¤  rank K̂(t)<2 ¤«ï ¢á¥å t∈ [t0, t1℄.� ¥ ® à ¥ ¬   0.2. �á«¨ rank K̂(t) < 2 ¯à¨ ¢á¥å t ∈ [t0, t1℄ ¨ ¢ë¯®«-¥® ®¤® ¨§ ¯¥à¥ç¨á«¥ëå ¨�¥ ãá«®¢¨© 1) | 5), â® á¨áâ¥¬  (0.5) ¥ï¢«ï¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄, â. ¥. dim L̂(t0, t1) 6 1.1) b̂2(t) 6= 0 ¤«ï ¢á¥å t ∈ [t0, t1℄;2) b̂2(t) ≡ 0, t ∈ [t0, t1℄;3) â12(t) ≡ 0, b̂1(t) ≡ 0, t ∈ [t0, t1℄;4)  ©¤ãâáï â®çª¨ τ1 . . . τk, t0=τ0 < τ1 < τ2 < · · · < τk < τk+1= t1, çâ®

b̂(τi) = 0,   ¢ ®áâ «ìëå â®çª å (t0, t1) äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï ¢ã«ì ¨ b̂1(t)
b̂2(t) ¨¬¥¥â ãáâà ¨¬ë¥ à §àë¢ë ¢ ¬®¬¥âë ¢à¥¬¥¨ τi;5)  ©¤ãâáï § ¬ªãâ®¥ ¯®¤¬®�¥áâ¢® I ⊂ [t0, t1℄, á®áâ®ïé¥¥ ¨§ ª®-¥ç®£® ç¨á«  ®âà¥§ª®¢ ¨ â®çª¨
τ1 . . . τk ∈ [t0, t1℄ \ I, t0=τ0 < τ1 < · · · < τk < τk+1= t1, çâ®

a) â12(t) ≡ 0, b̂1(t) ≡ 0   I,¡) ¤«ï ª �¤®£® t ∈ [t0, t1℄\I, ¥ á®¢¯ ¤ îé¥£® ¨ á ®¤®© ¨§ â®ç¥ª
τ0 . . . τk+1, äãªæ¨ï b̂2(t) 6= 0,¢) b̂2(τi) = 0 ¨ ®â®è¥¨¥ b̂1(t)

b̂2(t) ¨¬¥¥â ãáâà ¨¬ë¥ à §àë¢ë ¢ ¬®¬¥-âë ¢à¥¬¥¨ τi,£) ¤«ï «î¡®£® µ ∈ ∂I \ {{t0}, {t1}} ¯à¥¤¥« lim
t→µ,t6∈I

b̂1(t)
b̂2(t) = 0.5



� ¥ ® à ¥ ¬   0.3. �á«¨ rank K̂(t) < 2 ¯à¨ ¢á¥å t ∈ [t0, t1℄ ¨ ¢ë¯®«-¥® ®¤® ¨§ ¯¥à¥ç¨á«¥ëå ¨�¥ ãá«®¢¨© 1) | 3), â® á¨áâ¥¬  (0.5)¢¯®«¥ ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄, â. ¥. dim L̂(t0, t1) = 2.1)  ©¤ãâáï â®çª¨ τ0, τ1, τ2, t0 6 τ0 < τ1 < τ2 6 t1 â ª¨¥, çâ®  ®¤®¬ ¨§ ¨â¥à¢ «®¢ θ0 = (τ0, τ1) ¨«¨ θ1 = (τ1, τ2) äãªæ¨ï b̂2(t) ¥®¡à é ¥âáï ¢ ã«ì,     ¤àã£®¬ b̂2(t) ≡ 0, b̂1(t) 6≡ 0;2)  ©¤ãâáï â®çª¨ τ0, τ1, τ2, t0 6 τ0 < τ1 < τ2 6 t1 â ª¨¥, çâ®  ®¤®¬ ¨§ ¨â¥à¢ «®¢ θ0 = (τ0, τ1) ¨«¨ θ1 = (τ1, τ2) äãªæ¨ï b̂2(t) ¥ ®¡à -é ¥âáï ¢ ã«ì, ¯à¥¤¥« lim
t→τ1 b̂1(t)b̂2(t) 6= 0,     ¤àã£®¬ ¨â¥à¢ «¥ â12(t) ≡ 0,

b̂1(t) ≡ 0, b̂2(t) 6≡ 0;3)  ©¤ãâáï â®çª¨ τ0, τ1, τ2, t0 6 τ0 < τ1 < τ2 6 t1, çâ® äãªæ¨ï b̂2(t)¥ ®¡à é ¥âáï ¢ ã«ì   (τ0, τ2), §  ¨áª«îç¥¨¥¬ â®çª¨ τ1, b̂2(τ1) = 0,áãé¥áâ¢ãîâ ¯à¥¤¥«ë lim
t→τ1−0 b̂1(t)b̂2(t), lim

t→τ1+0 b̂1(t)b̂2(t) ¨ ¢ë¯®«¥® á®®â®è¥¨¥lim
t→τ1−0 b̂1(t)b̂2(t) 6= lim

t→τ1+0 b̂1(t)b̂2(t) .� «¥¥ ¤®ª § ®, çâ® ¯à¥®¡à §®¢ ¨¥ Ǒ¥àà® , ¯à¨¢®¤ïé¥¥ á¨áâ¥¬ã(0.1) (¯à®¨§¢®«ì®£® ¯®àï¤ª ) ª «¨¥©®© á¨áâ¥¬¥ á ¢¥àå¥© âà¥ã£®«ì®©¬ âà¨æ¥© Â(t), ¥ ¬¥ï¥â à £ ¬ âà¨æë K(t) ¨ ¥ ¬¥ï¥â à §¬¥à®áâì¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L(t0, t1).�«ï ä®à¬ã«¨à®¢ª¨ á«¥¤ãîé¥£® ãâ¢¥à�¤¥¨ï ®¯à¥¤¥«¨¬ äãªæ¨î
F : R2 × (t0, t1)× [0, ε)→ [−1, 1℄ á«¥¤ãîé¨¬ ®¡à §®¬:

F (b, t,�t) = b1(t−�t)b1(t+�t) + b2(t−�t)b2(t+�t)
|b(t−�t)||b(t+�t)| . (0.6)� ¥ ® à ¥ ¬   0.4. Ǒãáâì n = 2, rankK(t) < 2 ¯à¨ ¢á¥å t ∈ [t0, t1℄¨ äãªæ¨ï b(t) | ¥®á®¡ ï   [t0, t1℄ (â. ¥. ¥ ®¡à é ¥âáï ¢ ã«ì §  ¢®§-¬®�ë¬ ¨áª«îç¥¨¥¬ ª®¥ç®£® ç¨á«  â®ç¥ª ®âà¥§ª  [t0, t1℄).�á«¨ lim�t→0 |F (b, t,�t)| = 1 ¤«ï ¢á¥å t ∈ (t0, t1), â® dimL(t0, t1) = 1; ¥á«¨ ©¤¥âáï â®çª  τ ∈(t0, t1), çâ® lim�t→0 |F (b, τ,�t)| 6=1, â® dimL(t0, t1) = 2.
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� âà¥âì¥¬ ¯ à £à ä¥ à áá¬ âà¨¢ ¥âáï «¨¥© ï á¨áâ¥¬  ¯à®¨§¢®«ì-®£® ¯®àï¤ª  á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥© Â(t) :_x = Â(t)x+ ub̂(t), x ∈ R
n, (0.7)£¤¥ Â(·) ∈ Cn−1(R,M(n)), b̂(·) ∈ Cn−1(R,Rn).�«ï á¨áâ¥¬ë (0.7) ¯®áâà®¨¬ ¬ âà¨æã Ĥ(t) = {h1(t) . . . hn(t)}, £¤¥

hn(t) = b̂(t),   ¢¥ªâ®àë hk(t) ¯à¨ k < n áâà®¨¬ á¯à ¢   «¥¢® á ¯®¬®-éìî á«¥¤ãîé¥© ¯à®æ¥¤ãàë:¥á«¨ ¢¥ªâ®à hk(t) ã�¥ ¯®áâà®¥ ¨ ¥£® ¯®á«¥¤ïï ª®®à¤¨ â  hkk(t) ≡ 0¯à¨ ¢á¥å t ∈ [t0, t1℄, â® hk−1(t) = hk(t);¥á«¨ hkk(t) 6= 0 ¯à¨ t ∈ (t0, t1) (® ¥ ¨áª«îç îâáï à ¢¥áâ¢  hkk(t0)=0¨«¨ hkk(t1) = 0) ¨ äãªæ¨¨ h1k(t)
hkk(t) . . . hk−1,k(t)

hkk(t) ®£à ¨ç¥ë   ¨â¥à¢ «¥(t0, t1), â®£¤    íâ®¬ ¨â¥à¢ «¥ ¯®áâà®¨¬ ¢¥ªâ®à
gk(t) .= hk(t)

hkk(t) = ol(h1k(t)
hkk(t) . . . hk−1,k(t)

hkk(t) , 1, 0 . . .0) ,ã ª®â®à®£® ¯®á«¥¤¨¥ n − k ª®®à¤¨ â à ¢ë ã«î. �á«¨ äãªæ¨ï
hkk(t) ≡ 0, â® gk(t) .= hk(t)

h∗kk(t), £¤¥ ç¥à¥§ h∗kk(t) ®¡®§ ç¥  ¯®á«¥¤ïï ª®®à-¤¨ â  ¢¥ªâ®à  hk(t), â®�¤¥áâ¢¥® ¥ à ¢ ï ã«î.� â¥¬ ¢¥ªâ®à hk−1(t) ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬
hk−1(t) = (Â(t)− âkk(t)E)gk(t)− _gk(t), t ∈ (t0, t1). (0.8)�á«¨ äãªæ¨ï hkk(t) ®¡à é ¥âáï ¢ ã«ì ¢ ¥ª®â®àëå ¨§®«¨à®¢ ëåâ®çª å τ1 . . . τmk

, (t0 = τ0 < τ1 < · · · < τmk
< τmk+1 = t1), â® ¢¥ªâ®à

hk−1(t) ®¯à¥¤¥«ï¥¬ ¯® ä®à¬ã« ¬ (0.8)   ª �¤®¬ ¨§ ¨â¥à¢ «®¢ (τi, τi+1),£¤¥ i = 0 . . .mk. � â®¬ á«ãç ¥, ª®£¤  hkk(t) ≡ 0   ¥ª®â®àëå ®âà¥§ª å
Ij ⊂ [t0, t1℄, â®   íâ¨å ®âà¥§ª å ¢¥ªâ®à hk−1(t)  å®¤¨âáï ¨§ à ¢¥áâ¢ 
hk−1(t) = hk(t),   ¤«ï ®áâ «ìëå â®ç¥ª ¬®�¥áâ¢  (t0, t1) \ ⋃

Ij ¢¥ªâ®à-äãªæ¨¨ hk−1(t)  å®¤ïâáï ¯® ä®à¬ã« ¬ (0.8).� ¬¥â¨¬, çâ® ¯®áâà®¥ ï â ª¨¬ ®¡à §®¬ ¬ âà¨æ  Ĥ(t) ï¢«ï¥âáï¢¥àå¥© âà¥ã£®«ì®© ¨ à £ Ĥ(t) à ¢¥ ª®«¨ç¥áâ¢ã ¥ã«¥¢ëå ¤¨ £®- «ìëå í«¥¬¥â®¢ h11(t) . . . hnn(t).� â¥®à¥¬¥ 0.5 ¯®ª § ®, ¯à¨ ª ª¨å ãá«®¢¨ïå à §¬¥à®áâì ¯à®áâà -áâ¢  L̂(t0, t1) á¨áâ¥¬ë (0.7) à ¢  à £ã K̂(t). �¤¥áì ç¥à¥§ K̂(t) ®¡®§ ç¥ ¬ âà¨æ , á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬¥ (0.7) ¨ ã¤®¢«¥â¢®àïîé ï (0.3).7



� ¥ ® à ¥ ¬   0.5. �á«¨ ¯à¨ ª �¤®¬ k = 1 . . . n «¨¡® hkk(t) ≡ 0  ®âà¥§ª¥ [t0, t1℄, «¨¡® hkk(t) 6= 0 ¤«ï «î¡®£® t ¨§ ¨â¥à¢ «  (t0, t1), â®¬ âà¨æ  K̂(t) á®åà ï¥â à £ ¤«ï ¢á¥å t ∈ (t0, t1) ¨dim L̂(t0, t1) = rank K̂(t) = rank Ĥ(t).� â¥®à¥¬ å 0.6, 0.7 ¨ 0.8 ®¯¨á   áâàãªâãà  ¯à®áâà áâ¢  ã¯à ¢«ï¥-¬®áâ¨ L̂(t0, t1) á¨áâ¥¬ë (0.7) á äãªæ¨ï¬¨ hkk(t) à §«¨ç®£® ¢¨¤ .� ¥ ® à ¥ ¬   0.6. �á«¨ ¯à¨ ª �¤®¬ k = 1 . . . n «¨¡® hkk(t) ≡ 0  ®âà¥§ª¥ [t0, t1℄, «¨¡® äãªæ¨ï hkk(t) ¥ ®¡à é ¥âáï ¢ ã«ì ¤«ï «î¡®£® t ¨§¨â¥à¢ «  (t0, t1), â® ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) ï¢«ï¥âáï«¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢ g1(t0 + 0) . . . gn(t0 + 0) ¨, á«¥¤®¢ â¥«ì®,à §¬¥à®áâì ¯à®áâà áâ¢  L̂(t0, t1) á®¢¯ ¤ ¥â á ¬ ªá¨¬ «ìë¬ ç¨á«®¬«¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢ ¨§ ¬®�¥áâ¢  g1(t0 + 0) . . . gn(t0 + 0).� ¥ ® à ¥ ¬   0.7. Ǒà¥¤¯®«®�¨¬, çâ® â®çª¨ τ1 . . . τm, £¤¥
t0 = τ0 < τ1 < · · · < τm < τm+1 = t1à §¡¨¢ îâ ¨â¥à¢ « (t0, t1)   ¨â¥à¢ «ë (τi, τi+1), i = 0 . . .m,   ª -�¤®¬ ¨§ ª®â®àëå «¨¡® hkk(t) 6= 0, «¨¡® hkk(t) ≡ 0. �®£¤  ¯à®áâà áâ¢®ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢

X(τ0, τi)g1(τi + 0) . . .X(τ0, τi)gn(τi + 0), i = 0 . . .m.� ¥ ® à ¥ ¬   0.8. Ǒãáâì ¤«ï ¢á¥å t ∈ [t0, t1℄ ¢ë¯®«¥ë á«¥¤ãî-é¨¥ ãá«®¢¨ï: ) â®çª¨ τ1 . . . τm, £¤¥ t0 = τ0 < τ1 < · · · < τm < τm+1 = t1, à §¡¨¢ -îâ ¨â¥à¢ « (t0, t1)   ¨â¥à¢ «ë (τi, τi+1), i = 0 . . .m,   ª �¤®¬ ¨§ª®â®àëå «¨¡® hkk(t) 6= 0, «¨¡® hkk(t) ≡ 0.¡) äãªæ¨¨ gk(t) ¥¯à¥àë¢ë ¨«¨ ¨¬¥îâ ãáâà ¨¬ë¥ à §àë¢ë (§ ¢®§¬®�ë¬ ¨áª«îç¥¨¥¬ ª®¥ç®£® ç¨á«  â®ç¥ª à §àë¢  ¯¥à¢®£® à®¤ 
ϑ1 . . . ϑp , ¢ ª®â®àëå gk(ϑi − 0) 6= gk(ϑi + 0) ¤«ï ¥ª®â®àëå k = 1 . . . n).�®£¤  ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) á®¢¯ ¤ ¥â á «¨¥©®©®¡®«®çª®© ¢¥ªâ®à®¢

g1(ϑ0 + 0) . . . gn(ϑ0 + 0), X(ϑ0, ϑi)(g1(ϑi + 0)− g1(ϑi − 0)) . . .
X(ϑ0, ϑi)(gn(ϑi + 0)− gn(ϑi − 0)), i = 1 . . . p.8



�® ¢â®à®© £« ¢¥ ¨§ãç îâáï ãá«®¢¨ï «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¨ãáâ®©ç¨¢®© «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¥«¨¥©®© ¯® ä §®¢ë¬ ª®®à¤¨- â ¬ á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª  ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥, â. ¥. ¢ á«ãç ¥,ª®£¤  à £ ¬ âà¨æë K(t), ®â¢¥ç îé¥© «¨¥ à¨§®¢ ®© á¨áâ¥¬¥, ¬¥ì-è¥ ¤¢ãå ¤«ï ¢á¥å t ¨§ ®âà¥§ª  [t0, t1℄.� áá¬®âà¨¬ á¨áâ¥¬ã_x = f0(x, t) + uf1(x, t), (x, t) ∈ R
3, u ∈ [−1, 1℄. (0.9)Ǒà¥¤¯®« £ ¥âáï, çâ® f0(0, t) = 0, f1(0, t) 6= 0 ¤«ï ¢á¥å t ∈ R, ¨ äãªæ¨¨

f0(x, t), f1(x, t) ï¢«ïîâáï   «¨â¨ç¥áª¨¬¨ äãªæ¨ï¬¨ ¯à¨ (x, t) ∈ R3.�¤¥áì ¨ ¢áî¤ã ¤ «¥¥ ¯à¨ ¨§ãç¥¨¨ ¥«¨¥©®© á¨áâ¥¬ë (0.2) (¨ á«¥-¤®¢ â¥«ì®, á¨áâ¥¬ë(0.9)) ¯®¤ ¤®¯ãáâ¨¬ë¬ ã¯à ¢«¥¨¥¬ ¬ë ¡ã¤¥¬ ¯®-¨¬ âì ¢áïªãî ¨§¬¥à¨¬ãî äãªæ¨î t → u(t) á® § ç¥¨ï¬¨ ¢ ¬®�¥-áâ¢¥ U = [−1, 1℄ (¢ ®â«¨ç¨¥ ®â ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© «¨¥©®© á¨áâ¥-¬ë (0.1), £¤¥ ¤®¯ãáâ¨¬ë¬¨ ï¢«ïîâáï «î¡ë¥ ¨§¬¥à¨¬ë¥ ¨ ®£à ¨ç¥ë¥äãªæ¨¨ t → u(t) á® § ç¥¨ï¬¨ ¢ R). �¥è¥¨ï á¨áâ¥¬ë (0.2) (¨ á¨-áâ¥¬ë(0.9)), ®â¢¥ç îé¨¥ ¤®¯ãáâ¨¬ë¬ ã¯à ¢«¥¨ï¬, ¡ã¤¥¬ ¯®-¯à¥�¥¬ã §ë¢ âì ¤®¯ãáâ¨¬ë¬¨ à¥è¥¨ï¬¨.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 0.1. �¨áâ¥¬  (0.9)  §ë¢ ¥âáï «®ª «ì® ã¯-à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ε > 0, çâ® ¤«ï ª -�¤®© â®çª¨ x0 ∈ O2
ε áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) á¨áâ¥¬ë (0.9)  ®âà¥§ª¥ [t0, t1℄, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬: x(t0) = x0, x(t1) = 0.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 0.2. �¨â¥¬  (0.9)  §ë¢ ¥âáï ãáâ®©ç¨¢®«®ª «ì® ã¯à ¢«ï¥¬®© ¨«¨ ¯à®áâ® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥[t0, t1℄, ¥á«¨ ¤«ï «î¡®£® ε>0  ©¤¥âáï δ = δ(ε) > 0, çâ® ¤«ï ª �¤®© â®ç-ª¨ x0 ∈ O2

δ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) á¨áâ¥¬ë (0.9), ã¤®¢«¥-â¢®àïîé¥¥ ãá«®¢¨ï¬: x(t0) = x0, x(t1) = 0, |x(t)| < ε ¤«ï ¢á¥å t ∈ [t0, t1℄.�¨áâ¥¬  (0.9)  §ë¢ ¥âáï «®ª «ì® ã¯à ¢«ï¥¬®© ¢ â®çª¥ t0, ¥á«¨ ® «®ª «ì® ã¯à ¢«ï¥¬    ¥ª®â®à®¬ ®âà¥§ª¥ [t0, t1℄.�¨â¥¬  (0.9)  §ë¢ ¥âáï ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬®© ¢ â®çª¥
t0, ¥á«¨ ¤«ï «î¡®£® ε > 0  ©¤ãâáï â ª¨¥ δ = δ(ε) > 0 ¨ t1 > t0, çâ® ¤«ïª �¤®© â®çª¨ x0∈O2

δ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) á¨áâ¥¬ë (0.9),ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬: x(t0) = x0, x(t1) = 0, |x(t)| < ε, £¤¥ t ∈ [t0, t1℄.9



� àï¤ã á á¨áâ¥¬®© (0.9) à áá¬®âà¨¬ á¨áâ¥¬ë_x = f+(x, t) .= f0(x, t) + f1(x, t), (0.10)_x = f−(x, t) .= f0(x, t)− f1(x, t), (0.11)®â¢¥ç îé¨¥ ã¯à ¢«¥¨ï¬ u ≡ 1 ¨ u ≡ −1 á®®â¢¥âáâ¢¥® ¨ á¨áâ¥¬ã«¨¥©®£® ¯à¨¡«¨�¥¨ï ¤«ï á¨áâ¥¬ë (0.9)_y = A(t)y + ub(t), (0.12)£¤¥ A(t) = ∂f0(x, t)
∂x

∣∣∣
x=0, b(t) = f1(0, t).�¥à¥§ x = x+(t, τ) ¨ x = x−(t, τ) ®¡®§ ç¨¬ á®®â¢¥âáâ¢¥® à¥è¥¨ïá¨áâ¥¬ (0.10) ¨ (0.11), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î x+(τ, τ) = x−(τ, τ) = 0,  ç¥à¥§ γ+(τ) ¨ γ−(τ) ®¡®§ ç¨¬ âà ¥ªâ®à¨¨ ¤ ëå à¥è¥¨© ¢ à áè¨-à¥®¬ ä §®¢®¬ ¯à®áâà áâ¢¥ R3.�â¥£à «ìãî ¯®¢¥àå®áâì, ®¡à §®¢ ãî âà ¥ªâ®à¨ï¬¨ γ+(τ), £¤¥

τ ∈ R, ®¡®§ ç¨¬ M+,   ¨â¥£à «ìãî ¯®¢¥àå®áâì, ®¡à §®¢ ãî âà -¥ªâ®à¨ï¬¨ γ−(τ), á®®â¢¥âáâ¢¥® ®¡®§ ç¨¬ M−, â. ¥.
M+ .= ⋃

τ∈R

γ+(τ), M−
.= ⋃

τ∈R

γ−(τ).� «®£¨ç®, ¯ãáâì y+(t, τ) ¨ y−(t, τ) | à¥è¥¨ï á¨áâ¥¬ë «¨¥©®£®¯à¨¡«¨�¥¨ï (0.12), ®â¢¥ç îé¨¥ ã¯à ¢«¥¨ï¬ u ≡ 1 ¨ u ≡ −1 ¨ ã¤®¢«¥-â¢®àïîé¨¥ ãá«®¢¨î y+(τ, τ) = y−(τ, τ) = 0,   ζ+(τ) ¨ ζ−(τ) | âà ¥ªâ®à¨¨¤ ëå à¥è¥¨© ¢ R
3. �¯à¥¤¥«¨¬ ¨â¥£à «ìë¥ ¯®¢¥àå®áâ¨
L+ .= ⋃

τ∈R

ζ+(τ), L−
.= ⋃

τ∈R

ζ−(τ).�®ª § ®, çâ® ¥á«¨ f0, f1 ∈ Ck(R3,R), â® ¤«ï «î¡®£® ®âà¥§ª  [t0, t1℄áãé¥áâ¢ã¥â ε > 0 â ª®¥, çâ® ¯¥à¥á¥ç¥¨¥ æ¨«¨¤à¨ç¥áª®© ®ªà¥áâ®áâ¨� ε
.= O2

ε × (t0− ε, t1+ ε) á ¬®�¥áâ¢ ¬¨ M+ ¨ M− áãâì £« ¤ª¨¥ (ª« áá 
Ck) ¤¢ã¬¥àë¥ ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï á¨áâ¥¬ (0.10) ¨ (0.11) á®-®â¢¥âáâ¢¥®. �®«¥¥ â®£®, ®ªà¥áâ®áâì � ε ¬®�® ¢ë¡à âì â ª, çâ®ª �¤®¥ ¨§ ¬®£®®¡à §¨© M+ ¨ M− ¢ ®â¤¥«ì®áâ¨ ¤¥«¨â ®¡« áâì � ε  ¤¢¥ ¥¯¥à¥á¥ª îé¨¥áï ¯®¤®¡« áâ¨.10



� «¥¥, ¥á«¨ rankK(t) ≡ 1, t ∈ R, â® ¤«ï «î¡®£® ®âà¥§ª  [t0, t1℄  ©-¤¥âáï æ¨«¨¤à¨ç¥áª ï ®ªà¥áâ®áâì �ε â ª ï, çâ®
L+ .= L+ ⋂�ε ≡ L−

.= L−

⋂�ε,¯à¨ç¥¬ L0 .= L+ ï¢«ï¥âáï £« ¤ª¨¬ ¤¢ã¬¥àë¬ ¨¢ à¨ âë¬ ¬®£®-®¡à §¨¥¬ á¨áâ¥¬ë (0.12) ¨, ªà®¬¥ â®£®, ¤«ï ¢á¥å t ∈ [t0, t1℄ ¨¬¥îâ ¬¥-áâ® à ¢¥áâ¢  T(0,t)M+ = T(0,t)M− = T(0,t)L0.Ǒ®ª § ®, çâ® ¬®£®®¡à §¨ï M+ ¨ M− ¬®�® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
M+ = {(x, t) : ϕ+(x, t) = 0}, M− = {(x, t) : ϕ−(x, t) = 0},£¤¥ äãªæ¨¨ ϕ−(x, t) ¨ ϕ+(x, t) á®®â¢¥âáâ¢¥® ï¢«ïîâáï à¥è¥¨¥¬ § -¤ ç¨ �®è¨

∂ϕ±(x, t)
∂t

+ 〈∂ϕ±(x, t)
∂x

, f±(x, t)〉 = 0, ϕ±(0, t) = 0.�¯¨á ë à §«¨çë¥ á«ãç ¨ ¢§ ¨¬®£® à á¯®«®�¥¨ï ¬®£®®¡à §¨©
M+ ¨ M−. �ç¥¢¨¤®, çâ®M+ ¨ M− ¨¬¥îâ ®¡éãî ¯àï¬ãî | ®áì (Ot), ®ªà®¬¥ ®á¨ (Ot) ®¨ ¬®£ãâ ¨¬¥âì ¨ ¤àã£¨¥ ®¡é¨¥ â®çª¨.�ª �¥¬, çâ® ¬®£®®¡à §¨ïM+ ¨ M− ª á îâáï ¡¥§ ¯¥à¥á¥ç¥¨ï ¢ â®ç-ª¥ (0, τ)   ®á¨ (Ot), ¥á«¨  ©¤¥âáï ®ªà¥áâ®áâì O3

ε(0, τ), çâ® ϕ+(x, t) > 0¨«¨ ϕ+(x, t) < 0 ¤«ï ¢á¥å â®ç¥ª (x, t) ¨§ (O3
ε(0, τ)⋂M−) \ (Ot).�á«¨ rankK(t) ≡ 1, â® ¬®£®®¡à §¨ï M+ ¨ M− ¢ ª �¤®© â®çª¥ ®á¨(Ot) ¨¬¥îâ ®¡éãî ª á â¥«ìãî ¯«®áª®áâì, ¯à¨ íâ®¬ ®¨ ¬®£ãâ ¯¥à¥á¥-ª âìáï ¢ ®ªà¥áâ®áâ¨ ¥ª®â®à®© â®çª¨ (0, τ), «¥� é¥©   ®á¨ (Ot) ¨«¨ª á âìáï ¡¥§ ¯¥à¥á¥ç¥¨ï. �à®¬¥ â®£®, M+ ¨ M− ¬®£ãâ ¨¬¥âì â®çª¨ ¢¥-â¢«¥¨ï. �®çªã (0, τ) ∈ R3  §®¢¥¬ â®çª®© ¢¥â¢«¥¨ï, ¥á«¨ ç¥à¥§ íâãâ®çªã ¯à®å®¤¨â å®âï ¡ë ®¤  ªà¨¢ ï ¯¥à¥á¥ç¥¨ï ¬®£®®¡à §¨© M+ ¨

M−, ®â«¨ç ï ®â ®á¨ (Ot).� á«¥¤ãîé¨å â¥®à¥¬ å ¯®«ãç¥ë ¤®áâ â®çë¥ ¨ ¥®¡å®¤¨¬ë¥ ãá«®-¢¨ï ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.9).� ¥ ® à ¥ ¬   0.9. �á«¨  ©¤¥âáï ¨â¥à¢ « I = (τ0, τ1) ⊂ (t0, t1)â ª®©, çâ® äãªæ¨ï
t→ S+(t, τ) .= det(f1(x+(t, τ), t), ∂x+(t, τ)

∂τ

)¬¥ï¥â § ª ¢ ª �¤®© â®çª¥ t = τ ∈ I, â® á¨áâ¥¬  (0.9) ãáâ®©ç¨¢®«®ª «ì® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.11



� ¥ ® à ¥ ¬   0.10. �á«¨ ¢® ¢á¥å â®çª å t = τ ∈ (t0, t1) äãªæ¨ï
t→ S+(t, τ) ¥ ¬¥ï¥â § ª ¨   (t0, t1) ¥â â®ç¥ª ¢¥â¢«¥¨ï, ¨«¨ ¥á«¨
S+(t, τ) ≡ 0 ¯à¨ t ∈ [t0, t1℄, â® á¨áâ¥¬  (0.9) ¥ ï¢«ï¥âáï ãáâ®©ç¨¢®«®ª «ì® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄.� «¥¥ ¢® ¢â®à®© £« ¢¥ à áá¬®âà¥ àï¤ ¯à¨¬¥à®¢, ¨««îáâà¨àãîé¨å¯à¨¬¥¥¨¥ íâ¨å ãâ¢¥à�¤¥¨©.� âà¥âì¥© £« ¢¥ ¯®«ãç¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ãáâ®©ç¨¢®© ã¯à ¢«ï-¥¬®áâ¨ ¥áâ æ¨® à®© á¨áâ¥¬ë (0.2) ¯à®¨§¢®«ì®© à §¬¥à®áâ¨ ¢ á«ã-ç ¥, ª®£¤  á¨áâ¥¬  «¨¥©®£® ¯à¨¡«¨�¥¨ï ¥ ï¢«ï¥âáï ¢¯®«¥ ã¯à -¢«ï¥¬®© (á«¥¤®¢ â¥«ì®, rankK(t) 6 n− 1 ¤«ï ¢á¥å t ∈ R). �¤¥áì
K(t) .= (q1(t) . . . qn(t)), q1(t) .= b(t), qi(t) .= A(t)qi−1(t)− _qi−1(t), i = 2 . . . n.�®�¥áâ¢® D(t0, t1) â®ç¥ª x0 ∈ Rn, ¤«ï ª �¤®© ¨§ ª®â®àëå áãé¥áâ¢ã-¥â â ª®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ t → u(t, x0) ∈ [−1, 1℄, t ∈ [t0, t1℄, çâ®á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã à¥è¥¨¥ x = x(t, u(·)) á¨áâ¥¬ë (0.2) ã¤®¢«¥â¢®àï¥âãá«®¢¨ï¬ x(t0) = x0, x(t1) = 0,  §ë¢ ¥âáï ¬®�¥áâ¢®¬ ã¯à ¢«ï¥¬®áâ¨á¨áâ¥¬ë (0.2)   ®âà¥§ª¥ [t0, t1℄.�®�¥áâ¢® D(t0, t1) â®ç¥ª (x, t) ∈ R

n+1, çâ® x ∈ D(t, t1), t ∈ [t0, t1℄ §ë¢ ¥âáï à áè¨à¥ë¬ ¬®�¥áâ¢®¬ ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.2)  ®âà¥§ª¥ [t0, t1℄.� «®£¨ç® ç¥à¥§ G(t0, t1) ¨ G(t0, t1) ®¡®§ ç¨¬ á®®â¢¥âáâ¢¥® ¬®-�¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ ¨ à áè¨à¥®¥ ¬®�¥áâ¢® ã¯à ¢«ï¥¬®áâ¨   ®â-à¥§ª¥ [t0, t1℄ ¤«ï á¨áâ¥¬ë_x = A(t)x+ ub(t), x ∈ R
n, |u| 6 1 (0.13)«¨¥©®£® ¯à¨¡«¨�¥¨ï, ®â¢¥ç îé¥© ¥«¨¥©®© á¨áâ¥¬¥ (0.9). �¤¥áì

A(t) .= ∂f0(x, t)
∂x

∣∣∣
x=0, b(t) .= f1(0, t) (®â¬¥â¨¬, çâ® ¤®¯ãáâ¨¬ë¬¨ ã¯à ¢«¥-¨ï¬¨ §¤¥áì ï¢«ïîâáï ¨§¬¥à¨¬ë¥ äãªæ¨¨ t → u(t) á® § ç¥¨ï¬¨ ¢¬®�¥áâ¢¥ U .= [−1, 1℄).� á¥¤ì¬®¬ ¯ à £à ä¥ à áá¬®âà¥ë £¥®¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  ¬®-�¥áâ¢ ã¯à ¢«ï¥¬®áâ¨ «¨¥©®© ¨ ¥«¨¥©®© á¨áâ¥¬. �®ª § ë á«¥¤ã-îé¨¥ ãâ¢¥à�¤¥¨ï.Ǒãáâì rankK(t) = n−1 ¤«ï ¢á¥å t ¨§ ®âà¥§ª  [t0, t1℄. �®£¤  áãé¥áâ¢ã-îâ τ ∈ (t0, t1) ¨ ε > 0 â ª¨¥, çâ® ¯¥à¢ë¥ n− 1 ¢¥ªâ®à®¢ q1(t) . . . qn−1(t)12



«¨¥©® ¥§ ¢¨á¨¬ë ¯à¨ ª �¤®¬ ä¨ªá¨à®¢ ®¬ t ∈ (τ − ε, τ + ε) ª ª¢¥ªâ®àë ¢ R
n.�á«¨ rankK(t) = n− 1 ¤«ï ¢á¥å t ∈ [t0, t1℄, â® «¨¥©®¥ ¯®¤¯à®áâà -áâ¢® LinG(t0, t1) á®¤¥à�¨â ¢¥ªâ®àë q1(t0) . . . qn(t0).�á®¢ë¥ à¥§ã«ìâ âë âà¥âì¥© £« ¢ë á®áà¥¤®â®ç¥ë ¢ â¥®à¥¬ å 0.11 ¨0.12, ¢ ª®â®àëå ¯à¨¢¥¤¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ãáâ®©ç¨¢®© «®ª «ì®©ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.2)   ®âà¥§ª¥ [t0, t1℄ ¢ ¯à¥¤¯®«®�¥¨¨, çâ®rankK(t) 6 n− 1.� ¥ ® à ¥ ¬   0.11. Ǒãáâì   ®âà¥§ª¥ [t0, t1℄  ©¤¥âáï â®çª  τ,çâ® rankK(τ) = n − 1. �®£¤  áãé¥áâ¢ãîâ ®ªà¥áâ®áâì On+1

ε (0, τ) ¨áª «ïà ï äãªæ¨ï ϕ(x, t) ∈ C1(Rn+1,R), çâ®:
a) ol(∂ϕ(x, t)

∂x1 . . .
∂ϕ(x, t)
∂xn

,
∂ϕ(x, t)
∂t

)∣∣∣(0,τ) 6= 0;¡) Mn .= {(x, t) ∈ On+1
ε (0, τ) : ϕ(x, t) = 0} ⊂ D(t0, t1).� «¥¥, ¥á«¨ ¯à¨ ¢á¥å t ∈ (τ, τ + ε) ¢ë¯®«¥® ¥à ¢¥áâ¢®¢) ϕ(x+(t, τ), t)ϕ(x−(t, τ), t) < 0,â® á¨áâ¥¬  (0.2) ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï

s+(t, τ) .= det(f+(x+(t, τ), t), qi1(τ) . . . qin−1(τ)),
s−(t, τ) .= det(f−(x−(t, τ), t), qi1(τ) . . . qin−1(τ)),£¤¥ ç¥à¥§ qi1(τ) . . . qin−1(τ) ®¡®§ ç¥ë n− 1 «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®-à®¢ ¨§ ¢¥ªâ®à®¢ q1(τ) . . . qn(τ).� ¥ ® à ¥ ¬   0.12. �á«¨  ©¤ãâáï τ ∈ (t0, t1) ¨ ε > 0 â ª¨¥, çâ®rankK(τ) = n−1 ¨ s+(t, τ)s−(t, τ) < 0 ¯à¨ τ < t < τ+ε, â® á¨áâ¥¬  (0.2)ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.Ǒà¨¢¥¤¥ë ¯à¨¬¥àë ¯à¨¬¥¥¨ï ¤ ëå ãâ¢¥à�¤¥¨©.�¥§ã«ìâ âë ¤¨áá¥àâ æ¨¨ ®¯ã¡«¨ª®¢ ë ¢ à ¡®â å [30℄, [31℄, [32℄, [44℄,[45℄.�ëà � î £«ã¡®ªãî ¯à¨§ â¥«ì®áâì �. �. �®ª®¢ã §  ¯®áâ ®¢ªã § -¤ ç¨ ¨ á¤¥« ë¥ ¢ ¯à®æ¥áá¥ à ¡®âë  ¤ ¤¨áá¥àâ æ¨¥© § ¬¥ç ¨ï. �ëà -� î â ª�¥ ¨áªà¥îî ¡« £®¤ à®áâì �. �. � áâ¥àª®¢ã §  ®¡áã�¤¥¨¥¤¨áá¥àâ æ¨¨ ¨ á¤¥« ë¥ ¨¬ æ¥ë¥ § ¬¥ç ¨ï ¨ á®¢¥âë.13



�¯¨á®ª ®á®¢ëå ®¡®§ ç¥¨©� à ¡®â¥ ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:
R

n | áâ ¤ àâ®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® à §¬¥à®áâ¨ n;( )∗ | ®¯¥à æ¨ï âà á¯®¨à®¢ ¨ï;
x = ol(x1...xn) | ¢¥ªâ®à-áâ®«¡¥æ á ª®¬¯®¥â ¬¨ x1...xn;
〈x, y〉

.= n∑
i=1xiyi | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ x = (x1...xn) ¨

y = (y1...yn);
|x|

.= √
〈x, x〉 |  ¡á®«îâ ï ¢¥«¨ç¨  ¢¥ªâ®à  x;

On
ε (x0) .= {x ∈ Rn, |x− x0| < ε};

On
ε
.= On

ε (0);
∂G | £à ¨æ  ¬®�¥áâ¢  G;intG | ¢ãâà¥®áâì ¬®�¥áâ¢  G;dimG | à §¬¥à®áâì ¬®�¥áâ¢  G;LinG | «¨¥© ï ®¡®«®çª  ¬®�¥áâ¢  G;
L(t0, t1) | ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ «¨¥©®© á¨áâ¥¬ë   ®âà¥§ª¥[t0, t1℄;
M(n,m) | ¯à®áâà áâ¢® ¬ âà¨æ à §¬¥à  n×m  ¤ ¯®«¥¬ R;
M(n) .=M(n, n);
C

k(A,B) | ¯à®áâà áâ¢® k-à § ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå äã-ªæ¨© ¨§ A ¢ B;(∂f(x)
∂x

) | m × n ¬ âà¨æ , i-ï áâà®ª  ª®â®à®© á®áâ ¢«¥  ¨§ ç áâ-ëå ¯à®¨§¢®¤ëå ∂fi(x)
∂xj

, j = 1 . . . n, ¥á«¨ f(x) = ((f1(x) . . . fm(x)) |
m-¬¥à ï äãªæ¨ï ¢¥ªâ®à®£®  à£ã¬¥â  x ∈ R

n; ¥á«¨ m = 1, â®(∂f(x)
∂x

)
.= grad f(x);

Mk | ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ k;
Tx0Mk | ª á â¥«ì®¥ ¯à®áâà áâ¢® ª ¬®£®®¡à §¨î Mk ¢ â®çª¥ x0.
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�« ¢  1. �á«®¢¨ï ã¯à ¢«ï¥¬®áâ¨ «¨¥©®© ¥áâ æ¨®- à®© á¨áâ¥¬ë� ¤ ®© £« ¢¥ ¨§ãç ¥âáï á¢®©áâ¢® ã¯à ¢«ï¥¬®áâ¨ «¨¥©ëå á¨áâ¥¬ ¢óªà¨â¨ç¥áª®¬� á«ãç ¥, â. ¥. ª®£¤  à £ ¬ âà¨æë K(t) ¬¥ìè¥ n. �¤¥áì
K(t) = {q0(t) . . . qn−1(t)}, q0(t) = b(t), . . . , qk(t) = A(t)qk−1(t)− _qk−1(t),

k = 1 . . . n− 1, A(t) ¨ b(t) ¯®à®�¤¥ë «¨¥©®© á¨áâ¥¬®©_x = A(t)x+ ub(t), x ∈ R
n, u ∈ R.�§¢¥áâ®, çâ® ¤®áâ â®ç®¥ ãá«®¢¨¥ ¯®«®© ã¯à ¢«ï¥¬®áâ¨ (rankK(t)=n),áä®à¬ã«¨à®¢ ®¥ ¢ [21℄, ¥ ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬. � £« ¢¥ ¯à¨¢¥¤¥ë¯à®áâë¥ ¯à¨¬¥àë, ¨««îáâà¨àãîé¨¥ íâ®â ä ªâ.�® ¢â®à®¬ ¯ à £à ä¥ ¯®áâà®¥ë ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ ¤«ï ¥-ª®â®àëå ¥áâ æ¨® àëå «¨¥©ëå á¨áâ¥¬ ¢â®à®£® ¯®àï¤ª . �®ª § ëâ¥®à¥¬ë, ¯®§¢®«ïîé¨¥ ®¯à¥¤¥«¨âì, ï¢«ï¥âáï «¨ á¨áâ¥¬  á ¢¥àå¥© âà¥-ã£®«ì®© ¬ âà¨æ¥© ¢¯®«¥ ã¯à ¢«ï¥¬®© ¯à¨ ãá«®¢¨¨, çâ® rankK(t) < 2.Ǒ®ª § ®, çâ® à §¬¥à®áâì ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L(t0, t1) ¨ à £¬ âà¨æë K(t) ¥ ¬¥ïîâáï ¯à¨ ¯à¥®¡à §®¢ ¨¨ Ǒ¥àà® . �®ª §  íä-ä¥ªâ¨¢ë© ªà¨â¥à¨© ¯®«®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª  á¯à®¨§¢®«ì®© ¬ âà¨æ¥© A(t).� âà¥âì¥¬ ¯ à £à ä¥ ¯®áâà®¥ë ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1)«¨¥©ëå ¥áâ æ¨® àëå á¨áâ¥¬ ¯à®¨§¢®«ì®£® ¯®àï¤ª  á ¢¥àå¥© âà¥-ã£®«ì®© ¬ âà¨æ¥© Â(t).
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§1. �á®¢ë¥ ®¯à¥¤¥«¥¨ï ¨ ®¡®§ ç¥¨ï� ¤ ®¬ ¯ à £à ä¥ ¯à¨¢®¤ïâáï ®á®¢ë¥ ®¯à¥¤¥«¥¨ï ¨ ¨§¢¥áâë¥ â¥®-à¥¬ë ®¡ ã¯à ¢«ï¥¬®áâ¨ ¢ ã«ì «¨¥©ëå ¥áâ æ¨® àëå á¨áâ¥¬.� áá¬®âà¨¬ á¨áâ¥¬ã_x = A(t)x+ uB(t), x ∈ R
n, (1.1)£¤¥ A(·) ∈ Cn−1(R,M(n)), B(·) ∈ Cn−1(R,M(n, r)).� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.1. �á¥¢®§¬®�ë¥ ¨§¬¥à¨¬ë¥ äãªæ¨¨

u : R → Rr  §ë¢ îâáï ¤®¯ãáâ¨¬ë¬¨ ã¯à ¢«¥¨ï¬¨ á¨áâ¥¬ë (1.1). �®-¯ãáâ¨¬ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (1.1) á  ç «ìë¬ ãá«®¢¨¥¬ x(t0)=x0  -§ë¢ ¥âáï  ¡á®«îâ® ¥¯à¥àë¢ ï ¢¥ªâ®à-äãªæ¨ï x(t), ª®â®à ï ¯®çâ¨¢áî¤ã   ®âà¥§ª¥ [t0, t1℄ ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (1.1) ¯à¨ ¥ª®â®à®¬ ¤®-¯ãáâ¨¬®¬ ã¯à ¢«¥¨¨ u(t), t ∈ [t0, t1℄.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.2. 1) �®áâ®ï¨¥ x(t0) á¨áâ¥¬ë (1.1)  -§ë¢ ¥âáï ã¯à ¢«ï¥¬ë¬ ¢ ¬®¬¥â t0, ¥á«¨  ©¤ãâáï ¢à¥¬ï t1 > t0 ¨¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) = x(t, t0, x0) á¨áâ¥¬ë (1.1), ã¤®¢«¥â¢®àïîé¥¥ãá«®¢¨î x(t1) = 0.2) �¨áâ¥¬  (1.1)  §ë¢ ¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬®© ¢ â®çª¥ t0, ¥á«¨ ¢á¥á®áâ®ï¨ï x0 ∈ Rn ¢ ¬®¬¥â t0 ã¯à ¢«ï¥¬ë.3) �®áâ®ï¨¥ x(t0) á¨áâ¥¬ë (1.1)  §ë¢ ¥âáï ã¯à ¢«ï¥¬ë¬   ®âà¥§ª¥[t0, t1℄, ¥á«¨  ©¤¥âáï ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) = x(t, t0, x0) á¨áâ¥¬ë (1.1),ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î x(t1) = 0.4) �¨áâ¥¬  (1.1)  §ë¢ ¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄,¥á«¨ ¢á¥ á®áâ®ï¨ï x0 ¢ ¬®¬¥â t0 ã¯à ¢«ï¥¬ë   ®âà¥§ª¥ [t0, t1℄.�¤¨¬ ¨§ ¯¥à¢ëå à¥§ã«ìâ â®¢ ¢ â¥®à¨¨ ã¯à ¢«ï¥¬®áâ¨ «¨¥©ëå á¨-áâ¥¬, ¯®-¢¨¤¨¬®¬ã, ï¢«ï¥âáï á«¥¤ãîé¨© ªà¨â¥à¨© [14, 15℄.� ¥ ® à ¥ ¬   1.1. �®áâ®ï¨¥ x(t0) á¨áâ¥¬ë (1.1) ã¯à ¢«ï¥¬® â®-£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à¨ ¥ª®â®à®¬ t1 á®áâ®ï¨¥ x(t0) ¯à¨ ¤«¥-�¨â ®¡« áâ¨ § ç¥¨© «¨¥©®£® ®¯¥à â®à 
W (t0, t1) = ∫ t1

t0 X(t0, s)B(s)B∗(s)X∗(t0, s)ds. (1.2)16



�¤¥áì §¢¥§¤  ®§ ç ¥â ®¯¥à æ¨î âà á¯®¨à®¢ ¨ï, X(t, s) | ¬ âà¨-æ  �®è¨ á¨áâ¥¬ë _x = A(t)x. � âà¨æã W (t0, t1) (®â®�¤¥áâ¢«ï¥¬ãî á «¨-¥©ë¬ ®¯¥à â®à®¬ (1.2))  §ë¢ îâ ¬ âà¨æ¥© � «¬  . �á«¨ W (t0, t1)¨¬¥¥â ¬ ªá¨¬ «ìë© à £ (à ¢ë© n) ¯à¨ ¥ª®â®à®¬ t1 > t0, â® á¨áâ¥-¬  (1.1) ¢¯®«¥ ã¯à ¢«ï¥¬  (  ®âà¥§ª¥ [t0, t1℄).�á«¨ á¨áâ¥¬  (1.1) áâ æ¨® à  (â. ¥. ¬ âà¨æë A ¨ B ¥ § ¢¨áïâ ®â¢à¥¬¥¨), â® ¤«ï ¯®«®© ã¯à ¢«ï¥¬®áâ¨ ¤ ®© á¨áâ¥¬ë ¥®¡å®¤¨¬® ¨¤®áâ â®ç®, çâ®¡ë rank{B,AB, . . . , An−1B} = n.�â®â à¥§ã«ìâ â ¡ë« ¯®«ãç¥ ¤«ï á¨áâ¥¬ë á ®¤¨¬ ¢å®¤®¬ (â. ¥. ¯à¨ r = 1)¢ [13℄ ¨ ¢ ®¡é¥¬ á«ãç ¥ | ¢ [57℄.� �ë¬ ¢ª« ¤®¬ ¢ ¨áá«¥¤®¢ ¨¥ ã¯à ¢«ï¥¬®áâ¨ ¥áâ æ¨® àëå «¨-¥©ëå á¨áâ¥¬ ï¢«ï¥âáï ¬®®£à ä¨ï �.�. �à á®¢áª®£® [21℄. �¤¥áì ¤®-ª § ® ¤®áâ â®ç®¥ ãá«®¢¨¥ ¯®«®© ã¯à ¢«ï¥¬®áâ¨ ¤«ï á¨áâ¥¬ë (1.1) ¢á«ãç ¥, ª®£¤  í«¥¬¥âë ¬ âà¨æ A(t) ¨ B(t) ¨¬¥îâ ¥¯à¥àë¢ë¥ ¯à®¨§-¢®¤ë¥ ¢¯«®âì ¤® (n − 1)-£® ¯®àï¤ª , ¯® ªà ©¥© ¬¥à¥, ¢ ®ªà¥áâ®áâ¨¥ª®â®à®© â®çª¨ t = t∗ ¨§ ®âà¥§ª  [t0, t1℄ (¢ â®çª å t = t0 ¨«¨ t = t1 à¥çì¨¤¥â «¨èì ® ¯à ¢ëå ¨«¨ «¥¢ëå ¯à®¨§¢®¤ëå á®®â¢¥âáâ¢¥®).� áá¬ âà¨¢ îâáï ¬ âà¨æë Qk(t), ®¯à¥¤¥«¥ë¥ ¢ ®ªà¥áâ®áâ¨ â®çª¨
t∗ á«¥¤ãîé¨¬¨ à¥ªãàà¥âë¬¨ á®®â®è¥¨ï¬¨:
Q0(t) = B(t), . . . , Qk(t) = A(t)Qk−1(t)− _Qk−1(t), k = 1 . . . n− 1.� ¥ ® à ¥ ¬   1.2. ([21, á. 148℄) Ǒãáâì   ®âà¥§ª¥ [t0, t1℄ ¬®�®ãª § âì â®çªã t = t∗, ¢ ª®â®à®© à £ ¬ âà¨æë

K(t) = {Q0(t) . . .Qn−1(t)} (1.3)à ¢¥ n. �®£¤  á¨áâ¥¬  (1.1) ¢¯®«¥ ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.� ¯®¬¨¬ ¥é¥ ®¤® ¯®ïâ¨¥, ¢ �®¥ ¤«ï ¤ «ì¥©è¨å ¨áá«¥¤®¢ ¨©.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 1.3. Ǒà®áâà áâ¢® L(t0, t1) ⊂ Rn  §ë¢ ¥â-áï ¯à®áâà áâ¢®¬ ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (1.1)   ®âà¥§ª¥ [t0, t1℄, ¥á«¨¢ ¥£® ¢å®¤ïâ ¢á¥ â®çª¨ x0 ∈ Rn, ¤«ï ª �¤®© ¨§ ª®â®àëå áãé¥áâ¢ã¥â¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ [t0, t1℄ → u(t, t0, x0), çâ® á®®â¢¥âáâ¢ãîé¥¥ ¥¬ãà¥è¥¨¥ x(t1, t0, x0) = 0. 17



Ǒà®áâà áâ¢® L(t0, t1) ï¢«ï¥âáï «¨¥©ë¬ ¯®¤¯à®áâà áâ¢®¬ Rn. �á«ãç ¥, ¥á«¨ dimL(t0, t1) = n, á¨áâ¥¬  (1.1) ï¢«ï¥âáï ¢¯®«¥ ã¯à ¢«ï¥-¬®©   [t0, t1℄. �¥âàã¤® ¯®ª § âì, çâ® à §¬¥à®áâì ¯à®áâà áâ¢  L(t0, t1)à ¢  à £ã ¬ âà¨æë � «¬   W (t0, t1).�«ï ¨§ãç¥¨ï áâàãªâãàë ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L(t0, t1) ¯® -¤®¡¨âáï á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ (á¬. [43℄). �ä®à¬ã«¨àã¥¬ ¥£® ¢ â¥à¬¨- å ¤ ®© à ¡®âë.� ¥ ® à ¥ ¬   1.3. Ǒãáâì á¨áâ¥¬  (1.1) ¥ ï¢«ï¥âáï ¢¯®«¥ ã¯-à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄. �®£¤   ©¤ãâáï æ¥«®¥ p > 1 ¨ ¯¥àà®®¢áª®¥¯à¥®¡à §®¢ ¨¥ x = U(t)y, ª®â®à®¥ ¯à¨¢®¤¨â á¨áâ¥¬ã (1.1) ª ¢¨¤ã_x = Â(t)x+ B̂(t)u(t), (1.4)£¤¥ Â(t) = {Âij(t)}2i,j=1, Â11(t) ¨ Â22(t) | ¢¥àå¨¥ âà¥ã£®«ìë¥ ¬ âà¨æëà §¬¥à®¢ (n− p)× (n− p) ¨ p× p á®®â¢¥âáâ¢¥®, Â21(t) ≡ 0, ¬ âà¨æ 
B̂(t) = ol(B̂1(t), B̂2(t)), £¤¥ B̂1(t) ¨¬¥¥â à §¬¥àë (n− p)× r,   B̂2(t) ≡ 0.

18



§2. Ǒà®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ «¨¥©®© ¥áâ æ¨® à®©á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª � ¤ ®¬ ¯ à £à ä¥ ¤®ª §  íää¥ªâ¨¢ë© ªà¨â¥à¨© ¯®«®© ã¯à ¢«ï¥-¬®áâ¨ ¤«ï á¨áâ¥¬ ¢â®à®£® ¯®àï¤ª , â ª�¥ ¯®áâà®¥ë ¯à®áâà áâ¢  ã¯à -¢«ï¥¬®áâ¨ á¨áâ¥¬ á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥©� áá¬®âà¨¬ ¥áâ æ¨® àãî á¨áâ¥¬ã ¢â®à®£® ¯®àï¤ª _x = A(t)x+ ub(t), x ∈ R
2, (2.1)£¤¥ A(·) ∈ C

1(R,M(2)), b(·) ∈ C1(R,R2). Ǒ®ª �¥¬, çâ® ¤®áâ â®ç®¥ ãá«®-¢¨¥ ¯®«®© ã¯à ¢«ï¥¬®áâ¨ (â¥®à¥¬  1.2) ¥ ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬, â. ¥.áãé¥áâ¢ãîâ â ª¨¥ á¨áâ¥¬ë, çâ® ¤«ï ¢á¥å t ∈ [t0, t1℄ detK(t) à ¢¥ ã«î,® á¨áâ¥¬  ¢¯®«¥ ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.Ǒ à ¨ ¬ ¥ à 2.1. � áá¬®âà¨¬ á¨áâ¥¬ã 2-£® ¯®àï¤ª    ®âà¥§ª¥¢à¥¬¥¨ [0, 2℄ _x = A(t)x+ ub(t), (2.2)£¤¥ A(t) = (1 00 1) , b(t) = ol(e− 1(t−1)2 , 0), t ∈ [0, 1),
b(1) = (0, 0), b(t) = ol(0, e− 1(t−1)2 ), t ∈ (1, 2℄.�¥á«®�® ¯à®¢¥à¨âì, çâ®detK(t) = ∣∣∣∣

b1 b1 − _b1
b2 b2 − _b2∣∣∣∣ = _b1b2 − b1 _b2 ≡ 0, t ∈ [0, 2℄.� á¨«ã â¥®à¥¬ë 1.1 á¨áâ¥¬  ¢â®à®£® ¯®àï¤ª  ¢¯®«¥ ã¯à ¢«ï¥¬   [t0, t1℄ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ rankW (t0, t1)=2.�«ï á¨áâ¥¬ë (2.2) ¬ âà¨æ  W (0, 2) ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

W (0, 2)=∫ 20 e−2s (
b1(s)
b2(s))(b1(s), b2(s))ds =∫ 20 e−2s(b21(s) 00 b22(s))ds.Ǒ®ïâ®, çâ® à £ â ª®© ¬ âà¨æë à ¢¥ ¤¢ã¬, â. ¥. à áá¬ âà¨¢ ¥¬ ï á¨-áâ¥¬  ¢¯®«¥ ã¯à ¢«ï¥¬    ®âà¥§ª¥ [0, 2℄.19



� áá¬®âà¨¬ á ç «  á¨áâ¥¬ã á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥© Â(t)_y = Â(t)y + ub̂(t), y ∈ R
2, (2.3)£¤¥ Â(·) ∈ C1(R,M(2)), b̂(·) ∈ C1(R,R2). �«ï â ª®© á¨áâ¥¬ë ¬ âà¨æã,§ ¤ ¢ ¥¬ãî á®®â®è¥¨¥¬ (1.3), ®¡®§ ç¨¬ K̂(t),   ¯à®áâà áâ¢® ã¯à -¢«ï¥¬®áâ¨ ¤ ®© á¨áâ¥¬ë ®¡®§ ç¨¬ L̂(t0, t1).�¥á«®�® ã¡¥¤¨âìáï, çâ® ¤«ï ¢áïª®© ¬ âà¨æë Â(·) ¢â®à®£® ¯®àï¤-ª   ©¤¥âáï â ª ï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï t → b̂(t),çâ® rank K̂(t) ≡ 1 ¯à¨ t ∈ [t0, t1℄. Ǒà¨ íâ®¬ ¯à®áâà áâ¢® L̂(t0, t1) .=

L̂(t0, t1; b̂(·)) ¥ ®¡ï§ ® ¨¬¥âì à §¬¥à®áâì, à ¢ãî ¥¤¨¨æ¥. � ª¨¬ ®¡à -§®¬, ¯à¨ ä¨ªá¨à®¢ ®© Â(·) ¯à®áâà áâ¢® L̂(t0, t1; b̂(·)) ¨ ¥£® à §¬¥à-®áâì ï¢«ïîâáï äãªæ¨ï¬¨ ¯¥à¥¬¥ëå t0, t1, b̂(·). � ä®à¬ã«¨àã¥¬ëå¨�¥ ãâ¢¥à�¤¥¨ïå ¨áá«¥¤ã¥âáï § ¢¨á¨¬®áâì L̂(t0, t1; b̂(·)) ®â ¯ à ¬¥âà®¢
t0, t1, b̂(·). �â¬¥â¨¬, çâ® ¡«¨§ª¨¥ à¥§ã«ìâ âë ¯®«ãç¥ë ¢ à ¡®â¥ [25℄.� ¥ ® à ¥ ¬   2.1. �á«¨ rank K̂(t) < 2 ¯à¨ ¢á¥å t ∈ [t0, t1℄ ¨ ¢ë¯®«-¥® ®¤® ¨§ ¯¥à¥ç¨á«¥ëå ¨�¥ ãá«®¢¨© 1) | 5), â® á¨áâ¥¬  (2.3) ¥ï¢«ï¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄ â. ¥. dim L̂(t0, t1) 6 1.1) b̂2(t) 6= 0 ¤«ï ¢á¥å t ∈ [t0, t1℄;2) b̂2(t) ≡ 0, t ∈ [t0, t1℄;3) â12(t) ≡ 0, b̂1(t) ≡ 0, t ∈ [t0, t1℄;4)  ©¤ãâáï â®çª¨ τ1 . . . τk, t0=τ0 < τ1 < τ2 < · · · < τk < τk+1= t1, çâ®
b̂(τi) = 0,   ¢ ®áâ «ìëå â®çª å (t0, t1) äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï ¢ã«ì ¨ b̂1(t)

b̂2(t) ¨¬¥¥â ãáâà ¨¬ë¥ à §àë¢ë ¢ ¬®¬¥âë ¢à¥¬¥¨ τi;5)  ©¤ãâáï § ¬ªãâ®¥ ¯®¤¬®�¥áâ¢® I ⊂ [t0, t1℄, á®áâ®ïé¥¥ ¨§ ª®-¥ç®£® ç¨á«  ®âà¥§ª®¢, ¨ â®çª¨
τ1 . . . τk ∈ [t0, t1℄ \ I, t0=τ0 < τ1 < · · · < τk < τk+1= t1, çâ®

a) â12(t) ≡ 0, b̂1(t) ≡ 0   I,¡) ¤«ï ª �¤®£® t ∈ [t0, t1℄\I, ¥ á®¢¯ ¤ îé¥£® ¨ á ®¤®© ¨§ â®ç¥ª
τ0 . . . τk+1, äãªæ¨ï b̂2(t) 6= 0,¢) b̂2(τi) = 0 ¨ b̂1(t)

b̂2(t) ¨¬¥¥â ãáâà ¨¬ë¥ à §àë¢ë ¢ â®çª å τi,£) ¤«ï «î¡®£® µ ∈ ∂I \ {{t0}, {t1}} ¯à¥¤¥« lim
t→µ,t6∈I

b̂1(t)
b̂2(t) = 0.20



� ® ª   §   â ¥ « ì á â ¢ ®. �«ï á¨áâ¥¬ë (2.3) á ¢¥àå¥© âà¥-ã£®«ì®© ¬ âà¨æë Â(t) ®¯¨è¥¬ á®¢®ªã¯®áâì ¢á¥å äãªæ¨© t → b̂(t),¤«ï ª®â®àëå ¢ë¯®«¥® ãá«®¢¨¥ rank K̂(t) < 2 ¯à¨ t ∈ [t0, t1℄. �á«¨rank K̂(t) < 2, â® det(̂b(t), Â(t)̂b(t)− _̂
b(t)) ≡ 0 ¤«ï ¢á¥å t ∈ [t0, t1℄, â. ¥.

∣∣∣∣∣
b̂1 â11b̂1 + â12b̂2 − _̂

b1
b̂2 â22b̂2 − _̂

b2 ∣∣∣∣∣= b̂1b̂2(â22−â11)−â12b̂22−b̂1 _̂b2+_̂b1b̂2≡0. (2.4)1) Ǒà¥¤¯®«®�¨¬, çâ® b̂2(t) 6= 0   ®âà¥§ª¥ [t0, t1℄. �¢¥¤¥¬ ¢ à áá¬®-âà¥¨¥ äãªæ¨î ẑ(t) .= b̂1(t)
b̂2(t), â®£¤ , ª ª á«¥¤ã¥â ¨§ (2.4), äãªæ¨ï ẑ(t)ï¢«ï¥âáï à¥è¥¨¥¬ á«¥¤ãîé¥£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï_̂z = (â11(t)− â22(t))ẑ + â12(t). (2.5)�¥è¥¨¥ íâ®£® ãà ¢¥¨ï, ª ª ¨§¢¥áâ®, ¬®�® § ¯¨á âì ¢ ¢¨¤¥

ẑ(t) = exp(∫ t

t0 (â11(s)− â22(s))ds)×

×

(∫ t

t0 â12(s) exp(∫ s

t0 (â22(τ)− â11(τ)) dτ) ds+ ẑ(t0)) . (2.6)�¡®§ ç¨¬ ç¥à¥§ Ŵ (t0, t1) ¨ X̂(t, s) á®®â¢¥âáâ¢¥® ¬ âà¨æë � «¬  ¨ �®è¨ á¨áâ¥¬ë (2.3). Ǒ®ª �¥¬, çâ® rank Ŵ (t0, t1) = 1, ¤«ï íâ®£®  ©¤¥¬
X̂(t, s)=


e
−

s∫
t

â11(τ)dτ
−e

−
s∫
t

â22(τ)dτ s∫
t

â12(τ)eτ∫
t

(â22(θ)−â11(θ))dθ
dτ0 exp(− s∫

t

â22(τ)dτ)

. (2.7)�§ á®®â®è¥¨© (2.6) ¨ (2.7)  å®¤¨¬, çâ®

X̂(t0, s)̂b(s) = exp(− ∫ s

t0 â22(t)dt)(
ẑ(t0)1 )

b̂2(s),
Ŵ (t0, t1) = (

ẑ2(t0) ẑ(t0)
ẑ(t0) 1 )∫ t1

t0 exp(−2∫ s

t0 â22(t)dt)b̂22(s)ds. (2.8)21



Ǒ®áª®«ìªã áâà®ª¨ Ŵ (t0, t1) ¯à®¯®àæ¨® «ìë, â® rank Ŵ (t0, t1) = 1, á«¥-¤®¢ â¥«ì®, ¨ à §¬¥à®áâì ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) à ¢ ¥¤¨¨æ¥. � íâ®¬ á«ãç ¥ ¯à®áâà áâ¢® L̂(t0, t1) ¥ § ¢¨á¨â ®â t1 ¨ § ¤ ¥âáï¢ R2 á®®â®è¥¨¥¬
L̂(t0) = L̂(t0, t1) = {x ∈ R

2 : x1 = ẑ(t0)x2}.2) �á«¨ b̂2(t) â®�¤¥áâ¢¥® à ¢  ã«î   ®âà¥§ª¥ [t0, t1℄, b̂1(t) | ¯à®-¨§¢®«ì ï äãªæ¨ï, â®, ª ª á«¥¤ã¥â ¨§ (2.4), à £ K̂(t) ¬¥ìè¥ 2. Ǒ®-ª �¥¬, çâ® ¢ íâ®¬ á«ãç ¥ dim L̂(t0, t1) â ª�¥ à ¢  ¥¤¨¨æ¥. Ǒ®áª®«ìªã
b̂2(t) ≡ 0, ¨§ á®®â®è¥¨ï (2.7) ¯®«ãç¨¬, çâ®

X̂(t0, s)̂b(s) = ol(b̂1(s) exp(− ∫ s

t0 â11(t)dt), 0),®âªã¤   å®¤¨¬̂
W (t0, t1) = 


t1∫
t0 b̂21(s) exp(−2 s∫

t0 â11(t)dt)ds 00 0 . (2.9)�ç¥¢¨¤®, çâ® ¢ á«ãç ¥ b̂1(t) 6≡ 0   [t0, t1℄ rank Ŵ (t0, t1) = 1,   ¥á«¨
b̂1(t) ≡ 0, t ∈ [t0, t1℄, â® à £ Ŵ (t0, t1) à ¢¥ ã«î.�á«¨ b̂2(t) ≡ 0, b̂1(t) 6≡ 0 ¤«ï t ∈ [t0, t1℄, â® ¯à®áâà áâ¢® L̂(t0, t1) ¥§ ¢¨á¨â ®â t0, t1 ¨ L̂ = L̂(t0, t1) = {x ∈ R2 : x2 = 0}, ¯à¨ íâ®¬ dim L̂ = 1.�á«¨ b̂2(t) ≡ 0, b̂1(t) ≡ 0   [t0, t1℄, â® à §¬¥à®áâì ¯à®áâà áâ¢  ã¯à ¢«ï-¥¬®áâ¨ à ¢  ã«î ¨ ®® á®áâ®¨â ¨§ ®¤®© â®çª¨ (0, 0).3) �á«¨ â12(t) ≡ 0   [t0, t1℄, â®

X̂(t, s) = 

exp(− s∫

t

â11(t)dt) 00 exp(− s∫
t

â22(t)dt)
 . (2.10)Ǒ® ãá«®¢¨î b̂1(t) ≡ 0, ¯®íâ®¬ã

Ŵ (t0, t1) = 

0 00 t1∫

t0 b̂22(s) exp(−2 s∫
t0 â22(t)dt)ds , (2.11)22



á«¥¤®¢ â¥«ì®, ¥á«¨ b̂2(t) â®�¤¥áâ¢¥® ¥ ®¡à é ¥âáï ¢ ã«ì   [t0, t1℄,â® rank Ŵ (t0, t1) = 1. Ǒà®áâà áâ¢® L̂(t0, t1) ¢ íâ®¬ á«ãç ¥ â ª�¥ ¥ § -¢¨á¨â ®â t0, t1, ¨¬¥¥â à §¬¥à®áâì ®¤¨ ¨
L̂ = L̂(t0, t1) = {x ∈ R

2 : x1 = 0}.4) Ǒà¥¤¯®«®�¨¬, çâ® äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï ¢ ã«ì   ª �¤®¬¨§ ¨â¥à¢ «®¢ θi = (τi−1, τi), i = 1 . . . k + 1, â®£¤ 
Ŵ (τi−1, τi)=(

ẑ2(τi−1) ẑ(τi−1)
ẑ(τi−1) 1 )∫ τi

τi−1exp(−2 ∫ s

τi−1 â22(t)dt)b̂22(s)ds, (2.12)£¤¥ ç¥à¥§ ẑ(τi−1) ®¡®§ ç¨¬ ¯à¥¤¥« á¯à ¢ 
ẑ(τi−1) = ẑ(τi−1 + 0) = lim

t→τi−1+0 b̂1(t)b̂2(t), i = 1 . . . k + 1.�®ª �¥¬ ¯® ¨¤ãªæ¨¨, çâ® ¥á«¨ ã äãªæ¨¨ ẑ(t) ¢ â®çª¥ τi ¯à¥¤¥«ëá«¥¢  ¨ á¯à ¢  á®¢¯ ¤ îâ, ẑ(τi−0)= ẑ(τi+0), i = 1 . . . k − 1, â®
Ŵ (τ0, τk)=(

ẑ2(τ0) ẑ(τ0)
ẑ(τ0) 1 )∫ τk

τ0 exp(−2∫ s

τ0 â22(t)dt)b̂22(s)ds. (2.13)Ǒà¨ k = 1 à ¢¥áâ¢® (2.13) á«¥¤ã¥â ¨§ (2.8). Ǒà¥¤¯®«®�¨¬, çâ® ®®¨¬¥¥â ¬¥áâ® ¯à¨ ¥ª®â®à®¬ k. �â®¡ë ¤®ª § âì á¯à ¢¥¤«¨¢®áâì (2.13) ¤«ï
k + 1, ®â¬¥â¨¬ á«¥¤ãîé¥¥ ¢ �®¥ á®®â®è¥¨¥, ¢¥à®¥ ¨ ¤«ï á¨áâ¥¬¯à®¨§¢®«ì®© à §¬¥à®áâ¨:

W (τ0, τk+1) =W (τ0, τk) +X(τ0, τk)W (τk, τk+1)X∗(τ0, τk). (2.14)� á¨«ã á®®â®è¥¨ï (2.6), ¥á«¨ äãªæ¨ï ẑ(t) ¨¬¥¥â ãáâà ¨¬ë¥ à §-àë¢ë ¢ â®çª å τi, i = 1 . . . k, â®
ẑ(τk)=eτk∫

τ0(â11(t)−â22(t))dt
(∫ τk

τ0 â12(t) exp(∫ t

τ0 (â22(s)− â11(s))ds)dt+ẑ(τ0)) ,â®£¤ , ª ª ¥âàã¤® ã¡¥¤¨âìáï,
Ŵ (τ0, τk+1) = (

ẑ2(τ0) ẑ(τ0)
ẑ(τ0) 1 )

×

×

(∫ τk

τ0 exp(−2∫ s

τ0 â22dt)b̂22ds+ exp(−2∫ τk

τ0 â22dt)∫ τk+1
τk

exp(−2∫ s

τk

â22dt)b̂22ds)=23



= (
ẑ2(τ0) ẑ(τ0)
ẑ(τ0) 1 ) ∫ τk+1

τ0 exp(−2 ∫ s

τ0 â22(t)dt)b̂22(s)ds.� ª¨¬ ®¡à §®¬, à ¢¥áâ¢® (2.13) ¤®ª § ®, ®âªã¤  á«¥¤ã¥â, çâ®rank Ŵ (t0, t1) = rank Ŵ (τ0, τk+1) = 1 ¨ dim L̂(t0, t1) = 1.5) Ǒãáâì I | § ¬ªãâ®¥ ¬®�¥áâ¢®, á®áâ®ïé¥¥ ¨§ ª®¥ç®£® ç¨á« ¥¯¥à¥á¥ª îé¨åáï ®âà¥§ª®¢. �¡®§ ç¨¬ ç¥à¥§ µ1 . . . µn â®çª¨, ¯à¨ ¤«¥-� é¨¥ £à ¨æ¥ ¬®�¥áâ¢  I, ¥ á®¢¯ ¤ îé¨¥ á t0, t1,
t0 = µ0 < µ1 < · · · < µn < µn+1 = t1.�®£¤  ®âà¥§®ª θ0 = [µ0, µ1℄ ¯à¨ ¤«¥�¨â ¨«¨ I ¨«¨ § ¬ëª ¨î ¬®�¥-áâ¢  [t0, t1℄ \ I. � áá¬®âà¨¬ ®â¤¥«ì® íâ¨ á«ãç ¨.5.1 Ǒà¥¤¯®«®�¨¬, çâ® θ0 ¯à¨ ¤«¥�¨â I, â®£¤  ®âà¥§®ª θ1 = [µ1, µ2℄á®¤¥à�¨âáï ¢ § ¬ëª ¨¨ l([t0, t1℄ \ I), ¢á¥ ®âà¥§ª¨ á ç¥âë¬¨ ®¬¥à ¬¨

θ2m = [µ2m, µ2m+1℄ ¯à¨ ¤«¥� â ¬®�¥áâ¢ã I,   á ¥ç¥âë¬¨ ®¬¥à ¬¨
θ2m+1 = [µ2m+1, µ2m+2℄ ⊂ l([t0, t1℄ \ I), m=1, . . .�  ®âà¥§ª å θ0 . . . θ2m . . . äãªæ¨¨ â12(t) ¨ b̂1(t) â®�¤¥áâ¢¥® à ¢ëã«î, ¯®íâ®¬ã ¨ ¢ á¨«ã á®®â®è¥¨ï (2.11) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

Ŵ (µ2m, µ2m+1) = 

0 00 µ2m+1∫

µ2m

b̂22(s) exp(−2 s∫
µ2m

â22(t)dt)ds .�  ®âà¥§ª å á ¥ç¥âë¬¨ ®¬¥à ¬¨ θ1 . . . θ2m+1 . . . äãªæ¨¨ b̂2(t) ¥®¡à é îâáï ¢ ã«ì ¨ ¢ ®¤®© â®çª¥, §  ¨áª«îç¥¨¥¬ â®ç¥ª τ1 . . . τk, ¢ª®â®àëå äãªæ¨ï ẑ(t) = b̂1(t)
b̂2(t) ¨¬¥¥â ãáâà ¨¬ë¥ à §àë¢ë, ¯®íâ®¬ã ¨§(2.13) á«¥¤ã¥â, çâ® ¤«ï m = 0, 1 . . .

Ŵ(µ2m+1, µ2m+2)=(
ẑ2(µ2m+1) ẑ(µ2m+1)
ẑ(µ2m+1) 1 ) µ2m+2∫

µ2m+1 b̂22(s)e−2 s∫
µ2m+1 â22(t)dt

.Ǒ® ãá«®¢¨î â¥®à¥¬ë ẑ(µ2m+1) = ẑ(µ2m+1 + 0) = 0, á«¥¤®¢ â¥«ì®,
Ŵ (µ2m+1, µ2m+2) = 


0 00 µ2m+2∫

µ2m+1 b̂22(s) exp(− 2 s∫
µ2m+1 â22(t)dt)ds ,24



â. ¥. ¤«ï ®âà¥§ª®¢ ¨ á ç¥âë¬¨ ¨ á ¥ç¥âë¬¨ ®¬¥à ¬¨ ¬ âà¨æë � «-¬   § ¤ îâáï ®¤¨ ª®¢ë¬¨ ä®à¬ã« ¬¨.�§ á®®â®è¥¨ï (2.7) ¢ á¨«ã ãá«®¢¨ï â12(t) ≡ 0 ¯®«ãç ¥¬, çâ®  ®âà¥§ª å á ç¥âë¬¨ ®¬¥à ¬¨ θ2m, m = 0, 1 . . . ¬ âà¨æë X̂(µ2m, µ2m+1)ï¢«ïîâáï ¤¨ £® «ìë¬¨. Ǒ®ª �¥¬, çâ® ¯à¨ ãá«®¢¨¨ á®¢¯ ¤¥¨ï ¯à¥¤¥-«®¢ ẑ(µ2m+1+0) = ẑ(µ2m+2−0) = 0, m=0, 1 . . . , ¬ âà¨æë X̂(µ2m+1, µ2m+2)â ª�¥ ï¢«ïîâáï ¤¨ £® «ìë¬¨.� ¬¥â¨¬, çâ® ¥á«¨ ¯à¥¤¥« ẑ(µ2m+1 + 0) = 0, ¢ â®çª å τi äãªæ¨ï ẑ(t)¥¯à¥àë¢  ¨«¨ ¨¬¥¥â ãáâà ¨¬ë© à §àë¢, â® ¢ á¨«ã (2.5)
ẑ(µ2m+2 − 0) = exp(∫ µ2k+2

µ2k+1 (â11(t)− â22(t))dt) ×

×

∫ µ2k+2
µ2k+1 â12(t) exp(∫ t

µ2k+1(â22(s)− â11(s))ds)dt = 0,®âªã¤  á«¥¤ã¥â, çâ® µ2k+2∫
µ2k+1 â12(t) exp( t∫

µ2k+1 (â22(s) − â11(s))ds)dt = 0, â. ¥.
X̂(µ2m+1, µ2m+2) | â ª�¥ ¤¨ £® «ìë¥ ¬ âà¨æë.� ©¤¥¬ ¬ âà¨æã �®è¨ X̂(t0, t1) á¨áâ¥¬ë (2.3)   ¢á¥¬ ®âà¥§ª¥ [t0, t1℄.

X̂(t0, t1) = X̂(µ0, µn) = X̂(µ0, µ1)X̂(µ1, µ2) . . . X̂(µn−1, µn) == 


exp(− µn∫
µ0 â11(t)dt) 00 exp(− µn∫

µ0 â22(t)dt)

 .�®ª �¥¬ ¯® ¨¤ãªæ¨¨, çâ®

Ŵ (µ0, µk) = 

0 00 µk∫

µ0 exp(−2 s∫
µ0 â22(t)dt)b̂22(s)ds . (2.15)�ç¥¢¨¤®, çâ® ¯à¨ k = 1 ä®à¬ã«  (2.15) ¢¥à . Ǒà¥¤¯®«®�¨¬, çâ® ® ¢¥à  ¤«ï ¥ª®â®à®£® k, â®£¤ 

Ŵ(µ0, µk+1)=Ŵ(µ0, µk)+X̂(µ0, µk)Ŵ(µk, µk+1)X̂∗(µ0, µk) = (2.16)25



= (0 00 1)(∫ µn

µ0 b̂22(s)e−2∫ s

µ0 â22(t)dt
ds+ e

−2µn∫
µ0 â22(t)dt

∫ µn+1
µn

b̂22(s)e−2 s∫
µn

â22(t)dt

ds

)== (0 00 1)∫ µn+1
µ0 exp(−2∫ s

µ0 â22(t)dt)b̂22(s)ds.� ª¨¬ ®¡à §®¬, ä®à¬ã«  (2.15) ¤®ª §  , ®âªã¤  á«¥¤ã¥â, çâ® à £¬ âà¨æë Ŵ (t0, t1) = Ŵ (µ0, µn+1) ¨ à §¬¥à®áâì ¯à®áâà áâ¢  ã¯à ¢«ï¥-¬®áâ¨ L̂(t0, t1) à ¢ë ¥¤¨¨æ¥.5.2 Ǒà¥¤¯®«®�¨¬, çâ® ®âà¥§®ª θ0 = [µ0, µ1℄,   â ª�¥ ¢á¥ ®âà¥§ª¨ áç¥âë¬¨ ¨¤¥ªá ¬¨ ¯à¨ ¤«¥� â § ¬ëª ¨î ¬®�¥áâ¢  [t0, t1℄\I, â®£¤ ¢á¥ ®âà¥§ª¨ á ¥ç¥âë¬¨ ®¬¥à ¬¨, θ2m+1 = [µ2m+1, µ2m+3℄, m = 0, 1 . . .¯à¨ ¤«¥� â ¬®�¥áâ¢ã I. � íâ®¬ á«ãç ¥
Ŵ (µ0, µ1)=(

ẑ2(µ0) ẑ(µ0)
ẑ(µ0) 1 )∫ µ1

µ0 exp(−2∫ s

µ0 â22(t)dt)b̂22(s)ds,£¤¥ ẑ(µ0) = ẑ(µ0 + 0). �¥âàã¤® § ¬¥â¨âì, çâ® ¢á¥ ®áâ «ìë¥ ¬ âà¨æë¤«ï i = 1 . . . n § ¤ îâáï á«¥¤ãîé¨¬ á®®â®è¥¨¥¬
Ŵ (µi, µi+1) = (0 00 1) ∫ µi+1

µi

exp(−2∫ s

µi

â22(t)dt)b̂22(s)ds.Ǒ® ãá«®¢¨î â¥®à¥¬ë ẑ(µ1) = ẑ(µ1− 0), â®£¤ , ¨á¯®«ì§ãï á®®â®è¥¨¥(2.5), ¯®«ãç ¥¬
∫ µ1

µ0 a12(s) exp(−2∫ s

µ0(â22(t)− â11(t))dt)b̂22(s)ds = −ẑ(µ0),®âªã¤  á«¥¤ã¥â, çâ®
X̂(µ0, µ1) = 



exp(− µ1∫
µ0 â11(t)dt) ẑ(µ0) exp(− µ1∫

µ0 â22(t)dt)0 exp(− µ1∫
µ0 â22(t)dt)


.�§ ¤®ª § ®£® ¢ ¯¥à¢®¬ á«ãç ¥ á«¥¤ã¥â, çâ® ¢á¥ ®áâ «ìë¥ ¬ âà¨æë

X̂(µi, µi+1), i = 1 . . . n | ¤¨ £® «ìë¥, â®£¤ 
X̂(µ0, µn) = 



exp(− µn∫
µ0 â11(t)dt) ẑ(µ0) exp(− µn∫

µ0 â22(t)dt)0 exp(− µn∫
µ0 â22(t)dt)


.26



�®ª �¥¬ ¯® ¨¤ãªæ¨¨ á«¥¤ãîé¥¥ á®®â®è¥¨¥
Ŵ (µ0, µn)=(

ẑ2(µ0) ẑ(µ0)
ẑ(µ0) 1 ) µn∫

µ0 exp(−2 s∫

µ0 â22(t)dt)b̂22(s)ds. (2.17)�«ï n = 1 à ¢¥áâ¢® (2.17) ¢¥à®, ¨á¯®«ì§ãï (2.16),  ©¤¥¬
Ŵ (µ0, µn+1) ==(

ẑ2(µ0) ẑ(µ0)
ẑ(µ0) 1 )( µn∫

µ0 e−2 s∫
µ0 â22dt

b̂22ds+ e
−2µn∫

µ0 â22dt
µn+1∫

µn

e
−2 s∫

µn

â22dt

b̂22ds)== (
ẑ2(µ0) ẑ(µ0)
ẑ(µ0) 1 )∫ µn+1

µ0 exp(−2∫ s

µ0 â22(t)dt)b̂22(s)ds.� ª¨¬ ®¡à §®¬, à ¢¥áâ¢® (2.17) ¤®ª § ®. �¥¯¥àì ®ç¥¢¨¤®, çâ® ¢á«ãç ¥, ª®£¤  ®âà¥§®ª θ0 = [µ0, µ1℄ ¯à¨ ¤«¥�¨â § ¬ëª ¨î ¬®�¥áâ¢ [t0, t1℄ \ I, ¬ âà¨æ  Ŵ (t0, t1) = Ŵ (µ0, µn+1) â ª�¥ ¨¬¥¥â ¥¤¨¨çë© à £¨ dim L̂(t0, t1) = 1. �¥®à¥¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 2.1. �â¬¥â¨¬ ¢ �®¥ á¢®©áâ¢®, ¢¥à®¥ ¤«ï á¨-áâ¥¬ë (1.1) ¯à®¨§¢®«ì®£® ¯®àï¤ª . �á«¨ á¨áâ¥¬  (1.1) ¢¯®«¥ ã¯à ¢«ï-¥¬    ¥ª®â®à®¬ ®âà¥§ª¥ [τ0, τ1℄, â® ®  ¢¯®«¥ ã¯à ¢«ï¥¬    «î¡®¬®âà¥§ª¥ [t0, t1℄, â ª®¬, çâ® [τ0, τ1℄ ⊂ [t0, t1℄. �àã£¨¬¨ á«®¢ ¬¨, ¥á«¨ áã-é¥áâ¢ãîâ â®çª¨ τ0, τ1, t06τ0<τ16 t1 â ª¨¥, çâ® dimL(τ0, τ1) = n, â®dimL(t0, t1) = n.�¥à¥¬áï ª á¨áâ¥¬¥ (2.3) á âà¥ã£®«ì®© ¬ âà¨æ¥© Â(t). � â¥®à¥¬¥ 2.1à áá¬®âà¥ë á«ãç ¨, ª®£¤  rank K̂(t) 6 1 ¤«ï ¢á¥å t ¨§ ®âà¥§ª  [t0, t1℄¨ á¨áâ¥¬  (2.3) ¥ ï¢«ï¥âáï ¢¯®«¥ ã¯à ¢«ï¥¬®©, â. ¥. à §¬¥à®áâì ¯à®-áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) íâ®© á¨áâ¥¬ë ¥ ¯à¥¢®áå®¤¨â ¥¤¨¨æë.� á«¥¤ãîé¥© â¥®à¥¬¥ ¤ îâáï ãá«®¢¨ï, ª®£¤  ¯à¨ rank K̂(t) 6 1 ¤«ï ¢á¥å
t ∈ [t0, t1℄ á¨áâ¥¬  (2.3) ¢¯®«¥ ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄ ¨ à §¬¥à-®áâì ¯à®áâà áâ¢  L̂(t0, t1) à ¢  ¤¢ã¬.� ¥ ® à ¥ ¬   2.2. �á«¨ rank K̂(t) < 2 ¯à¨ ¢á¥å t ∈ [t0, t1℄ ¨ ¢ë¯®«-¥® ®¤® ¨§ ¯¥à¥ç¨á«¥ëå ¨�¥ ãá«®¢¨© 1) | 3), â® á¨áâ¥¬  (2.3)¢¯®«¥ ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄ â. ¥. dim L̂(t0, t1) = 2.27



1)  ©¤ãâáï â®çª¨ τ0, τ1, τ2, t06τ0<τ1< τ2 6 t1 â ª¨¥, çâ®   ®¤®¬¨§ ¨â¥à¢ «®¢ θ0 = (τ0, τ1) ¨«¨ θ1 = (τ1, τ2) äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï¢ ã«ì,     ¤àã£®¬ b̂2(t) ≡ 0, b̂1(t) 6≡ 0;2)  ©¤ãâáï â®çª¨ τ0, τ1, τ2, t06τ0<τ1< τ2 6 t1 â ª¨¥, çâ®   ®¤®¬¨§ ¨â¥à¢ «®¢ θ0 = (τ0, τ1) ¨«¨ θ1 = (τ1, τ2) äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï¢ ã«ì, ¯à¥¤¥« lim
t→τ1 b̂1(t)b̂2(t) 6= 0,     ¤àã£®¬ ¨â¥à¢ «¥ â12(t) ≡ 0, b̂1(t) ≡ 0,

b̂2(t) 6≡ 0;3)  ©¤ãâáï â®çª¨ τ0, τ1, τ2, t0 6 τ0< τ1< τ2 6 t1, çâ® äãªæ¨ï b̂2(t)¥ ®¡à é ¥âáï ¢ ã«ì   (τ0, τ2), §  ¨áª«îç¥¨¥¬ â®çª¨ τ1, b̂2(τ1) = 0,áãé¥áâ¢ãîâ ¯à¥¤¥«ë lim
t→τ1−0 b̂1(t)b̂2(t), lim

t→τ1+0 b̂1(t)b̂2(t) ¨ ¢ë¯®«¥® á®®â®è¥¨¥lim
t→τ1+0 b̂1(t)b̂2(t) 6= lim

t→τ1−0 b̂1(t)b̂2(t) .� ® ª   §   â ¥ « ì á â ¢ ®. 1) Ǒãáâì   ¨â¥à¢ «¥ θ0 äãªæ¨ï
b̂2(t) ¥ ®¡à é ¥âáï ¢ ã«ì. � ¯®¬¨¬, çâ® äãªæ¨ï ẑ(t) ®¯à¥¤¥«¥ à ¢¥áâ¢®¬ ẑ(t) = b̂1(t)

b̂2(t), â®£¤    ¨â¥à¢ «¥ θ0 b̂1(t) = ẑ(t)̂b2(t),    ¨â¥à¢ «¥ θ1 b̂2(t) ≡ 0, b̂1(t) 6≡ 0. � ©¤¥¬
Ŵ (τ0, τ2) = Ŵ (τ0, τ1) + X̂(τ0, τ1)Ŵ (τ1, τ2)X̂∗(τ0, τ1), (2.18)£¤¥

Ŵ (τ0, τ1) = (
ẑ2(τ0) ẑ(τ0)
ẑ(τ0) 1 )∫ τ1

τ0 exp(−2 ∫ s

τ0 â22(t)dt)b̂22(s)ds,
Ŵ (τ1, τ2) = 


τ2∫
τ1 b̂21(s) exp(−2 s∫

τ1 â11(t)dt)ds 00 0 .�á¯®«ì§ãï ¯®á«¥¤¨¥ á®®â®è¥¨ï, ¥âàã¤®  ©â¨, çâ®det Ŵ (τ0, τ2) = e
−2τ1∫

τ0 â11(t)dt
∫ τ1

τ0 b̂22(s)e−2 s∫
τ0 â22(t)dt

ds

∫ τ2
τ1 b̂21(s)e−2 s∫

τ1 â11(t)dt

ds. (2.19)
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� á«ãç ¥, ª®£¤    ¨â¥à¢ «¥ θ0 ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:
b̂2(t) ≡ 0, b̂1(t) 6≡ 0,     ¨â¥à¢ «¥ θ1 äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï ¢ã«ì,  ©¤¥âáï äãªæ¨ï ẑ(t), çâ® b̂1(t) = ẑ(t)̂b2(t) ¨ det Ŵ (τ0, τ2) == e

−2τ1∫
τ0 â22(t)dt

∫ τ1
τ0 (ẑ(s)̂b2(s))2e−2 s∫

τ0 â11(t)dt

ds

∫ τ2
τ1 b̂22(s)e−2 s∫

τ1 â22(t)dt

ds. (2.20)Ǒ®ïâ®, çâ® ¢ ®¡®¨å á«ãç ïå ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë Ŵ (τ0, τ2) ¥®¡à é ¥âáï ¢ ã«ì, á«¥¤®¢ â¥«ì®, à £ Ŵ (τ0, τ2) à ¢¥ ¤¢ã¬ ¨ à §¬¥à-®áâì ¯à®áâà áâ¢  L̂(τ0, τ2) à ¢  ¤¢ã¬. � á¨«ã á¤¥« ®£® § ¬¥ç ¨ïà §¬¥à®áâì ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨   ¢á¥¬ ®âà¥§ª¥ [t0, t1℄ L̂(t0, t1)â ª�¥ à ¢  ¤¢ã¬.�á«¨   ¨â¥à¢ «¥ θ0 äãªæ¨¨ â12(t) ≡ 0, b̂1(t) ≡ 0,   äãªæ¨ï b̂2(t)¥ ®¡à é ¥âáï ¢ ã«ì ¨   ¨â¥à¢ «¥ θ1 ¢ë¯®«¥ë ãá«®¢¨ï: b̂2(t) ≡ 0,
b̂1(t) 6≡ 0, â® ®¯à¥¤¥«¨â¥«ì det Ŵ (τ0, τ2) ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î(2.19). �á«¨ �¥   ¨â¥à¢ «¥ θ0 b̂2(t) ≡ 0, b̂1(t) 6≡ 0,     θ1 ¢ë¯®«¥ëãá«®¢¨ï: â12(t) ≡ 0, b̂1(t) ≡ 0, b̂2(t) 6≡ 0, â® ¤«ï ®¯à¥¤¥«¨â¥«ï det Ŵ (τ0, τ2)¢ë¯®«¥® à ¢¥áâ¢® (2.20).� ®¡®¨å á«ãç ïå ®¯à¥¤¥«¨â¥«ì det Ŵ (τ0, τ2) ¥ à ¢¥ ã«î ¨ à §¬¥à-®áâì ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) à ¢  ¤¢ã¬.2) �á«¨   ¨â¥à¢ «¥ θ0 äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï ¢ ã«ì,    ¨â¥à¢ «¥ θ1 ¢ë¯®«¥ë ãá«®¢¨ï: â12(t) ≡ 0, b̂1(t) ≡ 0, b̂2(t) 6≡ 0, â®

Ŵ (τ0, τ1) = (
ẑ2(τ0) ẑ(τ0)
ẑ(τ0) 1 ) ∫ τ1

τ0 exp(−2 ∫ s

τ0 â22(t)dt)b̂22(s)ds,
Ŵ (τ1, τ2) = 


0 00 τ2∫

τ1 b̂22(s) exp(−2 τ2∫
τ1 â22(t)dt)ds ,£¤¥ ẑ(τ0) ï¢«ï¥âáï ¯à¥¤¥«®¬ á¯à ¢ , ẑ(τ0) = ẑ(τ0+0) = lim

t→τ0+0 b̂1(t)b̂2(t) . �®£¤ ,
29



¨á¯®«ì§ãï á®®â®è¥¨¥ (2.18),  å®¤¨¬det Ŵ (τ0, τ2) = −

(∫ τ1
τ0 â12(t)e t∫

τ0 (â22(s)−â11(s)ds

dt+ ẑ(τ0))2
×

× e
−2 τ1∫

τ0 â22(t)dt
∫ τ1

τ0 b̂22(s)e−2 s∫
τ0 â22(t)dt

ds

∫ τ2
τ1 b̂22(s)e−2 s∫

τ1 â22(t)dt

ds =
=−̂z2(τ1)e−2τ1∫

τ0 â11(t)dt
τ1∫

τ0 b̂22(s)e−2 s∫
τ0 â22(t)dt

ds

τ2∫

τ1 b̂22(s)e−2 s∫
τ1 â22(t)dt

ds, (2.21)
£¤¥ ẑ(τ1) = ẑ(τ1 + 0) = lim

t→τ1+0 b̂1(t)b̂2(t).� ª¨¬ ®¡à §®¬, ¥á«¨ ¯à¥¤¥« ẑ(τ1) ¥ à ¢¥ ã«î, â® ®¯à¥¤¥«¨â¥«ìdet Ŵ (τ0, τ2) ¥ ®¡à é ¥âáï ¢ ã«ì ¨ à §¬¥à®áâì ¯à®áâà áâ¢  L̂(τ0, τ2)à ¢  ¤¢ã¬, á«¥¤®¢ â¥«ì®, ¨ dim L̂(t0, t1) = 2.�á«¨   ¨â¥à¢ «¥ θ0 â12(t) ≡ 0, b̂1(t) ≡ 0, b̂2(t) 6≡ 0,     ¨â¥à¢ «¥ θ1äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï ¢ ã«ì, â®det Ŵ (τ0, τ2) = ẑ2(τ1)e−2τ1∫
τ0 â11(t)dt

∫ τ1
τ0 b̂22(s)e−2 s∫

τ0 â22(t)dt

ds

∫ τ2
τ1 b̂22(s)e−2 s∫

τ1 â22(t)dt

ds.�¤¥áì ẑ(τ1) á®¢¯ ¤ ¥â á ¯à¥¤¥«®¬ á¯à ¢  ẑ(τ1) = ẑ(τ1+0) = lim
t→τ1+0 b̂1(t)b̂2(t).�ç¥¢¨¤®, çâ® ¥á«¨ ẑ(τ1) 6= 0, â® ®¯à¥¤¥«¨â¥«ì det Ŵ (τ0, τ2) ¥ ®¡à é -¥âáï ¢ ã«ì ¨ dim L̂(τ0, τ2) = 2, ®âªã¤  á«¥¤ã¥â, çâ® dim L̂(t0, t1) = 2.3) �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2.1 á«¥¤ã¥â, çâ® ¥á«¨ ¯à¥¤¥«ë äãªæ¨¨

ẑ(t) á«¥¢  ¨ á¯à ¢  ¥ á®¢¯ ¤ îâ,lim
t→τ1+0 b̂1(t)b̂2(t) 6= lim

t→τ1−0 b̂1(t)b̂2(t) ,â® ®¯à¥¤¥«¨â¥«ì det Ŵ (τ0, τ2) ¥ à ¢¥ ã«î. �«¥¤®¢ â¥«ì®, à §¬¥à-®áâì ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) ¨ ¢ íâ®¬ á«ãç ¥ à ¢  ¤¢ã¬.�¥®à¥¬  ¤®ª §  . 30



�«¥¤ãîé ï «¥¬¬  ®¯¨áë¢ ¥â ¥ª®â®àë¥ á¢®©áâ¢  íà¬¨â®¢®£® ¯à¥-®¡à §®¢ ¨ï, ¢¥àë¥ ¨ ¤«ï á¨áâ¥¬ ¯à®¨§¢®«ì®© à §¬¥à®áâ¨, ¯®íâ®¬ã¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ á¨áâ¥¬ã_x = A(t)x+ ub(t), x ∈ R
n, (2.22)£¤¥ A(·) ∈ C

n−1(R+,M(n)), b(·) ∈ C
n−1(R+,Rn), ¨ á¨áâ¥¬ã á ¢¥àå¥© âà¥-ã£®«ì®© ¬ âà¨æ¥© Â(t)_y = Â(t)y + ub̂(t), y ∈ R

n, (2.23)£¤¥ Â(·) ∈ Cn−1(R+,M(n)), b̂(·) ∈ Cn−1(R+,Rn).�®£« á® �.�. �à á®¢áª®¬ã, ¤«ï á¨áâ¥¬ë (2.22) ®¡®§ ç¨¬
K(n)(t) = {q0(t) . . . qn−1(t)}, (2.24)£¤¥ ¨¤¥ªá (n) ãª §ë¢ ¥â   à §¬¥à®áâì ¬ âà¨æë ¨«¨ ¢¥ªâ®à ,   ¢¥ª-â®àë qk(t) ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ à¥ªãàà¥âë¬ á®®â®è¥¨ï¬:

q0(t) = b(t), . . . , qk(t) = A(t)qk−1(t)− _qk−1(t), k = 1 . . . n− 1. (2.25)�ã¤¥¬ â ª�¥ à áá¬ âà¨¢ âì ¬ âà¨æã K̂(n)(t) = {q̂0(t) . . . q̂n−1(t)}, £¤¥
q̂k(t) |   «®£¨çë¥ ¢¥ªâ®àë ¤«ï á¨áâ¥¬ë (2.23) á ¢¥àå¥© âà¥ã£®«ì®©¬ âà¨æ¥© Â(t). Ǒ®áª®«ìªã ¯à¨ ¤®ª § â¥«ìáâ¢¥ á«¥¤ãîé¥© «¥¬¬ë à á-á¬ âà¨¢ îâáï á¨áâ¥¬ë ®¤¨ ª®¢®£® ¯®àï¤ª , ¨¤¥ªá (n) ¯®ª  ¥ ¡ã¤¥¬ãª §ë¢ âì.� ¥ ¬ ¬   2.1. Ǒãáâì á¨áâ¥¬ë (2.22) ¨ (2.23) á¢ï§ ë ¯à¥®¡à §®-¢ ¨¥¬

X = U(t)Y, b(t) = U(t)̂b(t), (2.26)£¤¥ U(t) | ®àâ®£® «ì ï ¬ âà¨æ  (â. ¥. U(t)U ∗(t) = E), â®£¤ rankK(t) = rank K̂(t) ¨ dimL(t0, t1) = dim L̂(t0, t1).� ® ª   §   â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ ¯à¥®¡à §®¢ ¨¥ (2.26) á¨-áâ¥¬ë (2.22), ¯¥à¥¢®¤ïé¥¥ ¥¥ ¢ á¨áâ¥¬ã á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥©
Â(t).�ãé¥áâ¢®¢ ¨¥ â ª®£® ¯à¥®¡à §®¢ ¨ï á«¥¤ã¥â ¨§ â¥®à¥¬ë Ǒ¥àà® ® âà¨ £ã«ïæ¨¨ «¨¥©®© á¨áâ¥¬ë: ¢áïªãî «¨¥©ãî ®¤®à®¤ãî á¨áâ¥-¬ã _X = A(t)X á ¯®¬®éìî ®àâ®£® «ì®£® ¯à¥®¡à §®¢ ¨ï X = U(t)Y31



¬®�® ¯à¨¢¥áâ¨ ª á¨áâ¥¬¥ _Y = Â(t)Y á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨-æ¥© Â(t) (á¬. [8℄). �¨áâ¥¬  (2.22) ¯à¥®¡à §ã¥âáï ¢ á¨áâ¥¬ã (2.23), £¤¥¬ âà¨æ  A(t) § ¤ ¥âáï á®®â®è¥¨¥¬
Â(t) = U−1(t)A(t)U(t)− U−1(t) _U(t), (2.27)  ¢¥ªâ®à b̂(t) = U−1(t)b(t).1. Ǒ®ª �¥¬, çâ® ¤ ®¥ ¯à¥®¡à §®¢ ¨¥ ¥ ¨§¬¥ï¥â à £ ¬ âà¨æë

K(t). �®ª �¥¬ ¯® ¨¤ãªæ¨¨ á«¥¤ãîé¥¥ á®®â®è¥¨¥
qk(t) = U(t)q̂k(t). (2.28)�«ï k = 0 q0(t) = b(t) = U(t)̂b(t) = U(t)q̂0(t), â. ¥. à ¢¥áâ¢® (2.28) ¢ë-¯®«ï¥âáï. Ǒà¥¤¯®«®�¨¬, çâ® íâ® à ¢¥áâ¢® ¢¥à® ¤«ï ¥ª®â®à®£® k−1,â. ¥., qk−1(t) = U(t)q̂k−1(t), â®£¤   ©¤¥¬

qk(t) .= A(t)qk−1(t)− _qk−1(t) == (U(t)Â(t)U−1(t) + _U(t)U−1(t))U(t)q̂k−1(t)− _U(t)q̂k−1(t)− U(t) _̂qk−1(t) == U(t)Â(t)q̂k−1(t)− U(t) _̂qk−1(t) = U(t)q̂k(t).� ¢¥áâ¢® (2.28) ¤®ª § ®, ¯®íâ®¬ãrankK(t) .= rank{q0(t) . . . qn−1(t)} = rank{U(t)q̂0(t) . . . U(t)q̂n−1(t)} == rank{q̂0(t) . . . q̂n−1(t)} .= rank K̂(t),¯®áª®«ìªã ¯à¥®¡à §®¢ ¨¥ U(t) | ¥¢ëà®�¤¥®.2. �â®¡ë ¯®ª § âì, çâ® à §¬¥à®áâì ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ ¯à¨¤ ®¬ ¯à¥®¡à §®¢ ¨¨ ¥ ¬¥ï¥âáï, ¤®ª �¥¬, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥-áâ¢® rankW (t0, t1) = rank Ŵ (t0, t1). � ¯®¬¨¬, çâ®
W (t0, t1) .= ∫ t1

t0 X(t0, s)b(s)b∗(s)X∗(t0, s)ds.�á«¨ Z(t) | äã¤ ¬¥â «ì ï ¬ âà¨æ  ®¤®à®¤®© á¨áâ¥¬ë _y = A(t)y,
Ẑ(t) | äã¤ ¬¥â «ì ï ¬ âà¨æ  _x = Â(t)x, â®

X(t0, s)b(s) = Z(t0)Z−1(s)b(s) = U(t0)Ẑ(t0)(U(s)Ẑ(s))−1U(s)̂b(s) == U(t0)Ẑ(t0)Ẑ−1(s)U−1(s)U(s)̂b(s) = U(t0)X̂(t0, s)̂b(s),32



â®£¤ 
W (t0, t1) = U(t0) ∫ t1

t0 X̂(t0, s)̂b(s)̂b∗(s)X̂∗(t0, s)dsU ∗(t0),
W (t0, t1) = U(t0)Ŵ (t0, t1)U ∗(t0).Ǒ®áª®«ìªã U(t) | ¥¢ëà®�¤¥ ï ¬ âà¨æ , â® à £ ¬ âà¨æëW (t0, t1)¯à¨ ¤ ®¬ ¯à¥®¡à §®¢ ¨¨ ¥ ¨§¬¥¨âáï, ®âªã¤  ¯®«ãç ¥¬, çâ® ¨ à §-¬¥à®áâ¨ ¯à®áâà áâ¢ ã¯à ¢«ï¥¬®áâ¨ á®®â¢¥âáâ¢ãîé¨å á¨áâ¥¬ ¥ ¬¥ï-îâáï, â. ¥. dimL(t0, t1) = dim L̂(t0, t1).� áá¬®âà¨¬ á¨áâ¥¬ã ¢â®à®£® ¯®àï¤ª  (2.1) á ¯à®¨§¢®«ì®© ¬ âà¨æ¥©

A(t). �¯à¥¤¥«¨¬ äãªæ¨î F : R2 × (t0, t1) × [0, ε) → [−1, 1℄ á«¥¤ãîé¨¬®¡à §®¬:
F (b, t,�t)= b1(t−�t)b1(t+�t) + b2(t−�t)b2(t+�t)

|b(t−�t)||b(t+�t)| . (2.29)�¨áâ¥¬  ãà ¢¥¨© (2.1) ¬®�¥â ¡ëâì ¨â¥à¯à¥â¨à®¢   £¥®¬¥âà¨ç¥-áª¨, ª ª ¢¥ªâ®à®¥ ¯®«¥ á ª®¬¯®¥â ¬¨ A(t)x+ ub(t) ¢ ª �¤ë© ¬®¬¥â¢à¥¬¥¨ t ¢ ¯à®áâà áâ¢¥ R
2. �¥è¥¨¥ á¨áâ¥¬ë ¢ R

2 ¯à¥¤áâ ¢«ï¥â á®¡®©ªà¨¢ãî x(t) = (x1(t), x2(t)), § ¤ ãî ¢ ¯ à ¬¥âà¨ç¥áª®¬ ¢¨¤¥. � áá¬®-âà¨¬ â ª�¥ ªà¨¢ãî x = (b1(t), b2(t)) ª ª ªà¨¢ãî, § ¤ ãî ¯ à ¬¥âà¨ç¥-áª¨. �á«¨ |b(t)| 6= 0, â® lim�t→0F (b, t,�t) = 1, ¯®áª®«ìªã b(t) | ¥¯à¥àë¢ ïäãªæ¨ï. �á«¨ |b(τ)| = 0 ¢ ¥ª®â®à®© â®çª¥ τ ∈ (t0, t1), â® lim�t→0F (b, τ,�t)ï¢«ï¥âáï ª®á¨ãá®¬ ã£«  ¬¥�¤ã «¥¢®© ¨ ¯à ¢®© ª á â¥«ìë¬¨ ª ªà¨-¢®© x = b(t), ¨ ¥á«¨ ¢ â®çª¥ τ ¬¥�¤ã íâ¨¬¨ ª á â¥«ìë¬¨ áãé¥áâ¢ã¥â®¯à¥¤¥«¥ë© ¯®«®�¨â¥«ìë© ã£®«, â® lim�t→0 |F (b, τ,�t)| 6= 1.�«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥ ¯à¨¢¥¤¥® ¢ [21℄.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 2.1. �ãªæ¨ï f : R+ → R  §ë¢ ¥âáï ¥-®á®¡®©   ®âà¥§ª¥ [t0, t1℄, ¥á«¨ ®  ¥ ®¡à é ¥âáï â®�¤¥áâ¢¥® ¢ ã«ì¨   ª ª®¬ ¨â¥à¢ «¥, «¥� é¥¬ ¢ãâà¨ ®âà¥§ª  [t0, t1℄, ¨, ªà®¬¥ â®£®,¬®�¥â ®¡à é âìáï ¢ ã«ì â®«ìª® ¢ ª®¥ç®¬ ç¨á«¥ â®ç¥ª ¨§ [t0, t1℄.� ¥ ® à ¥ ¬   2.3. Ǒãáâì n = 2, äãªæ¨ï |b(t)| | ¥®á®¡ ï  [t0, t1℄ ¨ rankK(t) < 2 ¯à¨ ¢á¥å t ∈ [t0, t1℄.�á«¨ lim�t→0 |F (b, t,�t)| = 1 ¤«ï ¢á¥å t ∈ (t0, t1), â® à §¬¥à®áâì ¯à®-áâà áâ¢  L(t0, t1) à ¢  1; ¥á«¨  ©¤¥âáï â®çª  τ ∈ (t0, t1) â ª ï, çâ®lim�t→0 |F (b, τ,�t)| 6=1, â® dimL(t0, t1) = 2.33



� ® ª   §   â ¥ « ì á â ¢ ®. 1. � ç «  ¤®ª �¥¬ â¥®à¥¬ã ¤«ï á¨-áâ¥¬ë (2.3) á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥© Â(t). Ǒãáâì ¤«ï ¢á¥å t ¨§®âà¥§ª  [t0, t1℄ rank K̂(t) < 2, äãªæ¨ï |̂b(t)| | ¥®á®¡ ï. �®£¤  ¨§ â¥®à¥¬(2.1) ¨ (2.2) á«¥¤ã¥â, çâ® dim L̂(t0, t1) = 1 ¢ â¥å á«ãç ïå, ª®£¤  äãªæ¨ï
ẑ(t) = b̂1(t)

b̂2(t) ¨¬¥¥â ãáâà ¨¬ë¥ à §àë¢ë ¢ ¥ª®â®àëå â®çª å τ1 . . . τk ¨«¨
b̂2(t) ≡ 0   ¢á¥¬ [t0, t1℄. �á«¨ �¥ áãé¥áâ¢ã¥â ¥ª®â®à ï â®çª  τ ∈ (t0, t1)â ª ï, çâ® ẑ(τ − 0) 6= ẑ(τ + 0), ¨«¨  ©¤¥âáï ¨â¥à¢ « I, ¯à¨ ¤«¥� -é¨© [t0, t1℄, çâ® b̂2(t) ≡ 0   I, b̂2(t) 6≡ 0   ¤®¯®«¥¨¨ ª I, [t0, t1℄ \ I, â®dim L̂(t0, t1) = 2.� ©¤¥¬ ¯à¥¤¥« lim�t→0 |F (̂b, t,�t)|. Ǒà¥�¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¢® ¢á¥åâ®çª å, £¤¥ |̂b(t)| 6= 0, ¨§ â®£®, çâ® b̂1(t) ¨ b̂2(t) | ¥¯à¥àë¢ë¥ äãªæ¨¨,á«¥¤ã¥â, çâ® lim�t→0 |F (̂b, t,�t)| = 1, â. ¥. ¤®áâ â®ç® ¯®áç¨â âì ¯à¥¤¥« ¤«ïâ®ç¥ª τ1 . . . τk, £¤¥ ¬®¤ã«ì |̂b(t)| ®¡à é ¥âáï ¢ ã«ì. � áá¬®âà¨¬ á«¥¤ãî-é¨¥ á«ãç ¨.1.1. Ǒãáâì äãªæ¨ï b̂2(t) ≡ 0   ®âà¥§ª¥ [t0, t1℄, b̂1(t) ¥ ®¡à é ¥â-áï ¢ ã«ì, §  ¨áª«îç¥¨¥¬ â®ç¥ª τ1 . . . τk, â®£¤ , ®ç¥¢¨¤®, çâ® ¯à¥¤¥«lim�t→0 |F (̂b, τi,�t)|=1, i =1 . . . k.1.2. Ǒãáâì b̂2(τi) = 0, b̂2(t) 6= 0 ¢ ¥ª®â®à®© ¯à®ª®«®â®© ®ªà¥áâ®áâ¨(τi−�t, τi)⋃ (τi, τi+�t) â®çª¨ τi, â ª ï ®ªà¥áâ®áâì  ©¤¥âáï, ¯®áª®«ìªã
|̂b(t)|| ¥®á®¡ ï   [t0, t1℄ ¨ b̂1(t) ®¡à é ¥âáï ¢ ã«ì ¢ â¥å �¥ â®çª å, çâ®¨ b̂2(t). �à®¬¥ â®£®, ¨§ (2.6) á«¥¤ã¥â, çâ® ẑ(t) | ®£à ¨ç¥ ï äãªæ¨ï,¯®íâ®¬ã ¯à¥¤¥«ë ẑ(τi − 0), ẑ(τi + 0) áãé¥áâ¢ãîâ ¨lim�t→0 |F (̂b, τi,�t)| = |1 + ẑ(τi − 0)ẑ(τi + 0)|√1 + ẑ2(τi − 0)√1 + ẑ2(τi + 0).�¥âàã¤® ¯®ª § âì, çâ® lim�t→0 |F (̂b, τi,�t)| = 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®-£¤  á®¢¯ ¤ îâ ¯à¥¤¥«ë ẑ(τi − 0) = ẑ(τi + 0), â. ¥. äãªæ¨ï ẑ(t) ¨¬¥¥âãáâà ¨¬ë© à §àë¢ ¢ â®çª¥ τi.1.3. Ǒãáâì b̂1(τi) = 0, b̂2(t) ≡ 0   ¥ª®â®à®¬ ®âà¥§ª¥ [τi − �t, τi℄,¯à¨ ¤«¥� é¥¬ [τi−1, τi℄, äãªæ¨ï b̂2(t) ¥ ®¡à é ¥âáï ¢ ã«ì   ¨-â¥à¢ «¥ (τi, τi + �t) ⊂ [τi, τi+1℄. Ǒ®ª �¥¬, çâ® ¢ íâ®¬ á«ãç ¥ ¯à¥¤¥«lim�t→0 |F (̂b, τi,�t)| ¥ ¬®�¥â à ¢ïâìáï ¥¤¨¨æ¥.34



Ǒ®áª®«ìªã b̂2(t) ≡ 0   [τi −�t, τi℄, â®lim�t→0 |F (̂b, τi,�t)| = lim�t→0 |̂b1(τi −�t)̂b1(τi +�t)|
|̂b1(τi −�t)|√b̂21(τi +�t) + b̂22(τi +�t) == lim�t→0 |̂b1(τi +�t)|√

b̂21(τi +�t) + b̂22(τi +�t) = lim�t→0 |ẑ(τi +�t)|√1 + ẑ2(τi +�t).Ǒ®á«¥¤¥ à ¢¥áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã â®£®, çâ® äãªæ¨ï b̂2(t) ¥ ®¡à -é ¥âáï ¢ ã«ì   ¨â¥à¢ «¥ (τi, τi+�t). Ǒ®áª®«ìªã ẑ(t) | ®£à ¨ç¥ ïäãªæ¨ï, â® ¥âàã¤® ã¢¨¤¥âì, çâ® ¯à¥¤¥« lim�t→0 |ẑ(τi +�t)|√1 + ẑ2(τi +�t) ¥ à -¢¥ ¥¤¨¨æ¥.� ª¨¬ ®¡à §®¬, ¤®ª § ®, çâ® ¥á«¨ lim�t→0 |F (̂b, t,�t)| = 1 ¤«ï ¢á¥å t ¨§¨â¥à¢ «  (t0, t1), â® à §¬¥à®áâì ¯à®áâà áâ¢  L̂(t0, t1) à ¢  ¥¤¨¨æ¥,¥á«¨ �¥  ©¤¥âáï â®çª  τi ∈ (t0, t1) â ª ï, çâ® lim�t→0 |F (̂b, τi,�t)| 6= 1, â®dim L̂(t0, t1) = 2.2. � áá¬®âà¨¬ á¨áâ¥¬ã (2.1) á ¯à®¨§¢®«ì®© ¬ âà¨æ¥© A(t) ¨ ¯à¥®¡à -§®¢ ¨¥ (2.26), ¯¥à¥¢®¤ïé¥¥ ¥¥ ¢ á¨áâ¥¬ã (2.3) á ¢¥àå¥© âà¥ã£®«ì®©¬ âà¨æ¥© Â(t). �á«¨ rankK(t) < 2 ¤«ï ¢á¥å t ∈ [t0, t1℄, â®, ¢ á¨«ã «¥¬¬ë(2.1), rank K̂(t) < 2 ¤«ï ¢á¥å t ∈ [t0, t1℄. � ª á«¥¤ã¥â ¨§ á¢®©áâ¢ ®àâ®-£® «ì®£® ¯à¥®¡à §®¢ ¨ï, |b(t)| = |̂b(t)|, ®âªã¤  ¯®«ãç ¥¬, çâ® |b(t)|®¡à é ¥âáï ¢ ã«ì ¢ â¥å �¥ â®çª å τ1 . . . τk, çâ® ¨ |̂b(t)|. � ª¨¬ ®¡à §®¬,¥á«¨ äãªæ¨ï |b(t)| | ¥®á®¡ ï, â® |̂b(t)| â ª�¥ ¥®á®¡ ï. �«ï á¨áâ¥¬ë(2.3) ¤®ª § ®, çâ®, ¯à¨ ãª § ëå ãá«®¢¨ïå, dim L̂(t0, t1) = 1 â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  lim�t→0 |F (̂b, t,�t)| = 1 ¤«ï ¢á¥å t ∈ (t0, t1).Ǒ®áª®«ìªã ®àâ®£® «ì®¥ ¯à¥®¡à §®¢ ¨¥ á®åà ï¥â ã£®« ¬¥�¤ã ¢¥ª-â®à ¬¨, â® F (b, t,�t) = F (̂b, t,�t), ¯®íâ®¬ã ¯à¥¤¥«ëlim�t→0 |F (b, t,�t)|= lim�t→0 |F (̂b, t,�t)| = 1¤«ï ¢á¥å t ¨§ (t0, t1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ dimL(t0, t1) = dim L̂(t0, t1) = 1.�á«¨ �¥ áãé¥áâ¢ã¥â â®çª  τi â ª ï, çâ®lim�t→0 |F (b, τi,�t)| = lim�t→0 |F (̂b, τi,�t)| 6= 1,35



â® dimL(t0, t1) = dim L̂(t0, t1) = 2. �¥®à¥¬  ¤®ª §  .Ǒ à ¨ ¬ ¥ à 2.2. �áá«¥¤ã¥¬ ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë_y = A(t)y + ub(t), t ∈ [0, 2℄, £¤¥ (2.30)
A(t) = (

t+ sin t os t os2 t
− sin2 t t− sin t os t) ,

b(t) = ((t− 1)3 sin t+ (t− 1)2 os t(t− 1)3 os t− (t− 1)2 sin t) , t ∈ [0, 1℄,
b(t) = ((t− 1)3 sin t(t− 1)3 os t) , t ∈ (1, 2℄.Ǒ®ª �¥¬, çâ® rankK(t)< 2 ¤«ï ¢á¥å t∈ [0, 2℄. �á«¨ t∈ [0, 1℄, â®

K(t) = (sin t os tos t − sin t) ((t− 1)3 t(t− 1)3 − 2(t− 1)2(t− 1)2 t(t− 1)2 − 2(t− 1))
.� ©¤¥¬ â ª�¥, çâ® ¯à¨ t ∈ [1, 2℄

K(t) = ((t− 1)3 sin t (t− 1)2(t2 − t− 3) sin t(t− 1)3 os t (t− 1)2(t2 − t− 3) os t) .�¥âàã¤® § ¬¥â¨âì, çâ® rankK(t) = 1 ¯à¨ t 6= 1 ¨ rankK(1) = 0. Ǒ®-ª �¥¬ â¥¯¥àì, çâ® á¨áâ¥¬  (2.30) ¢¯®«¥ ã¯à ¢«ï¥¬ . �«ï íâ®£®  ©¤¥¬lim�t→0 |F (b, 1,�t)| = lim�t→0 |f(�t)|√(�t)2 + 1 , £¤¥
f(�t) = − os(1−�t) sin(1 + �t) + sin(1−�t) os(1 + �t) ++�t[ sin(1−�t) sin(1 + �t) + os(1−�t) os(1 + �t)℄.Ǒ®áª®«ìªã lim�t→0 |f(�t)| = 0, â® lim�t→0 |F (b, 1,�t)| = 0 6= 1, á«¥¤®¢ â¥«ì®,¢ á¨«ã â¥®à¥¬ë 2.3 á¨áâ¥¬  (2.30) ¢¯®«¥ ã¯à ¢«ï¥¬ .�®ª § âì, çâ® á¨áâ¥¬  (2.30) ¢¯®«¥ ã¯à ¢«ï¥¬ , ¬®�® ¨ ¤àã£¨¬ á¯®-á®¡®¬. � ¬¥â¨¬, çâ® ¤ ãî á¨áâ¥¬ã á ¯®¬®éìî ®àâ®£® «ì®£® ¯à¥-®¡à §®¢ ¨ï

U(t) = (sin t os tos t − sin t)36



¬®�® ¯à¨¢¥áâ¨ ª á¨áâ¥¬¥ _x = Â(t) + ub̂(t)u(t) á ¢¥àå¥© âà¥ã£®«ì®©¬ âà¨æ¥© Â(t) ¨ ¯®ª § âì, çâ® â ª ï á¨áâ¥¬  ¢¯®«¥ ã¯à ¢«ï¥¬ .�á¯®«ì§ãï á®®â®è¥¨¥ (2.27),  ©¤¥¬ Â(t) = (
t 10 t

)
. � «¥¥, ¯®-áª®«ìªã b̂(t) = U ∗(t)b(t),  ©¤¥¬ ¢¥ªâ®à

b̂(t) = ((t− 1)3(t− 1)2) , t ∈ [0, 1℄, b̂(t) = ((t− 1)30 )
, t ∈ (1, 2℄.�á¯®«ì§ãï á®®â®è¥¨¥ (2.18),  ©¤¥¬ ¬ âà¨æã

Ŵ (0, 2) =


1∫0 e−s2(s−1)4ds+ 2∫1 e−s2(s−1)6ds −
1∫0 e−s2(s−1)4ds

−
1∫0 e−s2(s− 1)4ds 1∫0 e−s2(s− 1)4ds

.�¯à¥¤¥«¨â¥«ì ¯®«ãç¥®© ¬ âà¨æë ¥ à ¢¥ ã«î, á«¥¤®¢ â¥«ì®,rank Ŵ (0, 2) = 2. �¤ ª® ¤«ï á¨áâ¥¬ë á ¯à®¨§¢®«ì®© A(t) ¬ âà¨æã
W (t0, t1) ¥«ì§ï ¢ëç¨á«¨âì   «¨â¨ç¥áª¨,   ¯à¥¤«®�¥ë© á¯®á®¡ ¯à¨¯®¬®é¨  å®�¤¥¨ï ¯à¥¤¥«®¢ ¨ ¢ íâ®¬ á«ãç ¥ ¤ ¥â ã�ë© à¥§ã«ìâ â.
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§3. Ǒà®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ «¨¥©®© ¥áâ æ¨® à®©á¨áâ¥¬ë ¯à®¨§¢®«ì®£® ¯®àï¤ª �¤¥áì ¤®ª § ë ¤®áâ â®çë¥ ¨ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¢¯®«¥ ã¯à ¢«ï¥¬®-áâ¨ ¨ ®¯¨á   áâàãªâãà  ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ ¤«ï á¨áâ¥¬ ¯à®¨§-¢®«ì®£® ¯®àï¤ª  á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥©� íâ®¬ ¯ à £à ä¥ áà ¢¨¢ îâáï á¨áâ¥¬ë à §ëå ¯®àï¤ª®¢, ¯®íâ®¬ã¨¤¥ªá (p ) ¢¢¥àåã ¡ã¤¥â ãª §ë¢ âì   à §¬¥à®áâì ¬ âà¨æ ¨«¨ ¢¥ªâ®-à®¢. � á®®â¢¥âáâ¢¨¨ á íâ®© ¤®£®¢®à¥®áâìî ¬ âà¨æã, ã¤®¢«¥â¢®àïîéãî(2.24), ®¡®§ ç¨¬ K(p )(t).� áá¬®âà¨¬ á¨áâ¥¬ã á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥©_x = Â(t)x+ ub̂(t), (3.1)£¤¥ Â(·) ∈ Cn−1(R+,M(n)), b̂(·) ∈ Cn−1(R+,Rn).�á«¨ ¯®á«¥¤ïï ª®®à¤¨ â  b̂n(t) ¢¥ªâ®à  b̂(t) â ª®¢ , çâ® b̂n(t) ¥ ®¡à -é ¥âáï ¢ ã«ì   (t0, t1), §  ¢®§¬®�ë¬ ¨áª«îç¥¨¥¬ ª®¥ç®£® ç¨á« â®ç¥ª τ1 . . . τm (t0 = τ0 < τ1 < · · · < τm < τm+1 = t1), â®   ¨â¥à¢ « å(τi, τi+1), i = 0 . . .m, ¡ã¤¥¬ à áá¬ âà¨¢ âì á¨áâ¥¬ã ¯®àï¤ª  n− 1_x = (Â(n−1)(t)− ânn(t)E(n−1))x+ h(n−1)(t)u(t), (3.2)£¤¥ Â(n−1)(t) ¯®«ãç ¥âáï ¨§ ¬ âà¨æë Â(t) ¢ëç¥àª¨¢ ¨¥¬ ¯®á«¥¤¥©áâà®ª¨ ¨ ¯®á«¥¤¥£® áâ®«¡æ , E(n−1) | ¥¤¨¨ç ï ¬ âà¨æ  ¯®àï¤ª  n−1;¯®áâà®¥¨¥ ¢¥ªâ®à  h(n−1)(t) ®¯¨á ® ¨�¥.�¥à¥§ X(n)(t, s) ®¡®§ ç¨¬ ¬ âà¨æã �®è¨ (®  â ª�¥ ¡ã¤¥â ¢¥àå¥©âà¥ã£®«ì®© ¬ âà¨æ¥©) ®¤®à®¤®© á¨áâ¥¬ë, á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬¥(3.1), X(n−1)(t, s) | ¬ âà¨æã �®è¨ á¨áâ¥¬ë (3.2), ç¥à¥§ Ŵ (n)(t0, t1) ¨
Ŵ (n−1)(t0, t1) ®¡®§ ç¨¬ ¬ âà¨æë � «¬   á®®â¢¥âáâ¢ãîé¨å á¨áâ¥¬. �-¤¥ªá (p ) ¢ § ¯¨á¨ L̂(p )(t0, t1) ¤ «¥¥ ¡ã¤¥â ®§ ç âì, çâ® à áá¬ âà¨¢ ¥âáï¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(p )(t0, t1) ¤«ï á¨áâ¥¬ ¢¨¤  (3.1) ¯®àï¤ª  p.� íâ¨å ®¡®§ ç¥¨ïå

Ŵ (n)(t0, t1) = ∫ t1
t0 X(n)(t0, s)̂b(s)(X(n)(t0, s)̂b(s))∗ds. (3.3)�«ï ¨áá«¥¤®¢ ¨ï à §¬¥à®áâ¨ ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ ¯® ¤®-¡¨âáï á«¥¤ãîé¥¥ ¨§¢¥áâ®¥ ãâ¢¥à�¤¥¨¥ (á¬.,  ¯à¨¬¥à, [21℄,[13℄).38



� ¥ ¬ ¬   3.1. � £ ¬ âà¨æë W (n)(t0, t1) à ¢¥ ª®«¨ç¥áâ¢ã «¨-¥©® ¥§ ¢¨á¨¬ëå   [t0, t1℄ ª®¬¯®¥â ¢¥ªâ®à  X(n)(t0, s)b(s).�«ï á¨áâ¥¬ë (3.1) ¯®áâà®¨¬ ¬ âà¨æã Ĥ(t) = {h1(t), . . . , hn(t)}, á®áâ®-ïéãî ¨§ ¢¥ªâ®à-äãªæ¨© hk(t) = ol(h1k(t), . . . , hnk(t)), £¤¥ hn(t) = b̂(t),  ¢¥ªâ®àë hk(t) ¯à¨ k < n áâà®¨¬ á¯à ¢   «¥¢® á ¯®¬®éìî á«¥¤ãîé¥©¯à®æ¥¤ãàë:¥á«¨ ¢¥ªâ®à hk(t) ã�¥ ¯®áâà®¥ ¨ ¥£® ¯®á«¥¤ïï ª®®à¤¨ â  hkk(t) ≡ 0¯à¨ ¢á¥å t ∈ [t0, t1℄, â® hk−1(t) = hk(t);¥á«¨ hkk(t) 6= 0 ¯à¨ t ∈ (t0, t1) (® ¥ ¨áª«îç îâáï à ¢¥áâ¢  hkk(t0)=0¨«¨ hkk(t1)=0) ¨ äãªæ¨¨ h1k(t)
hkk(t), . . . , hk−1,k(t)

hkk(t) ®£à ¨ç¥ë   ¨â¥à¢ «¥(t0, t1), â®£¤    íâ®¬ ¨â¥à¢ «¥ ¯®áâà®¨¬ ¢¥ªâ®à
gk(t) .= hk(t)

hkk(t) = ol(h1k(t)
hkk(t) . . . hk−1,k(t)

hkk(t) , 1, 0 . . .0) ,ã ª®â®à®£® ¯®á«¥¤¨¥ n − k ª®®à¤¨ â à ¢ë ã«î. �á«¨ äãªæ¨ï
hkk(t) ≡ 0, ®¯à¥¤¥«¨¬ gk(t) .= hk(t)

h∗kk(t), £¤¥ ç¥à¥§ h∗kk(t) ®¡®§ ç¥  ¯®-á«¥¤ïï ª®®à¤¨ â  ¢¥ªâ®à  hk(t), â®�¤¥áâ¢¥® ¥ à ¢ ï ã«î.� â¥¬ ¢¥ªâ®à hk−1(t) ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬
hk−1(t) = (Â(t)− âkk(t)E(n))gk(t)− _gk(t), t ∈ (t0, t1). (3.4)�á«¨ äãªæ¨ï hkk(t) ®¡à é ¥âáï ¢ ã«ì ¢ ¥ª®â®àëå ¨§®«¨à®¢ ëåâ®çª å τ1 . . . τmk

, (t0 = τ0 < τ1 < · · · < τmk
< τmk+1 = t1), â® ¢¥ªâ®à hk−1(t)®¯à¥¤¥«ï¥¬ ¯® â¥¬ �¥ ä®à¬ã« ¬   ª �¤®¬ ¨§ ¨â¥à¢ «®¢ (τi, τi+1), £¤¥

i = 0 . . .mk. � â®¬ á«ãç ¥, ª®£¤  hkk(t) ≡ 0   ¥ª®â®àëå ®âà¥§ª å Ij ⊂[t0, t1℄, â®   íâ¨å ®âà¥§ª å ¢¥ªâ®à hk−1(t) = hk(t),   ¤«ï ®áâ «ìëå â®ç¥ª¬®�¥áâ¢  (t0, t1) \ ⋃
Ij ¢¥ªâ®àë hk−1(t)  å®¤ïâáï ¯® ä®à¬ã« ¬ (3.4).� ¬¥â¨¬, çâ® ã ¢¥ªâ®à®¢ hk(t) ¨ gk(t) ¯®á«¥¤¨¥ n−k ª®®à¤¨ â ã«¥-¢ë¥, ¯®íâ®¬ã ¯®áâà®¥ ï â ª¨¬ ®¡à §®¬ ¬ âà¨æ  Ĥ(t) ï¢«ï¥âáï ¢¥àå-¥© âà¥ã£®«ì®© ¨ à £ Ĥ(t) à ¢¥ ª®«¨ç¥áâ¢ã ¥ã«¥¢ëå ¤¨ £® «ìëåí«¥¬¥â®¢ h11(t), . . . , hnn(t). �¡®§ ç¨¬ â ª�¥ ç¥à¥§ g(k−1)(t) ¢¥ªâ®à, á®-áâ®ïé¨© ¨§ k − 1 ¯¥à¢ëå ª®®à¤¨ â ¢¥ªâ®à  gk(t),   ç¥à¥§ h(k−1)(t) |¢¥ªâ®à, ®¡à §®¢ ë© ¨§ k − 1 ¯¥à¢ëå ª®®à¤¨ â ¢¥ªâ®à  hk−1(t).� ä®à¬ã«¨àã¥¬ëå ¨�¥ â¥®à¥¬ å 3.1 | 3.4 ¨ «¥¬¬¥ 3.2 ¥ ¯à¥¤¯®-« £ ¥âáï, çâ® rank K̂(n)(t) = n. �®«¥¥ â®£®, á®¤¥à� â¥«ìë© á¬ëá« íâ¨39



â¥®à¥¬ë ¨¬¥îâ, ª®£¤  rank K̂(n)(t) < n ¯à¨ ¢á¥å t ∈ [t0, t1℄, ® ®¨ ®áâ -îâáï ¢¥àë¬¨ ¨ ¯à¨ ¢ë¯®«¥¨¨ à ¢¥áâ¢  rank K̂(n)(t) = n.� ¥ ® à ¥ ¬   3.1. �á«¨ ¯à¨ ª �¤®¬ k = 1 . . . n «¨¡® hkk(t) ≡ 0  ®âà¥§ª¥ [t0, t1℄, «¨¡® hkk(t) 6= 0 ¤«ï «î¡®£® t ¨§ ¨â¥à¢ «  (t0, t1), â®¬ âà¨æ  K̂(n)(t) á®åà ï¥â à £ ¤«ï ¢á¥å t ∈ (t0, t1) ¨dim L̂(n)(t0, t1) = rank K̂(n)(t) = rank Ĥ(t).� ® ª   §   â ¥ « ì á â ¢ ® à §®¡ì¥¬   ¥áª®«ìª® ¯ãªâ®¢.1. �®ª �¥¬ â¥®à¥¬ã ¤«ï á¨áâ¥¬ë (3.1) á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨-æ¥© ¢â®à®£® ¯®àï¤ª . Ǒ®áâà®¨¬ ¬ âà¨æã Ĥ(t) = {h1(t), h2(t)}.�¥ªâ®à h2(t) ¯® ®¯à¥¤¥«¥¨î à ¢¥ b̂(t). �á«¨ h22(t) .= b̂2(t) ≡ 0 ¤«ï¢á¥å t ∈ (t0, t1), â® h1(t) .= h2(t). �á«¨, ªà®¬¥ â®£®, h11(t) = b̂1(t) ≡ 0,â®, ®ç¥¢¨¤®, çâ® dim L̂(2)(t0, t1) = rank K̂(2)(t) = rank Ĥ(t) = 0. �á«¨
h22(t) ≡ 0, h11(t) 6= 0 ¤«ï ¢á¥å t ∈ (t0, t1), â® rank K̂(2)(t) = rank Ĥ(t) ≡ 1¯à¨ t ∈ (t0, t1), ¨ ¨§ â¥®à¥¬ë 2.1 á«¥¤ã¥â, çâ® dim L̂(2)(t0, t1) = 1.Ǒà¥¤¯®«®�¨¬, çâ® äãªæ¨ï h22(t) ¥ ®¡à é ¥âáï ¢ ã«ì   ¨â¥à¢ «¥(t0, t1),  ©¤¥¬ ¢¥ªâ®à g2(t) = ol( b̂1(t)

b̂2(t), 1), â®£¤ 
h11(t) = (

â11(t)− â22(t)) b̂1(t)
b̂2(t) + â12(t)− d

dt

(
b̂1(t)
b̂2(t)), h22(t) = b̂2(t).�á«¨ h11(t) ≡ 0, â® rank Ĥ(t) ≡ 1, ¯®íâ®¬ã ¨§ (2.5) á«¥¤ã¥â â®�¤¥áâ¢®rank K̂(2)(t) ≡ 1 ¨ (¢ á¨«ã â¥®à¥¬ë 2.1) à ¢¥áâ¢® dim L̂(2)(t0, t1) = 1.�á«¨ ª®®à¤¨ âë h11(t) ¨ h22(t) ¥ ®¡à é îâáï ¢ ã«ì   ¨â¥à¢ «¥(t0, t1), â® rank Ĥ(t) ≡ 2 ¨ rank K̂(2)(t) ≡ 2. Ǒ®íâ®¬ã, ¢ á¨«ã â¥®à¥¬ë 1.2,à §¬¥à®áâì ¯à®áâà áâ¢  ã¯à ¢«ï¥¬®áâ¨ L̂(2)(t0, t1) à ¢  ¤¢ã¬. �«ï á¨-áâ¥¬ ¢â®à®£® ¯®àï¤ª  â¥®à¥¬  ¤®ª §  .2. Ǒãáâì â¥®à¥¬  ¢¥à  ¤«ï á¨áâ¥¬ ¯®àï¤ª  n − 1, â. ¥. ¢ë¯®«¥®á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥: ¥á«¨ ¤«ï ª �¤®£® k=1 . . . n−1, «¨¡® hªª(t)≡0«¨¡® hªª(t) ¥ ®¡à é ¥âáï ¢ ã«ì   (t0, t1), â® à £ ¬ âà¨æë K̂(n−1)(t)¯®áâ®ïë© ¤«ï ¢á¥å t∈(t0, t1) ¨dim L̂(n−1)(t0, t1) = rank K̂(n−1)(t) = rank Ĥ(n−1)(t) = r − 1,£¤¥ r | ¥ª®â®à®¥ ç¨á«®.�®ª �¥¬ ¯® ¨¤ãªæ¨¨, çâ® ®âáî¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë40



¤«ï á¨áâ¥¬ ¯®àï¤ª  n.Ǒãáâì hnn(t) .= b̂n(t) ≡ 0, â®£¤  hn−1(t) .= hn(t) ¨ ¢ë¯®«¥® à ¢¥áâ¢®rank Ĥn(t) = rank Ĥ(n−1)(t) = r − 1. �¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï
K̂(n)(t) á«¥¤ã¥â, çâ®rank K̂(n)(t) = rank K̂(n−1)(t) = r − 1 ¨rank Ŵ (n)(t0, t1) = rank Ŵ (n−1)(t0, t1) = r − 1.� ª¨¬ ®¡à §®¬, ¥á«¨ â¥®à¥¬  ¢¥à  ¤«ï á¨áâ¥¬ ¯®àï¤ª  n − 1 ¨
hnn(t) ≡ 0, â® ®  ¢¥à  ¤«ï á¨áâ¥¬ ¯®àï¤ª  n, ¯®íâ®¬ã ¢ ¤ «ì¥©è¥¬¡ã¤¥¬ ¯®« £ âì, çâ® hnn(t) 6= 0   (t0, t1).� ¬¥â¨¬, çâ® rank K̂(n)(t) ¥ ¨§¬¥¨âáï, ¥á«¨ äãªæ¨î b̂(t) ¤®¬®�¨âì  ¯à®¨§¢®«ìãî ®â«¨çãî ®â ã«ï áª «ïàãî äãªæ¨î. Ǒà¥¤áâ ¢¨¬
b̂(t) ¢ ¢¨¤¥ b̂(t) = gn(t)̂bn(t), £¤¥ gn(t) = ol( b̂1(t)

b̂n(t) . . . b̂n−1(t)b̂n(t) , 1). Ǒà¨ íâ®¬rank K̂(n)(t) .= rank(q̂0(t) . . . q̂n−1(t)) = rank(p0(t) . . . pn−1(t)), £¤¥
p0(t) = gn(t), . . . , pk(t) = Â(t)pk−1(t)− _pk−1(t), k = 1 . . . n− 1.� £ ¤ ®© ¬ âà¨æë ¥ ¨§¬¥¨âáï, ¥á«¨ ¨§ ¢â®à®£® áâ®«¡æ  ¢ëçâ¥¬

ânn(t)gn(t), ¨§ âà¥âì¥£® áâ®«¡æ  ¢ëçâ¥¬ ¢â®à®© áâ®«¡¥æ, ã¬®�¥ë©  
ânn(t) ¨ â. ¤. �®£¤  rank K̂(n)(t) = rank (d0(t) . . . dn−1(t)), £¤¥
d0(t) = gn(t), d1(t) = hn−1(t) . . .

dk(t) = (Â(t)− ânn(t)E)dk−1(t)− _dk−1(t), k = 2 . . . n− 1.� ¯®á«¥¤¥© áâà®ª¥ ¯®«ãç¥®© ¬ âà¨æë   ¯¥à¢®¬ ¬¥áâ¥ áâ®¨â ¥¤¨¨-æ , ¢á¥ ®áâ «ìë¥ | ã«¨, § ç¨â à £ ¬ âà¨æë K̂(n) ¬®�¥¬ ¢ëà §¨âìç¥à¥§ à £ ¬ âà¨æë K̂(n−1)(t) (®â¢¥ç îé¥© á¨áâ¥¬¥ 3.2) ¯®àï¤ª  n − 1á«¥¤ãîé¨¬ ®¡à §®¬:rank K̂(n)(t) = 1 + rank(q̂(n−1)0 (t) . . . q̂(n−1)n−2 (t)) = 1 + rank K̂(n−1)(t) = r,£¤¥ q̂(n−1)0 (t) | ¢¥ªâ®à à §¬¥à®áâ¨ (n − 1), ¯®«ãç îé¨©áï ¨§ ¢¥ªâ®à 
hn−1(t) = ol(h(n−1)(t), 0) ®â¡à áë¢ ¨¥¬ ¯®á«¥¤¥© ã«¥¢®© ª®®à¤¨ âë,â. ¥. q̂(n−1)0 (t) = h(n−1)(t), 41



q̂
(n−1)
k (t) = (Â(n−1)(t)− ânn(t)E(n−1))q̂(n−1)k−1 (t)− _̂q(n−1)k−1 (t), k = 1 . . . n− 2.3. �¡®§ ç¨¬ â(n−1)(t) = ol(â1n(t) . . . ân−1,n(t)). �®ª �¥¬, çâ® ¨¬¥¥â¬¥áâ® á«¥¤ãîé¥¥ à ¢¥áâ¢®
g(n−1)(t) = X(n−1)(t, t0)×

×

(∫ t

t0 X(n−1)(t0, s)(â(n−1)(s)− h(n−1)(s))ds+ g(n−1)(t0)) . (3.5)�â¬¥â¨¬, çâ® gn(t) ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë_gn = (
Â(t)− ânn(t)E)

gn − hn−1(t). (3.6)Ǒ®áª®«ìªã ¯®á«¥¤ïï ª®®à¤¨ â  ¢¥ªâ®à  gn(t) = ol(g(n−1)(t), 1) à ¢-  ¥¤¨¨æ¥, ¯®á«¥¤ïï ª®®à¤¨ â  ¢¥ªâ®à  hn−1(t) | ã«î,   ¬ âà¨æ 
Â(t)− ânn(t)E ¨¬¥¥â ¯®á«¥¤îî ã«¥¢ãî áâà®ªã, â®, à áá¬ âà¨¢ ï ¯¥à-¢ë¥ n − 1 ãà ¢¥¨© á¨áâ¥¬ë (3.6), ¯à¨¢¥¤¥¬ ¥¥ ª á«¥¤ãîé¥© á¨áâ¥¬¥¯®àï¤ª  n− 1_g(n−1) = (

Â(n−1)(t)− ânn(t)E(n−1))g(n−1) + â(n−1)(t)− h(n−1)(t).� á¨«ã â®£®, çâ® ¬ âà¨æ  �®è¨ á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®© á¨áâ¥-¬ë à ¢  X(n−1)(t, s), á®®â®è¥¨¥ (3.5) á«¥¤ã¥â ¨§ ä®à¬ã«ë ¢ à¨ æ¨¨¯à®¨§¢®«ìëå ¯®áâ®ïëå.4. � ©¤¥¬, ª ª á¢ï§ ë ¬ âà¨æë X(n)(t, s) ¨ X(n−1)(t, s). Ǒ®áª®«ìªãá¨áâ¥¬  (3.1) ¨¬¥¥â ¢¥àåîî âà¥ã£®«ìãî ¬ âà¨æã Â(t), â®, à¥è¨¢ ¯®-á«¥¤¥¥ ãà ¢¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë _x = Â(t)x, ¬®�¥¬ ¯¥à¥©â¨ ª á«¥-¤ãîé¥© ¥®¤®à®¤®© á¨áâ¥¬¥ ãà ¢¥¨© ¯®àï¤ª  n− 1 :_x = Â(n−1)(t)x+ â(n−1)(t) exp(∫ t

t0 ânn(τ)dτ).�¡®§ ç¨¬ ç¥à¥§ Y (n−1)(t, s) ¬ âà¨æã �®è¨ á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤-®© á¨áâ¥¬ë ¨ § ¬¥â¨¬, çâ®
Y (n−1)(t, s) = X(n−1)(t, s) exp(− ∫ s

t

ânn(τ)dτ),®âªã¤  ¯®«ãç ¥¬ 42



X(n)(t, s) =

Y (n−1)(t, s) −e

−
s∫
t

ânn(τ)dτ s∫
t

Y (n−1)(t, τ)â(n−1)(τ)e τ∫
t

ânn(θ)dθ

dτ0 exp(− s∫
t

ânn(t)dt)

=

= e
−

s∫
t

ânn(τ)dτ


X

(n−1)(t, s) −
s∫
t

X(n−1)(t, τ)â(n−1)(τ)dτ0 1 
 . (3.7)Ǒ®áª®«ìªã b̂(t) = gn(t)̂bn(t), ¨§ (3.5) ¨ (3.7)  ©¤¥¬

X(n)(t0, s)̂b(s) = exp(− ∫ s

t0 ânn(t)dt) ×

× b̂n(s)−
s∫

t0 X(n−1)(t0, t)h(n−1)(t)dt+ g(n−1)(t0)1 
 . (3.8)�áâ «®áì ¤®ª § âì á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥: ¥á«¨rank Ŵ (n−1)(t0, t1) = r − 1, â® rank Ŵ (n)(t0, t1) = r.� ª á«¥¤ã¥â ¨§ «¥¬¬ë (3.1), ¤«ï íâ®£® ¤®áâ â®ç® ¤®ª § âì, çâ® ¥á«¨¢¥ªâ®à X(n−1)(t0, s)h(n−1)(s) ¨¬¥¥â r − 1 «¨¥©® ¥§ ¢¨á¨¬ëå   [t0, t1℄ª®®à¤¨ â, â® ã ¢¥ªâ®à X(n)(t0, s)̂b(s) ª®«¨ç¥áâ¢® â ª¨å ª®®à¤¨ â à ¢®

r. Ǒ®á«¥¤¥¥ ãâ¢¥à�¤¥¨¥ ¢ë¯®«ï¥âáï ¢ á¨«ã â®£®, çâ® ç¨á«® «¨¥©®¥§ ¢¨á¨¬ëå ª®®à¤¨ â ã ¢¥ªâ®à®¢
X(n−1)(t0, s)h(n−1)(s) ¨ ∫ s

t0 X(n−1)(t0, t)h(n−1)(t)dtá®¢¯ ¤ ¥â,   ã ¢¥ªâ®à  X(n)(t0, s)̂b(s), ª ª á«¥¤ã¥â ¨§ á®®â®è¥¨ï (3.8),®® ã¢¥«¨ç¨¢ ¥âáï   ¥¤¨¨æã. �¥®à¥¬  ¤®ª §  .� ¥ ® à ¥ ¬   3.2. �á«¨ ¯à¨ ª �¤®¬ k = 1 . . . n «¨¡® hkk(t) ≡ 0  ®âà¥§ª¥ [t0, t1℄, «¨¡® äãªæ¨ï hkk(t) ¥ ®¡à é ¥âáï ¢ ã«ì ¤«ï «î¡®£® t ¨§¨â¥à¢ «  (t0, t1), â® ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) ï¢«ï¥âáï«¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢ g1(t0 + 0) . . . gn(t0 + 0) ¨, á«¥¤®¢ â¥«ì®,à §¬¥à®áâì ¯à®áâà áâ¢  L̂(t0, t1) á®¢¯ ¤ ¥â á ¬ ªá¨¬ «ìë¬ ç¨á«®¬«¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢ ¨§ ¬®�¥áâ¢  g1(t0 + 0) . . . gn(t0 + 0).43



� ® ª   §   â ¥ « ì á â ¢ ®. � ª á«¥¤ã¥â ¨§ â¥®à¥¬ë 3.1, ¥á«¨ ¯à¨ª �¤®¬ k = 1 . . . n äãªæ¨ï hkk(t) ≡ 0 ¨«¨ hkk(t) 6= 0 ¤«ï t ∈ (t0, t1), â®¬ âà¨æ  K̂(n)(t) á®åà ï¥â à £ ¤«ï ¢á¥å t ∈ (t0, t1) ¨ ¢ë¯®«¥® à ¢¥-áâ¢® dim L̂(n)(t0, t1) = rank K̂(n)(t) = rank Ĥ(t). � ¬¥â¨¬ â ª�¥, çâ® à £¬ âà¨æë G(t0) .= {g1(t0 + 0), . . . , gn(t0 + 0)} á®¢¯ ¤ ¥â á à £®¬ ¬ âà¨æë
Ĥ(t), ¯®íâ®¬ã ¢ á«ãç ¥ rank K̂(n)(t) = n ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë á«¥¤ã¥â¨§ â¥®à¥¬ë 3.1.�á«¨ rank K̂(n)(t) < n, ¤®ª § â¥«ìáâ¢® à §®¡ì¥¬   ¤¢  ¯ãªâ .1. �®ª �¥¬ â¥®à¥¬ã á ç «  ¤«ï á¨áâ¥¬ ¢â®à®£® ¯®àï¤ª . �á«¨ à £
G(2)(t0) à ¢¥ ã«î, ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ â¥®à¥¬ë 3.1.Ǒãáâì rankG(2)(t0) = 1, ¢ íâ®¬ á«ãç ¥

G(2)(t0) = (1 10 0) ¨«¨ G(2)(t0) = (0 g12(t0 + 0)0 1 )
.�¨¥©®© ®¡®«®çª®© ¢¥ªâ®à  ol(1, 0) ï¢«ï¥âáï ¯àï¬ ï x2 = 0,   «¨-¥©®© ®¡®«®çª®© ¢¥ªâ®à  g2(t0 + 0) = ol(g12(t0 + 0), 1) | ¯àï¬ ï

x1 = g12(t0 + 0)x2. Ǒ®ª �¥¬, çâ® ¢ ª �¤®¬ á«ãç ¥ ¯à®áâà áâ¢® ã¯à -¢«ï¥¬®áâ¨ L̂(2)(t0, t1) á®¢¯ ¤ ¥â á «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢ g1(t0+0)¨ g2(t0 + 0).� ¬¥â¨¬, çâ® ¬ âà¨æ  G(2)(t0)=(1 10 0) , ª®£¤  äãªæ¨ï b̂1(t) ¥ ®¡à -é ¥âáï ¢ ã«ì   ¨â¥à¢ «¥ (t0, t1),   b̂2(t) ≡ 0   [t0, t1℄. � ª ¯®ª § ®¢ â¥®à¥¬¥ 2.1, ¢ íâ®¬ á«ãç ¥ ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(2)(t0, t1) ¥§ ¢¨á¨â ®â â®ç¥ª t0, t1 ¨
L̂(2)(t0, t1) = L̂(2) = {x ∈ R

2 : x2 = 0}.�á«¨ G(2)(t0) = (0 g12(t0 + 0)0 1 )
, £¤¥ g12(t0 + 0) = ẑ(t0 + 0), äãªæ¨ï

ẑ(t) ®¯à¥¤¥«¥  à ¢¥áâ¢®¬ ẑ(t) = b̂1(t)
b̂2(t) , â®, ¯® â¥®à¥¬¥ 2.1, ¯à®áâà áâ¢®ã¯à ¢«ï¥¬®áâ¨ L̂(2)(t0, t1) ¥ § ¢¨á¨â ®â t1 ¨

L̂(2)(t0, t1) = L̂(2)(t0) = {x ∈ R
2 : x1 = g12(t0 + 0)x2}.2. Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï á¨áâ¥¬ë ¯®àï¤ª  n− 1 ¢ë¯®«¥® á«¥¤ãî-é¥¥ ãâ¢¥à�¤¥¨¥: ¥á«¨ ¤«ï ª �¤®£® k = 1 . . . n−1 ª®®à¤¨ â  hkk(t) ≡ 044



  [t0, t1℄ ¨«¨ hkk(t) 6= 0 ¤«ï «î¡®£® t ¨§ (t0, t1), â® ¯à®áâà áâ¢® ã¯à -¢«ï¥¬®áâ¨ L̂(n−1)(t0, t1) ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢
g
(n−1)1 (t0 + 0), . . . , g(n−1)n−1 (t0 + 0).�¥àå¨© ¨¤¥ªá (n− 1) §¤¥áì ãª §ë¢ ¥â   à §¬¥à®áâì á¨áâ¥¬ë.�®ª �¥¬, çâ® ®âáî¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ãâ¢¥à�¤¥¨ï â¥®à¥¬ë¤«ï á¨áâ¥¬ë ¯®àï¤ª  n, ¥á«¨ ¤«ï ª �¤®£® k = 1 . . . n äãªæ¨ï hkk(t) ≡ 0  [t0, t1℄ ¨«¨ hkk(t) 6= 0 ¤«ï «î¡®£® t ¨§ ¨â¥à¢ «  (t0, t1).� ª ¤®ª § ® ¢ â¥®à¥¬¥ 3.1, ¤«ï ¤ ®£® á«ãç ï à £ K̂(n−1)(t) ¯®áâ®-ïë© ¨ dim L̂(n−1)(t0, t1) = rank K̂(n−1)(t). Ǒà®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨

L̂(n−1)(t0, t1) § ¤ ¥âáï ¢ Rn−1 ¥ª®â®à®© á¨áâ¥¬®© ãà ¢¥¨© (áà¥¤¨ ª®â®-àëå ¬®£ãâ ¡ëâì ¨ ®¤¨ ª®¢ë¥)




α11x1 + · · ·+ α1,n−1xn−1 = 0,
. . . . . . . . . . . . . . . . . .

αn−1,1x1 + · · ·+ αn−1,n−1xn−1 = 0, (3.9)£¤¥ αij | ¯®áâ®ïë¥, i, j = 1 . . . n − 1. � á«ãç ¥ rank K̂(n−1)(t) = n− 1¢á¥ ª®íää¨æ¨¥âë αij = 0. Ǒ®áª®«ìªã, ¯® ¯à¥¤¯®«®�¥¨î ¨¤ãªæ¨¨,¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(n−1)(t0, t1) ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®©¢¥ªâ®à®¢ g(n−1)1 (t0 + 0), . . . , g(n−1)n−1 (t0 + 0), â® ª®®à¤¨ âë íâ¨å ¢¥ªâ®à®¢â ª�¥ ¤®«�ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ (3.9).�á«¨ hnn(t) ≡ 0, â® ¢¥ªâ®à gn(t0+0) à ¢¥ ol(g(n−1)n−1 (t0 + 0), 0) ¨ «¨¥©- ï ®¡®«®çª  ¢¥ªâ®à®¢ g1(t0+0), . . . , gn(t0+0) á®¢¯ ¤ ¥â á «¨¥©®© ®¡®-«®çª®© ¢¥ªâ®à®¢ ol(g(n−1)1 (t0 + 0), 0), . . . , ol(g(n−1)n−1 (t0 + 0), 0). � ¯®¬¨¬,çâ® ¢ á¨«ã â¥®à¥¬ë (1.1) ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(n)(t0, t1) ï¢«ï¥â-áï ®¡« áâìî § ç¥¨© «¨¥©®£® ¯à¥®¡à §®¢ ¨ï Ŵ (n)(t0, t1). Ǒ®áª®«ìªã¯à¨ hnn(t) ≡ 0 ¢ë¯®«¥® à ¢¥áâ¢®Im Ŵ (n)(t0, t1) = Im(
Ŵ (n−1)(t0, t1) 00 0) ,â® áà¥¤¨ ¢¥ªâ®à®¢, ¨§ ª®â®àëå á®áâ®¨â ®¡« áâì § ç¥¨© ®¯¥à â®à Im Ŵ (n)(t0, t1), ¥áâì ã«¥¢®© ¢¥ªâ®à,   ®áâ «ìë¥ ¢¥ªâ®àë ¯®«ãç îâ-áï ¤®¡ ¢«¥¨¥¬ ¯®á«¥¤¥© ã«¥¢®© ª®®à¤¨ âë ª ¢¥ªâ®à ¬, ¯à¨ ¤-«¥� é¨¬ Im Ŵ (n−1)(t0, t1). � ª¨¬ ®¡à §®¬, ¢ ¤ ®¬ á«ãç ¥ ¯à®áâà -áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(n)(t0, t1) ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢

g1(t0 + 0) . . . gn(t0 + 0). 45



�á«¨ ª®®à¤¨ â  hnn(t) ¥ ®¡à é ¥âáï ¢ ã«ì ¤«ï ¢á¥å t ∈ (t0, t1), â®,ª ª á«¥¤ã¥â ¨§ (3.8), ¢¥ªâ®à X(n)(t0, s)̂b(s) ¯à¨ ª �¤®¬ s ¯à®¯®àæ¨® «¥¢¥ªâ®àã 

−
s∫

t0 X(n−1)(t0, t)h(n−1)(t)dt+ g(n−1)(t0 + 0)1 

 .Ǒ®áª®«ìªã rank Ŵ (n)(t0, t1) < n, â®, á ãç¥â®¬ á¨¬¬¥âà¨¨ ¬ âà¨æë
Ŵ (n)(t0, t1), ¬¥�¤ã ¥¥ á®®â¢¥âáâ¢ãîé¨¬¨ áâà®ª ¬¨ ¨ áâ®«¡æ ¬¨ áãé¥-áâ¢ã¥â ®¤¨ ª®¢ ï (â. ¥. á ®¤¨ ª®¢ë¬¨ ª®áâ â ¬¨) «¨¥© ï § ¢¨-á¨¬®áâì, ¯à¨ç¥¬ â ª®© �¥ § ¢¨á¨¬®áâìî á¢ï§ ë ª®®à¤¨ âë ¢¥ªâ®à 
X(n)(t0, s)̂b(s). �â® ®§ ç ¥â, çâ® ª®®à¤¨ âë x

(n−1)1 , . . . , x
(n−1)
n−1 ¢¥ªâ®à 

X(n−1)(t0, s)h(n−1)(s) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (3.9), ª®â®à ï § ¤ ¥â ¯à®-áâà áâ¢® L̂(n−1)(t0, t1). � ©¤¥¬ á¢ï§ì ¬¥�¤ã ª®®à¤¨ â ¬¨ x1 . . . xn ¢¥ª-â®à  X(n)(t0, s)̂b(s). Ǒ®áª®«ìªã xk = x
(n−1)
k + gkn, k = 1 . . . n − 1 ¨ xn = 1,â® ª®®à¤¨ âë xk − gknxn, k = 1 . . . n − 1 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (3.9),¯®íâ®¬ã x1 . . . xn á¢ï§ ë á«¥¤ãîé¥© á¨áâ¥¬®© ãà ¢¥¨©





α11x1 + · · ·+ α1,n−1xn−1 − β1xn = 0,
. . . . . . . . . . . . . . . . . . . . . . . . . . .

αn−1,1x1+. . .+αn−1,n−1xn−1−βn−1xn=0, (3.10)£¤¥ ¯®áâ®ïë¥ β1 . . . βn−1  å®¤ïâáï ¨§ á®®â®è¥¨©
β1 = α11g1n + · · ·+ α1,n−1gn−1,n . . . βn−1 = αn−1,1g1n+. . .+αn−1,n−1gn−1,n.�¨áâ¥¬  (3.10) § ¤ ¥â ¢ Rn ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(n)(t0, t1).Ǒ®ª �¥¬, çâ® ¢¥ªâ®àë g1(t0 + 0), . . . , gn(t0 + 0) á®¤¥à� âáï ¢ íâ®¬ ¯à®-áâà áâ¢¥. Ǒ® ¯à¥¤¯®«®�¥¨î ¨¤ãªæ¨¨, ¢ ¯à®áâà áâ¢¥ L̂(n−1)(t0, t1) á®-¤¥à� âáï ¢¥ªâ®àë g

(n−1)1 (t0 + 0), . . . , g(n−1)n−1 (t0 + 0), â. ¥. ª®®à¤¨ âë íâ¨å¢¥ªâ®à®¢ ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (3.9), ¯®á«¥ ¤®¡ ¢«¥¨ï ¯®á«¥¤¥© ª®-®à¤¨ âë xn = 0 ®¨ ¡ã¤ãâ á®¤¥à� âáï ¢ L̂(n)(t0, t1). Ǒ®ïâ® â ª�¥, çâ®ª®®à¤¨ âë (g1n . . . gn−1,n, 1) ¢¥ªâ®à  gn(t0 + 0) ã¤®¢«¥â¢®àïîâ ª �¤®¬ããà ¢¥¨î á¨áâ¥¬ë (3.10), â. ¥. gn(t0 + 0) á®¤¥à�¨âáï ¢ L̂(n)(t0, t1). Ǒ®-áª®«ìªã L̂(n)(t0, t1) | «¨¥©®¥ ¯à®áâà áâ¢®, ¢ ¥¬ á®¤¥à�¨âáï «î¡ ï«¨¥© ï ª®¬¡¨ æ¨ï ¢¥ªâ®à®¢ g1(t0+0) . . . gn(t0+0). �à®¬¥ â®£®, ¢ á¨«ãà ¢¥áâ¢  dim L̂(n)(t0, t1) = rank{g1(t0 + 0) . . . gn(t0 + 0)},46



¢ ¯à®áâà áâ¢¥ L̂(n)(t0, t1) ¥ á®¤¥à� âáï ¢¥ªâ®àë, ¥ ¯à¨ ¤«¥� é¨¥ «¨-¥©®© ®¡®«®çª¥ g1(t0 + 0) . . . gn(t0 + 0). �¥®à¥¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 3.1. �á«¨   ®âà¥§ª¥ [t0, t1℄ áãé¥áâ¢ãîâ ¨§®«¨-à®¢ ë¥ â®çª¨ τ1 . . . τm, ¢ ª®â®àëå äãªæ¨ï hkk(t) ®¡à é ¥âáï ¢ ã«ì,â® ¢ á¨«ã ®£à ¨ç¥®áâ¨ äãªæ¨© hik(t)
hkk(t) , ¢ â®çª å τ1 . . . τm äãªæ¨¨

hik(t) â ª�¥ ®¡ï§ ë ®¡à é âìáï ¢ ã«ì. �«¥¤®¢ â¥«ì®, äãªæ¨¨ hk(t)¨ hkk(t) ®¡à é îâáï ¢ ã«ì ¢ ®¤¨å ¨ â¥å �¥ â®çª å, §  ¨áª«îç¥¨¥¬á«ãç ï, ª®£¤  hkk(t) ≡ 0   ¥ª®â®à®¬ ¨â¥à¢ «¥, ¯à¨ ¤«¥� é¥¬ [t0, t1℄.� ¥ ® à ¥ ¬   3.3. Ǒà¥¤¯®«®�¨¬, çâ® â®çª¨ τ1 . . . τm, £¤¥
t0 = τ0 < τ1 < · · · < τm < τm+1 = t1à §¡¨¢ îâ ¨â¥à¢ « (t0, t1)   ¨â¥à¢ «ë (τi, τi+1), i = 0 . . .m,   ª -�¤®¬ ¨§ ª®â®àëå «¨¡® hkk(t) 6= 0, «¨¡® hkk(t) ≡ 0. �®£¤  ¯à®áâà áâ¢®ã¯à ¢«ï¥¬®áâ¨ L̂(n)(t0, t1) ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢

X(τ0, τi)g1(τi + 0) . . .X(τ0, τi)gn(τi + 0), i = 0 . . .m.� ® ª   §   â ¥ « ì á â ¢ ®. � ¬¥â¨¬, çâ® ¯à®áâà áâ¢  ã¯à ¢«ï¥-¬®áâ¨ L̂(n)(τi, τi+1) ¤«ï ª �¤®£® ¨§ ®âà¥§ª®¢ [τi, τi+1℄, ª ª á«¥¤ã¥â ¨§ â¥®-à¥¬ë 3.2, ï¢«ïîâáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢ g1(τi+0) . . . gn(τi+0).� ©¤¥¬ á¢ï§ì ¬¥�¤ã ¯à®áâà áâ¢®¬ ã¯à ¢«ï¥¬®áâ¨ L̂(n)(t0, t1)   ®âà¥§-ª¥ [t0, t1℄ ¨ ¯à®áâà áâ¢ ¬¨ ã¯à ¢«ï¥¬®áâ¨ L̂(n)(τi, τi+1).Ǒà¥¤¯®«®�¨¬, çâ® â®çª  xi(τi) ¯à¨ ¤«¥�¨â L̂(n)(τi, τi+1). �®£¤   ©-¤¥âáï ¥ª®â®à®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ ui(t), t ∈ (τi, τi+1), ¯¥à¥¢®¤ïé¥¥¢ ¬®¬¥â τi+1 íâã â®çªã ¢ ã«ì, â. ¥.
xi(τi+1) = X(τi+1, τi)(∫ τi+1

τi

X(τi, t)̂b(t)ui(t)dt+ xi(τi)) = 0.Ǒ®ª �¥¬, çâ® ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(n)(t0, t1) á®áâ®¨â ¨§ â®ç¥ª
x(t0) = m∑

i=0 ciX(τ0, τi)xi(τi), £¤¥ ci | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥. �«ï íâ®£®  ®âà¥§ª¥ [t0, t1℄ ¯®áâà®¨¬ ã¯à ¢«¥¨¥
u(t) = 




c0u0(t), t ∈ (τ0, τ1),
. . . . . . . . .

cmum(t), t ∈ (τm, τm+1).47



Ǒà¥¤¯®«®�¨¬ ¤«ï ®¯à¥¤¥«¥®áâ¨, çâ® ¢ ª �¤®© â®çª¥ à §àë¢  τi § -ç¥¨¥ ã¯à ¢«¥¨ï u(t) à ¢® ¯à¥¤¥«ã á«¥¢ : u(τi) = u(τi − 0), i = 1 . . .m¨ çâ® ã¯à ¢«¥¨ï u(t) ¥¯à¥àë¢® ¢ ª®æ å ®âà¥§ª  [t0, t1℄.Ǒ®ª �¥¬, çâ® ¯®¤ ¤¥©áâ¢¨¥¬ ¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï u(t) â®çª  x(t1)¯à¨å®¤¨â ¢ ã«ì.
x(t1) = X(t1, t0)(∫ t1

t0 X(t0, t)̂b(t)u(t)dt+ x(t0)) =
= X(t1, t0) m∑

i=0 (∫ τi+1
τi

X(t0, t)̂b(t)ciui(t)dt+ ciX(τ0, τi)xi(τi)) == X(t1, t0) m∑

i=0 ciX(τ0, τi)(∫ τi+1
τi

X(τi, t)̂b(t)ui(t)dt+ xi(τi)) = 0.�¥®à¥¬  ¤®ª §  .� ¥ ¬ ¬   3.2. Ǒà¥¤¯®«®�¨¬, çâ® â®çª¨ τ1 . . . τm, £¤¥
t0 = τ0 < τ1 < · · · < τm < τm+1 = t1à §¡¨¢ îâ ¨â¥à¢ « (t0, t1)   ¨â¥à¢ «ë (τi, τi+1), i = 0 . . .m,   ª -�¤®¬ ¨§ ª®â®àëå «¨¡® hkk(t) 6= 0, «¨¡® hkk(t) ≡ 0.�®£¤  ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(n)(t0, t1) ï¢«ï¥âáï «¨¥©®©®¡®«®çª®© ¢¥ªâ®à®¢

g1(τ0 + 0) . . . gn(τ0 + 0), X(τ0, τi)(g1(τi + 0)− g1(τi − 0)) . . .
X(τ0, τi)(gn(τi + 0)− gn(τi − 0)), i = 1 . . .m.� ® ª   §   â ¥ « ì á â ¢ ®. �¥ªâ®àëX(τ0, τ1)gk(τ1+0), k = 1 . . . n¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

X(τ0, τ1)(gk(τ1 + 0)− gk(τ1 − 0))+X(τ0, τ1)gk(τ1 − 0)¨ ¯®ª �¥¬, çâ® ¢¥ªâ®àX(τ0, τ1)gk(τ1−0) ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥©¢¥ªâ®à®¢ g1(τ0 + 0) . . . gk(τ0 + 0).� ¬¥â¨¬, çâ® ã ¢¥ªâ®à®¢ gk(τ0 + 0) ¨ gk(τ1 − 0) ¯®á«¥¤¨¥ n− k ª®®à-¤¨ â ï¢«ïîâáï ã«¥¢ë¬¨. �à®¬¥ â®£®, ¯®áª®«ìªã äãªæ¨ï hkk(t) ≡ 048



¨«¨ hkk(t) 6= 0   (τ0, τ1), â® ¤«ï ¢á¥å t ¨§ ¨â¥à¢ «  (τ0, τ1) ¢ë¯®«¥-® á®®â®è¥¨¥ gkk(t) = gkk(τ0 + 0) = gkk(τ1 − 0). �«¥¤®¢ â¥«ì®, ¯®-áª®«ìªã ã ¢¥ªâ®à  g1(t) ¬®�¥â ¡ëâì â®«ìª® ®¤  ¥ã«¥¢ ï ª®®à¤¨ -â , â® g1(t) ¯®áâ®ïë©   ¨â¥à¢ «¥ (τ0, τ1) ¨ g1(τ0 + 0) = g1(τ1 − 0).Ǒ®áª®«ìªã ¬ âà¨æ  X(τ0, τ1) | ¢¥àåïï âà¥ã£®«ì ï, â® ã ¢¥ªâ®à 
X(τ0, τ1)g1(τ1− 0) ¯®á«¥¤¨¥ n− 1 ª®®à¤¨ â â ª�¥ à ¢ë ã«î. Ǒ¥à¢ ïª®®à¤¨ â  X(τ0, τ1)g1(τ1−0) ¥ à ¢  ã«î, ª®£¤  ¢ë¯®«¥® à ¢¥áâ¢®
g11(τ0+0) = g11(τ1−0) = 1. � ª¨¬ ®¡à §®¬, ¤«ï ¢á¥å t ¨§ ¨â¥à¢ «  (τ0, τ1)¢¥ªâ®àë g1(τ0 + 0), X(τ0, τ1)g1(τ1 − 0) ¨ X(τ0, t)g1(t) ¯à®¯®àæ¨® «ìë.Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï ¥ª®â®à®£® ®¬¥à  k − 1 ¨ ¤«ï ª �¤®£® t ¨§¨â¥à¢ «  (τ0, τ1) ¢¥ªâ®à X(τ0, t)gk−1(t) ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥©¢¥ªâ®à®¢ g1(τ0 + 0) . . . gk−1(τ0 + 0), â. ¥. áãé¥áâ¢ãîâ áª «ïàë¥ äãªæ¨¨
c1(t) . . . ck−1(t), ®¤®¢à¥¬¥® ¥ à ¢ë¥ ã«î â ª¨¥, çâ®

X(τ0, t)gk−1(t) = c1(t)g1(τ0 + 0) + · · ·+ ck−1(t)gk−1(τ0 + 0).�®ª �¥¬, çâ® ®âáî¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì   «®£¨ç®£® ãâ¢¥à-�¤¥¨ï ¤«ï ¯à®¨§¢®«ì®£® k 6 n.�á«¨ gkk(t) = 1 ¤«ï t ∈ (τ0, τ1), â®
X(τ0, t)gk(t) = ol(X(k)(τ0, t), 0 . . .0)gk(t).� á¨«ã á®®â®è¥¨ï (3.8) ¯®«ãç ¥¬

X(τ0, t)gk(t) = exp(− ∫ t

τ0 âkk(s)ds){
gk(τ0 + 0) ++ ol(−

∫ t

τ0 X(k−1)(τ0, s)h(k−1)(s)ds, 0 . . .0)} ==exp(−∫ t

τ0 âkk(s)ds)(gk(τ0+0)− k−1∑

i=1 gi(τ0+0)∫ t

τ0hk−1,k−1(s)ci(s)ds). (3.11)Ǒ®áª®«ìªã ¯à¨ ä¨ªá¨à®¢ ®¬ t = τ1 ¢á¥ ¨â¥£à «ë, ¢å®¤ïé¨¥ ¢(3.11), ï¢«ïîâáï ¯®áâ®ïë¬¨ (§ ¢¨áïé¨¬¨ ®â τ1), â® X(τ0, τ1)gk(τ1 − 0)ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ g1(τ0 + 0) . . . gk(τ0 + 0).�á«¨ gkk(τ0 + 0) = gkk(τ1 − 0) = 0, â®, ¯® ®¯à¥¤¥«¥¨î, gk(t) = gk−1(t)¨ ¢¥ªâ®à X(τ0, τ1)gk(τ1 − 0) ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢
g1(τ0 + 0) . . . gk−1(τ0 + 0). 49



� «®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï, çâ® ¤«ï «î¡®£® k = 1 . . . n¢¥ªâ®à X(τ0, τm)gk(τm − 0) ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢
X(τ0, τm−1)gi(τm−1 + 0), i = 1 . . . k. �¥¬¬  ¤®ª §  .� ¥ ® à ¥ ¬   3.4. Ǒãáâì ¤«ï ¢á¥å t ∈ [t0, t1℄ ¢ë¯®«¥ë á«¥¤ãî-é¨¥ ãá«®¢¨ï: ) â®çª¨ τ1 . . . τm, £¤¥ t0 = τ0 < τ1 < · · · < τm < τm+1 = t1, à §¡¨¢ -îâ ¨â¥à¢ « (t0, t1)   ¨â¥à¢ «ë (τi, τi+1), i = 0 . . .m,   ª �¤®¬ ¨§ª®â®àëå «¨¡® hkk(t) 6= 0, «¨¡® hkk(t) ≡ 0.¡) äãªæ¨¨ gk(t) ¥¯à¥àë¢ë ¨«¨ ¨¬¥îâ ãáâà ¨¬ë¥ à §àë¢ë (§ ¢®§¬®�ë¬ ¨áª«îç¥¨¥¬ ª®¥ç®£® ç¨á«  â®ç¥ª à §àë¢  ¯¥à¢®£® à®¤ 
ϑ1 . . . ϑp , ¢ ª®â®àëå gk(ϑi − 0) 6= gk(ϑi + 0) ¤«ï ¥ª®â®àëå k = 1 . . . n).�®£¤  ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(t0, t1) á®¢¯ ¤ ¥â á «¨¥©®©®¡®«®çª®© ¢¥ªâ®à®¢

g1(ϑ0 + 0) . . . gn(ϑ0 + 0), X(ϑ0, ϑi)(g1(ϑi + 0)− g1(ϑi − 0)) . . .
X(ϑ0, ϑi)(gn(ϑi + 0)− gn(ϑi − 0)), i = 1 . . . p.� ® ª   §   â ¥ « ì á â ¢ ®. �«¥¤ã¥â ¨§ «¥¬¬ë (3.2), ¯®áª®«ìªã¤«ï â®ç¥ª ãáâà ¨¬®£® à §àë¢  ¢ë¯®«¥® à ¢¥áâ¢®

gk(τi + 0)− gk(τi − 0) = 0, i = 1 . . .m.Ǒ à ¨ ¬ ¥ à 3.1. �áá«¥¤ã¥¬ ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë_x = Â(t)x+ ub̂(t), £¤¥
Â(t) = 


1 0 10 2 et0 0 1

 , b̂(t) = ol(t3et, t4et, t3), t ∈ [−1, 1℄.Ǒ®áâà®¨¬ ¬ âà¨æã Ĥ(t) = {h1(t), h2(t), h3(t)}, ã ª®â®à®© h3(t) = b̂(t),â®£¤  g3(t) = ol(et, tet, 1), ¨§ (3.4)  å®¤¨¬
h2(t)=


0 0 10 1 et0 0 0




et

tet1 
 −




et

et(t+ 1)0 
=


1− et00 

.
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Ǒ®áª®«ìªã ¢¥ªâ®à h2(t) ¨¬¥¥â ¢â®àãî ª®®à¤¨ âã h22(t), à ¢ãî ã«î,â® h1(t) = h2(t), ¯®íâ®¬ã
Ĥ(t) = 


1− et 1− et t3et0 0 t4et0 0 t3 

 ,®âªã¤  ¯®«ãç ¥¬ g1(t) = g2(t) = ol(1, 0, 0).�ç¥¢¨¤®, çâ® ¤«ï ¢á¥å t ¨§ ®âà¥§ª  [−1, 1℄, ªà®¬¥ t = 0, à £ ¬ âà¨æë
Ĥ(t) à ¢¥ ¤¢ã¬. � ©¤¥¬ â ª�¥

K̂(t) = 

t3et t3 − 3t2et 2t3 − 6t2 + 6tet

t4et et(t4 − 3t3) et(t4 − 6t3 + 6t2)
t3 t3 − 3t2 t3 − 6t2 + 6t 

 .� ¬¥â¨¬, çâ® ã ¬ âà¨æë K̂(t) ¢â®à ï ¨ âà¥âìï áâà®ª¨ ¯à®¯®àæ¨® «ì-ë, ¯®íâ®¬ã rank K̂(t) = 2 ¤«ï t ∈ [−1, 0)⋃ (0, 1℄.�â®¡ë  ©â¨ à £ ¬ âà¨æë Ŵ (t0, t1), á®£« á® «¥¬¬¥ (3.1), ¤®áâ -â®ç® ¯®áç¨â âì ª®«¨ç¥áâ¢® «¨¥©® ¥§ ¢¨á¨¬ëå ª®®à¤¨ â ¢¥ªâ®à 
X̂(t0, s)̂b(s), ¯®íâ®¬ã  ©¤¥¬

X̂(−1, s)̂b(s) = 

e−1−s 0 (−1− s)e−1−s0 e−2−2s (−1− s)e−2−s0 0 e−1−s






s3es

s4es

s3 
 ,

X̂(−1, s)̂b(s) = 

e−1(s3 − (1 + s)s3e−s)

−s3e−2−s

s3e−1−s


 .�ç¥¢¨¤®, çâ® ã ¢¥ªâ®à  X̂(−1, s)̂b(s) ¢â®à ï ¨ âà¥âìï ª®®à¤¨ âë«¨¥©® § ¢¨á¨¬ë, ¯®íâ®¬ã rank Ŵ (−1, 1) = 2, â. ¥. á¨áâ¥¬  ¥ ï¢«ï¥âáï¢¯®«¥ ã¯à ¢«ï¥¬®©. Ǒ®áâà®¨¬ ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ ¤ ®© á¨-áâ¥¬ë. �«ï íâ®£®  ©¤¥¬ â¥ ¢¥ªâ®àë x ¨§ R3, ª®â®àë¥ ¯à¨ ¤«¥� â ®¡« -áâ¨ § ç¥¨© ®¯¥à â®à  Ŵ (−1, t) ¯à¨ ¥ª®â®àëå t, â. ¥. x = Ŵ (−1, t)zx,£¤¥ zx ∈ R

3. Ǒ®áª®«ìªã ã ¢¥ªâ®à  X(−1, s)̂b(s) ¢â®à ï ¨ âà¥âìï ª®®à¤¨- âë «¨¥©® § ¢¨á¨¬ë, â ª ï �¥ § ¢¨á¨¬®áâì ¡ã¤¥â ¨ ¬¥�¤ã ª®®à¤¨ -â ¬¨ ¢¥ªâ®à  x, â. ¥. x2 = −e−1x3. Ǒ®íâ®¬ã ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨
L̂(−1, 1) | íâ® ¯«®áª®áâì x2 + e−1x3 = 0 ¢ R3.51



�á¯®«ì§ãï à¥§ã«ìâ â â¥®à¥¬ë 3.4, ¯®áâà®¨¬ ¯à®áâà áâ¢® ã¯à ¢«ï-¥¬®áâ¨ L̂(−1, 1), ¥ ¢ëç¨á«ïï ¬ âà¨æã Ŵ (−1, 1). Ǒ®áª®«ìªã äãªæ¨¨
gk(t) ¥¯à¥àë¢ë, ¤®áâ â®ç®  ©â¨ «¨¥©ãî ®¡®«®çªã ¢¥ªâ®à®¢

g1(−1) = g2(−1) = ol(1, 0, 0) ¨ g3(−1) = ol(e−1,−e−1, 1).�¥âàã¤® ¯®áç¨â âì, çâ® ¥î ï¢«ï¥âáï ¯«®áª®áâì x2 + e−1x3 = 0.Ǒ à ¨ ¬ ¥ à 3.2. � áá¬®âà¨¬ á¨áâ¥¬ã _x = Â(t)x + ub̂(t), £¤¥ Â(t)| ¬ âà¨æ  ¨§ ¯à¨¬¥à  (3.1),
b̂(t) = ol(t3et, t4et, t3), t ∈ [−1, 0℄,

b̂(t) = ol(t3, t3, 0), t ∈ (0, 1℄.� ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥  è«¨, çâ® ¤«ï t ∈ [−1, 0) ¢ë¯®«¥® á®®â®-è¥¨¥ rank Ĥ(t) = rank K̂(t) = 2 ¨ rank Ŵ (−1, 0) = 2.� ©¤¥¬ ¬ âà¨æë Ĥ(t) ¨ K̂(t) ¤«ï t ∈ (0, 1℄. Ǒ®áª®«ìªã h33(t) ≡ 0, â®
h2(t) = h3(t) = ol(t3, t3, 0), g2 = ol(1, 1, 0),¨ á®£« á® (3.4),
h1(t) = 


−1 0 00 0 00 0 0


110 −



000 = 


−100 

 .� ©¤¥¬ ¬ âà¨æë
Ĥ(t) = 


−1 t3 t30 t3 t30 0 0

 , K̂(t) = 

t3 t3 − 3t2 t3 + 6t
t3 2t3 − 3t2 4t3 + 6t0 0 0 

 .�ç¥¢¨¤®, çâ® à £ ¬ âà¨æ Ĥ(t) ¨ K̂(t) à ¢¥ ¤¢ã¬ ¯à¨ t 6=0. �¥ªâ®à
X(0, s)b(s) = ol(s3e−s, s3e−2s, 0) ¨¬¥¥â ¤¢¥ «¨¥©® ¥§ ¢¨á¨¬ë¥ ª®®à¤¨- âë, ¯®íâ®¬ã rankW (0, 1) = 2.Ǒ®ª �¥¬, çâ® ¤  ï á¨áâ¥¬  ¢¯®«¥ ã¯à ¢«ï¥¬ . � ©¤¥¬

g2(0− 0) = ol(1, 0, 0), g2(0 + 0) = ol(1, 1, 0) ¨
g3(0− 0) = ol(1, 0, 1), g3(0 + 0) = ol(1, 1, 0).52



� ¬¥â¨¬, çâ® äãªæ¨¨ g2(t) ¨ g3(t) ¨¬¥îâ ¢ ã«¥ ¥ãáâà ¨¬ë© à §-àë¢ ¯¥à¢®£® à®¤ , g1(t) | ¥¯à¥àë¢ ï äãªæ¨ï ¨ g1(−1+0) = g2(−1+0),¯®íâ®¬ã ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(−1, 1) ï¢«ï¥âáï «¨¥©®© ®¡®-«®çª®© ¢¥ªâ®à®¢
g2(−1+0), g3(−1+0),X(−1, 0)(g2(0+0)−g2(0−0)),X(−1, 0)(g3(0+0)−g3(0−0)).Ǒ®áª®«ìªã ¢¥ªâ®àë g2(−1+ 0) = ol(e−1,−e−1, 1), g3(−1+ 0) = ol(1, 0, 0)¨ X(−1, 0)(g2(0 + 0) − g2(0 − 0)) = ol(0, e−2, 0) «¨¥©® ¥§ ¢¨á¨¬ë, â®¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(−1, 1) á®¢¯ ¤ ¥â á R3.Ǒ à ¨ ¬ ¥ à 3.3. � áá¬®âà¨¬ á¨áâ¥¬ã _x = Â(t)x+ub̂(t)   ®âà¥§ª¥¢à¥¬¥¨ [−1, 1℄, £¤¥ Â(t) = 


1 0 10 2 et0 0 1

 ,

b̂(t) = ol(t4, t4et, t3), t ∈ [−1, 0℄,
b̂(t) = ol(t4, t3(t+ 1)et, t3), t ∈ (0, 1℄.Ǒ®áâà®¨¬ ¯à®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(−1, 1) ¤«ï ¤ ®© á¨áâ¥¬ë¨ ¯®ª �¥¬, ª ª ®® á¢ï§ ® á ¯à®áâà áâ¢ ¬¨ ã¯à ¢«ï¥¬®áâ¨ L̂(−1, 0) ¨

L̂(0, 1) ¤«ï ®â¤¥«ìëå ®âà¥§ª®¢ [−1, 0℄ ¨ [0, 1℄. �«ï íâ®£®  ©¤¥¬ á ç « ¬ âà¨æë Ĥ(t) ¤«ï t ∈ [−1, 0℄ ¨ t ∈ [0, 1℄.�á«¨ t ¯à¨ ¤«¥�¨â ®âà¥§ªã [−1, 0℄, â® h2(t) = ol(0, 0, 0),
Ĥ(t) = 


0 0 t40 0 t4et0 0 t3 

 .�«ï t ∈ [0, 1℄ ¬ âà¨æ  Ĥ(t) § ¤ ¥âáï á®®â®è¥¨¥¬
Ĥ(t) = 


0 0 t40 0 t3(t+ 1)et0 0 t3 

.Ǒ®áª®«ìªã h3(0) = 0,  ©¤¥¬
g3(0− 0) = ol(0, 0, 1) ¨ g3(0 + 0) = ol(0, 1, 1),á«¥¤®¢ â¥«ì®, â®çª  t = 0 ï¢«ï¥âáï â®çª®© à §àë¢  ¯¥à¢®£® à®¤  äãª-æ¨¨ g3(t) ¨ g3(0− 0) 6= g3(0 + 0). 53



�á«¨ à áá¬ âà¨¢ âì á¨áâ¥¬ã   ®âà¥§ª¥ ¢à¥¬¥¨ [−1, 0℄, â® ¯à®áâà -áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(−1, 0) ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à 
g3(−1 + 0) = ol(−1,−e−1, 1),â. ¥. ¯àï¬®© x2 = e−1x1, x3 = −x1. �«ï ®âà¥§ª  [0, 1℄ ¯à®áâà áâ¢® ã¯à -¢«ï¥¬®áâ¨ L̂(0, 1) | «¨¥© ï ®¡®«®çª  ¢¥ªâ®à  g3(0 + 0) = ol(0, 1, 1),â. ¥. ¯àï¬ ï x1 = 0, x3 = x2.Ǒà®áâà áâ¢® ã¯à ¢«ï¥¬®áâ¨ L̂(−1, 1), ¢ á¨«ã â¥®à¥¬ë 3.4,  ©¤¥¬ª ª «¨¥©ãî ®¡®«®çªã ¢¥ªâ®à®¢ g3(−1+0), X(−1, 0)g3(0+0). �«ï íâ®£®¢ëç¨á«¨¬ X(−1, 0)g3(0 + 0) = ol(−e−1, 0, e−1) ¨ ®¯à¥¤¥«¨¬ ¯«®áª®áâì,á®¤¥à� éãî ¢¥ªâ®àë g3(−1 + 0) ¨ X(−1, 0)g3(0 + 0). �î ï¢«ï¥âáï ¯«®á-ª®áâì x1 + x3 = 0. �â®¡ë ¯à®¢¥à¨âì ¯®«ãç¥ë© à¥§ã«ìâ â, ¢ëç¨á«¨¬¬ âà¨æã � «¬   Ŵ (−1, 1), ¨á¯®«ì§ãï á®®â®è¥¨¥ (2.14):

Ŵ (−1, 1) =


1∫
−1 s6e−2s−2ds 0∫

−1 s6e−2s−3ds −
1∫

−1 s6e−2s−2ds0∫
−1 s6e−2s−3ds 0∫

−1 s6e−2s−4ds −
0∫

−1 s6e−2s−3ds
−

1∫
−1 s6e−2s−2ds −

0∫
−1 s6e−2s−3ds 1∫

−1 s6e−2s−2ds



.

�®�® § ¬¥â¨âì, çâ® ¯¥à¢ ï ¨ âà¥âìï áâà®ª¨ ¬ âà¨æë Ŵ (−1, 1) ¯à®-¯®àæ¨® «ìë, à £ ¤ ®© ¬ âà¨æë à ¢¥ à ¢¥ ¤¢ã¬,   ¯à®áâà áâ¢®¬ã¯à ¢«ï¥¬®áâ¨ ï¢«ï¥âáï ¯«®áª®áâì x1 + x3 = 0.
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�« ¢  2. �áâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì ¥«¨¥©®©¥áâ æ¨® à®© á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª � ¤ ®© £« ¢¥ ¨§ãç îâáï ãá«®¢¨ï «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¨ ãáâ®©-ç¨¢®© «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª _x=f0(x, t)+uf1(x, t), (x, t) ∈ R
3, u ∈ [−1, 1℄¢ óªà¨â¨ç¥áª®¬ á«ãç ¥�, â. ¥. ¢ á«ãç ¥, ª®£¤  á¨áâ¥¬  «¨¥©®£® ¯à¨¡«¨-�¥¨ï ¥ ï¢«ï¥âáï «®ª «ì® ã¯à ¢«ï¥¬®©.Ǒ®«ãç¥ë ¤®áâ â®çë¥ ¨ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ãáâ®©ç¨¢®© ã¯à ¢«ï-¥¬®áâ¨   ®âà¥§ª¥ [t0, t1℄ á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª  ¢ óªà¨â¨ç¥áª®¬ á«ã-ç ¥�.
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§4. � §«¨çë¥ â¨¯ë «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨� ¤ ®¬ ¯ à £à ä¥ áà ¢¨¢ îâáï à §«¨çë¥ ¢¨¤ë «®ª «ì®© ã¯à ¢«ï-¥¬®áâ¨ ¤«ï ¥áâ æ¨® àëå á¨áâ¥¬. �®ª § ë â ª�¥ ¥ª®â®àë¥ ¢á¯®¬®-£ â¥«ìë¥ ãâ¢¥à�¤¥¨ï.� áá¬®âà¨¬ á¨áâ¥¬ã_x=f0(x, t)+uf1(x, t), (x, t) ∈ R
3, u ∈ [−1, 1℄. (4.1)Ǒà¥¤¯®« £ ¥âáï, çâ® f0(0, t) = 0, f1(0, t) 6= 0 ¤«ï ¢á¥å t ∈ R ¨ äãªæ¨¨

f0(x, t), f1(x, t) ï¢«ïîâáï   «¨â¨ç¥áª¨¬¨ äãªæ¨ï¬¨ ¢ R
3.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 4.1. �®¯ãáâ¨¬ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (4.1)á  ç «ìë¬ ãá«®¢¨¥¬ x(t0)=x0  §ë¢ ¥âáï  ¡á®«îâ® ¥¯à¥àë¢ ï¢¥ªâ®à-äãªæ¨ï x=x(t, x0, t0), t∈ I0, ª®â®à ï ¯®çâ¨ ¢áî¤ã   I0⊂R ã¤®-¢«¥â¢®àï¥â á¨áâ¥¬¥ (4.1) ¯à¨ ¥ª®â®à®¬ ¤®¯ãáâ¨¬®¬ ã¯à ¢«¥¨¨, â. ¥.¨§¬¥à¨¬®© äãªæ¨¨ u : R → [−1, 1℄.Ǒ®¤ I0 = I0(u(·)) §¤¥áì ¯®¨¬ ¥âáï ¬ ªá¨¬ «ìë© ¨â¥à¢ « áãé¥áâ¢®-¢ ¨ï à¥è¥¨ï § ¤ ç¨ �®è¨ _x = f0(x, t) + u(t)f1(x, t), x(t0) = x0.�à ¥ªâ®à¨î ¤®¯ãáâ¨¬®£® à¥è¥¨ï x = x(t, x0, t0), t ∈ I0 ¢ R3 ¡ã¤¥¬ §ë¢ âì ¤®¯ãáâ¨¬®© âà ¥ªâ®à¨¥© á¨áâ¥¬ë (4.1) ¨ ®¡®§ ç âì γ(x0, t0),â.¥. γ(x0, t0) .={(x, t) : x=x(t, x0, t0), t∈I0}. � ¯à ¢«¥¨¥ ¤¢¨�¥¨ï ¢¤®«ìâà ¥ªâ®à¨¨ ¯à¨ ¢®§à áâ ¨¨ t  §®¢¥¬ ¯®«®�¨â¥«ìë¬.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 4.2. �¨áâ¥¬  (4.1)  §ë¢ ¥âáï «®ª «ì® ã¯-à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄, ¥á«¨ áãé¥áâ¢ã¥â ε > 0, çâ® ¤«ï ª �¤®© â®ç-ª¨ x0 ∈ O2

ε  ©¤¥âáï ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t), t ∈ [t0, t1℄ á¨áâ¥¬ë (4.1),ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬: x(t0) = x0, x(t1) = 0.�¨áâ¥¬  (4.1)  §ë¢ ¥âáï «®ª «ì® ã¯à ¢«ï¥¬®© ¢ â®çª¥ t0, ¥á«¨ ® «®ª «ì® ã¯à ¢«ï¥¬    ¥ª®â®à®¬ ®âà¥§ª¥ [t0, t1℄.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 4.3. �¨â¥¬  (4.1)  §ë¢ ¥âáï ãáâ®©ç¨¢®«®ª «ì® ã¯à ¢«ï¥¬®© ¨«¨ ¯à®áâ® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥[t0, t1℄, ¥á«¨ ¤«ï «î¡®£® ε>0  ©¤¥âáï δ = δ(ε) > 0, çâ® ¤«ï ª �¤®© â®ç-ª¨ x0 ∈ O2
δ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) á¨áâ¥¬ë (4.1), ã¤®¢«¥-â¢®àïîé¥¥ ãá«®¢¨ï¬: x(t0) = x0, x(t1) = 0, |x(t)| < ε ¤«ï ¢á¥å t ∈ [t0, t1℄.�¨áâ¥¬  (4.1)  §ë¢ ¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®© ¢ â®çª¥ t0, ¥á«¨¤«ï «î¡®£® ε > 0  ©¤ãâáï â ª¨¥ δ = δ(ε) > 0 ¨ t1 > t0, çâ® ¤«ï ª -�¤®© â®çª¨ x0 ∈O2

δ áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) á¨áâ¥¬ë (4.1),56



ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬: x(t0) = x0, x(t1) = 0, |x(t)| < ε ¤«ï ¢á¥å
t ∈ [t0, t1℄.�ç¥¢¨¤®, çâ® ¥á«¨ á¨áâ¥¬  (4.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ , â® ®  «®-ª «ì® ã¯à ¢«ï¥¬ . �¡à â®¥ ¥¢¥à®, á®®â¢¥âáâ¢ãîé¨© ¯à¨¬¥à ¯à¨¢¥-¤¥ ¢ è¥áâ®¬ ¯ à £à ä¥.� àï¤ã á á¨áâ¥¬®© (4.1) à áá¬®âà¨¬ á¨áâ¥¬ë_x = f0(x, t) + f1(x, t), (4.2)_x = f0(x, t)− f1(x, t), (4.3)®â¢¥ç îé¨¥ ã¯à ¢«¥¨ï¬ u ≡ 1 ¨ u ≡ −1 á®®â¢¥âáâ¢¥® ¨ á¨áâ¥¬ã«¨¥©®£® ¯à¨¡«¨�¥¨ï ¤«ï á¨áâ¥¬ë (4.1)_y = A(t)y + b(t)u, (4.4)£¤¥ A(t) = ∂f0(x, t)

∂x

∣∣∣
x=0, b(t) = f1(0, t).Ǒ®-¯à¥�¥¬ã ¬ âà¨æ  K(t) .=(b(t), A(t)b(t)− _b(t)). �§¢¥áâ®, çâ® ¥á«¨ ©¤¥âáï â ª ï â®çª  τ ∈R, çâ® rankK(τ)=2, â® á¨áâ¥¬  (4.4) ï¢«ï¥âáï«®ª «ì® ã¯à ¢«ï¥¬®© ¢ «î¡®© ª®¥ç®© â®çª¥ t0<τ (á¬. [21, áâà. 148℄).� ¤ ®© £« ¢¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® rankK(t)6 1 ¤«ï ¢á¥å t∈R¨ á¨áâ¥¬  (4.4) ¥ ï¢«ï¥âáï «®ª «ì® ã¯à ¢«ï¥¬®© (ª ª ¯®ª § ® ¢ ¯¥à-¢®© £« ¢¥, ¯à¨ ãá«®¢¨¨ rankK(t)61 á¨áâ¥¬  (4.4) ¬®�¥â ¡ëâì «®ª «ì®ã¯à ¢«ï¥¬®©). �àã£¨¬¨ á«®¢ ¬¨, à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  ¥ ¯à¨-¬¥¨¬  â¥®à¥¬  ® «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨�¥¨î.Ǒ®ïâ®, çâ® à¥è¥¨ï á¨áâ¥¬ (4.2) ¨ (4.3) ï¢«ïîâáï ¤®¯ãáâ¨¬ë¬¨à¥è¥¨ï¬¨ á¨áâ¥¬ë (4.1). �¥à¥§ x = x+(t, τ) ¨ x = x−(t, τ) ®¡®§ ç¨¬á®®â¢¥âáâ¢¥® à¥è¥¨ï á¨áâ¥¬ (4.2) ¨ (4.3), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î

x+(τ, τ) = x−(τ, τ) = 0,   ç¥à¥§ γ+(τ) ¨ γ−(τ) ®¡®§ ç¨¬ âà ¥ªâ®à¨¨¤ ëå à¥è¥¨© ¢ à áè¨à¥®¬ ä §®¢®¬ ¯à®áâà áâ¢¥ R3, â. ¥.
γ+(τ) .= {(x, t) : x = x+(t, τ), t ∈ I+τ },
γ−(τ) .= {(x, t) : x = x−(t, τ), t ∈ I−τ }.�¤¥áì ç¥à¥§ I+τ ¨ I−τ ®¡®§ ç¥ë ¬ ªá¨¬ «ìë¥ ¨â¥à¢ «ë áãé¥áâ¢®¢ -¨ï à¥è¥¨© x = x+(t, τ) ¨ x = x−(t, τ).57



�â¥£à «ìãî ¯®¢¥àå®áâì, ®¡à §®¢ ãî âà ¥ªâ®à¨ï¬¨ γ+(τ), τ∈R,®¡®§ ç¨¬ M+,   ¨â¥£à «ìãî ¯®¢¥àå®áâì, ®¡à §®¢ ãî âà ¥ªâ®à¨ï-¬¨ γ−(τ), á®®â¢¥âáâ¢¥® ®¡®§ ç¨¬ M−, â. ¥.
M+ .= ⋃

τ∈R

γ+(τ), M−
.= ⋃

τ∈R

γ−(τ).� «®£¨ç®, ¯ãáâì y+(t, τ) ¨ y−(t, τ) | à¥è¥¨ï á¨áâ¥¬ë «¨¥©®£®¯à¨¡«¨�¥¨ï (4.4), ®â¢¥ç îé¨¥ ã¯à ¢«¥¨ï¬ u≡ 1 ¨ u≡−1 ¨ ã¤®¢«¥-â¢®àïîé¨¥ ãá«®¢¨î y+(τ, τ) = y−(τ, τ) = 0,   ζ+(τ) ¨ ζ−(τ) | âà ¥ªâ®à¨¨¤ ëå à¥è¥¨© ¢ R3. �¯à¥¤¥«¨¬ ¨â¥£à «ìë¥ ¯®¢¥àå®áâ¨
L+ .= ⋃

τ∈R

ζ+(τ), L−
.= ⋃

τ∈R

ζ−(τ).�¡®§ ç¨¬ â ª�¥ f̂+(x, t) .= ol(f+(x, t), 1), f̂−(x, t) .= ol(f−(x, t), 1),£¤¥ f+(x, t) .= f0(x, t) + f1(x, t), f−(x, t) .= f0(x, t)− f1(x, t).� ¥ ¬ ¬   4.1. Ǒãáâì f0, f1 ∈ Ck(R3). �«ï «î¡®£® ®âà¥§ª  [t0, t1℄áãé¥áâ¢ã¥â ε > 0 â ª®¥, çâ® ¯¥à¥á¥ç¥¨¥ æ¨«¨¤à¨ç¥áª®© ®ªà¥áâ®áâ¨� ε
.= O2

ε × (t0− ε, t1+ ε) á ¬®�¥áâ¢ ¬¨ M+ ¨ M− áãâì £« ¤ª¨¥ (ª« áá 
Ck) ¤¢ã¬¥àë¥ ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï á¨áâ¥¬ (4.2) ¨ (4.3) á®®â-¢¥âáâ¢¥®. �®«¥¥ â®£®, ®ªà¥áâ®áâì � ε ¬®�® ¢ë¡à âì â ª, çâ®ª �¤®¥ ¨§ ¬®£®®¡à §¨© M+ ¨ M− ¢ ®â¤¥«ì®áâ¨ ¤¥«¨â ®¡« áâì � ε  ¤¢¥ ¥¯¥à¥á¥ª îé¨¥áï ¯®¤®¡« áâ¨.� ® ª   §   â ¥ « ì á â ¢ ®. �®ª �¥¬ ãâ¢¥à�¤¥¨¥ «¥¬¬ë ¤«ï¬®�¥áâ¢  M+. �«ï M− ®® ¤®ª §ë¢ ¥âáï   «®£¨ç®.Ǒ®áª®«ìªã f0(0, t) = 0, f1(0, t) 6= 0, â® f+(0, t) 6= 0, â. ¥. ¢¥ªâ®à®¥¯®«¥ f̂+(x, t)  ¯à ¢«¥® âà á¢¥àá «ì® ®á¨ (0t), à áá¬ âà¨¢ ¥¬®© ª ª  «¨â¨ç¥áª®¥ ®¤®¬¥à®¥ ¬®£®®¡à §¨¥ ¢ R

3. �§¢¥áâ® [41℄, çâ® ¯à¨¤ ëå ãá«®¢¨ïå ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ � ε áãé¥áâ¢ã¥â ®¤  ¨ â®«ìª®®¤  ¨â¥£à «ì ï ¯®¢¥àå®áâì á¨áâ¥¬ë (4.2), ¯à®å®¤ïé ï ç¥à¥§ ®áì (0t).�  ï ¯®¢¥àå®áâì ¬®�¥â ¡ëâì ®¯¨á  , ª ª ¬®�¥áâ¢® ã«¥© áª «ïà-®© äãªæ¨¨ ϕ+ ∈ Ck(R3,R), ¤«ï ª®â®à®© gradϕ+(x, t) 6= 0 ¢ â®çª å ®á¨(0t). � ¬  äãªæ¨ï ϕ+(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î ¢ ç áâëå ¯à®¨§-¢®¤ëå
∂ϕ+(x, t)

∂t
+ 〈∂ϕ+(x, t)

∂x
, f+(x, t)〉 = 0 (4.5)58



¨ ãá«®¢¨î ϕ+(0, t) = 0, t ∈ [t0, t1℄.� ¬¥â¨¬, çâ® gradϕ+(x, t) 6= 0 ¤«ï ¢á¥å (x, t) ¨§ ®ªà¥áâ®áâ¨ � ε. Ǒ®-íâ®¬ã ¬®�¥áâ¢® M
.= {(x, t) ∈ � ε : ϕ+(x, t) = 0} à §¤¥«ï¥â ®ªà¥áâ®áâì� ε   ¤¢¥ ¥¯¥à¥á¥ª îé¨åáï ®¡« áâ¨

{(x, t) ∈ � ε : ϕ+(x, t) > 0} ¨ {(x, t) ∈ � ε : ϕ+(x, t) < 0}¨ ï¢«ï¥âáï £« ¤ª¨¬, ª« áá  Ck ¤¢ã¬¥àë¬ ¨â¥£à «ìë¬ ¬®£®®¡à §¨-¥¬ á¨áâ¥¬ë (4.2). �¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï ¨â¥£à «ì®© ¯®¢¥àå-®áâ¨ á«¥¤ã¥â, çâ® M =M+ ⋂� ε.�¥¬¬  ¤®ª §  .�§ «¥¬¬ë 4.1 á«¥¤ã¥â, çâ® ¬®£®®¡à §¨ïM+ ¨M− ¬®�® ¯à¥¤áâ ¢¨âì¢ ¢¨¤¥
M+ = {(x, t) : ϕ+(x, t) = 0}, M− = {(x, t) : ϕ−(x, t) = 0},£¤¥ äãªæ¨ï ϕ−(x, t) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ �®è¨

∂ϕ−(x, t)
∂t

+ 〈∂ϕ−(x, t)
∂x

, f−(x, t)〉 = 0, ϕ−(0, t) = 0.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 4.4. �®£®®¡à §¨¥M ⊂ R3  §ë¢ ¥âáï ¨-¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ á¨áâ¥¬ë (4.1), ¥á«¨ ¢áïª ï ¤®¯ãáâ¨¬ ï âà -¥ªâ®à¨ï γ(x0, t0), (x0, t0) ∈ M á¨áâ¥¬ë (4.1) æ¥«¨ª®¬ á®¤¥à�¨âáï ¢ ¬®-£®®¡à §¨¨ M.� ¥ ¬ ¬   4.2. Ǒãáâì rankK(t) ≡ 1, t ∈ R. �®£¤  ¤«ï «î¡®£® ®â-à¥§ª  [t0, t1℄  ©¤¥âáï æ¨«¨¤à¨ç¥áª ï ®ªà¥áâ®áâì�ε
.= O2

ε × (t0 − ε, t1 + ε),çâ® L+ .= L+ ⋂�ε ≡ L−
.= L−

⋂�ε, ¯à¨ç¥¬ L0 .= L+ ï¢«ï¥âáï £« ¤ª¨¬¤¢ã¬¥àë¬ ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ á¨áâ¥¬ë (4.4) ¨, ªà®¬¥ â®£®,
T(0,t)M+ = T(0,t)M− = T(0,t)L0 ¤«ï ¢á¥å t ∈ [t0, t1℄.� ® ª   §   â ¥ « ì á â ¢ ®. � «®£¨ç® «¥¬¬¥ (4.1) ¤®ª §ë¢ ¥â-áï, çâ® ¬®�¥áâ¢  L+ ¨ L− ï¢«ïîâáï £« ¤ª¨¬¨ ¤¢ã¬¥àë¬ ¨â¥£à «ì-ë¬¨ ¬®£®®¡à §¨ï¬ á¨áâ¥¬ë (4.4).Ǒ®ª �¥¬, çâ® ¥á«¨ rankK(t) ≡ 1, â® ¢ ª �¤®© â®çª¥ (x, t) ¬®£®®¡à -§¨ï L+ ª á â¥«ì®¥ ¯à®áâà áâ¢® T(x,t)L+ á®¤¥à�¨â ¢¥ªâ®à

â−(x, t) .= ol(A(t)x− b(t), 1).59



Ǒ®áª®«ìªã ¬®£®®¡à §¨¥ L+ á®¤¥à�¨â ¢á¥ â®çª¨ âà ¥ªâ®à¨¨ ζ+(τ) ¢¥ª®â®à®© æ¨«¨¤à¨ç¥áª®© ®ªà¥áâ®áâ¨ �ε1, â® ª á â¥«ì®¥ ¯à®áâà -áâ¢® T(x,t)L+ á®¤¥à�¨â ¢¥ªâ®à â+(x, t) .= ol(A(t)x+b(t), 1)| ª á â¥«ìë©¢¥ªâ®à ª ªà¨¢®© ζ+(τ). �à®¬¥ â®£®, ¯à®áâà áâ¢ã T(x,t)L+ ¯à¨ ¤«¥�¨â¢¥ªâ®à l̂+(y+, t) .= ol(l+(y+, t), 0), £¤¥ l+(y+, t) = l+(y+(t, τ), t) .= ∂y+(t, τ)
∂τ

.� ª ª ª
y+(t, τ) = X(t, τ) ∫ t

τ

X(τ, s)b(s)ds,â®
∂y+(t, τ)

∂τ
= −X(t, τ)b(τ). (4.6)� á¨«ã ãá«®¢¨ï b(τ) 6= 0 ¢¥ªâ®àë â+(x, t) ¨ l̂+(y+, t) «¨¥©® ¥§ ¢¨-á¨¬ë. Ǒ®áª®«ìªã ®¯à¥¤¥«¨â¥«ì det(b(t), A(t)b(t)− _b(t)) ≡ 0,   äãªæ¨ï

b(t) 6= 0, â® áâ®«¡æë ¬ âà¨æë K(t) ¯à®¯®àæ¨® «ìë, â. ¥. áãé¥áâ¢ã¥âáª «ïà ï äãªæ¨ï k(t) â ª ï, çâ® A(t)b(t) − _b(t) = k(t)b(t). Ǒ®íâ®¬ãäãªæ¨ï b(t) ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë_b = (A(t)− k(t)E)b, (4.7)£¤¥ E | ¥¤¨¨ç ï ¬ âà¨æ  ¢â®à®£® ¯®àï¤ª . �«¥¤®¢ â¥«ì®, ¤«ï äãª-æ¨¨ b(t) ¢ë¯®«¥® à ¢¥áâ¢® b(t) = X0(t, τ)b(τ), £¤¥ X0(t, τ) | ¬ âà¨æ �®è¨ á¨áâ¥¬ë (4.7). � â ª®¬ á«ãç ¥ b(t) = exp(− t∫
τ

k(s)ds)X(t, τ)b(τ) ¨¢ á¨«ã (4.6) ¯®«ãç ¥¬det(b(t), l+(y+, t)) = det(b(t),−X(t, τ)b(τ)) == exp(− ∫ t

τ

k(s)ds) det(X(t, τ)b(τ),−X(t, τ)b(τ)) ≡ 0. (4.8)Ǒ®ª �¥¬, çâ® ¢¥ªâ®àë â+(x, t), l̂+(y+, t) ¨ â−(x, t), ¢ëç¨á«¥ë¥ ¢¤®«ìâà ¥ªâ®à¨¨ ζ+(τ), «¨¥©® § ¢¨á¨¬ë, ®âªã¤  ¡ã¤¥â á«¥¤®¢ âì, çâ® ª á -â¥«ì®¥ ¯à®áâà áâ¢® T(x,t)L+ á®¤¥à�¨â ¢¥ªâ®à â−(x, t). �«ï íâ®£®  ©-¤¥¬ à £ ¬ âà¨æë, á®áâ ¢«¥®© ¨§ ¢¥ªâ®à®¢ â+(x, t), l̂+(y+, t) ¨ â−(x, t) :rank(
A(t)x+ b(t) A(t)x− b(t) l+(y+, t)1 1 0 ) =60



= rank(
A(t)x+ b(t) b(t) l+(y+, t)1 0 0 ) = 1 + rank(b(t), l+(y+, t)) ≡ 2.Ǒ®áª®«ìªã ¯à®áâà áâ¢® T(x,t)L+ á®¤¥à�¨â ¢¥ªâ®àë â+(x, t), â−(x, t),â® ®® â ª�¥ á®¤¥à�¨â ¢¥ªâ®àë 12(â+(x, t) + â−(x, t)) = ol(A(t)x, 1) ¨12(â+(x, t)− â−(x, t)) = ol(b(t), 0),   á«¥¤®¢ â¥«ì® ¨ ¢¥ªâ®àëol(A(t)x+ ub(t), 1), u ∈ [−1, 1℄.Ǒ®íâ®¬ã ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£® à¥è¥¨ï x(t), t ∈ [t0, t1℄ á¨áâ¥¬ë (4.4)á  ç «ìë¬ ãá«®¢¨¥¬ (x0, t0) ∈ L+ á«¥¤ã¥â, çâ® (x(t), t) ∈ L+ ¤«ï ¢á¥å(x(t), t) ∈ �ε1, â. ¥. L+ ï¢«ï¥âáï ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ á¨áâ¥¬ë(4.4). � ¯®áª®«ìªã ¢¥ªâ®à ol(x−(τ, τ), τ)= ol(0, τ) á®¤¥à�¨âáï ¢ ¬®£®-®¡à §¨¨ L+ ¤«ï ¢á¥å τ ∈ R, â® âà ¥ªâ®à¨ï ζ−(τ) ⊂ L+, ¨ á«¥¤®¢ â¥«ì®,¬®£®®¡à §¨¥ L−, á®áâ®ïé¥¥ ¨§ âà ¥ªâ®à¨© ζ−(τ), â ª�¥ á®¤¥à�¨âáï ¢¬®£®®¡à §¨¨ L+. � «®£¨ç® ¯®ª §ë¢ ¥âáï, çâ® L+ ⊂ L− ¢ ¥ª®â®à®©æ¨«¨¤à¨ç¥áª®© ®ªà¥áâ®áâ¨ �ε2, â. ¥. L+ ¨ L− á®¢¯ ¤ îâ ¢ ®ªà¥áâ®áâ¨�ε, £¤¥ ε = min{ε1, ε2}.Ǒ®ª �¥¬, çâ® ª á â¥«ìë¥ ¯à®áâà áâ¢  ª ¬®£®®¡à §¨ï¬ M+, M− ¨

L0 ¢ â®çª å ®âà¥§ª  [t0, t1℄ á®¢¯ ¤ îâ. �â® ®ç¥¢¨¤® á«¥¤ã¥â ¨§ â®£®, çâ®ª á â¥«ì®¥ ¯à®áâà áâ¢® T(0,t)M+ ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®-à®¢ e1 .= (0, 0, 1) ¨ f̂+(0, 0, t) = ol(b1(t), b2(t), 1),   ¯à®áâà áâ¢® T(0,t)L0á®¢¯ ¤ ¥â á «¨¥©®© ®¡®«®çª®© e1 ¨ â+(0, 0, t) = ol(b1(t), b2(t), 1). Ǒ®-ïâ®, çâ® íâ¨ «¨¥©ë¥ ®¡®«®çª¨ á®¢¯ ¤ îâ ¨ á®¢¯ ¤ îâ ª á â¥«ìë¥¯à®áâà áâ¢  T(0,t)M+ = T(0,t)L0. � «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® ¢ â®çª å®âà¥§ª  [t0, t1℄ ¢ë¯®«¥® à ¢¥áâ¢® T(0,t)M− = T(0,t)L0. �¥¬¬  ¤®ª §  .

61



§5. �®áâ â®çë¥ ¨ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ãáâ®©ç¨¢®©ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª � ¤ ®¬ ¯ à £à ä¥ ¯®«ãç¥ë ¤®áâ â®çë¥ ¨ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ïãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë _x = f0(x, t) + uf1(x, t) , (x, t) ∈ R
3.�¯¨è¥¬ à §«¨çë¥ á«ãç ¨ ¢§ ¨¬®£® à á¯®«®�¥¨ï ¢¢¥¤¥ëå à ¥¥¬®£®®¡à §¨© M+ = {(x, t) : ϕ+(x, t) = 0} ¨ M− = {(x, t) : ϕ−(x, t) = 0}.�ç¥¢¨¤®, çâ® M+ ¨ M− ¨¬¥îâ ®¡éãî ¯àï¬ãî | ®áì (Ot), ® ªà®¬¥®á¨ (Ot) ®¨ ¬®£ãâ ¨¬¥âì ¨ ¤àã£¨¥ ®¡é¨¥ â®çª¨. �á«¨ ¬®£®®¡à §¨ï M+¨ M− á®¢¯ ¤ îâ   ¥ª®â®à®© ¯«®é ¤ª¥ S, â®, ¢ á¨«ã   «¨â¨ç®áâ¨äãªæ¨© f0(x, t) ¨ f1(x, t), ®¨ á®¢¯ ¤ îâ ¢áî¤ã.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 5.1. �ª �¥¬, çâ® ¬®£®®¡à §¨ï M+ ¨ M−ª á îâáï ¡¥§ ¯¥à¥á¥ç¥¨ï ¢ â®çª¥ (0, τ)   ®á¨ (Ot), ¥á«¨  ©¤¥âáï®ªà¥áâ®áâì O3

ε(0, τ), çâ® ϕ+(x, t) > 0 ¨«¨ ϕ+(x, t) < 0 ¤«ï ¢á¥å â®ç¥ª(x, t) ¨§ (O3
ε(0, τ)⋂M−) \ (Ot).� ª ¤®ª § ® ¢ «¥¬¬¥ 4.2, ¥á«¨ rankK(t) ≡ 1, â® ¬®£®®¡à §¨ï M+ ¨

M− ¢ ª �¤®© â®çª¥ ®á¨ (Ot) ¨¬¥îâ ®¡éãî ª á â¥«ìãî ¯«®áª®áâì, ¯à¨íâ®¬ ®¨ ¬®£ãâ ¯¥à¥á¥ª âìáï ¢ ®ªà¥áâ®áâ¨ ¥ª®â®à®© â®çª¨ ®á¨ (Ot)¨«¨ ª á âìáï ¡¥§ ¯¥à¥á¥ç¥¨ï. �à®¬¥ â®£®, M+ ¨ M− ¬®£ãâ ¨¬¥âì â®çª¨¢¥â¢«¥¨ï.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 5.2. �®çªã (0, τ)   ®á¨ (Ot)  §®¢¥¬ â®ç-ª®© ¢¥â¢«¥¨ï, ¥á«¨ ç¥à¥§ íâã â®çªã ¯à®å®¤¨â å®âï ¡ë ®¤  ªà¨¢ ï ¯¥-à¥á¥ç¥¨ï ¬®£®®¡à §¨© M+ ¨ M−, ®â«¨ç ï ®â ®á¨ (Ot).� ¬¥â¨¬, çâ® ¥á«¨ ç¥à¥§ â®çªã (0, τ) ∈ (Ot) ¯à®å®¤¨â ¡¥áª®¥ç®¥ç¨á«® à §«¨çëå ªà¨¢ëå ¯¥à¥á¥ç¥¨ï ¬®£®®¡à §¨©M+ ¨M−, â® ¢ á¨«ã  «¨â¨ç®áâ¨ äãªæ¨© f0(x, t) ¨ f1(x, t), M+ ¨ M− á®¢¯ ¤ îâ.� ¥ ® à ¥ ¬   5.1. �á«¨  ©¤¥âáï ¨â¥à¢ « I = (τ0, τ1) ⊂ (t0, t1)â ª®©, çâ® ¤«ï ª �¤®£® τ ∈ I äãªæ¨ï
t→ S+(t, τ) .= det(f1(x+(t, τ), t), ∂x+(t, τ)

∂τ

)¬¥ï¥â § ª ¢ â®çª¥ t = τ, â® á¨áâ¥¬  (4.1) ãáâ®©ç¨¢® «®ª «ì® ã¯à -¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄. 62



� ¥ ® à ¥ ¬   5.2. �á«¨ ¤«ï ª �¤®£® ä¨ªá¨à®¢ ®£® τ ∈ (t0, t1)äãªæ¨ï t → S+(t, τ) á®åà ï¥â § ª ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ â®çªã t = τ¨   ¨â¥à¢ «¥ (t0, t1) ¥â â®ç¥ª ¢¥â¢«¥¨ï, ¨«¨ ¥á«¨ ¯à¨ t ∈ [t0, t1℄¨¬¥¥â ¬¥áâ® â®�¤¥áâ¢® S+(t, τ) ≡ 0, â® á¨áâ¥¬  (4.1) ¥ ï¢«ï¥âáïãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄.�   ¬ ¥ ç    ¨ ¥ 5.1. �â¬¥â¨¬, çâ® S+(τ, τ)=det(b(τ), ℓ+(y+, τ)),¨ â®£¤  ¢ á¨«ã (4.8) ¨§ ãá«®¢¨ï rank(b(τ), A(τ)b(τ) − _b(τ)) = 1 á«¥¤ã¥â,çâ® S+(τ, τ) = 0.Ǒà¥�¤¥ ç¥¬ ¯¥à¥©â¨ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬, ¤®ª �¥¬ ¢á¯®¬®£ â¥«ì-ë¥ ãâ¢¥à�¤¥¨ï.�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï. Ǒãáâì γ1+(τ) | ¯®«ãâà ¥ªâ®à¨ï à¥-è¥¨ï x+(t, τ) ¯à¨ t6τ, γ2+(τ) | ¯®«ãâà ¥ªâ®à¨ï x+(t, τ) ¯à¨ t>τ, â. ¥.
γ1+(τ) .= {(x, t) : x = x+(t, τ), t 6 τ}, γ2+(τ) .= {(x, t) : x = x+(t, τ), t > τ},

γ1−(τ) .= {(x, t) : x = x−(t, τ), t 6 τ}, γ2−(τ) .= {(x, t) : x = x−(t, τ), t > τ}.Ǒà¥¤áâ ¢¨¬M+ ¢ ¢¨¤¥ ®¡ê¥¤¨¥¨ïM+ =M1+ ⋃
M2+, M− = M1

−

⋃
M2

−,£¤¥
M1+ .= ⋃

τ∈R

γ1+(τ), M2+ .= ⋃

τ∈R

γ2+(τ),
M1

−
.= ⋃

τ∈R

γ1−(τ), M2
−
.= ⋃

τ∈R

γ2−(τ).� ¥ ¬ ¬   5.1. �á«¨ áãé¥áâ¢ã¥â â®çª  (0, τ), τ ∈ (t0, t1), ¢ ª®â®-à®© ¬®£®®¡à §¨ïM+ ¨ M− ª á îâáï ¡¥§ ¯¥à¥á¥ç¥¨ï, â® á¨áâ¥¬  (4.1)ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.� ® ª   §   â ¥ « ì á â ¢ ®. �®ª § â¥«ìáâ¢® à §®¡ì¥¬   ¤¢¥ ç -áâ¨. � ¯¥à¢®© ¤®ª �¥¬, çâ® ¯à¨ ãá«®¢¨¨ ª á ¨ï ¡¥§ ¯¥à¥á¥ç¥¨ï ¬®-£®®¡à §¨© M+ ¨ M− ¢ â®çª¥ (0, τ), τ ∈ (t0, t1) áãé¥áâ¢ã¥â ϑ > 0 â ª®¥,çâ® á¨áâ¥¬  (4.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [τ −ϑ, τ +ϑ℄. �® ¢â®-à®© ç áâ¨ ¯®ª �¥¬, çâ® ¥á«¨ á¨áâ¥¬  ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥[τ − ϑ, τ + ϑ℄ ⊂ [t0, t1℄, â® ®  ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.1. Ǒ®áª®«ìªã ®âà¥§®ª (0, [t0, t1℄) ®¡é¨© ¤«ï M+ ¨ M− ¨ ®¨ ª á îâáï¡¥§ ¯¥à¥á¥ç¥¨ï ¢ â®çª¥ τ, â® ¢ á¨«ã £« ¤ª®áâ¨ M+ ¨ M−  ©¤¥âáï ϑ > 0â ª®¥, çâ®M+ ¨M− ª á îâáï ¡¥§ ¯¥à¥á¥ç¥¨ï ¤«ï ¢á¥å â®ç¥ª ¬®�¥áâ¢ (0, [τ − ϑ, τ + ϑ℄) ⊂ (0, (τ − ε, τ + ε)) ⊂ O3
ε(0, τ) (á¬. à¨á. 1).63



�¨á. 1. �¨á. 2.�â¬¥â¨¬ â¥¯¥àì, çâ® ¢áïª ï â®çª  (x0, t0) ¬®�¥áâ¢  M .= M1+ ⋃
M1

−¯¥à¥å®¤¨â   ®áì Ot §  ª®¥ç®¥ ¢à¥¬ï, ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨ï¬ á¨áâ¥-¬ë (4.1) ¯®¤ ¤¥©áâ¢¨¥¬ ®¤®£® ¨§ ã¯à ¢«¥¨© u ≡ 1 ¨«¨ u ≡ −1. � áá¬®-âà¨¬ æ¨«¨¤à¨ç¥áªãî ®ªà¥áâ®áâì �ε0 .= O2
ε0 × (τ − ϑ, τ + ϑ). Ǒ®áª®«ìªã

M+ ¨M− ª á îâáï ¡¥§ ¯¥à¥á¥ç¥¨ï ¯® ®á¨ (0t), t ∈ [τ−ϑ, τ+ϑ℄, â® ε0 > 0¬®�® ¢ë¡à âì â ª, çâ® ¢á¥ â®çª¨ M+ ⋂�ε0 «¥� â ¯® ®¤ã áâ®à®ã ®â
M−

⋂�ε0. �â¬¥â¨¬ â¥¯¥àì, çâ® æ¨«¨¤à �ε0 á®¤¥à�¨â ¤¢  ¥¯¥à¥á¥ª î-é¨åáï ®âªàëâëå ¬®�¥áâ¢  V+ ¨ V− á ®¡é¥© £à ¨æ¥© M = M1+ ⋃
M1

−.�¤¥áì V+ | ¬®�¥áâ¢®, ¥ á®¤¥à� é¥¥ â®ç¥ª M+,   V− | ¬®�¥áâ¢®,¥ á®¤¥à� é¥¥ â®ç¥ª M− (â ª¨¬ ®¡à §®¬, § ¬ëª ¨¥ ®¡ê¥¤¨¥¨ï V+ ¨
V− á®¢¯ ¤ ¥â á § ¬ëª ¨¥¬ æ¨«¨¤à  �ε0). �  à¨áãª¥ 2 ¯®ª § ®, ª ªà á¯®«®�¥ë ¬®�¥áâ¢  V+ ¨ V− ¢ á¥ç¥¨¨ ¯«®áª®áâìî t = onst .�¡®§ ç¨¬ ç¥à¥§ �+ á®¢®ªã¯®áâì ®âà¥§ª®¢ âà ¥ªâ®à¨© á¨áâ¥¬ë (4.3),à á¯®«®�¥ëå ¢ æ¨«¨¤à¥ �ε0 ¨ ¯¥à¥á¥ª îé¨å M1+ ⋂�ε0,   ç¥à¥§ �−á®¢®ªã¯®áâì ®âà¥§ª®¢ âà ¥ªâ®à¨© á¨áâ¥¬ë (4.2) ¢ �ε0, ¯¥à¥á¥ª îé¨å
M1

−

⋂�ε0, â. ¥.�+ .= {(x, t) ∈ �ε0 : x = x−(t, x0, θ), t 6 θ, (x0, θ) ∈M1+},�−
.= {(x, t) ∈ �ε0 : x = x+(t, x0, θ), t 6 θ, (x0, θ) ∈M1

−},£¤¥ x±(t, x0, θ) | à¥è¥¨¥ á¨áâ¥¬ë (4.2) (á®®â¢¥âáâ¢¥® (4.3)) á  ç «ì-®© â®çª®© (x0, θ). Ǒ®ïâ®, çâ® ¬®�¥áâ¢® � .= �+ ⋃�− æ¥«¨ª®¬ ¯®-ªàë¢ ¥â æ¨«¨¤à �δ
.= O2

δ × [τ − ϑ, τ + ϑ℄ ¯à¨ ¥ª®â®à®¬ δ > 0. �®â®£¤  ¨§ «î¡®© â®çª¨ (x0, τ − ϑ) ∈ V+ ⋂�δ, ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨ï¬64



á¨áâ¥¬ë (4.2), ¨§®¡à � îé ï â®çª  ¤®áâ¨£ ¥â M1
− ¨ ¤ «¥¥, ¤¢¨£ ïáì áã¯à ¢«¥¨¥¬ u ≡ −1, ¤®áâ¨£ ¥â ®á¨ (Ot). �®®â¢¥âáâ¢¥® ¨§ «î¡®© â®çª¨(x0, τ − ϑ) ∈ V−

⋂�δ, ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨ï¬ á¨áâ¥¬ë (4.3), ¨§®¡à � -îé ï â®çª  ¤®áâ¨£ ¥âM1+ ¨ ¤ «¥¥, ¤¢¨£ ïáì á ã¯à ¢«¥¨¥¬ u ≡ 1, ¤®áâ¨-£ ¥â ®á¨ (Ot), ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ æ¨«¨¤à  �ε0. �® ¥áâì á¨áâ¥¬  (4.1)ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [τ − ϑ, τ + ϑ℄.2. �®ª �¥¬, çâ® ¥á«¨ á¨áâ¥¬  (4.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥[τ − ϑ, τ + ϑ℄ ⊂ [t0, t1℄, â® ®  ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.� ¬¥â¨¬, çâ® ¤«ï «î¡®£® ε > 0  ©¤¥âáï ®ªà¥áâ®áâì Oδ(0, τ − ϑ), ¢á¥â®çª¨ ª®â®à®©, ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨ï¬ á¨áâ¥¬ë (4.1), ¬®£ãâ ¡ëâì ¯¥-à¥¢¥¤¥ë ¢ ã«ì §  ¢à¥¬ï, ¥ ¯à¥¢ëè îé¥¥ 2ϑ, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬®ªà¥áâ®áâ¨ Oε× (τ−ϑ, τ+ϑ). �«ï t ∈ [t0, τ−ϑ℄ ¯®«®�¨¬ u ≡ 0. �®£¤ , ¢á¨«ã â¥®à¥¬ë ® ¥¯à¥àë¢®© § ¢¨á¨¬®áâ¨ à¥è¥¨© á¨áâ¥¬ë _x = f0(t, x)®â  ç «ìëå ¤ ëå, ¤«ï ª �¤®£® δ > 0 ¬®�® ¢ë¡à âì â ª®¥ δ0 > 0,çâ® «î¡®¥ à¥è¥¨¥ íâ®© á¨áâ¥¬ë,  ç¨ îé¥¥áï ¢ Oδ0(0, t0), ¥ ¯®ª¨¥â®ªà¥áâ®áâ¨ Oδ × (t0, τ − ϑ) ¨ ¯¥à¥©¤¥â ¢ ¬®¬¥â τ − ϑ ¢ â®çªã ®ªà¥áâ®-áâ¨ Oδ(0, τ − ϑ). �«¥¤®¢ â¥«ì®, ª �¤ ï â®çª  ¨§ Oδ0(0, t0) ¬®�¥â ¡ëâì¯¥à¥¢¥¤¥  ¢ (0, τ + ϑ), ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ®áâ¨ Oε × (t0, τ + ϑ),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.� ¥ ¬ ¬   5.2. �á«¨  ©¤¥âáï ¨â¥à¢ « I = (τ0, τ1) ⊂ (t0, t1), çâ®äãªæ¨ï S+(t, τ) ¬¥ï¥â § ª ¯à¨ t = τ ¢ ª �¤®© â®çª¥ τ ∈ I, â® M+¨ M− ª á îâáï ¡¥§ ¯¥à¥á¥ç¥¨ï ¢ â®çª å (0, τ), τ ∈ I.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒ®áª®«ìªã
S+(t, τ) .= det(f1(x+(t, τ), t), ℓ+(x+(t, τ), t)) == − det(f̂+(x+(t, τ), t), f̂−(x+(t, τ), t), ℓ̂+(x+(t, τ), t)),â® ãá«®¢¨¥, çâ® S+(t, τ) ¬¥ï¥â § ª ¯à¨ t = τ à ¢®á¨«ì® â®¬ã, çâ®¢¥ªâ®àë f̂+(x+(t, τ), t), f̂−(x+(t, τ), t), ℓ̂+(x+(t, τ), t), à áá¬®âà¥ë¥ ¢¤®«ìâà ¥ªâ®à¨¨ γ+(τ), ¬¥ïîâ ®à¨¥â æ¨î ¢ â®çª¥ t = τ. � ª ¤®ª § ® ¢«¥¬¬¥ 4.1, M+ | £« ¤ª®¥ ¤¢ã¬¥à®¥ ¬®£®®¡à §¨¥, ¯®íâ®¬ãrank(f̂+(x, t), ℓ̂+(x, t)) = 2¤«ï ¢á¥å (x, t) ∈M+. �«¥¤®¢ â¥«ì®, ¥á«¨ ¢¥ªâ®àë

f̂+(x+(t, τ), t), f̂−(x+(t, τ), t), ℓ̂+(x+(t, τ), t)65



¬¥ïîâ ®à¨¥â æ¨î ¯à¨ t = τ, â® ¢¥ªâ®àë f̂−(x+(τ + �, τ), τ + �) ¨
f̂−(x+(τ−�, τ), τ−�), £¤¥ � > 0, «¥� â ¯® à §ë¥ áâ®à®ë ®â ª á â¥«ì-ëå ¯«®áª®áâ¥© ª M+, ¯®áâà®¥ëå ¢ â®çª å ªà¨¢®© γ+(τ). Ǒ®áª®«ìªã
f−(0, t) 6= 0 ¤«ï ¢á¥å t ∈ R, â® áãé¥áâ¢ã¥â â ª®¥ δ > 0, çâ® ¤«ï ¢á¥å t ¨§¨â¥à¢ «  (τ − δ, τ + δ) ¢¥ªâ®à f̂−(x+(t, τ), t) ¥ ®¡à é ¥âáï ¢ ã«ì ¨ ¯¥-à¥å®¤¨â ¯à¨ t = τ á ®¤®© áâ®à®ë ¬®£®®¡à §¨ï M+   ¤àã£ãî, ¯à¨ç¥¬¢¥ªâ®à f̂−(0, τ) á®¤¥à�¨âáï ¢ ª á â¥«ì®¬ ¯à®áâà áâ¢¥ T(0,τ)M+.Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï ª �¤®£® τ ∈ (τ0, τ1) S+(t, τ) < 0 ¯à¨ t < τ ¨
S+(t, τ) > 0 ¯à¨ t > τ. �®£¤  ¯®«ãç ¥âáï, çâ®   M1+ S+(t, τ) < 0,   M2+
S+(t, τ) > 0 ¨   ®á¨ (Ot) S+(t, τ) = 0. �¡®§ ç¨¬ ψ(τ) | ã£®« ¬¥�¤ã®áìî (Ot) ¨ f̂−(0, τ), ® à ¢¥ ã£«ã ¬¥�¤ã ®áìî (Ot) ¨ f̂+(0, τ). Ǒ®áª®«ìªã
|b(t)| 6= 0 ¤«ï ¢á¥å t ∈ R, â® ψ(τ) 6= 0. �«¥¤®¢ â¥«ì®, ¯à¨ t < τ ªà¨¢ ï
γ−(τ) ª á ¥âáï M2+,   ¯à¨ t > τ γ−(τ) ª á ¥âáï M1+,   ª®â®àëå S+(t, τ)à §ëå § ª®¢. �®£¤ , ¥á«¨ ¯à¨ t < τ ¢á¥ âà ¥ªâ®à¨¨ á  ¯à ¢«ïîé¨-¬¨ ¢¥ªâ®à ¬¨ f̂− ¢å®¤ïâ ¢ M2+ óá¢¥àåã,� â® ¨ ó¯à¥¤¥«ì ï� âà ¥ªâ®à¨ï
γ−(τ0) ¯à¨ t < τ  å®¤¨âáï ó¢ëè¥� M2+. �¥©áâ¢¨â¥«ì®, ¢ë¡à ¢   M2+áå®¤ïéãîáï ¯®á«¥¤®¢ â¥«ì®áâì (x̂i, τ̂i) → (0, τ0), ¯®«ãç ¥¬, çâ® γ−(x̂i, τ̂i)áå®¤¨âáï ª γ−(τ) ¯à¨ t < τi, ¯®áª®«ìªã ¢á¥ âà ¥ªâ®à¨¨ γ−(x̂i, τ̂i) ¯®¤å®¤ïâª M2+ óá¢¥àåã� âà á¢¥àá «ì®, â® ¨ γ−(τ) ¯®¤å®¤¨â ¯à¨ t→ τ − 0 ª M2+óá¢¥àåã�.�  M1+ â ª�¥ ¢ë¡¥à¥¬ áå®¤ïéãîáï ¯®á«¥¤®¢ â¥«ì®áâì (xi, τi) →(0, τ). �®£¤  ¢á¥ âà ¥ªâ®à¨¨ γ−(xi, τi) ¯à¨ t > τi  å®¤ïâáï ó¢ëè¥�M+,  á«¥¤®¢ â¥«ì® ¨ ¯à¥¤¥«ì ï âà ¥ªâ®à¨ï γ−(τ) ¯à¨ t > τ  å®¤¨âáï ó¢ë-è¥� M+. �ª«¥¨¢ ï ¯à¥¤¥«ìë¥ ¯®«ãâà ¥ªâ®à¨¨ γ−(τ) ¯à¨ t < τ ¨ t > τ¯®«ãç ¥¬, çâ® γ−(τ) ¥ ¯¥à¥á¥ª ¥â M+ ¢ â®çª¥ (0, τ).� ç¥, ¥á«¨ γ−(τ) ¯¥à¥á¥ª ¥â M+ â® γ−(τ) ¯à¨ t > τ  å®¤¨âáï ¢®ªà¥áâ®áâ¨ M2+, â ª®¥ ¬®�¥â ¡ëâì â®«ìª® ¥á«¨ f̂+(0, τ) = (0, 0, 1). Ǒà®-â¨¢®à¥ç¨¥ á â¥¬, çâ® ϕ(τ) 6= 0. �«¥¤®¢ â¥«ì®, γ−(τ) ª á ¥âáï M+ ¡¥§¯¥à¥á¥ç¥¨ï.�ç¥¢¨¤®, çâ® ¢á¥ âà ¥ªâ®à¨¨ γ−(τ), £¤¥ τ ∈ (τ0, τ1) â ª�¥ ¥ ¡ã¤ãâ¯¥à¥á¥ª âì ¬®£®®¡à §¨¥M+. �â® ¨ ®§ ç ¥â, çâ® M− ª á ¥âáï ¡¥§ ¯¥à¥-á¥ç¥¨ï M+ ¢ â®çª å (0, t), t ∈ I.� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ë 5.1. �§ «¥¬¬ë 5.2 á«¥¤ã¥â, çâ®¥á«¨ áãé¥áâ¢ã¥â ¨â¥à¢ « I = (τ0, τ1) ⊂ (t0, t1), çâ® S+(t, τ) ¬¥ï¥â § ª¯à¨ t = τ ¢ ª �¤®© â®çª¥ τ ∈ I, â®  ©¤¥âáï â®çª  t ∈ I, çâ® M+ ¨ M−66



ª á îâáï ¡¥§ ¯¥à¥á¥ç¥¨ï ¢ â®çª¥ (0, t). �«¥¤®¢ â¥«ì®, ¯® «¥¬¬¥ 5.1á¨áâ¥¬  (4.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.� ¥ ¬ ¬   5.3. �á«¨ ¬®£®®¡à §¨ï M+ ¨ M− ¯¥à¥á¥ª îâáï ¢ ª -�¤®© â®çª¥ (0, t), t ∈ (t0, t1), ¨   (t0, t1) ¥â â®ç¥ª ¢¥â¢«¥¨ï, â®á¨áâ¥¬  (4.1) ¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¥¤áâ ¢¨¬ M+ ¢ ¢¨¤¥ ®¡ê¥¤¨¥¨ï
M+ = M1+ ⋃

M2+ ¨ M− = M1
−

⋃
M2

−. � á¨«ã £« ¤ª®áâ¨ M+ ¨ M− ¤¥«ïâ¥ª®â®àãî æ¨«¨¤à¨ç¥áªãî ®ªà¥áâ®áâì �ε
.= O2

ε(0)× (t0 − ε, t1 + ε)  ç¥âëà¥ ®âªàëâëå ¬®�¥áâ¢ . Ǒãáâì V | ®âªàëâ®¥ ¯®¤¬®�¥áâ¢® �ε,®£à ¨ç¥®¥ M2+ ⋃
M2

−, ¥ á®¤¥à� é¥¥ â®ç¥ª M1+ ⋃
M1

− (á¬. à¨á.3).

�¨á. 3.Ǒ®ª �¥¬, çâ® ¤«ï «î¡®© â®çª¨ (x0, t0) ∈ V ¥ áãé¥áâ¢ã¥â ¤®¯ãáâ¨-¬®£® ã¯à ¢«¥¨ï, ¯¥à¥¢®¤ïé¥£® (x0, t0) ¢ ã«ì, çâ®¡ë á®®â¢¥âáâ¢ãîé ïâà ¥ªâ®à¨ï γ(x0, t0) ¥ ¯®ª¨¤ «  ¡ë �ε.�¥©áâ¢¨â¥«ì®, ¯ãáâì ¤«ï ¥ª®â®à®© â®çª¨ (x0, τ0) ∈ V áãé¥áâ¢ãîâ
τ > t0 ¨ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ ux0(t), t ∈ [t0, τ ℄, â ª®¥, çâ® á®®â¢¥âáâ¢ã-îé¥¥ ¨¬ à¥è¥¨¥ x(t) = x(t, x0, ux0) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ x(t0) = x0,
x(τ) = 0, |x(t)| < ε ¤«ï ¢á¥å t ∈ [t0, τ ℄. �®£¤  áãé¥áâ¢ã¥â â ª®© ¬®¬¥â
ϑ ∈ [t0, τ ℄, çâ® x(ϑ) = x1 ∈ M2+ ⋃

M2
− (¬®�¥â ¡ëâì ϑ = τ). � áá¬®âà¨¬á®¢®ªã¯®áâì à¥è¥¨© x(t, ux0) á¨áâ¥¬ë (4.1) ¯à¨ ¤ ®¬ ã¯à ¢«¥¨¨

ux0(t), t ∈ [t0, τ ℄. � ¬¥â¨¬, çâ® ¤«ï ¢á¥å δ > 0 ã¯à ¢«¥¨¥ ux0(t) ¯¥à¥¢®-¤¨â ®ªà¥áâ®áâì O3
δ(x0, t0) ¢ ¥ª®â®àãî ®ªà¥áâ®áâì O3

δ1(x1, ϑ). �ë¡¥à¥¬
δ â ª®¥, çâ®¡ë Oδ(x0, τ0) ⊂ V, Oδ1(x1, ϑ) ⊂ �ε. � â ª®¬ á«ãç ¥ ¤«ï â®£®67



�¥ ã¯à ¢«¥¨ï áãé¥áâ¢ã¥â à¥è¥¨¥ x̂(t, ux0), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨-ï¬ x̂(t0, ux0) ∈ Oδ(x0, t0) ⊂ V, x̂(ϑ, ux0) ∈ Oδ1(x1, ϑ) \ V, ¨ x̂(t, ux0) 6= 0 ¤«ï¢á¥å t ∈ [t0, ϑ℄, â. ¥. âà ¥ªâ®à¨ï ¤ ®£® à¥è¥¨ï ¯¥à¥á¥ª ¥â ¬®£®®¡à §¨¥
M2+ ⋃

M2
− á® áâ®à®ë V ¢® ¢¥èîî áâ®à®ã (á¬. à¨á.3). �® íâ® ¥¢®§-¬®�®, ¯®áª®«ìªã   M2+ ⋃

M2
− ¢á¥ ¢¥ªâ®àë ¤®¯ãáâ¨¬ëå áª®à®áâ¥© á¨-áâ¥¬ë  ¯à ¢«¥ë ¢ãâàì ®¡« áâ¨ V ¨«¨ ª á îâáï ∂V =M2+ ⋃

M2
−. Ǒ®-«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® á¨áâ¥¬  (4.1) ¥ ï¢«ï¥âáï ãáâ®©-ç¨¢® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄.�   ¬ ¥ ç    ¨ ¥ 5.2. � ¬¥â¨¬, çâ® ¥á«¨ ãM+ ¨M− ¥áâì ªà¨¢ë¥¯¥à¥á¥ç¥¨ï §  ¯à¥¤¥« ¬¨ ãª § ®© ®ªà¥áâ®áâ¨, â® á¨áâ¥¬  (4.1) ¥¬®�¥â ¡ëâì ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄, ¯à¨ íâ®¬á¢®©áâ¢® «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¥ ¨áª«îç ¥âáï (á¬. ¯à¨¢¥¤¥ë©¤ «¥¥ ¯à¨¬¥à 6.2).� ¥ ¬ ¬   5.4. �á«¨ ¢ ¥ª®â®à®© æ¨«¨¤à¨ç¥áª®© ®ªà¥áâ®áâ¨�ε

.= O2
ε × (t0 − ε, t1 + ε) ¬®£®®¡à §¨ï M+ ¨ M− á®¢¯ ¤ îâ, â® á¨-áâ¥¬  (4.1) ¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄.� ® ª   §   â ¥ « ì á â ¢ ®. �¥©áâ¢¨â¥«ì®, ¯ãáâì ¢ ®ªà¥áâ®áâ¨�ε ¢ë¯®«¥® à ¢¥áâ¢® M0 .= M+ = M−, â®£¤  TM0 = TM+ = TM− ¢«î¡®© â®çª¥ (x, t) ∈ M0. Ǒ®áª®«ìªã M+ | ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥¯®«ï f̂+,  M− | ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ ¯®«ï f̂−, â® ¢¥ªâ®àë f̂+(x, t)¨ f̂−(x, t) á®¤¥à� âáï ¢ ª á â¥«ì®¬ ¯à®áâà áâ¢¥ T(x,t)M0. �®£¤  T(x,t)M0á®¤¥à�¨â â ª�¥ ¢¥ªâ®àë ol(f0, 1)= 12(

f̂+ + f̂−
) ¨ ol(f1, 0)= 12(

f̂+ − f̂−
)
.Ǒ®áª®«ìªã ¢¥ªâ®àë ol(f0, 1) ¨ ol(f1, 0) «¨¥©® ¥§ ¢¨á¨¬ë, â® ®¨ á®-áâ ¢«ïîâ ¡ §¨á ª á â¥«ì®£® ¯à®áâà áâ¢  T(x,t)M0. �®£¤  ¢ ¯à®áâà -áâ¢¥ T(x,t)M0 â ª�¥ á®¤¥à�¨âáï ¢¥ªâ®à ol(f0, 1) + u ol(f1, 0) ¤«ï «î¡®£®

u ∈ [−1, 1℄. �«¥¤®¢ â¥«ì®, M0 ï¢«ï¥âáï ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬á¨áâ¥¬ë (4.1), â. ¥ ¨ª ª ï ¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï, ¢ëå®¤ïé ï ¨§ â®çª¨(x0, t0) 6∈M0 ¥ ¯®¯ ¤¥â   M0. �â® ®§ ç ¥â, çâ® á¨áâ¥¬  (4.1) ¥ ï¢«ï-¥âáï «®ª «ì® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄,   § ç¨â ¥ ï¢«ï¥âáï ¨ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬®©   ¤ ®¬ ®âà¥§ª¥. �¥¬¬  ¤®ª §  .� ¥ ¬ ¬   5.5. �á«¨ äãªæ¨ï S+(t, τ) ¥ ¬¥ï¥â § ª ¯à¨ t = τ,â® M+ ¨ M− ¯¥à¥á¥ª îâáï ¢ â®çª¥ (0, t).68



� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ äãªæ¨ï S+(t, τ) ¥ ¬¥ï¥â § ª¯à¨ t = τ, â® ¢¥ªâ®àë f̂+(x+(t, τ), t), ℓ̂+(x+(t, τ), t) ¨ f̂−(x+(t, τ), t) ¥ ¬¥ï-îâ ®à¨¥â æ¨î ¢¤®«ì âà ¥ªâ®à¨¨ γ+(τ). �®£¤  ¢¥ªâ®àë f̂−(x+(t, τ), t) ¤«ï
t < τ ¨ t > τ «¥� â ¯® ®¤ã áâ®à®ã ®â ª á â¥«ìëå ¯«®áª®áâ¥© ª M+,¯®áâà®¥ëå ¢ â®çª å âà ¥ªâ®à¨¨ γ+(τ). Ǒ®áª®«ìªã f̂−(x+(t, τ), t) 6= 0,
f̂−(0, τ) ⊂ T(0,τ)M+, â® áãé¥áâ¢ã¥â ®ªà¥áâ®áâì O3

ε(0, τ)⋂M+, ¢ ª®â®à®©
f̂− «¥� â ¯® ®¤ã áâ®à®ã ®â M+. �â® ®§ ç ¥â, çâ® «î¡ ï ªà¨¢ ï á ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬ f̂− ¯¥à¥á¥ª ¥â O3

ε(0, τ)⋂M+. �«¥¤®¢ â¥«ì®,ªà¨¢ ï γ−(τ) â ª�¥ ¯¥à¥á¥ª ¥â M+, â®£¤  áãé¥áâ¢ãîâ â®çª¨, ¯à¨ ¤«¥-� é¨¥ γ−(τ) ⊂ O3
ε(0, τ)⋂M−, «¥� é¨¥ ¯® à §ë¥ áâ®à®ë ®â M+, ®â-ªã¤  ¯®«ãç ¥¬, çâ® ¬®£®®¡à §¨ï M+ ¨ M− ¯¥à¥á¥ª îâáï ¢ â®çª¥ (0, τ).�¥¬¬  ¤®ª §  .� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ë 5.2. �á«¨ S+(t, τ) ¥ ¬¥ï¥â § ª¢ ª �¤®© â®çª¥ t ∈ (t0, t1), â®, ¢ á¨«ã «¥¬¬ë (5.5), M+ ¨ M− ¯¥à¥á¥ª -îâáï ¢® ¢á¥å â®çª å (0, t), t ∈ (t0, t1). �®£¤  ¨§ «¥¬¬ë (5.3) á«¥¤ã¥â, çâ®¥á«¨   (t0, t1) ¥â â®ç¥ª ¢¥â¢«¥¨ï, â® á¨áâ¥¬  (4.1) ¥ ï¢«ï¥âáï ãáâ®©-ç¨¢® ã¯à ¢«ï¥¬®©   [t0, t1℄. �á«®¢¨¥ S+(t, τ) ≡ 0   [t0, t1℄ à ¢®á¨«ì®ãá«®¢¨î «¨¥©®© § ¢¨á¨¬®áâ¨ ¢¥ªâ®à®¢ f̂+(x+(t, τ), t), f̂−(x+(t, τ), t) ¨

ℓ̂+(x+(t, τ), t), â®£¤ , ¯®áª®«ìªã f̂+(x+(t, τ), t) ¨ ℓ̂+(x+(t, τ), t) á®áâ ¢«ïîâ¡ §¨á ª á â¥«ì®£® ¯à®áâà áâ¢  TM+, â® f̂−(x+(t, τ), t) â ª�¥ á®¤¥à�¨â-áï ¢ TM+. �â® ®§ ç ¥â, çâ® M+ ï¢«ï¥âáï ¨¢ à¨ âë¬ ¬®£®®¡à §¨-¥¬ á¨áâ¥¬ë (4.1),   «®£¨ç® M− â ª�¥ ï¢«ï¥âáï ¨¢ à¨ âë¬ ¬®£®-®¡à §¨¥¬ á¨áâ¥¬ë (4.1) ¨ ¯®áª®«ìªã M+ ⋂
M− ¥¯ãáâ®, â® M+ ≡ M− ¢¥ª®â®à®© ®ªà¥áâ®áâ¨ �ε

.= O2
ε × (t0 − ε, t1 + ε). �®£¤  ¯® «¥¬¬¥ (4.3)á¨áâ¥¬  (4.1) ¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄.�¥®à¥¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 5.3. �â¢¥à�¤¥¨¥ â¥®à¥¬ 5.1 ¨ 5.2 ®áâ ¥âáïá¯à ¢¥¤«¨¢ë¬, ¥á«¨ ¢¬¥áâ® äãªæ¨¨ S+(t, τ) à áá¬ âà¨¢ âì äãªæ¨î

S−(t, τ) .= det(f1(x−(t, τ), t), ∂x−(t, τ)
∂τ

)
.�   ¬ ¥ ç    ¨ ¥ 5.4. � ¬¥â¨¬, çâ® â¥®à¥¬  5.1 ¨¬¥¥â ¯à¨¬¥¥-¨¥ ¨ ¢ á«ãç ¥, ª®£¤  á¨áâ¥¬  (4.1) ¥ ï¢«ï¥âáï ¨â¥£à¨àã¥¬®© ¯à¨ u = 1¨«¨ u = −1. �«ï íâ®£® ¤®áâ â®ç®  ¯¨á âì à §«®�¥¨ï à¥è¥¨ï x+(t, τ)¨«¨ x−(t, τ) ¢ àï¤ �¥©«®à  ¯® áâ¥¯¥ï¬ t−τ ¨ ¢ëç¨á«¨âì ¥áª®«ìª® ¯¥à-¢ëå ç«¥®¢ àï¤  ¤«ï äãªæ¨¨ S+(t, τ) ¨«¨ S−(t, τ) á®®â¢¥âáâ¢¥®.69



§6. Ǒà¨¬¥àëǑà¨¢¥¤¥ë ¯à¨¬¥àë ¯à¨¬¥¥¨ï â¥®à¥¬ (5.1) ¨ (5.2) ¤«ï ¨áá«¥¤®¢ ¨ïãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ ¥«¨¥©ëå á¨áâ¥¬, áà ¢¨¢ îâáï à §«¨çë¥¢¨¤ë «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨.� ¯à¨¬¥à å ¤ ®£® ¯ à £à ä  à¥è ¥âáï ¢®¯à®á ®¡ ãáâ®©ç¨¢®© «®-ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¥«¨¥©ëå á¨áâ¥¬ ¢ óªà¨â¨ç¥áª®¬ á«ãç ¥�.� ª�¥ ¯à¨¢¥¤¥ë ¯à¨¬¥àë, ª®â®àë¥ ¯®ª §ë¢ îâ, çâ® ¤«ï ¥áâ æ¨® à-ëå á¨áâ¥¬ ¨§ «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¥ á«¥¤ã¥â ãáâ®©ç¨¢ ï ã¯à -¢«ï¥¬®áâì,   ¨§ ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ ¢ â®çª¥ ¥ á«¥¤ã¥â ãáâ®©ç¨-¢ ï ã¯à ¢«ï¥¬®áâì   ®¯à¥¤¥«¥®¬ ®âà¥§ª¥.Ǒ à ¨ ¬ ¥ à 6.1. �áá«¥¤ã¥¬ ãáâ®©ç¨¢ãî ã¯à ¢«ï¥¬®áâì   ®âà¥§-ª¥ [t0, t1℄, t0 > 0 á¨áâ¥¬ë
{ _x1 = tx32 + 2tx2 + t2u_x2 = u,

|u| 6 1. (6.1)�¨áâ¥¬¥ (6.1) á®®â¢¥âáâ¢ã¥â á«¥¤ãîé ï á¨áâ¥¬  «¨¥©®£® ¯à¨¡«¨-�¥¨ï:
{ _x1 = 2tx2 + t2u_x2 = u,

|u| 6 1. (6.2)�«ï á¨áâ¥¬ë (6.2) rankK(t) ≡ 1 ¨ ¢ á¨«ã â¥®à¥¬ë 2.1 á¨áâ¥¬  (6.2) ¥ï¢«ï¥âáï «®ª «ì® ã¯à ¢«ï¥¬®©. �«¥¤®¢ â¥«ì®, ª á¨áâ¥¬¥ (6.1) ¥ ¯à¨-¬¥¨¬  â¥®à¥¬  ® «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨�¥¨î.Ǒà¨ u ≡ 1 á¨áâ¥¬  (6.1) ¨â¥£à¨àã¥¬ , ¯®íâ®¬ã à¥è¥¨¥ x+(t, τ), á®®â¢¥â-áâ¢ãîé¥¥ ã¯à ¢«¥¨î u ≡ 1 ¨ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î x+(τ, τ) = 0,¢ë¯¨áë¢ ¥âáï ï¢®:
{
x1 = t2(t− τ) + 120(t− τ)4(4t+ τ)
x2 = t− τ.� ©¤¥¬

S+(t, τ) = ∣∣∣∣∣
t2 −t2 + 14(τ − t)3(3t+ τ)1 −1 ∣∣∣∣∣ = −

14(τ − t)3(3t+ τ).70



�ç¥¢¨¤®, çâ® äãªæ¨ï t → S+(t, τ) ¬¥ï¥â § ª ¯à¨ t = τ ¤«ï «î¡®£®
τ > 0. Ǒ®íâ®¬ã, ¢ á¨«ã â¥®à¥¬ë 5.1, á¨áâ¥¬  (6.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬   ®âà¥§ª¥ [t0, t1℄.�â¬¥â¨¬, çâ® ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (6.1) ¬®�® ãáâ ®¢¨âì ¨ á ¯®-¬®éìî «¥¬¬ë 4.1. �¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã ¬ âà¨æ  A(t) ¢¥àåïï âà¥-ã£®«ì ï, â® ¤«ï ª �¤®£® ¬®¬¥â  t = τ «¨¥©®© ®¡®«®çª®© ¬®�¥áâ¢ ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (6.2)   ®âà¥§ª¥ [τ, t1℄ ï¢«ï¥âáï ¯àï¬ ï

b2(τ)x1 − b1(τ)x2 = 0. (6.3)�«¥¤®¢ â¥«ì®, ¬®£®®¡à §¨¥ L0 = L+ = L− ¢ æ¨«¨¤à¨ç¥áª®© ®ªà¥áâ-®áâ¨ �ε
.= O2

ε×(t0−ε, t1+ε) ¯à¥¤áâ ¢«ï¥â á®¡®© ¥ª®â®àãî «¨¥©ç âãî¯®¢¥àå®áâì, â ªãî, çâ® ¢ á¥ç¥¨¨ íâ®© ¯®¢¥àå®áâ¨ ¯«®áª®áâï¬¨ t = τ¯®«ãç îâáï à §«¨çë¥ ¯àï¬ë¥ (6.3). Ǒ®íâ®¬ã ¤«ï á¨áâ¥¬ë (6.2) áãé¥-áâ¢ã¥â ¨¢ à¨ â®¥ ¬®£®®¡à §¨¥, ª®â®à®¥ § ¤ ¥âáï ¢ R3 ãà ¢¥¨¥¬
x1 = t2x2, â. ¥. L0 = {(x, t) ∈ R

3 : x1 = t2x2}, ¯à¨ç¥¬ ¤«ï ª �¤®£® ä¨ª-á¨à®¢ ®£® t ª á â¥«ìë¬ ¯à®áâà áâ¢®¬ T(0,t)M+ = T(0,t)M− = T(0,t)L0ï¢«ï¥âáï ¯«®áª®áâì x1 = t2x2.� ©¤¥¬ â ª�¥ x−(t, τ) | ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ (6.1), á®®â¢¥âáâ¢ãîé¥¥ã¯à ¢«¥¨î u ≡ −1 ¨  ç «ì®¬ã ãá«®¢¨î x−(τ, τ) = 0
{
x1 = t2(−t+ τ)− 120(τ − t)4(4t+ τ)
x2 = −t+ τ.�âªã¤  ¯®«ãç ¥¬, çâ® ¬®£®®¡à §¨ïM+ ¨M− § ¤ îâáï ¢ R3 á«¥¤ãîé¨¬®¡à §®¬

M+ = {(x, t) ∈ R
3 : x1 = t2x2 + 120x42(5t− x2)},

M− = {(x, t) ∈ R
3 : x1 = t2x2 − 120x42(5t− x2)}.�â¬¥â¨¬, çâ® ¤«ï t0 > 0 áãé¥áâ¢ã¥â ®ªà¥áâ®áâì �ε, ¢ ª®â®à®© M+ ¨

M− ¥ ¨¬¥îâ ®¡é¨å â®ç¥ª, ªà®¬¥ â®ç¥ª, «¥� é¨å   ®á¨ (Ot), ¨ ¢ íâ®©®ªà¥áâ®áâ¨ ¬®£®®¡à §¨¥ L0 à §¤¥«ï¥â M+ ¨ M−. �âáî¤  á«¥¤ã¥â, çâ®¬®£®®¡à §¨ï M+ ¨ M− ª á îâáï ¡¥§ ¯¥à¥á¥ç¥¨ï ¢® ¢á¥å â®çª å (0, t)¨§ O2
ε × [t0, t1℄, ¨ ¯®íâ®¬ã ãáâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (6.1)  ®âà¥§ª¥ [t0, t1℄ á«¥¤ã¥â ¨§ «¥¬¬ë 4.1.71



Ǒ à ¨ ¬ ¥ à 6.2. �áá«¥¤ã¥¬ «®ª «ìãî ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë
{ _x1 = u_x2 = 4x31 + 3x21(e−t − 1)− x31e−tu,

|u| 6 1, (6.4)  ¯à®¨§¢®«ì®¬ ®âà¥§ª¥ [t0, t1℄, £¤¥ t0 > 0.Ǒãáâì x+(t, τ) | ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ á¨áâ¥¬ë (6.4), á  ç «ìë¬ãá«®¢¨¥¬ x+(τ, τ) = 0, á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î u ≡ 1, â®£¤ 
{
x1 = t− τ

x2 = (t− τ)3(t− τ − 1 + e−t).� ©¤¥¬ â ª�¥ x−(t, τ) | ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ (6.4) á  ç «ìë¬ ãá«®-¢¨¥¬ x−(τ, τ) = 0, á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î u ≡ −1
{
x1 = −t+ τ

x2 = (t− τ)3(τ − t− 1 + e−t).�®£¤  ¯®«ãç ¥¬, çâ® ¬®£®®¡à §¨ïM+ ¨ M− ï¢«ïîâáï ¯®¢¥àå®áâï¬¨ ¢
R
3, ã¤®¢«¥â¢®àïîé¨¬¨ á®®â®è¥¨ï¬

M+ = {(x, t) ∈ R
3 : x2 = x31(x1 − 1 + e−t)},

M− = {(x, t) ∈ R
3 : x2 = −x31(x1 − 1 + e−t)}.� ©¤¥¬

S+(t, τ) = ∣∣∣∣
1 −1

−(t− τ)3e−t (t− τ)2(−4(t− τ) + 3(1− e−t))∣∣∣∣ == (t− τ)2[3(1− e−t)− (t− τ)(4 + e−t)℄.�ãªæ¨ï t → S+(t, τ) á®åà ï¥â § ª ¢ ª �¤®© â®çª¥ t = τ «ãç (t0,∞), t0 > 0. � «¥¥, ¯®áª®«ìªã ¯à¨ t0 > 0 ç¥à¥§ ®áì (Ot) ¥ ¯à®å®-¤ïâ ªà¨¢ë¥ ¯¥à¥á¥ç¥¨ï ¤ ëå ¬®£®®¡à §¨©, â®   ¨â¥à¢ «¥ (t0,∞)®âáãâáâ¢ãîâ â®çª¨ ¢¥â¢«¥¨ï. �«¥¤®¢ â¥«ì®, ¢ á¨«ã â¥®à¥¬ë 5.2, ¤«ï«î¡®£® t0 > 0 á¨áâ¥¬  (6.4) ¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®© ¨  ª ª®¬ ®âà¥§ª¥ [t0, t1℄, t0 > 0.�¤ ª® á¨áâ¥¬  (6.4) «®ª «ì® ã¯à ¢«ï¥¬    «î¡®¬ ®âà¥§ª¥ [t0, t1℄,£¤¥ t1 − t0 > 2. �¥©áâ¢¨â¥«ì®, ªà®¬¥ ®á¨ (Ot) ¬®£®®¡à §¨ï M+ ¨ M−¨¬¥îâ ®¡éãî ªà¨¢ãî x1 = 1− e−t, x2 = 0 (  à¨á. 4 ¯®ª § ® ¢§ ¨¬®¥à á¯®«®�¥¨¥ ¬®£®®¡à §¨©M+ ¨ M−). �  à¨á. 5 ¨§®¡à �¥ë M+ ¨ M−72



¢ á¥ç¥¨¨ ¯«®áª®áâìî t = onst > 0 ¨ ¯à®¥ªæ¨¨   íâã ¯«®áª®áâì âà -¥ªâ®à¨© á¨áâ¥¬ë (6.4), á®®â¢¥âáâ¢ãîé¨å ã¯à ¢«¥¨ï¬ u ≡ 1 ¨ u ≡ −1.� ¬¥â¨¬, çâ® ¨§ «î¡®© â®çª¨ ¢ § èâà¨å®¢ ®© ®¡« áâ¨ (á¬. à¨á. 5),¤¢¨£ ïáì á ã¯à ¢«¥¨¥¬ u ≡ 1, §  ª®¥ç®¥ ¢à¥¬ï ¬®�® ¤®áâ¨çì ¬®£®-®¡à §¨ï M1
−,   ¤ «¥¥ á ã¯à ¢«¥¨¥¬ u ≡ −1, ¤¢¨£ ïáì ¯® ¬®£®®¡à §¨î

M1
−, ¤®áâ¨£ ¥¬ ®á¨ (Ot). �¯à ¢«¥¨¥ ¢ ã«ì ¨§ â®ç¥ª ¥§ èâà¨å®¢ ®©®¡« áâ¨ ®áãé¥áâ¢«ï¥âáï  ®¡®à®â: á ç «  á ã¯à ¢«¥¨¥¬ u ≡ −1 §  ª®-¥ç®¥ ¢à¥¬ï ¤®áâ¨£ ¥¬ ¬®£®®¡à §¨ï M1+,   ¤ «¥¥ á ã¯à ¢«¥¨¥¬ u ≡ 1¯® ¬®£®®¡à §¨î M1+ ¤®áâ¨£ ¥¬ ®á¨ (0t). � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (6.4)«®ª «ì® ã¯à ¢«ï¥¬    «î¡®¬ ®âà¥§ª¥ [t0, t1℄, t1 − t0 > 2.

�¨á. 4. �¨á. 5.Ǒ à ¨ ¬ ¥ à 6.3. Ǒ®ª �¥¬, çâ® á¨áâ¥¬ 
{ _x1 = u_x2 = 4x31 − 3x21e−t + x31e−tu,

|u| 6 1 (6.5)¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®© ¨   ª ª®¬ ®âà¥§ª¥ [t0, t1℄, ® ãáâ®©-ç¨¢® ã¯à ¢«ï¥¬  ¢ «î¡®© â®çª¥ t0 <∞.� ©¤¥¬ ¤®¯ãáâ¨¬ë¥ à¥è¥¨ï
x+(t, τ) : {

x1 = t− τ

x2 = (t− τ)3(t− τ − e−t)¨ x−(t, τ) : {
x1 = −t+ τ

x2 = (t− τ)3(τ − t− e−t).73



� ¬¥â¨¬, çâ® ¬®£®®¡à §¨ï M+ ¨ M− ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬
M+ = {(x, t) ∈ R

3 : x2 = x31(x1 − e−t)},
M− = {(x, t) ∈ R

3 : x2 = −x31(x1 − e−t)}.Ǒà¨ t0 > 0 ç¥à¥§ ®áì (Ot) ¥ ¯à®å®¤¨â ¨ª ª ï ªà¨¢ ï ¯¥à¥á¥ç¥¨ï¬®£®®¡à §¨©, § ç¨â   ¨â¥à¢ «¥ (t0,∞) ®âáãâáâ¢ãîâ â®çª¨ ¢¥â¢«¥-¨ï. Ǒ®áª®«ìªã S+(t, τ) = (t− τ)2[3e−t + (t− τ)(e−t − 4)℄ ¥ ¬¥ï¥â § ª¨ ¢ ª ª®© â®çª¥ t = τ ∈ (t0,∞) â®, ¢ á¨«ã â¥®à¥¬ë 5.2, ¤«ï «î¡®£®
t0 > 0 á¨áâ¥¬  (6.5) ¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®© ¨   ª ª®¬®âà¥§ª¥ [t0, t1℄.�¤ ª® ¬®£®®¡à §¨ïM+ ¨M−, ªà®¬¥ ®á¨ (Ot), ¯¥à¥á¥ª îâáï ¯® ªà¨-¢®© x1 = e−t, x2 = 0, ª®â®à ï  á¨¬¯â®â¨ç¥áª¨ ¯à¨¡«¨� ¥âáï ª ®á¨ (Ot).�«¥¤®¢ â¥«ì®, ¨§ «î¡®© ®ªà¥áâ®áâ¨  ç «ì®© â®çª¨ t0 ¬®�® ¯®¯ áâì  ¬®�¥áâ¢® M = M1+ ⋃

M1
−,   § â¥¬ ¢ ã«ì, â. ¥. á¨áâ¥¬  ãáâ®©ç¨¢®ã¯à ¢«ï¥¬  ¢ «î¡®© â®çª¥ t0 <∞.

74



�« ¢  3. �áâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì ¥«¨¥©®©¥áâ æ¨® à®© á¨áâ¥¬ë ¢ R
n� ¤ ®© £« ¢¥ ¯®«ãç¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ãáâ®©ç¨¢®© «®ª «ì®©ã¯à ¢«ï¥¬®áâ¨ ¥áâ æ¨® à®© á¨áâ¥¬ë_x = f0(x, t) + uf1(x, t), (x, t) ∈ R

n+1, u ∈ [−1, 1℄¢ óªà¨â¨ç¥áª®¬� á«ãç ¥, â. ¥. ¢ á«ãç ¥, ª®£¤  rankK(t) 6 n− 1 ¤«ï ¢á¥å
t ∈ R). �¤¥áì
K(t) .= (q1(t) . . . qn(t)), q1(t) .= b(t), qi(t) .= A(t)qi−1(t)− _qi−1(t), i = 2 . . . n.
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§7. �®�¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ ¥«¨¥©®© á¨áâ¥¬ë¯à®¨§¢®«ì®£® ¯®àï¤ª � ¤ ®¬ ¯ à £à ä¥ ®¯à¥¤¥«¥ë ¬®�¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ ¨ à áè¨à¥-®¥ ¬®�¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ ¤«ï «¨¥©®© ¨ ¥«¨¥©®© á¨áâ¥¬. �®ª -§ ë â ª�¥ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à�¤¥¨ï, ¢ ª®â®àëå   «¨-§¨àã¥âáï áâàãªâãà  ¤ ëå ¬®�¥áâ¢ ã¯à ¢«ï¥¬®áâ¨.� áá¬®âà¨¬ ¥áâ æ¨® àãî á¨áâ¥¬ã_x = f0(x, t) + uf1(x, t), (x, t) ∈ R
n+1, u ∈ [−1, 1℄ (7.1)¨ á¨áâ¥¬ã «¨¥©®£® ¯à¨¡«¨�¥¨ï_x = A(t)x+ b(t)u, (x, t) ∈ R

n+1, u ∈ [−1, 1℄. (7.2)�áî¤ã ¤ «¥¥ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® f0(x, t), f1(x, t) ∈ Cn(Rn+1),
f0(0, t) = 0, f1(0, t) 6= 0, A(t) .= ∂f0(x, t)

∂x

∣∣
x=0, b(t) .= f1(0, t).�«ï á¨áâ¥¬ë (7.2) ¢¢¥¤¥¬ ¬ âà¨æã K(t) = (q1(t) . . . qn(t)), £¤¥

q1(t) .= b(t), qi(t) .= A(t)qi−1(t)− _qi−1(t), i = 2 . . . n. (7.3)� ª ç¥áâ¢¥ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© ¡¥àãâáï ¢á¥¢®§¬®�ë¥ ¨§¬¥à¨-¬ë¥ äãªæ¨¨ u : R → [−1, 1℄.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 7.1. �®�¥áâ¢®D(t0, t1) â®ç¥ª x0 ∈ R
n, ¤«ïª �¤®© ¨§ ª®â®àëå áãé¥áâ¢ã¥â â ª®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ u(t, x0),

t ∈ [t0, t1℄, çâ® á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã à¥è¥¨¥ x = x(t, u(·)) á¨áâ¥¬ë (7.1)ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ x(t0) = x0, x(t1) = 0,  §ë¢ ¥âáï ¬®�¥áâ¢®¬ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (7.1)   ®âà¥§ª¥ [t0, t1℄.� ¯ à ¥ ¤ ¥ « ¥  ¨ ¥ 7.2. �®�¥áâ¢® D(t0, t1) â®ç¥ª (x, t) ∈ Rn+1,â ª¨å, çâ® x ∈ D(t, t1), t ∈ [t0, t1℄  §ë¢ ¥âáï à áè¨à¥ë¬ ¬®�¥áâ¢®¬ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (7.1)   ®âà¥§ª¥ [t0, t1℄.� «®£¨ç® ç¥à¥§ G(t0, t1) ¨ G(t0, t1) ®¡®§ ç¨¬ á®®â¢¥âáâ¢¥® ¬®-�¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ ¨ à áè¨à¥®¥ ¬®�¥áâ¢® ã¯à ¢«ï¥¬®áâ¨   ®â-à¥§ª¥ [t0, t1℄ ¤«ï á¨áâ¥¬ë (7.2).�   ¬ ¥ ç    ¨ ¥ 7.1. �ç¥¢¨¤®, çâ® 0 ∈ G(t0, t1), 0 ∈ D(t0, t1),(0, t) ∈ G(t0, t1) ¨ (0, t) ∈ D(t0, t1) ¤«ï ¢á¥å t ∈ (t0, t1).76



Ǒ®ïâ®, çâ® «®ª «ì ï ã¯à ¢«ï¥¬®áâì   ®âà¥§ª¥ [t0, t1℄ íª¢¨¢ «¥â-  ãá«®¢¨î 0 ∈ intD(t0, t1).� ¯®¬¨¬, çâ® á¨áâ¥¬  (7.1)  §ë¢ ¥âáï ãáâ®©ç¨¢® «®ª «ì® ã¯à -¢«ï¥¬®© ¨«¨ ¯à®áâ® ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©   ®âà¥§ª¥ [t0, t1℄, ¥á«¨ ¤«ï«î¡®£® ε>0  ©¤¥âáï â ª®¥ δ = δ(ε) > 0, çâ® ¤«ï ª �¤®© â®çª¨ x0∈O2
δáãé¥áâ¢ã¥â ¤®¯ãáâ¨¬®¥ à¥è¥¨¥ x(t) á¨áâ¥¬ë (7.1), ã¤®¢«¥â¢®àïîé¥¥ãá«®¢¨ï¬: x(t0) = x0, x(t1) = 0, |x(t)| < ε ¤«ï ¢á¥å t ∈ [t0, t1℄.�   ¬ ¥ ç    ¨ ¥ 7.2. �§ â¥®à¥¬ë ® ¥¯à¥àë¢®© § ¢¨á¨¬®áâ¨ ®â ç «ìëå ãá«®¢¨© á«¥¤ã¥â, çâ® ¥á«¨ á¨áâ¥¬  (7.1) ã¯à ¢«ï¥¬  ¨«¨ãáâ®©ç¨¢® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [τ0, τ1℄, â® ®  ã¯à ¢«ï¥¬  ¨«¨ á®-®â¢¥âáâ¢¥® ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬    «î¡®¬ ®âà¥§ª¥ [t0, t1℄,á®¤¥à� é¥¬ [τ0, τ1℄, â. ¥. ¥á«¨ [τ0, τ1℄ ⊂ [t0, t1℄, â® G(τ0, τ1) ⊂ G(t0, t1),

D(τ0, τ1) ⊂ D(t0, t1), G(τ0, τ1) ⊂ G(t0, t1) ¨ D(τ0, τ1) ⊂ D(t0, t1).Ǒà®¢¥¤¥¬ £¥®¬¥âà¨ç¥áª¨©   «¨§ ¬®�¥áâ¢ ã¯à ¢«ï¥¬®áâ¨ G(t0, t1),
G(t0, t1), D(t0, t1) ¨ D(t0, t1). Ǒà¥�¤¥ ¢á¥£® ¯à¨¢¥¤¥¬ ¨§¢¥áâë¥ ä ªâë.� ¥ ¬ ¬   7.1 (á¬.,  ¯à¨¬¥à, [26℄). �«ï «î¡ëå t0, t1, t0 < t1, ¬®-�¥áâ¢® G(t0, t1) ª®¬¯ ªâ®, ¢ë¯ãª«®, á¨¬¬¥âà¨ç® ®â®á¨â¥«ì® ã-«ï ¨ ¥¯à¥àë¢® § ¢¨á¨â ®â t0.� « ¥ ¤ á â ¢ ¨ ¥ 7.1. �®�¥áâ¢® G(t0, t1) ª®¬¯ ªâ®, á¨¬-¬¥âà¨ç® ®â®á¨â¥«ì® ®á¨ (Ot) ¨ ¥¯à¥àë¢® § ¢¨á¨â ®â t0.�á«¨ ¯à¥¤¯®«®�¨âì, çâ® ¢á¥ ¤®¯ãáâ¨¬ë¥ à¥è¥¨ï á¨áâ¥¬ë (7.1) áãé¥-áâ¢ãîâ   ¨â¥à¢ «¥ I, á®¤¥à� é¥¬ (t0, t1), â® á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ãâ¢¥à�¤¥¨¥.� ¥ ¬ ¬   7.2 ([26℄). �®�¥áâ¢®D(t0, t1) ª®¬¯ ªâ® ¨ ¥¯à¥àë¢-® § ¢¨á¨â ®â t0.� « ¥ ¤ á â ¢ ¨ ¥ 7.2. �®�¥áâ¢® D(t0, t1) ª®¬¯ ªâ® ¨ ¥¯à¥-àë¢® § ¢¨á¨â ®â t0.� ¥ ¬ ¬   7.3. Ǒãáâì rankK(t) = n− 1 ¤«ï ¢á¥å t ∈ [t0, t1℄. �®£¤ áãé¥áâ¢ãîâ τ ∈ (t0, t1) ¨ ε > 0, çâ® ¯¥à¢ë¥ n−1 ¢¥ªâ®à®¢ q1(t) . . . qn−1(t)«¨¥©® ¥§ ¢¨á¨¬ë ¯à¨ ª �¤®¬ ä¨ªá¨à®¢ ®¬ t ∈ (τ − ε, τ + ε) ª ª¢¥ªâ®àë ¢ R
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� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ rankK(t) = n− 1 ¤«ï ¢á¥å t ¨§®âà¥§ª  [t0, t1℄, â® ¢¥ªâ®àë q1(t) . . . qn−1(t) «¨¥©® § ¢¨á¨¬ë ¯à¨ ª �¤®¬ä¨ªá¨à®¢ ®¬ t ∈ [t0, t1℄ ª ª ¢¥ªâ®àë ¢ Rn. Ǒ®ª �¥¬, çâ® ¤«ï «î¡®©ä¨ªá¨à®¢ ®© â®çª¨ τ1 ∈ (t0, t1)  ©¤ãâáï ¯®áâ®ï ï ε > 0 ¨ ¤¨ää¥-à¥æ¨àã¥¬ë¥ áª «ïàë¥ äãªæ¨¨ c1(t) . . . cn(t), ®¤®¢à¥¬¥® ¥ à ¢ë¥ã«î   ¨â¥à¢ «¥ (τ1 − ε, τ1 + ε), çâ® ¢ë¯®«¥® â®�¤¥áâ¢®
c1(t)q1(t) + · · ·+ cn(t)qn(t) ≡ 0. (7.4)�¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã rankK(t) = n − 1 ¤«ï ¢á¥å t ∈ [t0, t1℄, â® ¤«ï«î¡®© ä¨ªá¨à®¢ ®© â®çª¨ τ1 ∈ (t0, t1) ãé¥áâ¢ã¥â ¥ª®â®àë© ®â«¨ç-ë© ®â ã«ï ¬¨®à n − 1-£® ¯®àï¤ª  ¬ âà¨æë K(t),  ¯à¨¬¥à, Kij(t)| ¬¨®à, ¯®«ãç¨¢è¨©áï ¢ë¡à áë¢ ¨¥¬ áâà®ª¨ i ¨ áâ®«¡æ  j. �«¥¤®¢ -â¥«ì®, Kij(t) 6= 0 ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ (τ1 − ε1, τ1 + ε1). �¥âàã¤®¯à®¢¥à¨âì, çâ® ¨§ ãá«®¢¨ï detK(t) ≡ 0 á«¥¤ã¥â â®�¤¥áâ¢®(−1)i+1q1(t)Ki1(t) + · · ·+ (−1)i+jqj(t)Kij(t) + · · ·+ (−1)i+nqn(t)Kin(t) ≡ 0,®âªã¤  ¯®«ãç ¥¬, çâ® äãªæ¨¨ cj(t) = (−1)i+jKij(t), j = 1 . . . n   ¨-â¥à¢ «¥ (τ1 − ε1, τ1 + ε1) ã¤®¢«¥â¢®àïîâ (7.4). �âáî¤ , ¢ á¨«ã £« ¤ª®áâ¨äãªæ¨© qi(t) á«¥¤ã¥â, çâ® äãªæ¨¨ cj(t), j = 1 . . . n ¤¨ää¥à¥æ¨àã¥¬ë  ¨â¥à¢ «¥ (τ1 − ε1, τ1 + ε1).� áá¬®âà¨¬ ¯¥à¢ë© á«ãç ©. �á«¨  ©¤¥âáï â®çª  τ ∈ (τ1−ε1, τ1+ε1),çâ® cn(τ) 6= 0, â® ¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨¨ cn(t) áãé¥áâ¢ã¥â ®ªà¥áâ-®áâì (τ−ε, τ+ε), ¯à¨ ¤«¥� é ï (τ1−ε1, τ1+ε1), ¢® ¢á¥å â®çª å ª®â®à®©äãªæ¨ï cn(t) ¥ ®¡à é ¥âáï ¢ ã«ì. �®£¤ 

qn(t) = ĉ1(t)q1(t) + · · ·+ ĉn−1(t)qn−1(t), £¤¥ ĉi(t) = −
ci(t)
cn(t), i = 1 . . . n− 1.Ǒ®áª®«ìªã ¤«ï t ∈ (τ − ε, τ + ε)rankK(t) = rank(q1(t) . . . qn−1(t), ĉ1(t)q1(t) + · · ·+ ĉn−1(t)qn−1(t)) == rank(q1(t) . . . qn−1(t)) = n− 1,â® ¤«ï ª �¤®£® ä¨ªá¨à®¢ ®£® t ¨§ ®ªà¥áâ®áâ¨ (τ − ε, τ + ε) ¢¥ªâ®àë

q1(t) . . . qn−1(t) «¨¥©® ¥§ ¢¨á¨¬ë.� áá¬®âà¨¬ ¢â®à®© á«ãç ©: cn(t) ≡ 0   ®âà¥§ª¥ [τ1− ε1, τ1+ ε1℄. �®£¤ ¨§ (7.4) ¯®«ãç ¥¬
c1(t)q1(t) + · · ·+ cn−1(t)qn−1(t) ≡ 0. (7.5)78



Ǒà®¤¨ää¥à¥æ¨àã¥¬ á®®â®è¥¨¥ (7.5):_c1(t)q1(t) + · · ·+ _cn−1(t)qn−1(t) + c1(t) _q1(t) + · · ·+ cn−1(t) _qn−1(t) ≡ 0. (7.6)�¬®�¨¬ (7.5)   A(t) ¨ ¢ëçâ¥¬ ¨§ ¥£® (7.6)
c1(t)A(t)q1(t) + · · ·+ cn−1(t)A(t)qn−1(t)−
− ( _c1(t)q1(t) + · · ·+ _cn−1(t)qn−1(t) + c1(t) _q1(t) + · · ·+ cn−1(t) _qn−1(t)) ≡ 0.� «¥¥, á ãç¥â®¬ à ¢¥áâ¢  qk(t) = A(t)qk−1(t) − _qk−1(t), k = 2 . . . n¯®«ãç ¥¬
− _c1(t)q1(t) + (c1(t)− _c2(t))q2(t) + · · ·++ (cn−2(t)− _cn−1(t))qn−1(t) + cn−1(t)qn(t) ≡ 0. (7.7)Ǒ®áª®«ìªã rankK(t) = n − 1 ¤«ï ¢á¥å t ∈ [t0, t1℄, â® ª®íää¨æ¨¥-âë ãà ¢¥¨© (7.5) ¨ (7.7) ¤®«�ë ¡ëâì ¯à®¯®àæ¨® «ìë¬¨ ¤«ï ¢á¥å

t ∈ (τ1 − ε1, τ1 + ε1), â. ¥. ¤®«�  áãé¥áâ¢®¢ âì áª «ïà ï äãªæ¨ï
α(t) 6= 0, çâ®   ¨â¥à¢ «¥ (τ1 − ε1, τ1 + ε1) ¢ë¯®«¥ë â®�¤¥áâ¢ 

c1(t) ≡ −α(t) _c1(t), c2(t) ≡ α(t)(c1(t)− _c2(t)), . . .

cn−1(t) ≡ α(t)(cn−2(t)− _cn−1(t)), 0 ≡ α(t)cn−1(t).Ǒ®ïâ®, çâ® â ª®¥ ¢®§¬®�® â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ¢á¥ äãªæ¨¨
ci(t) ≡ 0   ®âà¥§ª¥ [τ1 − ε1, τ1 + ε1℄. Ǒ®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥  â¥¬, çâ®äãªæ¨¨ c1(t) . . . cn(t) ®¤®¢à¥¬¥® ¥ à ¢ë ã«î   ®âà¥§ª¥ [t0, t1℄.�«¥¤®¢ â¥«ì®, ¢â®à®© á«ãç © ¥¢®§¬®�¥. �¥¬¬  ¤®ª §  .� ¥ ¬ ¬   7.4. �á«¨ rankK(t) = n − 1 ¤«ï ¢á¥å t ∈ [t0, t1℄, â® «¨-¥©®¥ ¯®¤¯à®áâà áâ¢® LinG(t0, t1) á®¤¥à�¨â ¢¥ªâ®àë q1(t0) . . . qn(t0).� ® ª   §   â ¥ « ì á â ¢ ® à §®¡ì¥¬   ¤¢  íâ ¯ .1. � áá¬®âà¨¬ á¨áâ¥¬ã_y = Â(t)y + ub̂(t), y ∈ R

n, (7.8)£¤¥ Â(t) = {Âij(t)}2i,j=1, ¬ âà¨æ  Â11(t) | ¢¥àåïï âà¥ã£®«ì ï à §¬¥à (n− 1)× (n− 1), Â22(t) = ânn(t), Â21(t) ≡ 0, ¢¥ªâ®à b̂(t) = ol(b1(t), 0), £¤¥
b1(t) = ol(̂b1(t) . . . b̂n−1(t)) ¨ b̂n−1(t) 6≡ 0   [t0, t1℄.79



�¡®§ ç¨¬ K̂(t) .= (q̂1(t) . . . q̂n(t)), £¤¥
q̂1(t) = b̂(t), q̂i(t) = Â(t)q̂i−1(t)− _̂qi−1(t), i = 2 . . . n.Ǒãáâì rank K̂(t) = n − 1 ¤«ï «î¡®£® t ∈ [t0, t1℄. Ǒà¥¤áâ ¢¨¬ ¢¥ªâ®à y ¢¢¨¤¥ y = (ŷ, yn), £¤¥ ŷ = ol(y1 . . . yn−1) ¨ à áá¬®âà¨¬ á¨áâ¥¬ã_̂y = Â11(t)ŷ + b1(t)u, y ∈ R

n−1. (7.9)�«ï á¨áâ¥¬ë (7.9) ¯®áâà®¨¬ ¬ âà¨æã K̂(n−1)(t) .= (q̂ 01 (t) . . . q̂ 0n (t)) ¨ § ¬¥-â¨¬, çâ® ¤«ï á¨áâ¥¬ë (7.8) ¢¥ªâ®àë q̂i(t) = ol(q̂0i (t), 0), i = 1 . . . n − 1. �á¨«ã «¥¬¬ë 7.3 áãé¥áâ¢ã¥â â®çª  τ ∈ [t0, t1℄, çâ® ¢¥ªâ®àë q̂1(τ) . . . q̂n−1(τ)«¨¥©® ¥§ ¢¨á¨¬ë. �à®¬¥ â®£®, ¯®áª®«ìªã ã ¢¥ªâ®à®¢ q̂1(t) . . . q̂n(t) ¯®-á«¥¤ïï ª®®à¤¨ â  à ¢  ã«î, â® ¢ë¯®«¥ë á«¥¤ãîé¨¥ à ¢¥áâ¢ rank K̂(n−1)(τ) = rank(q̂1(τ) . . . q̂n−1(τ)) = rank K̂(τ) = n− 1.�«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â â®çª  τ ∈ [t0, t1℄, çâ® rank K̂(τ) = n−1. �âáî-¤  ¢ á¨«ã â¥®à¥¬ë 1.2 á«¥¤ã¥â, çâ® á¨áâ¥¬  (7.9) «®ª «ì® ã¯à ¢«ï¥¬ .�®£¤  «¨¥©®¥ ¯®¤¯à®áâà áâ¢® Lin Ĝ(t0, t1) ¤«ï á¨áâ¥¬ë (7.8) á ¢¥àå¥©âà¥ã£®«ì®© ¬ âà¨æ¥© Â(t) § ¤ ¥âáï ãà ¢¥¨¥¬ yn = 0 ¨ «¨¥© ï ®¡®-«®çª  Ĝ(t0, t1) á®¢¯ ¤ ¥â á «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢ q̂1(t0) . . . q̂n(t0).2.� áá¬®âà¨¬ á¨áâ¥¬ã (7.2). �á«¨ á¨áâ¥¬  (7.2) «®ª «ì® ã¯à ¢«ï¥-¬ , â® Lin Ĝ(t0, t1) á®¢¯ ¤ ¥â á R
n ¨ ¢¥ªâ®àë q̂1(t0) . . . q̂n(t0) á®¤¥à� âáï ¢Lin Ĝ(t0, t1).�á«¨ á¨áâ¥¬  (7.2) ¥ ï¢«ï¥âáï «®ª «ì® ã¯à ¢«ï¥¬®©, â® ¢ á¨«ã â¥-®à¥¬ë 1.3, áãé¥áâ¢ã¥â ¯à¥®¡à §®¢ ¨¥ Ǒ¥àà®  X = U(t)Y, ¯à¨¢®¤ïé¥¥¥¥ ª á¨áâ¥¬¥ (7.8) á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥© Â(t). � á¨«ã «¥¬¬ë2.1 ¢ë¯®¥ë à ¢¥áâ¢ rankK(t) = rank K̂(t) ¨ qk(t) = U(t)q̂k(t), k = 1 . . . n.�§ «¥¬¬ë 2.1 â ª�¥ á«¥¤ã¥â, çâ® ¬ âà¨æë � «¬   W (t0, t1) ¨ Ŵ (t0, t1)á¨áâ¥¬ (7.2) ¨ (7.8) á¢ï§ ë á®®â®è¥¨¥¬

W (t0, t1) = U(t0)Ŵ (t0, t1)U ∗(t0).Ǒ®áª®«ìªã «¨¥©®¥ ¯®¤¯à®áâà áâ¢® Lin Ĝ(t0, t1) ï¢«ï¥âáï ¬®�¥-áâ¢®¬ § ç¥¨© ®¯¥à â®à  Ŵ (t0, t1), â® ¢¥ªâ®àë q̂1(t0) . . . q̂n(t0) á®¤¥à-� âáï ¢ ¬®�¥áâ¢¥ Im Ŵ (t0, t1). �«¥¤®¢ â¥«ì®, áãé¥áâ¢ãîâ ¢¥ªâ®àë80



ẑ1 . . . ẑn, â ª¨¥ çâ® q̂k(t0) = Ŵ (t0, t1)ẑk. Ǒ® ¢¥ªâ®à ¬ ẑ1 . . . ẑn ¯®áâà®¨¬¢¥ªâ®àë zk = U(t0)ẑk, k = 1 . . . n ¨  ©¤¥¬
W (t0, t1)zk = U(t0)Ŵ (t0, t1)U ∗(t0)U(t0)ẑk = U(t0)q̂k(t0) = qk(t0).�«¥¤®¢ â¥«ì®, ¢¥ªâ®àë q1(t0) . . . qn(t0) á®¤¥à� âáï ¢ ¬®�¥áâ¢¥ § ç¥-¨© «¨¥©®£® ®¯¥à â®à  W (t0, t1), ª®â®à®¥ á®¢¯ ¤ ¥â á «¨¥©ë¬ ¯®¤-¯à®áâà áâ¢®¬ LinG(t0, t1). �¥¬¬  ¤®ª §  .� ¥ ¬ ¬   7.5. Ǒãáâì rankK(τ) = n − 1. �®£¤   ©¤¥âáï â ª®©¨â¥à¢ « (τ −ϑ, τ +ϑ), çâ® ¤«ï «î¡®£® ®âà¥§ª  [t0, t1℄, ¯à¨ ¤«¥� é¥£®(τ − ϑ, τ + ϑ), ¬®�¥áâ¢  G(t0, t1) ¨ G(t0, t1) á®¤¥à� â £« ¤ª¨¥ á¨¬¬¥-âà¨çë¥ ®â®á¨â¥«ì® ®á¨ (Ot) ¬®£®®¡à §¨ï Nn−1(t0, t1) ¨ N n(t0, t1)á®®â¢¥âáâ¢¥®.� ® ª   §   â ¥ « ì á â ¢ ®. Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¯®áª®«ì-ªã rankK(τ) = n − 1 ¨ rankK(t) 6 n − 1 ¤«ï «î¡®£® t ∈ R, â®¨§ ¢¥ªâ®à®¢ q1(τ) . . . qn(τ) ¬®�® ¢ë¡à âì n − 1 «¨¥©® ¥§ ¢¨á¨¬ëå¢¥ª®à®¢ qi1(τ) . . . qin−1(τ). Ǒ®áª®«ìªã ¢¥ªâ®à-äãªæ¨¨ qi1(t) . . . qin−1(t) ¥-¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë, â® áãé¥áâ¢ã¥â â ª®¥ ϑ > 0, çâ® ¢¥ªâ®àë

qi1(t) . . . qin−1(t) «¨¥©® ¥§ ¢¨á¨¬ë ¢ ª �¤®© â®çª¥ t ∈ (τ − ϑ, τ + ϑ).�®£¤  ¨§ «¥¬¬ë 7.4 á«¥¤ã¥â, çâ® ¢¥ªâ®àë qi1(t0) . . . qin−1(t0) ¯à¨ ¤«¥� âLinG(t0, t1) ¤«ï «î¡®£® ®âà¥§ª  [t0, t1℄ ⊂ (τ−ϑ, τ+ϑ). Ǒ®áª®«ìªã ¬®�¥-áâ¢® G(t0, t1) ¢ë¯ãª«® ¨ á¨¬¬¥âà¨ç® ®â®á¨â¥«ì® ®á¨ (Ot), â®  ©¤¥âáïâ ª®¥ ε > 0, çâ® ¢á¥ â®çª¨ ¬®�¥áâ¢ 
Nn−1(t0, t1) .= {(x, t0) : x = c1qi1(t0) + · · ·+ cn−1qin−1(t0), |ci| < ε}á®¤¥à� âáï ¢ ¬®�¥áâ¢¥ ã¯à ¢«ï¥¬®áâ¨ G(t0, t1). �ç¥¢¨¤®, çâ® ¬®�¥-áâ¢® Nn−1(t0, t1) ï¢«ï¥âáï £« ¤ª¨¬ á¨¬¬¥âà¨çë¬ ®â®á¨â¥«ì® ®á¨ (Ot)(n− 1)-¬¥àë¬ ¬®£®®¡à §¨¥¬.�¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®�® áç¨â âì, çâ® ã¯à ¢«¥¨ï ui(t),

i = 1 . . . n− 1, ª®â®àë¥ ¢ ¬®¬¥â t1 ¯¥à¥¢®¤ïâ n − 1 «¨¥©® ¥§ ¢¨-á¨¬ëå â®ç¥ª x1(t0) = ε1qi1(t0), . . . , xn−1(t0) = ε1qin−1(t0), ε1 ∈ (0, ε) ¢ã«ì, ï¢«ïîâáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬¨ ¨, ªà®¬¥ â®£®, â®ç-ª¨ xi(t) = x(t, ui(·)) «¨¥©® ¥§ ¢¨á¨¬ë ¢ ª �¤ë© ¬®¬¥â ¢à¥¬¥¨
t ∈ [t0, t1℄. �â® ®§ ç ¥â, çâ® ¯à¨ ä¨ªá¨à®¢ ®¬ t1 à áè¨à¥®¥ ¬®-�¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ G(t0, t1) .= {(x, t) ∈ R

n+1 : x ∈ G(t, t1), t ∈ [t0, t1℄}81



á®¤¥à�¨â £« ¤ª®¥ n - ¬¥à®¥ ¬®£®®¡à §¨¥
N n(t0, t1) .= {(x, t) : x = c1x1(t) + · · ·+ cn−1xn−1(t), |ci| < 1, t ∈ (t0, t1)}.� ¥ ¬ ¬   7.6. Ǒãáâì rankK(τ) = n − 1. �®£¤   ©¤¥âáï ¨â¥à-¢ « (τ−ϑ, τ+ϑ) â ª®©, çâ®   «î¡®¬ ®âà¥§ª¥ [t0, t1℄ ⊂ (τ−ϑ, τ+ϑ) ¬®-�¥áâ¢  D(t0, t1) ¨ D(t0, t1) á®¤¥à� â £« ¤ª¨¥ ¬®£®®¡à §¨ï Mn−1(t0, t1)¨ Mn(t0, t1) á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ 0 ∈ D(t0, t1), (0, t) ∈ D(t0, t1) ¤«ï¢á¥å t ∈ (t0, t1).� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã «¥¬¬ë 7.5  ©¤¥âáï ¯®áâ®ï- ï ϑ > 0, çâ®   «î¡®¬ ®âà¥§ª¥ [t0, t1℄ ⊂ (τ − ϑ, τ + ϑ) áãé¥áâ¢ãîâ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥¨ï ui(t), t ∈ [t0, t1℄, i = 1 . . . n − 1, ª®â®àë¥ ¯¥à¥¢®-¤ïâ á¨áâ¥¬ã (7.2) ¨§ «¨¥©® ¥§ ¢¨á¨¬ëå â®ç¥ªol(xi(t0), t0) = ol(x(t0, ui(·)), t0), i = 1 . . . n− 1¢ â®çªã ol(0, t1). �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¡ã¤¥¬ ¯®« £ âì, çâ®: ) x1(t0) = cqi1(t0), . . . , xn−1(t0) = cqin−1(t0);¡) ui(t) ∈ C∞([t0, t1℄), i = 1 . . . n− 1;¢) ã¯à ¢«¥¨ï ui(t) ¢ë¡à ë â ª, çâ® ¢ ª �¤ë© ¬®¬¥â ¢à¥¬¥¨
t ∈ [t0, t1℄ â®çª¨ xi(t) = x(t, ui(·)), i = 1 . . . n− 1 ï¢«ïîâáï «¨¥©® ¥§ -¢¨á¨¬ë¬¨.�¡®§ ç¨¬ u(t, ξ) = u(t, ξ1 . . . ξn−1) = ξ1u1(t) + · · · + ξn−1un−1(t), £¤¥
ξ = (ξ1 . . . ξn−1), |ξ| 6 1.Ǒãáâì x(t, ξ) = x(t, ξ1 . . . ξn−1) | à¥è¥¨¥ á¨áâ¥¬ë(7.1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î x(t1, ξ) = 0. �®�® ¯®« £ âì, çâ® ¯à¨¢á¥å ξ ∈ On−11 ¤ ®¥ à¥è¥¨¥ áãé¥áâ¢ã¥â   ®âà¥§ª¥ [t0, t1℄. �¢¥¤¥¬ ¢à áá¬®âà¥¨¥ n × n − 1 ¬ âà¨æã Z(t) = (∂x(t, ξ)

∂ξ

)
ξ=0. Ǒ®áª®«ìªã x(t, ξ)| à¥è¥¨¥ á¨áâ¥¬ë (7.1), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î u(t, ξ), â®

∂x(t, ξ)
∂t

= f0(x(t, ξ), t) + u(t, ξ)f1(x(t, ξ), t),
∂

∂t

∂x

∂ξ
= (f0(x(t, ξ), t))x∂x

∂ξ
+ u(t, ξ)(f1(x(t, ξ), t))x∂x

∂ξ
+ f1(x(t, ξ), t)∂u

∂ξ
.�ç¨âë¢ ï ãá«®¢¨ï x(t, 0) = 0, u(t, 0) = 0, ¯®«ãç ¥¬_Z(t) = A(t)Z(t) + b(t)u∗(t),82



£¤¥ b(t)u∗(t) ¥áâì ¬ âà¨ç®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à-áâ®«¡æ  b(t)   ¢¥ªâ®à-áâà®ªã u∗(t) = (u1(t) . . . un−1(t)). �âáî¤  á«¥¤ã¥â, çâ® áâ®«¡æë zi(t) ¬ -âà¨æë Z(t) ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬_zi(t) = A(t)zi(t) + b(t)ui(t), zi(t1) = 0, i = 1 . . . n− 1.� á¨«ã ãá«®¢¨ï  ) ¢¥ªâ®àë z1(t0) = cqi1(t0), . . . , zn−1(t0) = cqin−1(t0) ï¢«ï-îâáï «¨¥©® ¥§ ¢¨á¨¬ë¬¨. � â ª®¬ á«ãç ¥ ®â®¡à �¥¨¥ ξ → x(t0, ξ)ï¢«ï¥âáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬ ®â®¡à �¥¨¥¬ ®ªà¥áâ®áâ¨
On−11 ¢ R

n. � ¬¥â¨¬ â¥¯¥àì, çâ® ¯®áª®«ìªã rankZ(t0) = n − 1, â® áã-é¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì Ok
δ , çâ® rankZ(t) = n− 1 ¤«ï ¢á¥å ξ ∈ On−1

δ .� íâ® ®§ ç ¥â, çâ® ¬®�¥áâ¢® Mn−1(t0, t1) .= {x = x(t0, ξ) : ξ ∈ On−1
δ }ï¢«ï¥âáï £« ¤ª¨¬ ¬®£®®¡à §¨¥¬ à §¬¥à®áâ¨ n−1, ¯à¨ç¥¬ Mn−1(t0, t1)®ç¥¢¨¤® á®¤¥à�¨âáï ¢ ¬®�¥áâ¢¥ ã¯à ¢«ï¥¬®áâ¨ D(t0, t1).� «¥¥ § ¬¥â¨¬, çâ® â®çª¨ xi(t) = x(t, ui(·)) «¨¥©® ¥§ ¢¨á¨¬ë ¢ ª -�¤ë© ¬®¬¥â ¢à¥¬¥¨ t ∈ [t0, t1℄. �®£¤  ®â®¡à �¥¨¥ (ξ, t) → (x(t0, ξ), t)â ª�¥ ï¢«ï¥âáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬ ®â®¡à �¥¨¥¬ ®ªà¥áâ-®áâ¨ On−11 × (t0, t1) ¢ Rn × [t0, t1℄,   á«¥¤®¢ â¥«ì® ¬®�¥áâ¢®

Mn(t0, t1) .= {(x, t) = (x(t, ξ), t) : ξ ∈ On−1
δ , t0 < t < t1}ï¢«ï¥âáï £« ¤ª¨¬ ¬®£®®¡à §¨¥¬ à §¬¥à®áâ¨ n, ¯à¨ç¥¬ Mn(t0, t1) ®ç¥-¢¨¤® á®¤¥à�¨âáï ¢ ¬®�¥áâ¢¥ ã¯à ¢«ï¥¬®áâ¨D(t0, t1).�¥¬¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 7.3. � ¬¥â¨¬, çâ® «¨¥© ï ®¡®«®çª  ¢¥ªâ®à®¢

z1(t0) . . . zn−1(t0) ï¢«ï¥âáï ª á â¥«ìë¬ ¯à®áâà áâ¢®¬ ª ¬®£®®¡à §¨î
Mn−1(t0, t1) ¢ â®çª¥ (0, t0) ¨ ¯®áª®«ìªã ¤«ï ¢¥ªâ®à®¢ zi(t0) ¢ë¯®«¥-ë à ¢¥áâ¢  z1(t0) = cqi1(t0), . . . , zn−1(t0) = cqin−1(t0), â® ª á â¥«ì®¥¯à®áâà áâ¢® T(0,t0)Mn−1(t0, t1) ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢
qi1(t0) . . . qin−1(t0).

83



§8. �®áâ â®çë¥ ãá«®¢¨ï ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨¥«¨¥©®© á¨áâ¥¬ë ¢ R
n�¤¥áì ¯®«ãç¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬®¡é¥£® ¢¨¤  ¢ óªà¨â¨ç¥áª®¬ á«ãç ¥�.�¬¥áâ¥ á á¨áâ¥¬®© (7.1) à áá¬®âà¨¬ á«¥¤ãîé¨¥ á¨áâ¥¬ë_x = f+(x, t) .= f0(x, t) + f1(x, t), (x, t) ∈ R

n+1, (8.1)_x = f−(x, t) .= f0(x, t)− f1(x, t), (x, t) ∈ R
n+1, (8.2)®â¢¥ç îé¨¥ ã¯à ¢«¥¨ï¬ u ≡ 1 ¨ u ≡ −1 á®®â¢¥âáâ¢¥®. �¡®§ ç¨¬

f̂+(x, t) .= ol(f+(x, t), 1), f̂−(x, t) .= ol(f−(x, t), 1),   x+(t, τ) ¨ x−(t, τ) |á®®â¢¥âáâ¢¥® à¥è¥¨ï á¨áâ¥¬ (8.1) ¨ (8.2), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
x+(τ, τ) = x−(τ, τ) = 0. �¥à¥§ γ+(τ) ¨ γ−(τ) ®¡®§ ç¨¬ âà ¥ªâ®à¨¨ ¤ -ëå à¥è¥¨© ¢ Rn+1. �ç¥¢¨¤®, çâ® à¥è¥¨ï á¨áâ¥¬ (8.1) ¨ (8.2) ï¢«ï-îâáï ¤®¯ãáâ¨¬ë¬¨ à¥è¥¨ï¬¨ á¨áâ¥¬ë (7.1).� ¥ ® à ¥ ¬   8.1. Ǒãáâì   ®âà¥§ª¥ [t0, t1℄  ©¤¥âáï â®çª  τ,çâ® rankK(τ) = n − 1. �®£¤  áãé¥áâ¢ãîâ ®ªà¥áâ®áâì On+1

ε (0, τ) ¨áª «ïà ï äãªæ¨ï ϕ(x, t) ∈ C1(Rn+1,R), çâ®:
a) ol(∂ϕ(x, t)

∂x
,
∂ϕ(x, t)
∂t

)∣∣∣(0,τ) 6= 0;¡) Mn .= {(x, t) ∈ On+1
ε (0, τ) : ϕ(x, t) = 0} ⊂ D(t0, t1).� «¥¥, ¥á«¨ ¯à¨ ¢á¥å t ∈ (τ, τ + ε) ¢ë¯®«¥® ¥à ¢¥áâ¢®¢) ϕ(x+(t, τ), t)ϕ(x−(t, τ), t) < 0,â® á¨áâ¥¬  (0.2) ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.� ® ª   §   â ¥ « ì á â ¢ ®. �®ª § â¥«ìáâ¢® ¯ãªâ®¢  ) ¨ ¡) â¥®-à¥¬ë á«¥¤ã¥â ¨§ «¥¬¬ë 7.6.Ǒãáâì Mn .={(x, t)∈On+1
ε (0, τ) : ϕ(x, t)=0}| ¬®£®®¡à §¨¥, á®¤¥à� -é¥¥áï ¢ à áè¨à¥®¬ ¬®�¥áâ¢¥ ã¯à ¢«ï¥¬®áâ¨ D(t0, t1) ¨ ã¤®¢«¥â¢®-àïîé¥¥ ãá«®¢¨ï¬  ) ¨ ¡). Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï ¢á¥å �, 0 < � < ε,¢ë¯®«¥® ¥à ¢¥áâ¢® ϕ(x+(τ +�, τ), τ +�)ϕ(x−(τ +�, τ), τ +�) < 0.Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨

ϕ(x+(τ +�, τ), τ +�) > 0, ϕ(x−(τ +�, τ), τ +�) < 0.84



�¡®§ ç¨¬min{d((x+(τ +�, τ), τ +�),Mn), d((x−(τ +�, τ), τ +�),Mn)} = 2r,â®£¤   ©¤¥âáï è à O+
r

.= Or(x+(τ + �, τ), τ + �) à ¤¨ãá  r á æ¥âà®¬¢ â®çª¥ (x+(τ + �, τ), τ + �), ¤«ï ¢á¥å â®ç¥ª ª®â®à®£® ϕ(x, t) > 0. � ©-¤¥âáï â ª�¥ è à O−
r

.= Or(x−(τ +�, τ), τ +�), çâ® ¤«ï ¢á¥å (x, t) ∈ O−
r¢ë¯®«¥® ¥à ¢¥áâ¢® ϕ(x, t) < 0. Ǒ® â¥®à¥¬¥ ® ¥¯à¥àë¢®© § ¢¨á¨¬®-áâ¨ ®â  ç «ìëå ãá«®¢¨©,  ©¤¥âáï ®ªà¥áâ®áâì On+1

ε (0, τ), ¢á¥ â®çª¨ª®â®à®© ¯®¤ ¤¥©áâ¢¨¥¬ ã¯à ¢«¥¨ï u ≡ 1 ¯®¯ ¤ îâ ¢ O+
r ,   ¯®¤ ¤¥©áâ¢¨-¥¬ u ≡ −1 ¯®¯ ¤ îâ ¢ O−

r . �â® ®§ ç ¥â, çâ® ¢á¥ â®çª¨ ¨§ On+1
ε (0, τ)¯®¤ ¤¥©áâ¢¨¥¬ ®¤®£® ¨§ ã¯à ¢«¥¨© u ≡ 1 ¨«¨ u ≡ −1 ¯®¯ ¤ îâ  ¬®£®®¡à §¨¥Mn. �¥©áâ¢¨â¥«ì®,Mn à §¤¥«ï¥â ®ªà¥áâ®áâì On+1
ε (0, τ)  ¤¢  ®âªàëâëå ¬®�¥áâ¢  V+ .= {(x, t) ∈ Oδ(0, τ) : ϕ(x, t) > 0} ¨

V−
.= {(x, t) ∈ Oδ(0, τ) : ϕ(x, t) < 0}. Ǒ®áâà®¨¬ ã¯à ¢«¥¨¥ u(x, t) = 1,¥á«¨ (x, t) ∈ V− ¨ u(x, t) = −1, ¥á«¨ (x, t) ∈ V+. Ǒ®ïâ®, çâ® ¯®¤ ¤¥©áâ¢¨-¥¬ â ª®£® ã¯à ¢«¥¨ï ¢á¥ â®çª¨ ¨§ On+1

ε (0, τ) ¯®¯ ¤ îâ   ¬®£®®¡à §¨¥
Mn ¨ § â¥¬ ¢ ã«ì. � áá¬®âà¨¬ ¬®�¥áâ¢® âà ¥ªâ®à¨© ¨§ On+1

ε (0, τ), ¯à®-å®¤ïé¨å ç¥à¥§ On+1
ε (0, τ)⋂Mn ¯®¤ ¤¥©áâ¢¨¥¬ ¯®áâà®¥®£® ã¯à ¢«¥¨ï

u(x, t). Ǒ®ïâ®, çâ® ¢ â ª®¬ ¬®�¥áâ¢¥ á®¤¥à�¨âáï ¥ª®â®à ï ®ªà¥áâ-®áâì On+1
δ (0, τ), ¢á¥ â®çª¨ ª®â®à®© ¯®¯ ¤ îâ   ¬®£®®¡à §¨¥ Mn, ¥¢ëå®¤ï §  ¯à¥¤¥«ë On+1

ε (0, τ). �®£¤  ¢ ã«ì ¯®¯ ¤ îâ â ª�¥ â®çª¨ ¨§(On
δ (0), τ),   íâ® ¨ ®§ ç ¥â, çâ® á¨áâ¥¬  (7.1) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬   ®âà¥§ª¥ [τ, t1℄,   á«¥¤®¢ â¥«ì®, ¨   ®âà¥§ª¥ [t0, t1℄. �¥®à¥¬  ¤®ª §  .�   ¬ ¥ ç    ¨ ¥ 8.1. �ç¨âë¢ ï § ¬¥ç ¨¥ 7.1, ¬®�® áç¨â âì,çâ® ªà®¬¥ ¯ãªâ®¢  ) ¨ ¡) â¥®à¥¬ë 8.1 ¢ë¯®«¥® ãá«®¢¨¥

T(0,τ)Mn = Lin{ol(0 . . . 0, 1), ol(q1(τ), 0) . . . ol(qn(τ), 0)}. (8.3)� ¥ ¬ ¬   8.1. �á«¨  ©¤ãâáï τ ∈ (t0, t1) ¨ ε > 0 â ª¨¥, çâ® ¯à¨
τ < t < τ + ε

〈gradϕ(x+(t, τ), t), f̂+(x+(t, τ), t)〉 ×
× 〈gradϕ(x−(t, τ), t), f̂−(x−(t, τ), t)〉 < 0, (8.4)â® á¨áâ¥¬  (7.1) ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.85



� ® ª   §   â ¥ « ì á â ¢ ®. Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨
〈gradϕ(x+(t, τ), t), f̂+(x+(t, τ), t)〉>0, 〈gradϕ(x−(t, τ), t), f̂−(x−(t, τ), t)〉<0¯à¨ τ < t < τ + ε. � ¬¥â¨¬, çâ® ¯à®¨§¢®¤ ï ¢ á¨«ã á¨áâ¥¬ë

dϕ(x+(t, τ), t)
dt

= 〈gradϕ(x+(t, τ), t), f̂+(x+(t, τ), t)〉 > 0,á«¥¤®¢ â¥«ì®, äãªæ¨ï t→ ϕ(x+(t, τ), t) | ¢®§à áâ îé ï. �à®¬¥ â®£®,
ϕ(0, τ) = 0 ¯à¨ t = τ, § ç¨â, ϕ(x+(t, τ), t) > 0 ¯à¨ τ < t < τ + ε.� «®£¨ç® ¯®«ãç ¥¬, çâ® ¯à¨ τ < t < τ + ε ¢ë¯®«¥® ¥à ¢¥áâ¢®
ϕ(x−(t, τ), t) < 0, á«¥¤®¢ â¥«ì®, ϕ(x+(t, τ), t)ϕ(x−(t, τ), t) < 0. �®£¤ ,¢ á¨«ã â¥®à¥¬ë 8.1, á¨áâ¥¬  (7.1) ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬   ®âà¥§ª¥ [t0, t1℄. �¥¬¬  ¤®ª §  .Ǒãáâì rankK(τ) = n − 1. �®£¤  ¨§ ¢¥ªâ®à®¢ q1(τ) . . . qn(τ) ¬®�® ¢ë-¡à âì n− 1 «¨¥©® ¥§ ¢¨á¨¬ëå. �¡®§ ç¨¬ ¨å ç¥à¥§ qi1(τ) . . . qin−1(τ) ¨¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ áª «ïàë¥ äãªæ¨¨

s+(t, τ) .= det(f+(x+(t, τ), t), qi1(τ) . . . qin−1(τ)),
s−(t, τ) .= det(f−(x−(t, τ), t), qi1(τ) . . . qin−1(τ)).�¡®§ ç¨¬ ç¥à¥§ K̃(t) .= (q̃0(t), . . . , q̃n(t)) ¬ âà¨æã à §¬¥à  (n+1)×(n+1),£¤¥ q̃0(t) .= ol(0 . . . 0, 1), q̃i(t) .= ol(qi(t), 0), i = 1 . . . n.� ¥ ® à ¥ ¬   8.2. �á«¨  ©¤ãâáï τ ∈ (t0, t1) ¨ ε > 0 â ª¨¥, çâ®rankK(τ) = n − 1 ¨ s+(t, τ)s−(t, τ) < 0 ¯à¨ τ < t < τ + ε, â® á¨áâ¥¬ (7.1) ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.� ® ª   §   â ¥ « ì á â ¢ ®. �¯¨è¥¬ ª á â¥«ì®¥ ¯à®áâà áâ¢®

T(x,t)Mn. � á¨«ã «¥¬¬ë 7.6 áãé¥áâ¢ã¥â ®ªà¥áâ®áâì On+1
ε (0, τ) â ª ï,çâ® ¤«ï ¢á¥å â®ç¥ª (x, t) ∈ On+1

ε (0, τ) gradϕ(x, t) 6= 0 ¨, ªà®¬¥ â®£®,
〈gradϕ(0, τ), q̃i(τ)〉 = 0, i = 0 . . . n, â. ¥. ¢ â®çª¥ (O, τ) ª á â¥«ì®¥ ¯à®-áâà áâ¢® T(0,τ)Mn ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¢¥ªâ®à®¢ q̃0(τ) . . . q̃n(τ),¨ á«¥¤®¢ â¥«ì®, ¢¥ªâ®à®¢ q̃0(τ), q̃i1(τ) . . . q̃in−1(τ). Ǒ®ª �¥¬, çâ® ¢ ®ªà¥áâ-®áâ¨ On+1

ε (0, τ) áãé¥áâ¢ãîâ ¥¯à¥àë¢ë¥ áª «ïàë¥ äãªæ¨¨ αk(x, t),
αi(0, τ) = 0, k = 0 . . . n− 1, â ª¨¥ çâ® ¢¥ªâ®àë

Q0(x, t) .= α0(x, t) gradϕ(x, t) + q̃0(τ),
Qk(x, t) .= αk(x, t) gradϕ(x, t) + q̃ik(τ), k = 1 . . . n− 186



«¨¥©® ¥§ ¢¨á¨¬ë ¨ 〈gradϕ(x, t), Qk(x, t)〉 = 0. �¥©áâ¢¨â¥«ì®, ¢ ª ç¥-áâ¢¥ αk(x, t) ¢®§ì¬¥¬ äãªæ¨¨
α0(x, t) = −

〈gradϕ(x, t), q̃0(τ)〉
| gradϕ(x, t)|2 , αk(x, t) = −

〈gradϕ(x, t), q̃ik(τ)〉
| gradϕ(x, t)|2 ,

k = 1 . . . n−1. �®£¤  «¨¥© ï ¥§ ¢¨á¨¬®áâì Qk(x, t), k = 0 . . . n−1 á«¥-¤ã¥â ¨§ «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ ¢¥ªâ®à®¢ q̃0(τ), q̃i1(τ) . . . q̃in−1(τ). �âáî-¤  ¯®«ãç ¥¬, çâ® ª á â¥«ì®¥ ¯à®áâà áâ¢® T(x,t)Mn ï¢«ï¥âáï «¨¥©®©®¡®«®çª®© ¢¥ªâ®à®¢ Q0(x, t) . . .Qn−1(x, t). �«¥¤®¢ â¥«ì®, ¤«ï ¢á¥å â®ç¥ª(x, t) ∈ On+1
ε (0, τ)det(gradϕ(x, t), Q0(x, t) . . .Qn−1(x, t)) == det(gradϕ(x, t), q̃0(τ), q̃i1(τ) . . . q̃in−1(τ)) 6= 0.Ǒ®«®�¨¬ ¤«ï ®¯à¥¤¥«¥®áâ¨, çâ® ¤«ï (x, t) ∈ On+1

ε (0, τ)det(gradϕ(x, t), q̃0(τ), q̃i1(τ) . . . q̃in−1(τ)) > 0.�¢¥¤¥¬ ®¡®§ ç¥¨¥ s̃+(t, τ) .= det(f̂+(x+(t, τ), t), q̃0(τ), q̃i1(τ) . . . q̃in−1(τ)).�á«¨ s̃+(t, τ)>0, â® á¨áâ¥¬  ¢¥ªâ®à®¢ f̂+(x+(t, τ), t), q̃0(τ), q̃i1(τ) . . . q̃in−1(τ)¨ ¢¥ªâ®àë gradϕ(x, t), q̃0(τ), q̃i1(τ) . . . q̃in−1(τ) ¨¬¥îâ ®¤¨ ª®¢ãî ®à¨¥-â æ¨î, çâ® à ¢®á¨«ì® ãá«®¢¨î 〈gradϕ(x+(t, τ), t), f̂+(x+(t, τ), t)〉 > 0.� «®£¨ç® ¯®«ãç ¥¬, çâ® ãá«®¢¨¥
s̃−(t, τ) .= det(f̃−(x−(t, τ), t), q̃0(τ), q̃i1(τ) . . . q̃in−1(τ)) < 0à ¢®á¨«ì® ãá«®¢¨î 〈gradϕ(x−(t, τ), t), f̂−(x−(t, τ), t)〉 < 0.� ¬¥â¨¬, çâ® s̃+(t, τ) = (−1)n+1s+(t, τ) ¨ s̃−(t, τ) = (−1)n+1s−(t, τ),á«¥¤®¢ â¥«ì®, ¥à ¢¥áâ¢® s+(t, τ)s−(t, τ) = s̃+(t, τ)s̃−(t, τ) < 0 à ¢®-á¨«ì® ¥à ¢¥áâ¢ã (8.4) ¨ ¢ á¨«ã «¥¬¬ë 8.1 á¨áâ¥¬  (7.1) ãáâ®©ç¨¢®«®ª «ì® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.�   ¬ ¥ ç    ¨ ¥ 8.2. �á«¨ á¨áâ¥¬  (7.1) ¥ ¨â¥£à¨àã¥¬  ¯à¨

u = 1 ¨«¨ u = −1, ¤®áâ â®ç®  ©â¨ à §«®�¥¨¥ à¥è¥¨© x+(t, τ) ¨
x−(t, τ) ¢ àï¤ �¥©«®à  ¯® áâ¥¯¥ï¬ t−τ ¨ § â¥¬  ©â¨ ¥áª®«ìª® ¯¥à¢ëåç«¥®¢ àï¤  ¤«ï äãªæ¨© s+(t, τ), s−(t, τ) ¨ ¯à®¨§¢¥¤¥¨ï s+(t, τ)s−(t, τ).87



Ǒ à ¨ ¬ ¥ à 8.1. �áá«¥¤ã¥¬ ãáâ®©ç¨¢ãî ã¯à ¢«ï¥¬®áâì   ®âà¥§-ª¥ [t0, t1℄ á¨áâ¥¬ë




_x1 = u_x2 = x1 + tx22 + u |u| 6 1._x3 = 4t2x31 + 2tx41u, (8.5)�¨áâ¥¬¥ (8.5) á®®â¢¥âáâ¢ã¥â á«¥¤ãîé ï á¨áâ¥¬  «¨¥©®£® ¯à¨¡«¨-�¥¨ï 



_x1 = u_x2 = x1 + u |u| 6 1._x3 = 0,Ǒ®áª®«ìªã ¤«ï ¤ ®© á¨áâ¥¬ë rankK(t) ≡ 2, â® ª á¨áâ¥¬¥ (8.5) ¥ ¯à¨-¬¥¨¬  â¥®à¥¬  ® «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨�¥¨î.�«ï ¨áá«¥¤®¢ ¨ï ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (8.5) ¤®áâ â®ç® ©â¨ x1+(t, τ) = t− τ, â®£¤ 
s+(t, τ) = ∣∣∣∣∣∣

1 1 0
f 2+(x+(t, τ), t) 1 14t2(t− τ)3 + 2t(t− τ)4 0 0∣∣∣∣∣∣ = 4t2(t− τ)3 + 2t(t− τ)4.� «®£¨ç®  å®¤¨¬, çâ® s−(t, τ) = −4t2(t − τ)3 − 2t(t − τ)4. �«¥¤®¢ -â¥«ì®, ¯à®¨§¢¥¤¥¨¥ s+(t, τ)s−(t, τ) < 0 ¤«ï ¢á¥å t > τ ¨ ¤«ï «î¡ëå

τ. Ǒ®íâ®¬ã, ¢ á¨«ã â¥®à¥¬ë 8.2 á¨áâ¥¬  (8.5) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬   ®âà¥§ª¥ [t0, t1℄.Ǒ à ¨ ¬ ¥ à 8.2. �áá«¥¤ã¥¬ ãáâ®©ç¨¢ãî ã¯à ¢«ï¥¬®áâì   ®âà¥§-ª¥ [t0, t1℄ á¨áâ¥¬ë





_x1 = x32 + tu_x2 = x2 + x21 + u |u| 6 1._x3 = t2x31 + tx22u, (8.6)�«ï á¨áâ¥¬ë «¨¥©®£® ¯à¨¡«¨�¥¨ï




_x1 = tu_x2 = x2 + u |u| 6 1_x3 = 0, (8.7)
88



 ©¤¥¬ K(t) = 

t −1 01 1 10 0 0 . Ǒ®ïâ®, çâ® rankK(t) ≡ 2 ¨ á¨áâ¥¬ (8.7) ¥ ï¢«ï¥âáï «®ª «ì® ã¯à ¢«ï¥¬®©. � ©¤¥¬ à §«®�¥¨¥ à¥è¥¨ï

x+(t, τ) = (x1+, x2+, x3+) ¢ àï¤ �¥©«®à  ¯® áâ¥¯¥ï¬ t− τ.

x1+(t, τ) = t(t− τ) + 14(t− τ)4 + O((t− τ)5),
x2+(t, τ) = t−τ+12(t−τ)2+(16+ t23 )(t−τ)3+( 124+ t212)(t−τ)4+O((t−τ)5),
x3+(t, τ) = t3(t− τ)3 + ( t312 + t4)(t− τ)4 + O((t− τ)5), â®£¤ 

s+(t, τ) = ∣∣∣∣∣∣

f 1+(x+(t, τ)) t −1
f 2+(x+(t, τ)) 1 1

t2(x1+)3 + t(x2+)2 0 0 ∣∣∣∣∣∣
= t(t+ 1)(t(x1+)3 + (x2+)2) == t(t+ 1)[(t− τ)2 + (1 + t4)(t− τ)3 + ( 712 + 2t23 )(t− τ)4 + O((t− τ)5)].� «®£¨ç®  å®¤¨¬, çâ®

s−(t, τ) = t(t+1)[−(t−τ)2−(1+t4)(t−τ)3+(
−
712+2t23 )(t−τ)4+O((t−τ)5)].�«¥¤®¢ â¥«ì®,  ©¤¥âáï â ª®¥ ε > 0, çâ® ¯à®¨§¢¥¤¥¨¥

s+(t, τ)s−(t, τ) = t2(t+ 1)2(−((t− τ)2 + (1 + t4)(t− τ)3)2 + O(t− τ)6)) < 0¤«ï ¢á¥å τ < t < τ + ε ¨ ¤«ï «î¡ëå τ. Ǒ®íâ®¬ã, ¢ á¨«ã â¥®à¥¬ë 8.2á¨áâ¥¬  (8.6) ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬    ®âà¥§ª¥ [t0, t1℄.
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