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�¯¨á®ª ®á­®¢­ëå ®¡®§­ ç¥­¨©

:= ¨ =: | \à ¢­® ¯® ®¯à¥¤¥«¥­¨î" (¤¢®¥â®ç¨¥ | á® áâ®à®­ë ®¯à¥¤¥-
«ï¥¬®£® ®¡ê¥ªâ ).
∗ | ®¯¥à æ¨ï âà ­á¯®­¨à®¢ ­¨ï.
R+ := [0, +∞[ .
Rn | ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® à §¬¥à­®áâ¨ n á ª ­®­¨ç¥áª¨¬ ®àâ®-
­®à¬¨à®¢ ­­ë¬ ¡ §¨á®¬ e1, . . . , en ¨ ­®à¬®© ‖x‖ =

√
x∗x .

col(α1, α2, . . . , αn) | ¢¥ªâ®à-áâ®«¡¥æ á ª®®à¤¨­ â ¬¨ α1, α2, . . . , αn .
Mmn | ¯à®áâà ­áâ¢® ¢¥é¥áâ¢¥­­ëå ¬ âà¨æ à §¬¥à­®áâ¨ m×n á® á¯¥ª-
âà «ì­®© ­®à¬®©, â. ¥. ®¯¥à â®à­®© ­®à¬®©, ¨­¤ãæ¨àã¥¬®© ¢ Mmn ¥¢-
ª«¨¤®¢ë¬¨ ­®à¬ ¬¨ ¢ Rn ¨ Rm ; Mn := Mnn .
Bε(H) = {G ∈ Mmn : ‖G − H‖ 6 ε} | è à à ¤¨ãá  ε á æ¥­âà®¬ ¢
H ∈ Mmn .
[h1, h2, . . . , hn] | m × n -¬ âà¨æ , ®¡à §®¢ ­­ ï ¢¥ªâ®à-áâ®«¡æ ¬¨ h1 ,
h2, . . . , hn ∈ Rm .
E = [e1, e2, . . . , en] | ¥¤¨­¨ç­ ï n× n -¬ âà¨æ .
Sp A | á«¥¤ ¬ âà¨æë A .
rank A | à ­£ ¬ âà¨æë A .
κ(A) := ‖A‖ ‖A−1‖ | á¯¥ªâà «ì­®¥ ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ®¡à â¨¬®©
¬ âà¨æë A .

(H)k =




h11 . . . h1k
... . . . ...

hk1 . . . hkk


 | ¢¥¤ãé ï £« ¢­ ï ¯®¤¬ âà¨æ  ¯®àï¤ª  k

¬ âà¨æë H = {hij}n
i,j=1 ∈ Mn .

H = {H ∈ Mn : det(H)k > 0, k = 1, . . . , n} | á®¢®ªã¯­®áâì ¢á¥å n × n-
¬ âà¨æ, ¨¬¥îé¨å ¯®«®¦¨â¥«ì­ë¥ ¢¥¤ãé¨¥ £« ¢­ë¥ ¬¨­®àë.
H(ρ) := {H ∈ Mn : det(H)k > ρ, k = 1, . . . , n}.
H(r, ρ) := {H ∈ Br(E) ⊂ Mn : det(H)k > ρ, k = 1, . . . , n}.
KCmn(I) | ¬­®¦¥áâ¢® ®£à ­¨ç¥­­ëå ªãá®ç­® ­¥¯à¥àë¢­ëå ®â®¡à ¦¥-
­¨© U : I → Mmn , ®¯à¥¤¥«¥­­ëå ­  ¯à®¬¥¦ãâª¥ I ⊂ R , á à ¢­®¬¥à­®©
­®à¬®© ‖U‖C(I) := sup{‖U(t)‖ : t ∈ I} ; KCn(I) := KCnn(I) .
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Cn(I) | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨© U : I → Mn , ®¯à¥¤¥-
«¥­­ëå ­  ®âà¥§ª¥ I ⊂ R , á à ¢­®¬¥à­®© ­®à¬®© ‖U‖C(I) :=sup{‖U(t)‖ :
t ∈ I} .
Mn | á®¢®ªã¯­®áâì ¢á¥å «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
á¨áâ¥¬

_x = A(t)x, t ∈ R, x ∈ Rn,

£¤¥ A(·) ∈ KCn(R) . � ¦¤ ï á¨áâ¥¬  ¨§ Mn ®â®¦¤¥áâ¢«ï¥âáï á ¥¥ ¬ -
âà¨æ¥© ª®íää¨æ¨¥­â®¢.
��� | äã­¤ ¬¥­â «ì­ ï á¨áâ¥¬  à¥è¥­¨©.

h(x; [α, β]) := ln(‖x(β)‖/‖x(α)‖)
β − α

| à®áâ ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï x(·)
«¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë ­  ®âà¥§ª¥ [α, β] .

p := lim
t→+∞

1
t

t∫

0
p(s) ds , p := lim

t→+∞
1
t

t∫

0
p(s) ds , ^

p := lim
t→+∞

1
t

t∫

0
p(s) ds | á®-

®â¢¥âáâ¢¥­­® ¢¥àå­¥¥, ­¨¦­¥¥ ¨ â®ç­®¥ áà¥¤­¨¥ §­ ç¥­¨ï äã­ªæ¨¨
p : [0, +∞[→ R .
int D | ¢­ãâà¥­­®áâì ¬­®¦¥áâ¢  D ⊂ Mmn ®â­®á¨â¥«ì­® Mmn .
conv D | ¢ë¯ãª« ï ®¡®«®çª  ¬­®¦¥áâ¢  D ⊂ Mmn .

�¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = A(t)x + B(t)u, t ∈ R, x ∈ Rn, u ∈ Rm,

ã¯à ¢«¥­¨¥ ¢ ª®â®à®© ­¥ ä¨ªá¨à®¢ ­®, ­ §ë¢ ¥¬ ®âªàëâ®©; ¥á«¨ ¢ íâ®©
á¨áâ¥¬¥ ¢ë¡à ­® ã¯à ¢«¥­¨¥ u(t) ≡ 0 , â® á®®â¢¥âáâ¢ãîéãî á¨áâ¥¬ã

_x = A(t)x, t ∈ R, x ∈ Rn,

­ §ë¢ ¥¬ á¢®¡®¤­®©; ¥á«¨ ã¯à ¢«¥­¨¥ ¢ë¡à ­® «¨­¥©­ë¬ ¯® ­ ¡«î¤ -
â¥«î

y = C∗(t)x, t ∈ R, y ∈ Rr,

â. ¥. ¨¬¥¥â ¢¨¤ u = U(t)y , â® á®®â¢¥âáâ¢ãîéãî á¨áâ¥¬ã

_x = (A(t) + B(t)U(t)C∗(t))x

­ §ë¢ ¥¬ § ¬ª­ãâ®©. � ª ¦¥ ­ §ë¢ ¥¬ á¨áâ¥¬ã

_x = (A(t) + B(t)U(t))x

¢ á«ãç ¥ ®âáãâáâ¢¨ï ­ ¡«î¤ â¥«ï, ¯à¨ ¢ë¡®à¥ ã¯à ¢«¥­¨ï «¨­¥©­ë¬
¯® ä §®¢®© ¯¥à¥¬¥­­®© x .
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�¢¥¤¥­¨¥

�¤­®© ¨§ ¯¥à¢ëå ¨ ­ ¨¡®«¥¥ ¢ ¦­ëå § ¤ ç ª« áá¨ç¥áª®© â¥®à¨¨
 ¢â®¬ â¨ç¥áª®£® à¥£ã«¨à®¢ ­¨ï ¡ë«  § ¤ ç  ® áâ ¡¨«¨§ æ¨¨ ã¯à ¢«ï-
¥¬®£® ®¡ê¥ªâ , ¯®¢¥¤¥­¨¥ ª®â®à®£® ®¯¨áë¢ ¥âáï áâ æ¨®­ à­®© «¨­¥©­®©
á¨áâ¥¬®©

_x = Ax + Bu, x ∈ Rn, u ∈ Rm, t ∈ R, (0.1)
£¤¥ A ¨ B | ¯®áâ®ï­­ë¥ ¢¥é¥áâ¢¥­­ë¥ ¬ âà¨æë à §¬¥à®¢ n × n ¨
n×m á®®â¢¥âáâ¢¥­­®. �®¤ áâ ¡¨«¨§ æ¨¥© íâ®£® ®¡ê¥ªâ  (¨«¨, çâ® â® ¦¥
á ¬®¥, á¨áâ¥¬ë (0.1) ) ¯®­¨¬ ¥âáï ¯®áâà®¥­¨¥ â ª®© «¨­¥©­®© ®¡à â­®©
á¢ï§¨ u = Ux á ¯®áâ®ï­­®© m × n ¬ âà¨æ¥© U , çâ® ¢áïª®¥ à¥è¥­¨¥
§ ¬ª­ãâ®© íâ¨¬ ã¯à ¢«¥­¨¥¬ áâ æ¨®­ à­®© á¨áâ¥¬ë

_x = (A + BU)x, x ∈ Rn, t ∈ R, (0.2)
¯® ­®à¬¥ áâà¥¬¨âáï ª ­ã«î ¯à¨ t → +∞ ¡ëáâà¥¥ äã­ªæ¨¨ e−αt , £¤¥
­¥®âà¨æ â¥«ì­ ï ¢¥«¨ç¨­  α § à ­¥¥ § ¤ ­ . �®áª®«ìªã ®¡ãá«®¢«¥­-
­®¥ ¯®¢¥¤¥­¨¥ à¥è¥­¨© á¨áâ¥¬ë (0.2) ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï ¢¥é¥-
áâ¢¥­­ë¬¨ ç áâï¬¨ á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨æë A + BU , § ¤ ç 
áâ ¡¨«¨§ æ¨¨ á¢®¤¨âáï ª ¯¥à¥¬¥é¥­¨î ¢ ®¡« áâì

Cα := {λ ∈ C : Re λ < −α}
ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ ¢á¥å á®¡áâ¢¥­­ëå §­ ç¥­¨© λi(A + BU) ¬ âà¨-
æë A+BU ¯®¤ ¢®§¤¥©áâ¢¨¥¬ áâ æ¨®­ à­®£® ¬ âà¨ç­®£® ã¯à ¢«¥­¨ï U .

�àï¬ë¬ à §¢¨â¨¥¬ íâ®© § ¤ ç¨ áâ ¡¨«¨§ æ¨¨ ï¢«ï¥âáï § ¤ ç  ®
­ §­ ç¥­¨¨ á¯¥ªâà , ¢ ª®â®à®© âà¥¡ã¥âáï ®¡¥á¯¥ç¨âì â®ç­ë¥ à ¢¥­áâ¢ 

λi(A + BU) = µi, i = 1, . . . , n,

¤«ï ¯à®¨§¢®«ì­®£® ­ ¯¥à¥¤ § ¤ ­­®£® ­ ¡®à  ª®¬¯«¥ªá­ëå ç¨á¥« µ1 ,
µ2 . . . , µn .

� 1969 £®¤ã ¢ à ¡®â¥ [181] �. �àã­®¢áª¨© ãª § «, çâ® ¢ â¥ç¥­¨¥ ¤«¨-
â¥«ì­®£® ¢à¥¬¥­¨ ¡ë« ¨§¢¥áâ¥­ á«¥¤ãîé¨© ä ªâ: ¢ á«ãç ¥ áª «ïà­®£®
ã¯à ¢«¥­¨ï ( m = 1 ) § ¤ ç  ® ­ §­ ç¥­¨¨ á¯¥ªâà  à §à¥è¨¬  ¢ â®¬ ¨
â®«ìª® â®¬ á«ãç ¥, ª®£¤  n× n ¬ âà¨æ 

[b, Ab, A2b, . . . , An−1b]
®¡à â¨¬  (§¤¥áì b := B ∈ Mn,1 ). �â¬¥â¨¬, çâ® íâ  â¥®à¥¬  ¬®¦¥â ¡ëâì
«¥£ª® ¯®«ãç¥­  ª ª á«¥¤áâ¢¨¥ ¬¥â®¤  ¯à¥®¡à §®¢ ­¨ï ¢¥ª®¢®£® ãà ¢­¥-
­¨ï, ¯à¥¤«®¦¥­­®£® ¢ 1931 £®¤ã ¢¥«¨ª¨¬ àãááª¨¬ ¬¥å ­¨ª®¬ ¨ ª®à ¡«¥-
áâà®¨â¥«¥¬ �. �. �àë«®¢ë¬ ¢ à ¡®â¥ [78] (á¬. â ª¦¥ [32, á. 190 { 192]).
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� ­ ç «¥ 60-å £®¤®¢ �. �. �®¯®¢ ¤®ª § « [121, 194], çâ® ­¥®¡å®¤¨¬®¥
¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ § ¤ ç¨ ® ­ §­ ç¥­¨¨ á¯¥ªâà  ¯à¨
¯à®¨§¢®«ì­®¬ m ∈ N á®¢¯ ¤ ¥â á ãá«®¢¨¥¬

rank[B,AB, . . . , An−1B] = n (0.3)
¯®«­®© ã¯à ¢«ï¥¬®áâ¨ (�. � «¬ ­, [189, 190]) á¨áâ¥¬ë (0.1). �®§¤­¥¥
�. �®­í¬ ¢ á¢®¥© à ¡®â¥ [199] ¯®ª § «, çâ® ¥á«¨ ç¨á«  µ1, . . . , µn ®¡à -
§ãîâ á¯¥ªâà ¢¥é¥áâ¢¥­­®£® â¨¯ , â. ¥. â ª®©, ª ª¨¬ ¬®¦¥â ®¡« ¤ âì ¢¥-
é¥áâ¢¥­­ ï ¬ âà¨æ , â® ¬ âà¨æ  ®¡à â­®© á¢ï§¨ U ¬®¦¥â ¡ëâì ¢ë¡à -
­  ¢¥é¥áâ¢¥­­®©.

�á«¨ ¬ë áâ ¢¨¬ á¢®¥© æ¥«ìî à á¯à®áâà ­¨âì íâ®â à¥§ã«ìâ â ­ 
«¨­¥©­ë¥ ­¥áâ æ¨®­ à­ë¥ á¨áâ¥¬ë

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm, t ∈ R, (0.4)
â® ¬ë ¢ë­ã¦¤¥­ë á­ ç «  ®â¢¥â¨âì ­  âà¨ ¢®¯à®á : ¢®-¯¥à¢ëå, ¨§ ª -
ª®£® ª« áá  ¢ë¡¨à âì ¬ âà¨æã ®¡à â­®© á¢ï§¨ U , ¢®-¢â®àëå, çâ® ¯®­¨-
¬ âì ¯®¤ á¯¥ªâà®¬ § ¬ª­ãâ®© á¨áâ¥¬ë

_x = (A(t) + B(t)U)x, x ∈ Rn, t ∈ R, (0.5)
¨, ¢-âà¥âì¨å, ª ª¨¬ ®¡à §®¬ á«¥¤ã¥â ¨­â¥à¯à¥â¨à®¢ âì ãá«®¢¨¥ ¯®«­®©
ã¯à ¢«ï¥¬®áâ¨ (0.3).

� ¨¡®«¥¥ ¯à®áâ® íâ¨ ¢®¯à®áë à¥è îâáï ¤«ï ¯¥à¨®¤¨ç¥áª¨å á¨-
áâ¥¬, ¢ ª ç¥áâ¢¥ á¯¥ªâà  ª®â®àëå ¥áâ¥áâ¢¥­­® à áá¬ âà¨¢ âì á®¢®ªã¯-
­®áâì ¬ã«ìâ¨¯«¨ª â®à®¢ µ1, . . . , µn , â. ¥. á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨-
æë X(ω, 0) [39, á. 185]; §¤¥áì ω | ¯¥à¨®¤ á¨áâ¥¬ë (0.4), X(t, s) | ¬ -
âà¨æ  �®è¨ á¢®¡®¤­®© á¨áâ¥¬ë

_x = A(t)x, x ∈ Rn. (0.6)
� âà¨ç­®¥ ã¯à ¢«¥­¨¥ U(·) , ¢¥à®ïâ­®, á«¥¤ã¥â ¢ë¡¨à âì â ª¨¬, çâ®¡ë
§ ¬ª­ãâ ï á¨áâ¥¬  (0.5) ¯à¨­ ¤«¥¦ «  â®¬ã ¦¥ ª« ááã á¨áâ¥¬, çâ® ¨
á¢®¡®¤­ ï á¨áâ¥¬  (0.6).

� ®¤­®© ¨§ ¯¥à¢ëå à ¡®â ¯® ã¯à ¢«¥­¨î  á¨¬¯â®â¨ç¥áª¨¬¨ å -
à ªâ¥à¨áâ¨ª ¬¨ ­¥áâ æ¨®­ à­ëå á¨áâ¥¬ [181] �. �àã­®¢áª¨© ¯®ª § «,
çâ® ¤«ï ω-¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ (0.4) á ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥-
¬ë¬¨ ª®íää¨æ¨¥­â ¬¨ à §à¥è¨¬®áâì § ¤ ç¨ ® ­ §­ ç¥­¨¨ á¯¥ªâà 
¯à¨ ¢áïª®¬ ­ ¡®à¥ ¯à¥¤¯¨á ­­ëå §­ ç¥­¨© µi , i = 1, . . . , n , ®¡à §ãî-
é¨å á¯¥ªâà ¢¥é¥áâ¢¥­­®£® â¨¯ , íª¢¨¢ «¥­â­  ¯®«­®© ã¯à ¢«ï¥¬®-
áâ¨ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë. �à¨ íâ®¬ ¬ âà¨æ  ã¯à ¢«ïîé¥£® ¢®§-
¤¥©áâ¢¨ï U(·) ¬®¦¥â ¡ëâì ¢ë¡à ­  ¨§ ¬­®¦¥áâ¢  ω-¯¥à¨®¤¨ç¥áª¨å ­¥-
¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå m× n ¬ âà¨æ.
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� á«ãç ¥ ­¥áâ æ¨®­ à­ëå ¨ ­¥¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ á ¬ë¬ ¥áâ¥-
áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬ ¯®­ïâ¨ï á¯¥ªâà  ï¢«ï¥âáï ¯®­ïâ¨¥ ¯®«­®£® á¯¥ª-
âà  ¯®ª § â¥«¥© �ï¯ã­®¢  [88, á. 34] (á¬. â ª¦¥ [57, á. 71 { 72]).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.1 (�. �. �ï¯ã­®¢, [88, á. 34]). �®¢®ªã¯­®áâì ç¨-
á¥« λ1 6 . . . 6 λn ®¡à §ã¥â ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥-
¬ë (0.6), ¥á«¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:
1) ¯®ª § â¥«ì �ï¯ã­®¢ 

λ[x] := lim
t→+∞

1
t

ln ‖x(t)‖

¢áïª®£® ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï x(·) íâ®© á¨áâ¥¬ë ¯à¨­ ¤«¥¦¨â ¬­®-
¦¥áâ¢ã ç¨á¥« {λ1, . . . , λn} ;
2) ¤«ï ¯à®¨§¢®«ì­®© äã­¤ ¬¥­â «ì­®© á¨áâ¥¬ë à¥è¥­¨© (���) x1(·),
x2(·), . . . , xn(·) á¨áâ¥¬ë (0.6) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

n∑

i=1
λ[xi] >

n∑

i=1
λi;

3) áãé¥áâ¢ã¥â ��� x̂1(·), . . . , x̂n(·) á¨áâ¥¬ë (0.6) â ª ï, çâ®
n∑

i=1
λ[x̂i] =

n∑

i=1
λi.

�â  ��� ­ §ë¢ ¥âáï ­®à¬ «ì­®©.
�á«¨ á¨áâ¥¬  (0.6) áâ æ¨®­ à­ , â® ¥¥ ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥©

�ï¯ã­®¢  á®áâ®¨â ¨§ ­ ¡®à  ¢¥é¥áâ¢¥­­ëå ç áâ¥© á®¡áâ¢¥­­ëå §­ ç¥-
­¨© ¬ âà¨æë ª®íää¨æ¨¥­â®¢ A [39, á. 138]. �á«¨ ¦¥ ¬ âà¨æ  ª®íää¨-
æ¨¥­â®¢ A(·) á¨áâ¥¬ë (0.6) ¨¬¥¥â ¯¥à¨®¤ ω , â® ¥¥ ¬ã«ìâ¨¯«¨ª â®àë ¨
å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨ �ï¯ã­®¢  á¢ï§ ­ë à ¢¥­áâ¢ ¬¨

λj = 1
ω

ln |µj|, j = 1, . . . , n.

�«¥¤ãï âà ¤¨æ¨¨  á¨¬¯â®â¨ç¥áª®© â¥®à¨¨ «¨­¥©­ëå á¨áâ¥¬, ¬ë
¡ã¤¥¬ à áá¬ âà¨¢ âì ®¤­®à®¤­ë¥ á¨áâ¥¬ë ¢¨¤  (0.6) á ªãá®ç­® ­¥¯à¥-
àë¢­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ­  R ª®íää¨æ¨¥­â ¬¨. �®¢®ªã¯­®áâì ¢á¥å
â ª¨å á¨áâ¥¬ ®¡®§­ ç¨¬ Mn . �â®¡ë § ¬ª­ãâ ï ã¯à ¢«¥­¨¥¬

u = U(t)x (0.7)

á¨áâ¥¬  (0.4) ¯à¨­ ¤«¥¦ «  â®¬ã ¦¥ ª« ááã Mn , ¯®âà¥¡ã¥¬ ªãá®ç-
­®© ­¥¯à¥àë¢­®áâ¨ ¨ ®£à ­¨ç¥­­®áâ¨ ¬ âà¨æë B(·) , ¨ á ¬�® ¬ âà¨ç­®¥
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ã¯à ¢«¥­¨¥ U(·) ¡ã¤¥¬ ¢ë¡¨à âì ¨§ ¬­®¦¥áâ¢  KCmn(R) ªãá®ç­® ­¥-
¯à¥àë¢­ëå ¨ ®£à ­¨ç¥­­ëå ­  ç¨á«®¢®© ¯àï¬®© m× n ¬ âà¨æ.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.2. � à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨ «¨­¥©­®© á¨-
áâ¥¬ë (0.5) ­ §ë¢ îâáï £«®¡ «ì­® ã¯à ¢«ï¥¬ë¬¨, ¥á«¨ ¤«ï ¢áïª®£® ­ -
¡®à  ¢¥é¥áâ¢¥­­ëå ç¨á¥« µ1 6 . . . 6 µn ­ ©¤¥âáï ªãá®ç­® ­¥¯à¥àë¢­ ï
®£à ­¨ç¥­­ ï ¬ âà¨ç­ ï äã­ªæ¨ï U(·) â ª ï, çâ® ¢ë¯®«­¥­ë à ¢¥­-
áâ¢ 

λi(A + BU) = µi, i = 1, . . . , n,

£¤¥ λ1(A + BU) 6 . . . 6 λn(A + BU) | ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© á¨-
áâ¥¬ë (0.5) ¯à¨ U = U(·) .

�ëïá­¨¬ â¥¯¥àì, ª ª ¯®­¨¬ âì ãá«®¢¨¥ (0.3) ¯®«­®© ã¯à ¢«ï¥¬®áâ¨
áâ æ¨®­ à­ëå á¨áâ¥¬ ¢ á«ãç ¥ ¯à®¨§¢®«ì­ëå «¨­¥©­ëå ã¯à ¢«ï¥¬ëå
á¨áâ¥¬. �ª §ë¢ ¥âáï, çâ® ª®íää¨æ¨¥­â­®¥ ®¡®¡é¥­¨¥ ªà¨â¥à¨ï ¯®«­®©
ã¯à ¢«ï¥¬®áâ¨ (0.3) ­  ¯à®¨§¢®«ì­ë¥ ­¥áâ æ¨®­ à­ë¥ á¨áâ¥¬ë á¯à -
¢¥¤«¨¢® â®«ìª® ¢ á«ãç ¥ á¨áâ¥¬ á  ­ «¨â¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨
(�. � ­£, [182]). �«ï á¨áâ¥¬ á £« ¤ª¨¬¨ ­¥ ­ «¨â¨ç¥áª¨¬¨ ª®íää¨æ¨-
¥­â ¬¨ ¨¬¥¥â ¬¥áâ® «¨èì ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¯®«­®© ã¯à ¢«ï¥¬®áâ¨
(�. �. �à á®¢áª¨©, [76, á. 148]), ª®â®à®¥ á®áâ®¨â ¢ â®¬, çâ® à ­£ ¬ âà¨æë
ã¯à ¢«ï¥¬®áâ¨

Q(t) := [Q0(t), Q1(t), . . . , Qn(t)],
£¤¥

Q0(t) := B(t), Qi(t) := A(t)Qi−1(t)− _Qi−1(t), i = 1, . . . , n,

¤®«¦¥­ ¤®áâ¨£ âì ¢ ­¥ª®â®à®© â®çª¥ à áá¬ âà¨¢ ¥¬®£® ¯à®¬¥¦ãâª 
­ ¨¡®«ìè¥£® ¢®§¬®¦­®£® §­ ç¥­¨ï, à ¢­®£® à §¬¥à­®áâ¨ á¨áâ¥¬ë n .

� §«¨ç­ë¥ íää¥ªâ¨¢­ë¥ ãá«®¢¨ï ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ «¨­¥©-
­®© ­¥áâ æ¨®­ à­®© á¨áâ¥¬ë (0.4) ¯®«ãç «¨ â ª¦¥ �. �. �®àãå®¢ [15],
�. �. � ¡¥««® [42], �. �. �¥¢ ª®¢ [84], �. �. �¨­îª [111], �. �. �®¤¨­ 
¨ �. �. �®­ª®¢ [151] ¨ ¤àã£¨¥  ¢â®àë.

�á«¨ ãá«®¢¨¥ rank Q(t) = n ¤«ï ¬ âà¨æë ã¯à ¢«ï¥¬®áâ¨ Q(t) ¢ë-
¯®«­¥­® ¯à¨ ¢á¥å t ∈ R , â® á¨áâ¥¬  (0.4) ï¢«ï¥âáï, ¢®-¯¥à¢ëå, ¤¨ä-
ä¥à¥­æ¨ «ì­® ã¯à ¢«ï¥¬®© [191, 197] (á¬. â ª¦¥ [30, á. 223]), ¨, ¢®-
¢â®àëå, ¯® ¬ âà¨æ¥ ã¯à ¢«ï¥¬®áâ¨ ¬®¦­® ¯®áâà®¨âì ­¥áâ æ¨®­ à­®¥
¯à¥®¡à §®¢ ­¨¥ ä §®¢®£® ¯à®áâà ­áâ¢ , ¯à¨¢®¤ïé¥¥ íâã á¨áâ¥¬ã ª ª -
­®­¨ç¥áª®© ä®à¬¥, ª®â®à ï ¢ á«ãç ¥ m = 1 íª¢¨¢ «¥­â­  áª «ïà­®-
¬ã ãà ¢­¥­¨î n -£® ¯®àï¤ª ,   ¢ á«ãç ¥ m > 1 | á¨áâ¥¬¥ ­¥áª®«ì-
ª¨å ­¥§ ¢¨á¨¬ëå áª «ïà­ëå ãà ¢­¥­¨© (�. �. �¬¨à­®¢ [165, á. 41 { 53],
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�. �. � ©èã­ [30, á. 243 { 316]. �®áª®«ìªã § ¤ ç  ã¯à ¢«¥­¨ï å à ªâ¥-
à¨áâ¨ç¥áª¨¬¨ ¯®ª § â¥«ï¬¨ �ï¯ã­®¢  áª «ïà­®£® ãà ¢­¥­¨ï à¥è ¥â-
áï ¯à®áâ® (¤®¡ ¢«¥­¨¥¬ ª ª®íää¨æ¨¥­â ¬ íâ®£® ãà ¢­¥­¨ï ¯®¤å®¤ïé¨å
äã­ªæ¨©), ¤«ï á¨áâ¥¬, ã ª®â®àëå íâ® ¯à¨¢®¤ïé¥¥ ¯à¥®¡à §®¢ ­¨¥ ®ª -
§ë¢ ¥âáï «ï¯ã­®¢áª¨¬ ¨«¨ ®¡®¡é¥­­ë¬ «ï¯ã­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨-
¥¬, ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£®
á¯¥ªâà  å à ªâ¥à¨áâ¨ç¥áª¨å ¯®ª § â¥«¥©.

� ª¨¥ ãá«®¢¨ï ¡ë«¨ ¯®«ãç¥­ë ¢ à ¡®â å �. �. �¬¨à­®¢  [163 { 165]
¨ �. �. �®«®¢¨ç  [198] ¤«ï á¨áâ¥¬ (0.4) á ¬ âà¨æ¥© A(·) ª« áá  C2n−2(R)
¨ ¬ âà¨æ¥© B(·) ª« áá  C2n−1(R) . � à ¡®â å �. �. � ©èã­  [24 { 30] ¨
�. �. �®­ª®¢  [195] ¤«ï á«ãç ï m = 1 ¡ë«® ¤®áâ¨£­ãâ® áãé¥áâ¢¥­-
­®¥ á­¨¦¥­¨¥ âà¥¡®¢ ­¨© ª ¯®àï¤ªã £« ¤ª®áâ¨ ª®íää¨æ¨¥­â®¢ á¨áâ¥-
¬ë (0.4), çâ® ¯®§¢®«¨«® §­ ç¨â¥«ì­® à áè¨à¨âì ª« áá á¨áâ¥¬, ®å¢ âë-
¢ ¥¬ëå ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥©, ª®â®àë¥
®á­®¢ ­ë ­  ¯à¨¢¥¤¥­¨¨ á¨áâ¥¬ë (0.4) ª ¢¨¤ã, íª¢¨¢ «¥­â­®¬ã áª «ïà-
­®¬ã ãà ¢­¥­¨î.

�«ï ¯à®¨§¢®«ì­ëå á¨áâ¥¬ ¢¨¤  (0.4) ãª § ­­ë© ¯®¤å®¤, ¯®-¢¨¤¨¬®-
¬ã, à¥ «¨§®¢ âì ­¥«ì§ï. �¤¨­ ¨§ ¢®§¬®¦­ëå  «ìâ¥à­ â¨¢­ëå ¯®¤å®¤®¢
¡ë« ¢ á¢®¥ ¢à¥¬ï ¯à¥¤«®¦¥­ �. �. �®­ª®¢ë¬ ¨ ®ª § «áï ¢¥áì¬  ¯«®-
¤®â¢®à­ë¬. �­ ®á­®¢ ­ ­  à¥§ã«ìâ â å ¥£® à ¡®âë [171], £¤¥ ¤®ª § ­ 
íª¢¨¢ «¥­â­®áâì ãá«®¢¨© à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ ¢ á¬ëá«¥
�. � «¬ ­  [189] ¨áå®¤­®© á¨áâ¥¬ë (0.4) ¨ à ¢­®¬¥à­®© áâ ¡¨«¨§¨àã-
¥¬®áâ¨ § ¬ª­ãâ®© á¨áâ¥¬ë (0.5) ¢ ¯à¥¤¯®«®¦¥­¨¨ à ¢­®¬¥à­®© ­¥¯à¥-
àë¢­®áâ¨ ª®íää¨æ¨¥­â®¢ (¡«¨§ª¨¥ ¯® á¬ëá«ã à¥§ã«ìâ âë á®¤¥à¦ âáï ¢
à ¡®â¥ [186] ï¯®­áª¨å ¬ â¥¬ â¨ª®¢ �. �ª¥¤ë, �. � ¥¤ë ¨ �. �®¤ ¬ë).
�§ íâ®© â¥®à¥¬ë á«¥¤ã¥â, çâ® ¥á«¨ á¨áâ¥¬  (0.4) á à ¢­®¬¥à­® ­¥¯à¥-
àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨ à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® §  áç¥â
¢ë¡®à  «¨­¥©­®© ®¡à â­®© á¢ï§¨ (0.7) å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨
�ï¯ã­®¢  λi(A + BU) , i = 1, . . . , n , § ¬ª­ãâ®© á¨áâ¥¬ë (0.5) ¬®¦­®
á¤¥« âì ¬¥­ìè¨¬¨ «î¡®£® ­ ¯¥à¥¤ § ¤ ­­®£® ®âà¨æ â¥«ì­®£® ç¨á« .

� á¢ï§¨ á íâ¨¬ à¥§ã«ìâ â®¬ �. �. �®­ª®¢ë¬ ¡ë«  ¯®áâ ¢«¥­  § -
¤ ç  ® ¯®áâà®¥­¨¨ ¤«ï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (0.4)
®¡à â­®© á¢ï§¨ ¢¨¤  (0.7), ª®â®à ï ¡ë ®¡¥á¯¥ç¨«  á®¢¯ ¤¥­¨¥ á®¢®ªã¯-
­®áâ¨ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (0.5) á § à -
­¥¥ § ¤ ­­ë¬ ­ ¡®à®¬ ¢¥é¥áâ¢¥­­ëå ç¨á¥«.

� ¯®¬­¨¬, çâ® á¨áâ¥¬  (0.4) ­ §ë¢ ¥âáï ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬®© (�. � «¬ ­, [189]), ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ç¨á«® α > 0 , çâ®
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¬ âà¨æ  ã¯à ¢«ï¥¬®áâ¨ (¬ âà¨æ  � «¬ ­ )

W (t0, t0 + ϑ) :=
t0+ϑ∫

t0

X(t0, s)B(s)B∗(s)X∗(t0, s) ds

¯à¨ ¢áïª®¬ t0 ∈ R ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

W (t0, t0 + ϑ) > αE,

ª®â®à®¥ ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ ª¢ ¤à â¨ç­ëå ä®à¬, â. ¥. ¤«ï «î¡®£® ¢¥ª-
â®à  ξ ∈ Rn ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

ξ∗W (t0, t0 + ϑ)ξ > α‖ξ‖2.

�¥à¢ë¥ à¥§ã«ìâ âë ¤«ï § ¤ ç¨ ã¯à ¢«¥­¨ï á¯¥ªâà®¬ ¢ â ª®© ¯®-
áâ ­®¢ª¥ ¡ë«¨ ¯®«ãç¥­ë  ¢â®à®¬ ¢ à ¡®â å [122, 123], ¢ ª®â®àëå à á-
á¬ âà¨¢ «áï ¢®¯à®á ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥©.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.3 [122]. � à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨ �ï¯ã­®-
¢  á¨áâ¥¬ë (0.5) ­ §ë¢ îâáï «®ª «ì­® ã¯à ¢«ï¥¬ë¬¨, ¥á«¨ ¤«ï «î¡®£®
ε > 0 ­ ©¤¥âáï â ª®¥ δ = δ(ε) > 0 , çâ® ¢áïª®¬ã ­ ¡®àã ¢¥é¥áâ¢¥­­ëå
ç¨á¥« µ1, . . . , µn , â ª¨å, çâ® max

i=1,...,n
|µi| 6 δ ¨ λi(A) + µi 6 λi+1(A) + µi+1

¯à¨ ¢á¥å i ∈ {1, . . . , n − 1} , ®â¢¥ç ¥â ªãá®ç­® ­¥¯à¥àë¢­ ï ®£à ­¨ç¥­-
­ ï ¬ âà¨ç­ ï äã­ªæ¨ï Uµ(·) , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î ‖Uµ(t)‖ 6 ε

¨ ®¡¥á¯¥ç¨¢ îé ï ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢

λi(A + BU) = λi(A) + µi, i = 1, . . . , n;

§¤¥áì λi(A) | ¯®ª § â¥«¨ á¨áâ¥¬ë (0.6).
� [122, 123] ¡ë«  ¤®ª § ­  «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì å à ªâ¥à¨-

áâ¨ç¥áª¨å ¯®ª § â¥«¥© �ï¯ã­®¢  «¨­¥©­®© á¨áâ¥¬ë (0.5) ¤«ï à ¢­®-
¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (0.4) ¯à¨ ãá«®¢¨¨ ¤¨ £®­ «¨§¨-
àã¥¬®áâ¨ á¢®¡®¤­®© á¨áâ¥¬ë (0.6),   â ª¦¥ «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì
¯®¯ à­® à §«¨ç­ëå §­ ç¥­¨© ¯®ª § â¥«¥© ¯à¨ ãá«®¢¨¨ ¯à¨¢®¤¨¬®áâ¨
á¨áâ¥¬ë (0.6) ª ­¥ª®â®à®¬ã ¡«®ç­®-âà¥ã£®«ì­®¬ã ¢¨¤ã (íâ® ãá«®¢¨¥ ¢ë-
¯®«­¥­®, ­ ¯à¨¬¥à, ¢ á«ãç ¥ ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  á¨-
áâ¥¬ë (0.6)). �à®¬¥ â®£®, ¢ íâ¨å à ¡®â å ¡ë« à áá¬®âà¥­ ¢®¯à®á ®¡
ã¯à ¢«¥­¨¨ ­¥ª®â®àë¬¨ ¤àã£¨¬¨ «ï¯ã­®¢áª¨¬¨ ¨­¢ à¨ ­â ¬¨, ¢ ç áâ-
­®áâ¨, æ¥­âà «ì­ë¬¨ ¯®ª § â¥«ï¬¨ �¨­®£à ¤  ¨ ¨­â¥£à «ì­®© à §¤¥-
«¥­­®áâìî à¥è¥­¨©.

�®§¤­¥¥ «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®ª § â¥«¥© �ï¯ã­®¢  ¨§ãç -
« áì ¢ à ¡®â å �. �. �®­ª®¢  ¨ ¥£® ãç¥­¨ª®¢ �. �. �«¥­ç¨ª®¢  ¨



12

�. �. � ©æ¥¢ . � à ¡®â å [115 { 118] �. �. �«¥­ç¨ª®¢ë¬ ¬¥â®¤ ¬¨ ­¥-
áâ ­¤ àâ­®£®  ­ «¨§  ¡ë« ®áãé¥áâ¢«¥­ ¯¥à¥­®á àï¤  ®á­®¢­ëå à¥§ã«ì-
â â®¢ ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© ­  á¨áâ¥¬ë á ¨¬¯ã«ìá-
­®© ®¡à â­®© á¢ï§ìî

u = U(t)y, U(t) =
+∞∑

i=−∞
Uiδ(t− ti),

£¤¥ δ(t) | ¤¥«ìâ -äã­ªæ¨ï,   ã¯à ¢«ïîé¨¬¨ ¯ à ¬¥âà ¬¨ ï¢«ïîâáï
¬ âà¨æë Ui ¨ ¬®¬¥­âë ¢à¥¬¥­¨ ti . � áâ âì¥ �. �. �®­ª®¢  ¨ �. �. � ©-
æ¥¢  [48] à áá¬®âà¥­ ¢®¯à®á ®¡ ã¯à ¢«¥­¨¨ ¯®ª § â¥«ï¬¨ ¤«ï ¡¨«¨­¥©-
­ëå á¨áâ¥¬

_x = (A0(f tσ) + u1A1(f tσ) + . . . + urAr(f tσ))x,

x ∈ Rn, u = col(u1, . . . , ur) ∈ Rr, σ ∈ �, t ∈ R,

¯ à ¬¥âà¨§®¢ ­­ëå ¯à¨ ¯®¬®é¨ â®¯®«®£¨ç¥áª®© ¤¨­ ¬¨ç¥áª®© á¨áâ¥-
¬ë (�, f t) . � [175, 195] �. �. �®­ª®¢ë¬ ¢¯¥à¢ë¥ ¯®áâ ¢«¥­  § ¤ ç  ®
­¥ã¯à¥¦¤ îé¥¬ ã¯à ¢«¥­¨¨ ¯®ª § â¥«ï¬¨ ¨ ¯®«ãç¥­ë ¯¥à¢ë¥ à¥§ã«ì-
â âë ¢ íâ®¬ ­ ¯à ¢«¥­¨¨.

�¢®©áâ¢® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®ª § â¥-
«¥© �ï¯ã­®¢  á¨áâ¥¬ë (0.5) íª¢¨¢ «¥­â­® ®âªàëâ®áâ¨ ¢ â®çª¥ U(t) ≡ 0
®â®¡à ¦¥­¨ï, ª®â®à®¥ ª ¦¤®¬ã ¤®¯ãáâ¨¬®¬ã ã¯à ¢«ïîé¥¬ã ¢®§¤¥©-
áâ¢¨î U(·) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ á®¢®ªã¯­®áâì å à ªâ¥à¨áâ¨ç¥áª¨å ¯®-
ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (0.5) á â ª¨¬ U(·) . �¥ª®â®àë¥ à¥§ã«ìâ âë
® á¢®©áâ¢ å íâ®£® ®â®¡à ¦¥­¨ï á®¤¥à¦ âáï ¢ áâ âìïå �. �®«®­¨ãá  ¨
�. �«¨¬ ­  [183 { 185].

� á¢ï§¨ á à¥§ã«ìâ â ¬¨ ®¡ ã¯à ¢«¥­¨¨ æ¥­âà «ì­ë¬¨ ¯®ª § â¥-
«ï¬¨ ¨ ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî à¥è¥­¨©, ¯®«ãç¥­­ë¬¨ ¢ à ¡®-
â å [122, 123], ¡ë« ¯®áâ ¢«¥­ ¢®¯à®á ® «®ª «ì­®© ¨ £«®¡ «ì­®© ã¯à ¢«ï-
¥¬®áâ¨ ­¥ â®«ìª® ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ , ­® ¨ ¤àã£¨å
¨­¢ à¨ ­â®¢ ¯à¥®¡à §®¢ ­¨© �ï¯ã­®¢  (¨­ ç¥ ­ §ë¢ ¥¬ëå «ï¯ã­®¢áª¨-
¬¨, ¨«¨  á¨¬¯â®â¨ç¥áª¨¬¨ ¨­¢ à¨ ­â ¬¨).

� ¯®¬­¨¬ ­¥ª®â®àë¥ ¯®­ïâ¨ï â¥®à¨¨ ¯®ª § â¥«¥© �ï¯ã­®¢ .
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.4 (�. �. �ï¯ã­®¢, [88, á. 42]). �¨­¥©­®¥ ¯à¥®¡à -

§®¢ ­¨¥
y = L(t)x (0.8)

­ §ë¢ ¥âáï ¯à¥®¡à §®¢ ­¨¥¬ �ï¯ã­®¢ , ¥á«¨ ¥£® ¬ âà¨æ  L(·) ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨ï¬:
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1) sup
t∈R

‖L(t)‖ < ∞ ;
2) ¯à¨ ª ¦¤®¬ t ∈ R ¬ âà¨æ  L(t) ®¡à â¨¬  ¨ sup

t∈R
‖L−1(t)‖ < ∞ ;

3) äã­ªæ¨ï L(·) ªãá®ç­® ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ­  R , ¯à¨ç¥¬
sup
t∈R

‖ _L(t)‖ < ∞ .
� âà¨æ  L(·) ¯à¥®¡à §®¢ ­¨ï �ï¯ã­®¢  (0.8) ­ §ë¢ ¥âáï ¬ âà¨æ¥©

�ï¯ã­®¢ .
�à¨¬¥­¥­¨¥ ¯à¥®¡à §®¢ ­¨ï (0.8) ª á¨áâ¥¬¥ (0.6) ¯¥à¥¢®¤¨â ¥¥ ¢

á¨áâ¥¬ã
_y = D(t)y, y ∈ Rn, t ∈ R, (0.9)

£¤¥
D(t) = L(t)A(t)L−1(t) + _L(t)L−1(t), t ∈ R. (0.10)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.5. �ãáâì (0.8) | ¯à¥®¡à §®¢ ­¨¥ �ï¯ã­®¢ . � -
âà¨æë A(·) ¨ D(·) , á¢ï§ ­­ë¥ á®®â­®è¥­¨¥¬ (0.10), ­ §ë¢ îâáï ª¨-
­¥¬ â¨ç¥áª¨ ¯®¤®¡­ë¬¨,   á®®â¢¥âáâ¢ãîé¨¥ ¨¬ á¨áâ¥¬ë (0.6) ¨ (0.9)
­ §ë¢ îâáï  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ë¬¨ (¯® �®£¤ ­®¢ã) [13].

�   ¬ ¥ ç   ­ ¨ ¥ 0.1. � ­¥ª®â®àëå à ¡®â å (á¬., ­ ¯à¨¬¥à, [18, á. 12;
39, á. 159]) ¬®¦­® ¢áâà¥â¨âì ¨­®¥ ®¯à¥¤¥«¥­¨¥  á¨¬¯â®â¨ç¥áª®© íª¢¨-
¢ «¥­â­®áâ¨. �  ¯à®âï¦¥­¨¨ ¢á¥© à ¡®âë ¬ë ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï
®¯à¥¤¥«¥­¨ï �. �. �®£¤ ­®¢ .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.6. �¨áâ¥¬  (0.6) ­ §ë¢ ¥âáï ¯à¨¢®¤¨¬®© ª á¨áâ¥-
¬¥ (0.9), ¥á«¨ ®­   á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­  íâ®© á¨áâ¥¬¥. �¨áâ¥-
¬  (0.6) ­ §ë¢ ¥âáï ¯à¨¢®¤¨¬®©, ¥á«¨ ®­   á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â-
­  ­¥ª®â®à®©  ¢â®­®¬­®© á¨áâ¥¬¥ (0.9).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.7. �¨áâ¥¬  (0.6) ­ §ë¢ ¥âáï ¯à ¢¨«ì­®©, ¥á«¨ ¥¥
ª®íää¨æ¨¥­â ­¥¯à ¢¨«ì­®áâ¨ �ï¯ã­®¢ 

σ�(A) := λ1(A) + . . . + λn(A)− lim
t→+∞

1
t

t∫

0
SpA(s) ds

à ¢¥­ ­ã«î.
�®à®è® ¨§¢¥áâ­®, çâ® ¯à¥®¡à §®¢ ­¨ï �ï¯ã­®¢  ®¡à §ãîâ £àã¯¯ã

[1, á. 62; 12],   ä®à¬ã«  (0.10) § ¤ ¥â ¤¥©áâ¢¨¥ íâ®© £àã¯¯ë ­  ¬­®¦¥-
áâ¢¥ Mn á¨áâ¥¬ á ®£à ­¨ç¥­­ë¬¨ ¨ ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ª®íää¨-
æ¨¥­â ¬¨. �¥«¨ç¨­ë ¨ á¢®©áâ¢ , á®åà ­ïîé¨¥áï ¯®¤ ¤¥©áâ¢¨¥¬ £àã¯¯ë
«ï¯ã­®¢áª¨å ¯à¥®¡à §®¢ ­¨©, ­ §ë¢ îâáï «ï¯ã­®¢áª¨¬¨ ( á¨¬¯â®â¨ç¥-
áª¨¬¨) ¨­¢ à¨ ­â ¬¨.
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�  á¨¬¯â®â¨ç¥áª¨¬ ¨­¢ à¨ ­â ¬ ®â­®áïâáï â ª¨¥ ¢¥«¨ç¨­ë (á¢®©-
áâ¢ ), ª ª ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢ ; á¢®©áâ¢  ¯à¨¢®¤¨¬®-
áâ¨ ¨ ¯à ¢¨«ì­®áâ¨ (�. �. �ï¯ã­®¢, [88]); ª®íää¨æ¨¥­âë ­¥¯à ¢¨«ì-
­®áâ¨ σ� �. �¥àà®­  [193] ¨ σ� �. �. �à®¡¬ ­  [36] (¨å ®¯à¥¤¥«¥­¨ï
¯à¨¢¥¤¥­ë ­  á. 237), ­¨¦­¨© ¯®ª § â¥«ì

π[x] := lim
t→+∞

1
t

ln ‖x(t)‖

�. �¥àà®­  [193]; ­¨¦­¨© ¨ ¢¥àå­¨© à ¢­®¬¥à­ë¥ ¯®ª § â¥«¨

β[x] := lim
t−s→+∞

1
t− s

ln ‖x(t)‖
‖x(s)‖,

β[x] := lim
t−s→+∞

1
t− s

ln ‖x(t)‖
‖x(s)‖

�. �®«ï [179]; ­¨¦­¨© ¨ ¢¥àå­¨© æ¥­âà «ì­ë¥ ¯®ª § â¥«¨

ω(A) := lim
T→+∞

lim
k→+∞

1
kT

k∑

j=1
ln ‖X((j − 1)T, jT )‖−1,


(A) := lim
T→+∞

lim
k→+∞

1
kT

k∑

j=1
ln ‖X(jT, (j − 1)T )‖

�. �. �¨­®£à ¤  [21]; ¢¥àå­¨© ®á®¡ë© ¯®ª § â¥«ì


0(A) := lim
T→+∞

1
T

sup
k

ln ‖X((k + 1)T, kT )‖,

¢¢¥¤¥­­ë© ¢¯¥à¢ë¥ �. �®«¥¬ [179], ¨, ¬­®£® ¯®§¤­¥¥, ­® ­¥§ ¢¨á¨¬® ®â
­¥£®, �. �. �¥àá¨¤áª¨¬ [120] (á¬. â ª¦¥ [37]); íªá¯®­¥­æ¨ «ì­ë¥ ¯®ª -
§ â¥«¨

�0(A) = lim
t→1+0

lim
k→∞

t−k
k∑

j=1
ln ‖X(tj−1, tj)‖−1,

∇0(A) = lim
t→1+0

lim
k→∞

t−k
k∑

j=1
ln ‖X(tj, tj−1)‖

�. �. �§®¡®¢  [56, 61,65]; á¢®©áâ¢® ¨­â¥£à «ì­®© à §¤¥«¥­­®áâ¨ à¥è¥­¨©
á¨áâ¥¬ë (0.6) (�. �. �ë«®¢, [16]), § ª«îç îé¥¥áï ¢ áãé¥áâ¢®¢ ­¨¨ ���
x1(·), . . . , xn(·) íâ®© á¨áâ¥¬ë, ¤«ï ª®â®à®© ¯à¨ ¢á¥å t > s ¢ë¯®«­ïîâáï
­¥à ¢¥­áâ¢ 

‖xk+1(t)‖
‖xk+1(s)‖ : ‖xk(t)‖

‖xk(s)‖ > dec(t−s), k = 1, . . . , n− 1,
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á ­¥ª®â®àë¬¨ ¯®«®¦¨â¥«ì­ë¬¨ ¯®áâ®ï­­ë¬¨ c ¨ d ; ¨ ¬­®£¨¥-¬­®£¨¥
¤àã£¨¥.

�£à®¬­®¥ à §­®®¡à §¨¥  á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢ «¨­¥©­ëå
á¨áâ¥¬ ¯à¨¢®¤¨â ª § ¤ ç¥ ®¡ ã¯à ¢«¥­¨¨ ­¥ â®«ìª® ®â¤¥«ì­ë¬¨ ¨­-
¢ à¨ ­â ¬¨ ¯à¥®¡à §®¢ ­¨© �ï¯ã­®¢ ,   áà §ã ¢á¥© ¨å á®¢®ªã¯­®áâìî.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 0.8 [97]. �¨áâ¥¬  (0.5) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì-
­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨, ¥á«¨ ¤«ï «î¡®© á¨áâ¥¬ë

_z = F (t)z, z ∈ Rn, t ∈ R, (0.11)
¯à¨­ ¤«¥¦ é¥© ¬­®¦¥áâ¢ã Mn á¨áâ¥¬ á ®£à ­¨ç¥­­ë¬¨ ¨ ªãá®ç­® ­¥-
¯à¥àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨, áãé¥áâ¢ã¥â â ª®¥ ªãá®ç­® ­¥¯à¥àë¢­®¥
¨ ®£à ­¨ç¥­­®¥ ã¯à ¢«¥­¨¥ U(·) , çâ® á¨áâ¥¬  (0.5) á íâ¨¬ ã¯à ¢«¥­¨¥¬
 á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ (0.11).

�á­®, çâ® ¥á«¨ á¨áâ¥¬  (0.5) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© «ï¯ã-
­®¢áª®© ¯à¨¢®¤¨¬®áâ¨, â® ¢áïª¨© ¥¥  á¨¬¯â®â¨ç¥áª¨© ¨­¢ à¨ ­â ¢ë¡®-
à®¬ ¬ âà¨ç­®£® ã¯à ¢«¥­¨ï U(·) ¬®¦­® á¤¥« âì á®¢¯ ¤ îé¨¬ á «î-
¡ë¬ ¤®¯ãáâ¨¬ë¬ ­ ¯¥à¥¤ § ¤ ­­ë¬ §­ ç¥­¨¥¬ (â. ¥. íâ  á¨áâ¥¬  ®¡« -
¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ª ¦¤®£® «ï¯ã­®¢áª®£® ¨­-
¢ à¨ ­â ). �«ï ¤¨áªà¥â­ëå á¨áâ¥¬ ¢®¯à®á ® ¤®áâ â®ç­ëå ãá«®¢¨ïå £«®-
¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ à áá¬ âà¨¢ «áï �. �. �ã­ìª®¢ë¬
¢ [87]. �¥ª®â®àë¥ à¥§ã«ìâ âë ¤«ï á¨áâ¥¬ á ­¥¯à¥àë¢­ë¬ ¢à¥¬¥­¥¬ ¡ë-
«¨ ¯®«ãç¥­ë �. �. � ©æ¥¢ë¬ ¢ [47, 49 { 51].

�§ à¥§ã«ìâ â®¢ ® «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢ ,
â. ¥. ®¡ ®âªàëâ®áâ¨ ¢ â®çª¥ U(t) ≡ 0 ∈ Mmn ®â®¡à ¦¥­¨ï

U 7→ (λ1(A + BU), . . . , λn(A + BU)),
¢ëâ¥ª ¥â ®âªàëâ®áâì ¯à¨ Q(t) ≡ 0 ∈ Mn ®â®¡à ¦¥­¨ï

Q 7→ (λ1(A + Q), . . . , λn(A + Q)),
áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ¢áïª®© ªãá®ç­® ­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­­®©
¬ âà¨ç­®© äã­ªæ¨¨ Q(·) ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  ¢®§¬ã-
é¥­­®© á¨áâ¥¬ë

_x = (A(t) + Q(t))x, x ∈ Rn, t ∈ R. (0.12)
� íâ¨¬¨ à¥§ã«ìâ â ¬¨ â¥á­ãî á¢ï§ì ¨¬¥îâ à¥§ã«ìâ âë ¨áá«¥¤®¢ ­¨©
¢ § ¤ ç¥ ®¡ ®âëáª ­¨¨ ¤®áâ¨¦¨¬ëå £à ­¨æ ¯®¤¢¨¦­®áâ¨ ¯®ª § â¥«¥©
á¨áâ¥¬ë (0.12), â. ¥. ¢¥«¨ç¨­

γk(A) := inf
Q

λk(A + Q),
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�k(A) := sup
Q

λk(A + Q),

£¤¥ Q(·) ¯à¥¤¯®« £ ¥âáï ¯à¨­ ¤«¥¦ é¨¬ ª ª®¬ã-«¨¡® ª« ááã ¬ «®-
áâ¨ [18, 57]. � ¨¡®«¥¥ ¯®«­® ¨§ãç¥­ë £à ­¨æë ¯®¤¢¨¦­®áâ¨ ¢¢¥àå áâ à-
è¥£® ¯®ª § â¥«ï λn . �¥áª®«ìª® ¬¥­¥¥ | £à ­¨æë ¯®¤¢¨¦­®áâ¨ ¢­¨§
¬« ¤è¥£® ¯®ª § â¥«ï λ1 . � ­¥¥ ¢á¥£® ¡ë« ¢ëç¨á«¥­ ¢¥àå­¨© æ¥­âà «ì-
­ë© ¯®ª § â¥«ì 
(A) , ¢¢¥¤¥­­ë© �. �. �¨­®£à ¤®¬ ¢ [21] ª ª ®æ¥­ª 
á¢¥àåã ¤«ï áâ àè¥£® ¯®ª § â¥«ï á¨áâ¥¬ë (0.12) á ¬ «ë¬¨ ¢®§¬ãé¥­¨-
ï¬¨. �®áâ¨¦¨¬®áâì íâ®© ®æ¥­ª¨ ¢ ª« áá¥ ¬ «ëå ¢®§¬ãé¥­¨© ¤®ª § ­ 
�. �. �¨««¨®­é¨ª®¢ë¬ ¢ [107]. �§ íâ¨å ¤¢ãå à ¡®â ¢ëâ¥ª ¥â, çâ®


(A) = lim
ε→0

sup{λn(A + Q) : ‖Q‖C 6 ε}.

� [107] �. �. �¨««¨®­é¨ª®¢ë¬ ¯®«ãç¥­  â ª¦¥ ä®à¬ã«  ¤«ï ¢ëç¨á«¥-
­¨ï ¬« ¤è¥£® æ¥­âà «ì­®£® ¯®ª § â¥«ï

ω(A) := lim
T→+∞

lim
k→+∞

1
kT

k∑

j=1
ln ‖X((j − 1)T, jT )‖−1,

á®¢¯ ¤ îé¥£® á ¤®áâ¨¦¨¬®© ­¨¦­¥© £à ­¨æ¥© ¬« ¤è¥£® ¯®ª § â¥«ï
á¨áâ¥¬ë (0.12) ¢ ª« áá¥ ¬ «ëå ¢®§¬ãé¥­¨©. � [153] �. �. �¥à£¥¥¢ë¬
¯®ª § ­®, çâ® ®¡  æ¥­âà «ì­ëå ¯®ª § â¥«ï ¤®áâ¨¦¨¬ë â ª¦¥ ¢ ª« áá¥
¡¥áª®­¥ç­® ¬ «ëå ¢®§¬ãé¥­¨©, â. ¥. á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

ω(A) = inf{λ1(A + Q) : lim
t→+∞ ‖Q(t)‖ = 0},


(A) = sup{λn(A + Q) : lim
t→+∞ ‖Q(t)‖ = 0}.

�â àè¨© á¨£¬ -¯®ª § â¥«ì ∇σ(A) , á®®â¢¥âáâ¢ãîé¨© ª« ááã σ-¢®§¬ã-
é¥­¨©, â. ¥. ¢®§¬ãé¥­¨©, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã

‖Q(t)‖6 NQe−σt, t > 0,

¢ ª®â®à®¬ NQ | ¯®«®¦¨â¥«ì­ ï ª®­áâ ­â , § ¢¨áïé ï ®â Q(·) , ¢ë-
ç¨á«¥­ �. �. �§®¡®¢ë¬ ¢ [56]. �â àè¨© íªá¯®­¥­æ¨ «ì­ë© ¯®ª § -
â¥«ì ∇0(A) , á®®â¢¥âáâ¢ãîé¨© ¯à¥¤¥«ì­®¬ã ª« ááã ¢á¥å íªá¯®­¥­æ¨-
 «ì­® ã¡ë¢ îé¨å ¢®§¬ãé¥­¨© ¨ ¨£à îé¨© ¢ ¦­ãî à®«ì ¢ à¥è¥­¨¨ § -
¤ ç �ï¯ã­®¢  ®¡ ãáâ®©ç¨¢®áâ¨ ¯® «¨­¥©­®¬ã ¯à¨¡«¨¦¥­¨î, ¢ëç¨á«¥­
�. �. �§®¡®¢ë¬ ¢ [61], £¤¥ ¯®«ãç¥­  â ª¦¥ ¨ ä®à¬ã«  ¤«ï ¬« ¤è¥£®
íªá¯®­¥­æ¨ «ì­®£® ¯®ª § â¥«ï �0(A) .

� [153, 156] �. �. �¥à£¥¥¢ë¬ ¯®áâà®¥­ë ¤®áâ¨¦¨¬ë¥ £à ­¨æë ¯®-
¤¢¨¦­®áâ¨ ¢¢¥àå ¤«ï ¢á¥å ¯à®¬¥¦ãâ®ç­ëå ¯®ª § â¥«¥© ¯à¨ ¬ «ëå ¨
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¡¥áª®­¥ç­® ¬ «ëå ¢®§¬ãé¥­¨ïå. � à ¡®â å �. �. �§®¡®¢  [58 { 60] ¢¢¥¤¥-
­® ¯®­ïâ¨¥ ¬¨­¨¬ «ì­®£® ¯®ª § â¥«ï «¨­¥©­®© ¤¨ää¥à¥­æ¨ «ì­®© á¨-
áâ¥¬ë, ¯à¥¤áâ ¢«ïîé¥£® á®¡®© ¤®áâ¨¦¨¬ãî £à ­¨æã ¯®¤¢¨¦­®áâ¨ ¢­¨§
áâ àè¥£® ¯®ª § â¥«ï ¯à¨ ¬ «ëå ¢®§¬ãé¥­¨ïå, ¤ ­  ä®à¬ã«  ¤«ï ¥£®
¢ëç¨á«¥­¨ï ¢ á«ãç ¥ ¤¢ã¬¥à­®© á¨áâ¥¬ë ¨ ®æ¥­ª  á­¨§ã ¢ ®¡é¥¬ á«ã-
ç ¥. � à ¡®â å �. �. �¥à£¥¥¢  [158 { 162] ¢ëç¨á«¥­ ¬¨­¨¬ «ì­ë© ¯®-
ª § â¥«ì âà¥å¬¥à­®© á¨áâ¥¬ë,   â ª¦¥ ­ ©¤¥­  ¤®áâ¨¦¨¬ ï £à ­¨æ 
¯®¤¢¨¦­®áâ¨ ¢­¨§ ¥¥ ¯à®¬¥¦ãâ®ç­®£® ¯®ª § â¥«ï ¯à¨ ¬ «ëå ¢®§¬ãé¥-
­¨ïå. � ­¥¥ ¢ à ¡®â¥ [157] �. �. �¥à£¥¥¢ë¬ ¡ë«¨ ¯®«­®áâìî ¢ëç¨á«¥­ë
£à ­¨æë ¯®¤¢¨¦­®áâ¨ ¢á¥å ¯®ª § â¥«¥© «¨­¥©­®© ¤¨ää¥à¥­æ¨ «ì­®©
á¨áâ¥¬ë ¤«ï ¢®§¬ãé¥­¨©, ¬ «ëå ¢ áà¥¤­¥¬.

�¡®¡é¥­¨¥¬ § ¤ ç¨ ® ¢ëç¨á«¥­¨¨ ¤®áâ¨¦¨¬ëå £à ­¨æ ¯®¤¢¨¦­®-
áâ¨ ¯®ª § â¥«¥© ï¢«ï¥âáï § ¤ ç  ® ¯®áâà®¥­¨¨ á¯¥ªâà «ì­®£® ¬­®¦¥-
áâ¢  «¨­¥©­®© ¤¨ää¥à¥­æ¨ «ì­®© á¨áâ¥¬ë, â. ¥. á®¢®ªã¯­®áâ¨ §­ ç¥­¨©
á¯¥ªâà «ì­®£® ¢¥ªâ®à  (λ1(A + Q), . . . , λn(A + Q)) , ¯à¨­¨¬ ¥¬ëå ¨¬
­  ¢á¥¬ ¬­®¦¥áâ¢¥ á¨áâ¥¬ (0.12) á ¢®§¬ãé¥­¨ï¬¨ ¨§ à áá¬ âà¨¢ ¥¬®£®
ª« áá . �¯¥à¢ë¥ á¯¥ªâà «ì­®¥ ¬­®¦¥áâ¢® ¡ë«® ¯®«­®áâìî ¢ëç¨á«¥­®
¢ à ¡®â¥ �. �. � å¨¬¡¥à¤¨¥¢  ¨ �. �. �®§®¢  [150] ¤«ï áâ æ¨®­ à­®© á¨-
áâ¥¬ë á ¬ «ë¬¨ ¢ áà¥¤­¥¬ ¯¥à¨®¤¨ç¥áª¨¬¨ ¢®§¬ãé¥­¨ï¬¨. �¯¥ªâà «ì-
­ë¥ ¬­®¦¥áâ¢  á¨áâ¥¬ á £à®¡¬ ­®¢áª¨¬¨ ¢®§¬ãé¥­¨ï¬¨ ¢ëç¨á«ï«¨áì
�. �. �§®¡®¢ë¬ ¢ [63, 64]. �ï¤ à¥§ã«ìâ â®¢ ® á¯¥ªâà «ì­ëå ¬­®¦¥áâ¢ å
«¨­¥©­ëå á¨­£ã«ïà­ëå á¨áâ¥¬ á íªá¯®­¥­æ¨ «ì­ë¬¨ ¢®§¬ãé¥­¨ï¬¨
¯®«ãç¥­ ¢ à ¡®â å �. �. �§®¡®¢  ¨ �. �. �à á®¢áª®£® [67, 77, 187]. �«ï
á«ãç ï ¬ «ëå ¢®§¬ãé¥­¨© ¢¥áì¬  á¥àì¥§­ë¥ ¯à®¤¢¨¦¥­¨ï ¤®áâ¨£­ãâë
¢ à ¡®â å �. �. � å¨¬¡¥à¤¨¥¢  [144 { 149].

�ëç¨á«¥­¨¥ â®ç­ëå £à ­¨æ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®ª § â¥«¥© ¨ ¯®-
áâà®¥­¨¥ á¯¥ªâà «ì­ëå ¬­®¦¥áâ¢ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå á¨-
áâ¥¬ á ®£à ­¨ç¥­­ë¬¨ ¢®§¬ãé¥­¨ï¬¨, ­¥ ï¢«ïîé¨¬¨áï ¬ «ë¬¨, ­®
ã¤®¢«¥â¢®àïîé¨¬¨ ­¥ª®â®àë¬ ¤®¯®«­¨â¥«ì­ë¬ ®£à ­¨ç¥­¨ï¬, ¯à®¨§-
¢®¤¨«®áì ¢ à ¡®â å �. �. �à¨è¨­  [34], �. �. �§®¡®¢  [62], �. �. �§®¡®¢ 
¨ �. �. �¢¥à¥¢®© [66], �. �. �ãàª®¢  [166 { 169].

� § ª«îç¥­¨¥ ®¡§®à­®© ç áâ¨ ¢¢¥¤¥­¨ï ®â¬¥â¨¬, çâ® § ¤ ç ¬¨ áâ -
¡¨«¨§ æ¨¨ à §«¨ç­ëå á¨áâ¥¬ ¯à¨ à §«¨ç­ëå ¯à¥¤¯®«®¦¥­¨ïå ¢ à §­®¥
¢à¥¬ï § ­¨¬ «¨áì �. �. �«ì¡à¥åâ [2], �. �àã­®¢áª¨© [20], �. �. �à¨è¨­
¨ �. �. �®§®¢ [35], �. �. �à¨è¨­ [34], �. �. �®«£¨© [40], �. �. � ¡¥«-
«® [43, 45], �. �. � ©æ¥¢ [49], �. �. �à á®¢áª¨© [72 { 75], �. �. � ¯â¨­-
áª¨© [83], �. �. �¥®­®¢ [85], �. �. �ã­ìª®¢ ¨ �. �. �®­ª®¢ [86], �. �. �¥-
ä¥¤®¢ ¨ �. �. �®«®å®¢¨ç [113], �. �. �á¨¯®¢ [73, 119], �. �. �¥à£¥-
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¥¢ [155] �. �. �¬¨à­®¢ [165], �. �. �®­ª®¢ [175], �. �. �®«®å®¢¨ç [178],
R. Brockett [180], C. E. Langenhop [192] ¨ ¤àã£¨¥  ¢â®àë. �¥ª®â®àë¥
ãâ¢¥à¦¤¥­¨ï ®¡ ã¯à ¢«¥­¨¨ ¬ã«ìâ¨¯«¨ª â®à ¬¨ ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬
¯®«ãç¥­ë �. �. � ¯â¨­áª¨¬ ¢ à ¡®â å [81, 82]. � ¤ ç¨ ã¯à ¢«¥­¨ï ¯à¨-
¢®¤¨¬®áâìî ¨ ¯à ¢¨«ì­®áâìî à¥è «¨áì �. �. �¬¨à­®¢ë¬ ¢ [164, á. 33]
¨ �. �. � ©èã­®¬ ¢ [30, á. 310{311].

* * *

�¨áá¥àâ æ¨ï á®áâ®¨â ¨§ ¢¢¥¤¥­¨ï, ç¥âëà¥å £« ¢, ¢ª«îç îé¨å ¤¢ -
¤æ âì á¥¬ì ¯ à £à ä®¢ (­ã¬¥à æ¨ï ¯ à £à ä®¢ áª¢®§­ ï), ¨ á¯¨áª  «¨-
â¥à âãàë.

� ¯¥à¢®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥­ ®¡§®à ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ ® ¯®«-
­®© ã¯à ¢«ï¥¬®áâ¨ «¨­¥©­ëå á¨áâ¥¬ ¢¨¤  (0.4). � ¯®á«¥¤ãîé¨å ¯ à -
£à ä å ¯¥à¢®© £« ¢ë ¢¢¥¤¥­ë ¨ ¨áá«¥¤®¢ ­ë á¢®©áâ¢  á®£« á®¢ ­­®áâ¨
¨ à ¢­®¬¥à®© á®£« á®¢ ­­®áâ¨ «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë á ­ ¡«î-
¤ â¥«¥¬

_x = A(t)x + B(t)u, y = C∗(t)x, x ∈ Rn, u ∈ Rm, y ∈ Rr. (0.13)
�â¨ ¯®­ïâ¨ï ï¢«ïîâáï ­¥¯®áà¥¤áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬ ­  â ª¨¥ á¨áâ¥-
¬ë ¯®­ïâ¨© ¯®«­®© ¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ «¨­¥©­ëå
ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ¡¥§ ­ ¡«î¤ â¥«ï ¢¨¤  (0.4).

�á­®¢­®© ®¡ê¥ªâ ¨áá«¥¤®¢ ­¨© ¢â®à®£® ¯ à £à ä  | á¥¬¥©áâ¢® «¨-
­¥©­ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬

_x = A(f tσ)x + B(f tσ)u, x ∈ Rn, u ∈ Rm, t ∈ R, (0.14)
á ­ ¡«î¤ â¥«¥¬

y = C∗(f tσ)x, y ∈ Rr, (0.15)
§ ¤ ­­ëå â®¯®«®£¨ç¥áª®© ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬®© (�, f t) ( � | ¯®«-
­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® á® áç¥â­®© ¡ §®©, f t | ¯®â®ª ­  �) ¨
äã­ªæ¨¥© ϕ := (A,B, C) : � → Mn,n+m+r . �¨áâ¥¬  (0.14), (0.15) ®â®-
¦¤¥áâ¢«ï¥âáï á äã­ªæ¨¥© t → ϕ(f tσ) . � ®¯à¥¤¥«¥­¨¨ 2.1 ¢¢¥¤¥­® ¯®-
­ïâ¨¥ á®£« á®¢ ­­®áâ¨ á¨áâ¥¬ë ϕ(f tσ) ­  ä¨ªá¨à®¢ ­­®¬ ®âà¥§ª¥ ¢à¥-
¬¥­¨ [0, ϑ] . �®£« á®¢ ­­®áâì á¨áâ¥¬ë ϕ(f tσ) ­  ®âà¥§ª¥ ®§­ ç ¥â à §-
à¥è¨¬®áâì ­  íâ®¬ ®âà¥§ª¥ ­¥ª®â®à®© ¬ âà¨ç­®© § ¤ ç¨ ã¯à ¢«¥­¨ï.
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�â  § ¤ ç   ­ «®£¨ç­  § ¤ ç¥ ¯®¨áª  ¯à¨ ¯à®¨§¢®«ì­®¬ x0 ∈ Rn ã¯à -
¢«¥­¨ï u(·) â ª®£®, çâ® à¥è¥­¨¥ x(·) § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë (0.4)
¯à¨ u = u(·) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(0) = x0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
x(ϑ) = 0 (à §à¥è¨¬®áâì â ª®© § ¤ ç¨ ¯à¨ ª ¦¤®¬ x0 ®§­ ç ¥â ¯®«-
­ãî ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (0.4) ­  ®âà¥§ª¥ [0, ϑ] ). �® á¨áâ¥¬¥ ϕ(f tσ)
áâà®¨âáï ¯®áâ®ï­­ ï á¨¬¬¥âà¨ç¥áª ï n2 × n2-¬ âà¨æ  �(ϑ, σ) (â ª ­ -
§ë¢ ¥¬ ï ¬ âà¨æ  á®£« á®¢ ­¨ï |  ­ «®£ ¬ âà¨æë � «¬ ­ ), ¨ ¤®-
ª §ë¢ ¥âáï, çâ® á®£« á®¢ ­­®áâì á¨áâ¥¬ë ϕ(f tσ) íª¢¨¢ «¥­â­  ¯®«®-
¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ¬ âà¨æë á®£« á®¢ ­¨ï (â¥®à¥¬  2.1). �¯à¥-
¤¥«¥­¨¥¬ 2.2 ¢¢¥¤¥­® ¯®­ïâ¨¥ à ¢­®¬¥à­®© (­  § ¬ëª ­¨¨ âà ¥ªâ®à¨¨
γ(σ0) ) á®£« á®¢ ­­®áâ¨ á¨áâ¥¬ë ϕ(f tσ0) .

� § 3 à¥§ã«ìâ âë ¯à¥¤ë¤ãé¥£® ¯ à £à ä  ¯¥à¥­®áïâáï ­  á«ãç ©,
ª®£¤  ¢ ª ç¥áâ¢¥ ¯à®áâà ­áâ¢  (�, f t) à áá¬ âà¨¢ ¥âáï ¤¨­ ¬¨ç¥áª ï
á¨áâ¥¬  á¤¢¨£®¢, ¯®à®¦¤¥­­ ï ä¨ªá¨à®¢ ­­®© «¨­¥©­®© ã¯à ¢«ï¥¬®©
á¨áâ¥¬®© á ­ ¡«î¤ â¥«¥¬ ¢¨¤  (0.13). �®ª § ­®, çâ® ¢ á«ãç ¥ «¨­¥©-
­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ¡¥§ ­ ¡«î¤ â¥«ï ¢¢¥¤¥­­®¥ ¯®­ïâ¨¥ á®£« á®-
¢ ­­®áâ¨ íª¢¨¢ «¥­â­® ¯®­ïâ¨î ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ (â¥®à¥¬  3.1).
�áâ ­®¢«¥­  ¨­¢ à¨ ­â­®áâì á¢®©áâ¢  à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨
®â­®á¨â¥«ì­® «ï¯ã­®¢áª¨å ¯à¥®¡à §®¢ ­¨© (á«¥¤áâ¢¨¥ 3.2) ¨ £àã¡®áâì
íâ®£® á¢®©áâ¢  (á«¥¤áâ¢¨¥ 3.3).

� ç¥â¢¥àâ®¬ ¯ à £à ä¥ ¯® «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬¥ á ­ -
¡«î¤ â¥«¥¬ áâà®¨âáï «¨­¥©­ ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬  ¡¥§ ­ ¡«î¤ â¥«ï
¡�®«ìè¥© à §¬¥à­®áâ¨ | â ª ­ §ë¢ ¥¬ ï \¡®«ìè ï" á¨áâ¥¬ . �®ª § -
­® (â¥®à¥¬  4.1), çâ® á®£« á®¢ ­­®áâì ¨áå®¤­®© á¨áâ¥¬ë íª¢¨¢ «¥­â-
­  ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ ¡®«ìè®© á¨áâ¥¬ë. � á«¥¤ãîé¥¬ ¯ à £à ä¥
­  ®á­®¢ ­¨¨ à¥§ã«ìâ â®¢ § 4 ¯®«ãç¥­ë ª®íää¨æ¨¥­â­ë¥ ¯à¨§­ ª¨ á®-
£« á®¢ ­­®áâ¨ (¨ ­¥á®£« á®¢ ­­®áâ¨) «¨­¥©­ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ á
­ ¡«î¤ â¥«¥¬.

� ¯®á«¥¤­¥¬ ¯ à £à ä¥ £« ¢ë ãáâ ­®¢«¥­  ¢®§¬®¦­®áâì ¯à¨¬¥­¥-
­¨ï ¬¥â®¤  ¯®¢®à®â®¢ �. �. �¨««¨®­é¨ª®¢  [107, 110] (á¬. â ª¦¥ ®¡§®à
�. �. �§®¡®¢  [57]) ª á¨áâ¥¬¥ (0.13), § ¬ª­ãâ®© «¨­¥©­®© ¯® y ®¡à â­®©
á¢ï§ìî u = Uy , â. ¥. ª á¨áâ¥¬¥

_x = (A(t) + B(t)UC∗(t))x, x ∈ Rn. (0.16)

�® ¢â®à®© £« ¢¥ ¨áá«¥¤®¢ ­® á¢®©áâ¢® «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨
§ ¬ª­ãâ®© á¨áâ¥¬ë (0.16) (á¬. ®¯à¥¤¥«¥­¨ï 10.1 ¨ 10.2). �ª § ­­®¥
á¢®©áâ¢® § ª«îç ¥âáï ¢ ¢®§¬®¦­®áâ¨ ¯®áâà®¥­¨ï â ª®£® ¬ âà¨ç­®£®
ã¯à ¢«¥­¨ï U(·) , çâ® ¤«ï ¬ âà¨æë �®è¨ XU(t, s) íâ®© á¨áâ¥¬ë ¯à¨
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U = U(·) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)H, (0.17)

£¤¥ H ∈ Mn | ¯à®¨§¢®«ì­ ï ¤®áâ â®ç­® ¡«¨§ª ï ª E ¬ âà¨æ ,  
X(t, s) , ª ª ¨ ¯à¥¦¤¥, ¬ âà¨æ  �®è¨ á¢®¡®¤­®© á¨áâ¥¬ë (0.6). �¬¥­­®
á¢®©áâ¢® «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (0.16) ¯®§¢®«ï¥â ¯¥à¥­¥áâ¨
¬¥â®¤ ¯®¢®à®â®¢ �¨««¨®­é¨ª®¢  ­  «¨­¥©­ë¥ ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë
á ­ ¡«î¤ â¥«¥¬.

� § 8 à áá¬®âà¥­ ç áâ­ë© á«ãç © á¨áâ¥¬ë (0.13) | «¨­¥©­ ï ã¯à -
¢«ï¥¬ ï á¨áâ¥¬  (0.4) ¡¥§ ­ ¡«î¤ â¥«ï. �â®¬ã á«ãç î ®â¢¥ç îâ §­ -
ç¥­¨ï r = n , C(t) ≡ E . �®ª § ­®, çâ® à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï¥-
¬®áâì á¨áâ¥¬ë (0.4) ­¥®¡å®¤¨¬  ¨ ¤®áâ â®ç­  ¤«ï à ¢­®¬¥à­®© «®ª «ì-
­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (0.5) (â¥®à¥¬  8.2).

� ¤¥áïâ®¬ ¯ à £à ä¥ ãáâ ­®¢«¥­®, çâ® à ¢­®¬¥à­ ï á®£« á®¢ ­-
­®áâì á¨áâ¥¬ë (0.5) ¤®áâ â®ç­ , ­® ­¥ ­¥®¡å®¤¨¬  ¤«ï à ¢­®¬¥à­®©
«®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (0.16) (â¥®à¥¬ë 10.1 ¨ 10.2). � ª¨¬
®¡à §®¬, á¢®©áâ¢® à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨ á¨áâ¥¬ë (0.13) \á § ¯ -
á®¬" ®¡¥á¯¥ç¨¢ ¥â ¢®§¬®¦­®áâì ¯à¨¬¥­¥­¨ï ¬¥â®¤  ¯®¢®à®â®¢ �¨««¨-
®­é¨ª®¢  ª «¨­¥©­ë¬ ã¯à ¢«ï¥¬ë¬ á¨áâ¥¬ ¬ á ­ ¡«î¤ â¥«¥¬. � ¦¥â-
áï ¤®¢®«ì­® ®ç¥¢¨¤­ë¬, çâ® ª ª¨¥-«¨¡® ¤®áâ â®ç­ë¥ «¥£ª® ¯à®¢¥àï¥-
¬ë¥ ãá«®¢¨ï á ¬�®© ¤®áâ¨¦¨¬®áâ¨ ¯®«ãç¨âì ¢¥áì¬  ­¥¯à®áâ®. � ¤àã-
£®© áâ®à®­ë, á ¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ á®£« á®¢ ­­®áâ¨ â ª¨å ¯à®-
¡«¥¬ ­¥ ¢®§­¨ª ¥â (¬®¦­®, ­ ¯à¨¬¥à, ¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨
¯ à £à ä®¢ 4, 5). �âáî¤  á«¥¤ã¥â ¯à ªâ¨ç¥áª ï æ¥­­®áâì ¯®«ãç¥­­ëå
¢ £« ¢¥ I à¥§ã«ìâ â®¢ ® à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨ «¨­¥©­ëå ã¯à -
¢«ï¥¬ëå á¨áâ¥¬ á ­ ¡«î¤ â¥«¥¬.

� § 11 ¯®ª § ­®, çâ® ¥á«¨ á¨áâ¥¬  (0.16) à ¢­®¬¥à­® «®ª «ì­® ¤®-
áâ¨¦¨¬ , â® ¤«ï ª ¦¤®£® ε > 0 ­ ©¤¥âáï δ > 0 â ª®¥, çâ® ¬­®¦¥áâ¢®
Nε(A) § ¬ª­ãâëå á¨áâ¥¬ ¢¨¤  (0.16), £¤¥ ‖U‖C 6ε , ¨ ¬­®¦¥áâ¢® Mδ(A)
¢®§¬ãé¥­­ëå á¨áâ¥¬

_x = (A(t) + P (t)) x, x ∈ Rn,

£¤¥ ‖P‖C 6 δ , ­¥®â«¨ç¨¬ë á â®çª¨ §à¥­¨ï  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï
à¥è¥­¨© á¨áâ¥¬, ¢å®¤ïé¨å ¢ íâ¨ ¬­®¦¥áâ¢  (á«¥¤áâ¢¨¥ 11.1). �®ª § -
â¥«ìáâ¢® íâ®£® à¥§ã«ìâ â  ®á­®¢ ­® ­  â®¬, çâ® á¢®©áâ¢®  á¨¬¯â®â¨-
ç¥áª®© íª¢¨¢ «¥­â­®áâ¨ á¨áâ¥¬ ¤¨áªà¥â¨§ã¥¬® ¢ á«¥¤ãîé¥¬ á¬ëá«¥
(�. �. � ª à®¢, [90]): ¥á«¨ ¬ âà¨æë �®è¨ X(t, s) ¨ Z(t, s) ¤¢ãå «¨­¥©-
­ëå ®¤­®à®¤­ëå á¨áâ¥¬ (0.6) ¨ (0.11), ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã Mn ,
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¯à¨ ­¥ª®â®à®¬ ϑ > 0 ¨ ¢á¥å k ∈ Z ã¤®¢«¥â¢®àïîâ à ¢¥­áâ¢ ¬

Z((k + 1)ϑ, kϑ) = X((k + 1)ϑ, kϑ),

â® íâ¨ á¨áâ¥¬ë  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ë. � ¬¥â¨¬, çâ® ¤¨áªà¥-
â¨§ã¥¬®áâì (â. ¥. ¢®§¬®¦­®áâì ¢ëç¨á«¥­¨ï ­  ä¨ªá¨à®¢ ­­®© ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ ¬®¬¥­â®¢ ¢à¥¬¥­¨) ®â¤¥«ì­ëå «ï¯ã­®¢áª¨å ¨­¢ à¨ ­-
â®¢ ¢¯¥à¢ë¥ ¡ë«  § ¬¥ç¥­ , ¢¥à®ïâ­®, �. �. �§®¡®¢ë¬ ¢ [55], £¤¥ ¡ë« 
ãáâ ­®¢«¥­  ¢ëç¨á«¨¬®áâì ­  ¯à®¨§¢®«ì­®© ¢®§à áâ îé¥©  à¨ä¬¥â¨-
ç¥áª®© ¯à®£à¥áá¨¨ ¬®¬¥­â®¢ ¢à¥¬¥­¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï-
¯ã­®¢  (á¬. â ª¦¥ [18, á. 537]). � à ¡®â¥ �. �. �à®å®à®¢®© [143] ®â¬¥-
ç¥­®, çâ® ­¥ â®«ìª® å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨, ­® ¨ ¬­®£¨¥ ¤àã-
£¨¥ «ï¯ã­®¢áª¨¥ ¨­¢ à¨ ­âë, â ª¨¥, ª ª æ¥­âà «ì­ë¥, ®á®¡ë¥ ¨ íªá¯®-
­¥­æ¨ «ì­ë¥ ¯®ª § â¥«¨, ª®íää¨æ¨¥­âë ­¥¯à ¢¨«ì­®áâ¨ ¨ â. ¯., ¨¬¥îâ
¤¨áªà¥â­ë© å à ªâ¥à, â. ¥. ¨å ¢ëç¨á«¥­¨¥ â ª¦¥ ¬®¦­® ¯à®¢®¤¨âì ¯®
¯®á«¥¤®¢ â¥«ì­®áâ¨ kϑ, k ∈ N , á ¯à®¨§¢®«ì­ë¬ ä¨ªá¨à®¢ ­­ë¬ ϑ > 0 .

�  ®á­®¢ ­¨¨ á«¥¤áâ¢¨ï 11.1 ¨ ª« áá¨ç¥áª¨å â¥®à¥¬ á®¢à¥¬¥­­®©
â¥®à¨¨ ¯®ª § â¥«¥© �ï¯ã­®¢  (�. �. �¨««¨®­é¨ª®¢, [108, 110]) ãáâ ­®-
¢«¥­® áãé¥áâ¢®¢ ­¨¥ ¢® ¬­®¦¥áâ¢¥ Nε(A) ¯à¨ ª ¦¤®¬ ε > 0 á¨áâ¥¬ë á
¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî (â¥®à¥¬  11.2), ¤®ª § ­  ¤®áâ¨¦¨¬®áâì
¢¥àå­¥£® æ¥­âà «ì­®£® ¯®ª § â¥«ï 
(A) á¨áâ¥¬ë (0.6) ­  ¢®§¬ãé¥­¨-
ïå ¨§ ª« áá  N(A) := ⋃

ε>0
Nε(A) (â¥®à¥¬  11.3) ¨ ¯®ª § ­®, çâ® ãáâ®©-

ç¨¢®áâì ¯®ª § â¥«¥© �ï¯ã­®¢  ­  ¯à®¨§¢®«ì­ëå ¬ «ëå ¢®§¬ãé¥­¨ïå
íª¢¨¢ «¥­â­  ¨å ãáâ®©ç¨¢®áâ¨ ­  ¢®§¬ãé¥­¨ïå ¨§ ª« áá  N(A) (â¥®-
à¥¬  11.4).

� ¤¥¢ïâ®¬ ¯ à £à ä¥ ¨áá«¥¤®¢ ­® á¢®©áâ¢® ϑ-à ¢­®¬¥à­®© «®ª «ì-
­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (0.5) ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U ⊂ Mmn ,
ª®â®à®¥ § ª«îç ¥âáï ¢ ¢®§¬®¦­®áâ¨ ¯®áâà®¥­¨ï ¤«ï «î¡®© ¬ âà¨æë
H ∈ Bδ(E) ­  ¯à®¨§¢®«ì­®¬ ®âà¥§ª¥ [t0, t0+ϑ] â ª®£® ¬ âà¨ç­®£® ã¯à -
¢«¥­¨ï U : [t0, t0 + ϑ] → U , çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢® (0.17), ¯à¨ íâ®¬ δ

­¥ § ¢¨á¨â ®â t0 . �®ª § ­®, çâ® ¤«ï ϑ-à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨-
¦¨¬®áâ¨ á¨áâ¥¬ë (0.5) ®â­®á¨â¥«ì­® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U ­¥-
®¡å®¤¨¬  ϑ-à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï¥¬®áâì á®®â¢¥âáâ¢ãîé¥© ®â-
ªàëâ®© á¨áâ¥¬ë (â¥®à¥¬  9.2). �á«®¢¨¥ ®£à ­¨ç¥­­®áâ¨ ¬­®¦¥áâ¢  U
§¤¥áì áãé¥áâ¢¥­­® (¯à¨¬¥à 9.1). � § 8 ¯à¨¢¥¤¥­ ¯à¨¬¥à 8.1 áª «ïà­®£®
ã¯à ¢«ï¥¬®£® ãà ¢­¥­¨ï, à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬®£® ®â­®á¨-
â¥«ì­® ¬­®¦¥áâ¢  U = [α, β] ¯à¨ ¯à®¨§¢®«ì­ëå α < β . �â®â íää¥ªâ
ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®£®, çâ® ª®íää¨æ¨¥­â b(·) ¯à¨ ã¯à ¢«¥­¨¨ ¯®¤-
å®¤ïé¨¬ ®¡à §®¬ ¬¥­ï¥â §­ ª. � ¤¥áïâ®¬ ¯ à £à ä¥, ¢ á¢®î ®ç¥à¥¤ì,
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¯®áâà®¥­ ¯à¨¬¥à 10.1 ¤¢ã¬¥à­®© á¨áâ¥¬ë, ã ª®â®à®© ¢á¥ ª®íää¨æ¨¥­âë
¯à¨ ã¯à ¢«¥­¨¨ ­¥®âà¨æ â¥«ì­ë,   á ¬  á¨áâ¥¬  ï¢«ï¥âáï à ¢­®¬¥à­®
«®ª «ì­® ¤®áâ¨¦¨¬®© ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢ , ­¥ á®¤¥à¦ é¥£® ­ã«ì
¢® ¢­ãâà¥­­®áâ¨ ¢ë¯ãª«®© ®¡®«®çª¨.

� âà¥âì¥© £« ¢¥ ¤®ª § ­ë ®á­®¢­ë¥ à¥§ã«ìâ âë ¤¨áá¥àâ æ¨¨, ª á -
îé¨¥áï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¨­¢ à¨ ­â®¢ «ï¯ã­®¢áª¨å ¯à¥®¡à -
§®¢ ­¨©.

� ¤¢¥­ ¤æ â®¬ ¯ à £à ä¥ ¢¢¥¤¥­ë ª«îç¥¢ë¥ ¯®­ïâ¨ï à ¡®âë |
«®ª «ì­®© ¨ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨  á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢ § -
¬ª­ãâ®© á¨áâ¥¬ë (0.16),   â ª¦¥ ¯à®¯®àæ¨®­ «ì­®© «®ª «ì­®© ¨ ¯à®¯®à-
æ¨®­ «ì­®© £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢. �ãáâì
ι | ­¥ª®â®àë© «ï¯ã­®¢áª¨© ¨­¢ à¨ ­â. �®£« á­® ®¯à¥¤¥«¥­¨î 12.1, ¨­-
¢ à¨ ­â ι ­ §ë¢ ¥âáï £«®¡ «ì­® ã¯à ¢«ï¥¬ë¬, ¥á«¨ ¤«ï «î¡®£® ¢®§¬®¦-
­®£® §­ ç¥­¨ï íâ®£® ¨­¢ à¨ ­â , â. ¥. ¤«ï «î¡®£® ι0 ∈ ι(Mn) , ­ ©¤¥âáï
ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) â ª®¥, çâ® §­ ç¥­¨¥ ι(A + BUC∗) à áá¬ -
âà¨¢ ¥¬®£® ¨­¢ à¨ ­â  ¤«ï § ¬ª­ãâ®© á¨áâ¥¬ë (0.16) ¯à¨ U = U(·)
á®¢¯ ¤ ¥â á ι0 . � á«ãç ¥, ª®£¤  ¬­®¦¥áâ¢® §­ ç¥­¨© ¨­¢ à¨ ­â  ι á®-
¤¥à¦¨âáï ¢ ­¥ª®â®à®¬ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ (X, ρ) , ¢¢¥¤¥­® ¯®-
­ïâ¨¥ «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¨­¢ à¨ ­â . �­¢ à¨ ­â ι ­ §ë¢ ¥âáï
«®ª «ì­® ã¯à ¢«ï¥¬ë¬ (®¯à¥¤¥«¥­¨¥ 12.2), ¥á«¨ ¤«ï «î¡®£® ε > 0 ­ ©-
¤¥âáï δ > 0 â ª®¥, çâ® ¤«ï «î¡®£® ι0 ∈ ι(Mn) , ã¤®¢«¥â¢®àïîé¥£®
­¥à ¢¥­áâ¢ã ρ(ι(A), ι0) 6 δ , áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) ,
‖U‖C 6 ε , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  ι(A + BUC∗) = ι0 .
�®­ïâ¨¥ ¯à®¯®àæ¨®­ «ì­®© «®ª «ì­®© (¨ ¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®©)
ã¯à ¢«ï¥¬®áâ¨ ¨­¢ à¨ ­â  ¤®¯®«­¨â¥«ì­® ¢ª«îç ¥â ¢ á¥¡ï «¨¯è¨æ¥-
¢ã ®æ¥­ªã ­®à¬ë ã¯à ¢«¥­¨ï ¢ § ¢¨á¨¬®áâ¨ ®â ¢¥«¨ç¨­ë á¬¥é¥­¨ï
ρ(ι(A), ι0) ¨­¢ à¨ ­â  (á¬. ®¯à¥¤¥«¥­¨¥ 12.2).

� § 13 ãáâ ­®¢«¥­® («¥¬¬  13.2), çâ® ¥á«¨ § ¬ª­ãâ ï á¨áâ¥¬  (0.16)
à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ , â® ¨§ ¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®©
ã¯à ¢«ï¥¬®áâ¨ ¯à®¨§¢®«ì­®© ª®­¥ç­®© á®¢®ªã¯­®áâ¨ «ï¯ã­®¢áª¨å ¨­-
¢ à¨ ­â®¢ á¨áâ¥¬ë

_x = (A(t) + U)x, (0.18)
®â¢¥ç îé¥© §­ ç¥­¨ï¬ n = m = r , B(t) = C(t) ≡ E , ¢ëâ¥ª ¥â ¨å
«®ª «ì­ ï ã¯à ¢«ï¥¬®áâì ¤«ï á¨áâ¥¬ë (0.16). � á«ãç ¥ ®âáãâáâ¢¨ï ­ -
¡«î¤ â¥«ï ¨¬¥¥â ¬¥áâ® ¡®«¥¥ á¨«ì­®¥ ãâ¢¥à¦¤¥­¨¥ («¥¬¬  13.1): ¥á«¨
á¨áâ¥¬  (0.4) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ¨§ ¯à®¯®àæ¨®­ «ì­®©
£«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯à®¨§¢®«ì­®© ª®­¥ç­®© á®¢®ªã¯­®áâ¨ «ï-
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¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ á¨áâ¥¬ë (0.18) á«¥¤ã¥â ¨å ¯à®¯®àæ¨®­ «ì­ ï
«®ª «ì­ ï ã¯à ¢«ï¥¬®áâì ¤«ï á¨áâ¥¬ë (0.5). �  ®á­®¢ ­¨¨ íâ¨å à¥-
§ã«ìâ â®¢ ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï «®ª «ì­®© ¨ ¯à®¯®àæ¨®­ «ì-
­®© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ 
á¨áâ¥¬ (0.16) ¨ (0.5) á®®â¢¥âáâ¢¥­­® (â¥®à¥¬ë 13.4 ¨ 13.5). �«ï ¤®ª § -
â¥«ìáâ¢  íâ¨å â¥®à¥¬ ¯à¥¤¢ à¨â¥«ì­® ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï
¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § -
â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (0.18). �áâ ­®¢«¥­®, ¢ ç áâ­®áâ¨, çâ® â ª¨¬¨
¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ ï¢«ïîâáï ãáâ®©ç¨¢®áâì ¯®ª § â¥«¥© �ï¯ã-
­®¢  ®¤­®à®¤­®© á¨áâ¥¬ë (0.6) (â¥®à¥¬  13.1), ¥¥ ¯à ¢¨«ì­®áâì (â¥®à¥-
¬  13.2) ¨ ¤¨ £®­ «¨§¨àã¥¬®áâì (â¥®à¥¬  13.3).

� ç¥âëà­ ¤æ â®¬ ¯ à £à ä¥ ¢ á«ãç ¥ ¯à ¢¨«ì­®áâ¨ ®¤­®à®¤­®©
á¨áâ¥¬ë (0.6) ¤®ª § ­  ®¤­®¢à¥¬¥­­ ï ¯à®¯®àæ¨®­ «ì­ ï «®ª «ì­ ï
ã¯à ¢«ï¥¬®áâì ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢  ¨ ª®íää¨æ¨-
¥­â  ­¥¯à ¢¨«ì­®áâ¨ �ï¯ã­®¢  § ¬ª­ãâ®© á¨áâ¥¬ë (0.5) ¯à¨ ãá«®¢¨¨
à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.4).

� á«¥¤ãîé¥¬ ¯ à £à ä¥ ¢¢¥¤¥­® ¨ ¨áá«¥¤®¢ ­® ¯®­ïâ¨¥ à áç«¥-
­¥­­®áâ¨ «¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë (0.6), ª®â®à®¥ ¨£à ¥â ¢¥¤ã-
éãî à®«ì ¢ ¯®«ãç¥­¨¨ ¤®áâ â®ç­ëå ãá«®¢¨© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨
¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ . � áç«¥­¥­­®áâì á¨áâ¥¬ë (0.6)
®§­ ç ¥â áãé¥áâ¢®¢ ­¨¥ à áç«¥­¥­­®© ­®à¬ «ì­®© ��� íâ®© á¨áâ¥¬ë
(®¯à¥¤¥«¥­¨¥ 15.3). � á¢®î ®ç¥à¥¤ì (â¥®à¥¬  15.2), ��� x1(·), . . . , xn(·)
à áç«¥­¥­ , ¥á«¨ ¤«ï ¢áïª®£® ¢å®¤ïé¥£® ¢ ­¥¥ à¥è¥­¨ï xi(·) ­ ©¤ãâáï
ç¨á«® α ∈ ]0, π/2] ¨ ¬®­®â®­­® ¢®§à áâ îé ï ª +∞ ¯®á«¥¤®¢ â¥«ì-
­®áâì ¬®¬¥­â®¢ ¢à¥¬¥­¨ {tk}∞k=1 , â ª¨¥, çâ®

λ[xi] = lim
k→∞

1
tk

ln ‖xi(tk)‖,

lim
k→∞

mes Gα
i (tk)

tk
> 0,

£¤¥
Gα

i (T ) := {t ∈ [0, T ] : ϕi(t) > α},
ϕi(t) | ã£®« ¬¥¦¤ã ¢¥ªâ®à®¬ xi(t) ¨ «¨­¥©­®© ®¡®«®çª®© ¢¥ªâ®à®¢
xj(t) , j = 1, . . . , n , j 6= i .

� § 16 ¤®ª § ­  ¯à®¯®àæ¨®­ «ì­ ï «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®«-
­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (0.5) ¯à¨ ãá«®¢¨¨ à ¢­®-
¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.4) ¨ à áç«¥­¥­­®áâ¨ á¢®¡®¤-
­®© á¨áâ¥¬ë (0.6) (â¥®à¥¬  16.1, á«¥¤áâ¢¨ï 16.2 ¨ 16.3). � § 17 ­  ®á­®¢¥
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íâ¨å à¥§ã«ìâ â®¢ ãáâ ­®¢«¥­  ¯à®¯®àæ¨®­ «ì­ ï «®ª «ì­ ï ã¯à ¢«ï-
¥¬®áâì ¯®ª § â¥«¥© �ï¯ã­®¢  ¤¢ã¬¥à­®© á¨áâ¥¬ë (0.5) ¢ á«ãç ¥ à ¢-
­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.4) ¨ ­¥ªà â­®áâ¨ ¯®«­®£®
á¯¥ªâà  á®®â¢¥âáâ¢ãîé¥© á¢®¡®¤­®© á¨áâ¥¬ë (â¥®à¥¬  17.2).

�  ®á­®¢ ­¨¨ ¯®­ïâ¨ï à áç«¥­¥­­®áâ¨ ¢ § 18 ¯®«ãç¥­® ­®¢®¥ ­¥-
®¡å®¤¨¬®¥ ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (0.6).
�®ª § ­®, çâ® ¥á«¨ íâ  á¨áâ¥¬  ¨¬¥¥â ­¥ ­®à¬ «ì­ãî à áç«¥­¥­­ãî
���, â® ¥¥ ¯®ª § â¥«¨ �ï¯ã­®¢  ­¥ãáâ®©ç¨¢ë (â¥®à¥¬  18.1). � áá¬®-
âà¥­ ¯à¨¬¥à 18.1 ¤¢ã¬¥à­®© á¨áâ¥¬ë, ¨¬¥îé¥© à áç«¥­¥­­ãî ­¥ ­®à-
¬ «ì­ãî ���.

�á¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ «ï¯ã­®¢áª¨å
¨­¢ à¨ ­â®¢ ¯®«ãç¥­ë ¯à¨ ãá«®¢¨¨ à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨-
¬®áâ¨ á¨áâ¥¬ë (0.16) («¨¡®, ¢ á«ãç ¥ r = n , C(t) ≡ E , ¯à¨ ãá«®¢¨¨
à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.4) ). � § 19 ¢ëïá­ï¥âáï
¢®¯à®á ® ­¥®¡å®¤¨¬®áâ¨ íâ®£® ãá«®¢¨ï ¤«ï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨
¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ . � íâ®¬ ¯ à £à ä¥ ¢¢¥¤¥­® ¯®-
­ïâ¨¥ à ¢­®¬¥à­®© (®â­®á¨â¥«ì­® σ ∈ γ+(σ0) ) «®ª «ì­®© ã¯à ¢«ï¥¬®-
áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë

_x = (A(f tσ0) + B(f tσ0)UC∗(f tσ0))x
¨ ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï â ª®© ã¯à ¢«ï¥¬®áâ¨ (â¥®à¥¬ë 19.1
¨ 19.2). � á«ãç ¥ C(σ) ≡ E ¨§ãç¥­ ¢®¯à®á ® ­¥®¡å®¤¨¬®áâ¨ ãá«®¢¨ï
à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.14) ¤«ï à ¢­®¬¥à­®©
«®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  (â¥®à¥¬  19.3).

� ¯®á«¥¤­¥¬ ¯ à £à ä¥ âà¥âì¥© £« ¢ë ¤«ï áª «ïà­®£® ãà ¢­¥­¨ï
n-£® ¯®àï¤ª 

z(n) + uσ1(t)z(n−1) + . . . + uσn(t)z = 0
á ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨¬¨ ¯® �®àã ¨ «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ ­  R ª®íä-
ä¨æ¨¥­â ¬¨ σ1(·), . . . , σn(·) ãáâ ­®¢«¥­  à ¢­®¬¥à­ ï «®ª «ì­ ï ã¯à -
¢«ï¥¬®áâì ¯®ª § â¥«¥© �ï¯ã­®¢ .

� £« ¢¥ IV ¯®«ãç¥­ë ®á­®¢­ë¥ à¥§ã«ìâ âë ¤¨áá¥àâ æ¨¨, ª á îé¨-
¥áï £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨, £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨
¨ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ®â¤¥«ì­ëå  á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢
§ ¬ª­ãâ®© á¨áâ¥¬ë (0.5).

� § 21 ¢¢¥¤¥­® ¯®­ïâ¨¥ £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (0.5).
�®£« á­® ®¯à¥¤¥«¥­¨î 21.2, íâ  á¨áâ¥¬  ­ §ë¢ ¥âáï
ϑ-à ¢­®¬¥à­® £«®¡ «ì­® ¤®áâ¨¦¨¬®© ®â­®á¨â¥«ì­® ­¥®£à ­¨ç¥­­®£® ¬­®-
¦¥áâ¢  U ⊂ Mmn , ¥á«¨ ¤«ï ¯à®¨§¢®«ì­ëå α > 0 ¨ β > 0 ­ ©¤¥âáï â ª®¥
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¯®«®¦¨â¥«ì­®¥ ç¨á«® l , çâ® ¤«ï «î¡®© ¬ âà¨æë H ∈ Mn , ã¤®¢«¥â¢®-
àïîé¥© ­¥à ¢¥­áâ¢ ¬ ‖H‖6α ¨ det H >β , ¨ ¤«ï «î¡®£® t0 ∈ R áãé¥-
áâ¢ã¥â ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U : [t0, t0 + ϑ] → U , ‖U‖C 6 l ,
£ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (0.17);
ϑ-à ¢­®¬¥à­® £«®¡ «ì­® ¤®áâ¨¦¨¬®©, ¥á«¨ ®­  ϑ-à ¢­®¬¥à­® £«®¡ «ì­®
¤®áâ¨¦¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U = Mmn .

�à¨¬¥à®¬ 21.1 ¯®ª § ­®, çâ® ¨§ ϑ-à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï-
¥¬®áâ¨ á¨áâ¥¬ë (0.4) ­¥ á«¥¤ã¥â ϑ-à ¢­®¬¥à­ ï £«®¡ «ì­ ï ¤®áâ¨¦¨-
¬®áâì á¨áâ¥¬ë (0.5). � â® ¦¥ ¢à¥¬ï, ¥á«¨ á¨áâ¥¬  (0.5) ϑ-à ¢­®¬¥à­®
£«®¡ «ì­® ¤®áâ¨¦¨¬ , â® á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  (0.4) ϑ-à ¢­®¬¥à­®
¢¯®«­¥ ã¯à ¢«ï¥¬  (â¥®à¥¬  21.2). � «¥¥ ¢ íâ®¬ ¯ à £à ä¥ ¢¢¥¤¥­®
®¯à¥¤¥«¥­¨¥ 21.3 £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ á¨áâ¥¬ë (0.5) ®â-
­®á¨â¥«ì­® ­¥®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U ⊂ Mmn . �â® á¢®©áâ¢® ®§­ ç -
¥â, çâ® ¤«ï «î¡®© ¬ âà¨æë F (·) ∈ KCn(R) ­ ©¤¥âáï ªãá®ç­® ­¥¯à¥àë¢-
­®¥ ®£à ­¨ç¥­­®¥ ã¯à ¢«¥­¨¥ U : R → U , ®¡¥á¯¥ç¨¢ îé¥¥  á¨¬¯â®â¨-
ç¥áªãî íª¢¨¢ «¥­â­®áâì á¨áâ¥¬ë (0.11) ¨ á¨áâ¥¬ë (0.5) ¯à¨ U = U(·) .
�®ª § ­® (â¥®à¥¬  21.3), çâ® ¥á«¨ á¨áâ¥¬  (0.5) à ¢­®¬¥à­® £«®¡ «ì­®
¤®áâ¨¦¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U , â® íâ  á¨áâ¥¬  ®¡« ¤ ¥â á¢®©-
áâ¢®¬ £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ®â­®á¨â¥«ì­® U . �¡à â-
­®¥ ­¥¢¥à­® (á¬. ¯à¨¬¥à 21.2). � § ª«îç¥­¨¥ ¯ à £à ä  ãáâ ­®¢«¥­®
(â¥®à¥¬  21.4), çâ® ¨§ £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ á¨áâ¥-
¬ë (0.5) ¢ëâ¥ª ¥â £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì ¢áïª®© ¥¥ ª®­¥ç­®© á®¢®-
ªã¯­®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢.

�á­®¢­ë¥ à¥§ã«ìâ âë £« ¢ë IV ¤®ª § ­ë ¯à¨ ãá«®¢¨¨ à ¢­®¬¥à­®©
¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.4) ¨ ªãá®ç­®© à ¢­®¬¥à­®© ­¥¯à¥-
àë¢­®áâ¨ ¬ âà¨æë B(·) . � § 22 ¯®«ãç¥­ë ªà¨â¥à¨¨ à ¢­®¬¥à­®© ¯®«­®©
ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.4) ¢ ¯à¥¤¯®«®¦¥­¨¨ ªãá®ç­®© à ¢­®¬¥à­®©
­¥¯à¥àë¢­®áâ¨ B(·) . �¥¤ãéãî à®«ì ¢ ¯®áâà®¥­¨ïå £« ¢ë ¨£à ¥â â¥®-
à¥¬  22.2, ¢ ª®â®à®© ãáâ ­®¢«¥­®, çâ® ¨§ ϑ-à ¢­®¬¥à­®© ¯®«­®© ã¯à -
¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.4) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª¨å α > 0 ¨ δ0 > 0 ,
çâ® ¤«ï ª ¦¤®£® t0 ∈ R ­ ©¤ãâáï ¢¥ªâ®àë ¥¤¨­¨ç­®© ¤«¨­ë νi ∈ Rm ¨
¬®¬¥­âë ¢à¥¬¥­¨ ti ∈ [t0 + δ0, t0 + ϑ− δ0] , ti− ti−1 > δ0 , i = 1, . . . , n , ¤«ï
ª®â®àëå ¬ âà¨æ 

F (t0) := [X(t0, t1)B(t1)ν1, . . . , X(t0, tn)B(tn)νn]

®¡à â¨¬  ¨ ‖F−1(t0)‖ 6 α . � §¨á ¯à®áâà ­áâ¢  Rn , ¬ âà¨æ¥© ª®â®à®-
£® ï¢«ï¥âáï F (t0) , ­ §¢ ­ ¡ §¨á®¬ ç¨áâëå ¤¢¨¦¥­¨© á¨áâ¥¬ë (0.4) ­ 
®âà¥§ª¥ [t0, t0 + ϑ] . �â® ¯®­ïâ¨¥ ®¡áã¦¤¥­® ¢ ª®­æ¥ § 22.
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� § 23 ¢ëïá­ï¥âáï, ¤«ï ª ª¨å ¬ âà¨æ H ∈ Mn á ¯®«®¦¨â¥«ì­ë¬
®¯à¥¤¥«¨â¥«¥¬ ¢ë¡®à®¬ ªãá®ç­® ­¥¯à¥àë¢­®£® ®£à ­¨ç¥­­®£® ã¯à ¢«¥-
­¨ï U(·) ¬®¦­® ¤®¡¨âìáï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢  (0.17), ¥á«¨ á¢®¡®¤­ ï
á¨áâ¥¬  (0.4) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  (¤«ï ¯à®¨§¢®«ì­®© ¬ -
âà¨æë H á ¯®«®¦¨â¥«ì­ë¬ ®¯à¥¤¥«¨â¥«¥¬ â ª®£® ã¯à ¢«¥­¨ï ¢ ®¡é¥¬
á«ãç ¥ ­¥ áãé¥áâ¢ã¥â). �®ª § ­®, ¢ ç áâ­®áâ¨ (á«¥¤áâ¢¨¥ 23.1), çâ® ¤«ï
ª ¦¤®£® t0 ∈ R ¨ ¤«ï ¯à®¨§¢®«ì­ëå ¬ âà¨æ á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®-
­ «ì­ë¬¨ í«¥¬¥­â ¬¨, ­¨¦­¥© âà¥ã£®«ì­®© L ¨ ¢¥àå­¥© âà¥ã£®«ì­®©
G , ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmn([t0, t0 + ϑ]) , ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë-
¯®«­¥­¨¥ à ¢¥­áâ¢ 

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)F (t0)LGF (t0)−1.

�  ®á­®¢ ­¨¨ íâ®£® à¥§ã«ìâ â  (á¬. â ª¦¥ â¥®à¥¬ã 23.3, á«¥¤áâ¢¨¥ 23.2)
¢ ª®­æ¥ ¯ à £à ä  ãáâ ­®¢«¥­  ¯à®¯®àæ¨®­ «ì­ ï £«®¡ «ì­ ï ã¯à -
¢«ï¥¬®áâì ¢¥àå­¥£® ®á®¡®£® ¯®ª § â¥«ï á¨áâ¥¬ë (0.5) (â¥®à¥¬  23.4).
�âáî¤  ¢ëâ¥ª ¥â à ¢­®¬¥à­ ï áâ ¡¨«¨§¨àã¥¬®áâì íâ®© á¨áâ¥¬ë (®¯à¥-
¤¥«¥­¨¥ 23.2).

� § 24 ãáâ ­®¢«¥­  íª¢¨¢ «¥­â­®áâì ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ ¯¥à¨-
®¤¨ç¥áª®© á¨áâ¥¬ë (0.4) á ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨
£«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¥© § ¬ª­ãâ®© á¨-
áâ¥¬ë (0.5) (â¥®à¥¬  24.1). �§ íâ®© â¥®à¥¬ë á«¥¤ã¥â, çâ® ¥á«¨ ω-¯¥à¨®-
¤¨ç¥áª ï á¨áâ¥¬  (21.1) ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ¬ã«ìâ¨¯«¨ª â®àë á®®â-
¢¥âáâ¢ãîé¥© § ¬ª­ãâ®© á¨áâ¥¬ë (0.5) £«®¡ «ì­® ã¯à ¢«ï¥¬ë ¢ á«¥¤ã-
îé¥¬ á¬ëá«¥: ¤«ï «î¡®© ¬ âà¨æë � ∈ Mn á ¯®«®¦¨â¥«ì­ë¬ ®¯à¥¤¥-
«¨â¥«¥¬ ­ ©¤ãâáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) ¨ «ï¯ã­®¢áª®¥ ¯à¥®¡à -
§®¢ ­¨¥ z = L(t)x , â ª¨¥, çâ® á¨áâ¥¬  (0.5) á ã¯à ¢«¥­¨¥¬ U(·) ¯à¨-
¢®¤¨âáï íâ¨¬ ¯à¥®¡à §®¢ ­¨¥¬ ª ω-¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬¥ (0.11), ¨¬¥-
îé¥© á¢®¨¬¨ ¬ã«ìâ¨¯«¨ª â®à ¬¨ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë � .
� ª¨¬ ®¡à §®¬, ¤®áâ¨£­ãâ® áãé¥áâ¢¥­­®¥ á­¨¦¥­¨¥ âà¥¡®¢ ­¨© ª ¯®-
àï¤ªã £« ¤ª®áâ¨ ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë ¯® áà ¢­¥­¨î á à¥§ã«ìâ â®¬
�. �àã­®¢áª®£® [181]. �â¬¥â¨¬, çâ® ¬¥â®¤ ¤®ª § â¥«ìáâ¢  £«®¡ «ì­®©
ã¯à ¢«ï¥¬®áâ¨ ¬ã«ìâ¨¯«¨ª â®à®¢, ¯à¨¬¥­¥­­ë© �àã­®¢áª¨¬, ­¥ ¯®-
§¢®«ï¥â á­¨§¨âì £« ¤ª®áâì ª®íää¨æ¨¥­â®¢.

� ¤¢ ¤æ âì ¯ïâ®¬ ¯ à £à ä¥ ¤®ª § ­  £«®¡ «ì­ ï ¤®áâ¨¦¨¬®áâì
¯à®¨§¢®«ì­®© ¤¢ã¬¥à­®© (n = 2) § ¬ª­ãâ®© á¨áâ¥¬ë ¢¨¤  (0.5) ¯à¨
ãá«®¢¨¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á®®â¢¥âáâ¢ãîé¥© ®âªàë-
â®© á¨áâ¥¬ë (0.4) (â¥®à¥¬  25.1). �§ íâ®© â¥®à¥¬ë ¢ëâ¥ª ¥â £«®¡ «ì­ ï
«ï¯ã­®¢áª ï ¯à¨¢®¤¨¬®áâì ¤¢ã¬¥à­®© á¨áâ¥¬ë (0.5), ¨, á«¥¤®¢ â¥«ì­®,
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£«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì ¢áïª®© ª®­¥ç­®© á®¢®ªã¯­®áâ¨ «ï¯ã­®¢áª¨å
¨­¢ à¨ ­â®¢ íâ®© á¨áâ¥¬ë.

� § 26 ãáâ ­®¢«¥­®, çâ® ¤«ï ¯à®¨§¢®«ì­®© áª «ïà­®© äã­ªæ¨¨ p(·)
¨ ¢áïª®© à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ¢¨¤  (0.4) ¬®¦­®
¯®áâà®¨âì â ª®¥ ¬ âà¨ç­®¥ ã¯à ¢«¥­¨¥ U(·) , çâ® á®®â¢¥âáâ¢ãîé ï § -
¬ª­ãâ ï á¨áâ¥¬  (0.5) á íâ¨¬ ã¯à ¢«¥­¨¥¬  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â-
­  á¨áâ¥¬¥

_z = p(t)z, z ∈ Rn,

(â¥®à¥¬  26.1). � ª á«¥¤áâ¢¨¥ ¤®ª § ­  £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì â -
ª¨å «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢, ª ª ª®íää¨æ¨¥­âë ­¥¯à ¢¨«ì­®áâ¨ (â¥-
®à¥¬  26.2), á¢®©áâ¢  ¯à ¢¨«ì­®áâ¨ (á«¥¤áâ¢¨¥ 26.2), ¯à¨¢®¤¨¬®áâ¨
(á«¥¤áâ¢¨¥ 26.3) ¨ ãáâ®©ç¨¢®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã-
­®¢  (â¥®à¥¬  26.3).

� § 27 ¤®ª § ­® («¥¬¬  27.1), çâ® ¯à¨ ãá«®¢¨¨ à ¢­®¬¥à­®© ¯®«-
­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (0.4) ¤«ï «î¡ëå ­¥¯à¥àë¢­ëå ¨ ®£à ­¨-
ç¥­­ëå äã­ªæ¨© pi : R → R , i = 1, . . . , n , áãé¥áâ¢ã¥â ¬ âà¨ç­®¥
ã¯à ¢«¥­¨¥ U(·) â ª®¥, çâ® § ¬ª­ãâ ï á¨áâ¥¬  (0.5) ¯à¨ U = U(·)
 á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ á ¢¥àå­¥© âà¥ã£®«ì­®© ªãá®ç-
­® ­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­­®© ­  R ¬ âà¨æ¥©, ¤¨ £®­ «ì ª®â®à®©
á®¢¯ ¤ ¥â á (p1(·), . . . , pn(·)) . �  ®á­®¢¥ íâ®£® à¥§ã«ìâ â  ãáâ ­®¢«¥­ 
£«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì á«¥¤ãîé¨å  á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢
á¨áâ¥¬ë (0.5): ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢  (â¥®à¥¬  27.4),
®¤­®¢à¥¬¥­­ ï £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì æ¥­âà «ì­ëå ¯®ª § â¥«¥©
ω(A+BU) , ω(A+BU) ¨ 
(A+BU) (â¥®à¥¬  27.1), ®á®¡ëå ¯®ª § â¥«¥©
ω0(A + BU) , ω0(A + BU) ¨ 
0(A + BU) �. �®«ï (â¥®à¥¬  27.2) ¨ íªá-
¯®­¥­æ¨ «ì­ëå ¯®ª § â¥«¥© �0(A + BU) ¨ ∇0(A + BU) �. �. �§®¡®¢ 
(â¥®à¥¬  27.3).

�¥§ã«ìâ âë, ¯à¥¤áâ ¢«¥­­ë¥ ¢ ¤¨áá¥àâ æ¨¨, ®¯ã¡«¨ª®¢ ­ë ¢ à ¡®-
â å [91 { 101, 124 { 142]. �á¥ ®á­®¢­ë¥ à¥§ã«ìâ âë ¤¨áá¥àâ æ¨¨ ¯®«ãç¥­ë
 ¢â®à®¬ á ¬®áâ®ïâ¥«ì­®. �§ á®¢¬¥áâ­ëå à ¡®â ¢ ¤¨áá¥àâ æ¨î ¢ª«îç¥-
­ë «¨èì à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥  ¢â®à®¬. �¥®à¥¬  8.1 ¨§ á®¢¬¥áâ­®©
à ¡®âë [95], â¥®à¥¬  17.2 ¨§ á®¢¬¥áâ­®© à ¡®âë [101] ¨ â¥®à¥¬  25.1 ¨§
á®¢¬¥áâ­®© à ¡®âë [97] ¯à¨­ ¤«¥¦ â ¤¨áá¥àâ ­âã ¨ á® ¢â®àã �. �. � -
ª à®¢ã ¢ à ¢­®© ¬¥à¥. �¥§ã«ìâ âë £« ¢ë I, ­®áïé¥© ¯à¥¤¢ à¨â¥«ì­ë©
å à ªâ¥à, ¯®«ãç¥­ë ¢ à ¢­®© áâ¥¯¥­¨  ¢â®à®¬ ¨ ­ ãç­ë¬ ª®­áã«ìâ ­-
â®¬ �. �. �®­ª®¢ë¬.
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�¢â®à ¢ëà ¦ ¥â ¨áªà¥­­îî ¯à¨§­ â¥«ì­®áâì ­ ãç­®¬ã ª®­áã«ì-
â ­âã ¯à®ä¥áá®àã �. �. �®­ª®¢ã §  ¯®áâ®ï­­®¥ ¢­¨¬ ­¨¥ ª à ¡®â¥ ¨
¯®«¥§­ë¥ ®¡áã¦¤¥­¨ï.

� ¡®â  ¯®¤¤¥à¦ ­  ¯à®£à ¬¬®© \�­¨¢¥àá¨â¥âë �®áá¨¨" ¯® ­ ¯à -
¢«¥­¨î \�ã­¤ ¬¥­â «ì­ë¥ ¯à®¡«¥¬ë ¬ â¥¬ â¨ª¨ ¨ ¬¥å ­¨ª¨" (¯à®¥ªâ
1.5.22), �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (£à ­âë
94 { 01 { 00843 {  , 97 { 01 { 00413, 99 { 01 { 00454, 03 { 01 { 00014), �®­ªãàá-
­ë¬ æ¥­âà®¬ äã­¤ ¬¥­â «ì­®£® ¥áâ¥áâ¢®§­ ­¨ï (£à ­âë 93 { 1 { 46 { 18,
97 { 0 { 1.9, � 00 { 1.0 { 5, � 02 { 1.0 { 100) ¨ �®­ªãàá­ë¬ æ¥­âà®¬ �¤¬ãàâ-
áª®£® £®áã¤ àáâ¢¥­­®£® ã­¨¢¥àá¨â¥â  (£à ­â 97 { 04).
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����� I. ������������� � ���������������

� íâ®© £« ¢¥ ¯®­ïâ¨ï ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ (�. � «¬ ­, [189];
�. �. �à á®¢áª¨©, [76]) ¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ (�. � «-
¬ ­, [189]) «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm,

¯¥à¥­¥á¥­ë ­  «¨­¥©­ë¥ ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë á ­ ¡«î¤ â¥«¥¬

_x = A(t)x + B(t)u, y = C∗(t)x, x ∈ Rn, u ∈ Rm, y ∈ Rr. (I.1)

�®®â¢¥âáâ¢ãîé¨¥ á¢®©áâ¢  íâ®© á¨áâ¥¬ë ­ §¢ ­ë á®£« á®¢ ­­®áâìî ¨
à ¢­®¬¥à­®© á®£« á®¢ ­­®áâìî á®®â¢¥âáâ¢¥­­®. �§ãç¥­ë á¢®©áâ¢  á®-
£« á®¢ ­­ëå ¨ à ¢­®¬¥à­® á®£« á®¢ ­­ëå á¨áâ¥¬ ¨ ¯®«ãç¥­ë à §«¨ç-
­ë¥ (¢ â®¬ ç¨á«¥ ¨ ª®íää¨æ¨¥­â­ë¥) ¯à¨§­ ª¨ á®£« á®¢ ­­®áâ¨ ¨ à ¢-
­®¬¥à­®© á®£« á®¢ ­­®áâ¨. �® á¨áâ¥¬¥ (I.1) ¯®áâà®¥­  ã¯à ¢«ï¥¬ ï á¨-
áâ¥¬  ¡¥§ ­ ¡«î¤ â¥«ï ¡�®«ìè¥© à §¬¥à­®áâ¨ | â ª ­ §ë¢ ¥¬ ï ¡®«ì-
è ï á¨áâ¥¬ . �®ª § ­®, çâ® ¯®«­ ï ã¯à ¢«ï¥¬®áâì ¡®«ìè®© á¨áâ¥¬ë
íª¢¨¢ «¥­â­  á®£« á®¢ ­­®áâ¨ á¨áâ¥¬ë (I.1). � ¯®á«¥¤­¥¬ ¯ à £à ä¥
£« ¢ë ãáâ ­®¢«¥­  ¢®§¬®¦­®áâì ¯à¨¬¥­¥­¨ï ¬¥â®¤  ¯®¢®à®â®¢ �¨««¨-
®­é¨ª®¢  ª á¨áâ¥¬¥ (I.1), § ¬ª­ãâ®© «¨­¥©­®© ¯® y ®¡à â­®© á¢ï§ìî,
â. ¥. ª á¨áâ¥¬¥

_x = (A(t) + B(t)U(t)C∗(t))x, x ∈ Rn.
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§ 1. �¯à ¢«ï¥¬®áâì ¨ à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï¥¬®áâì

� íâ®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥­ ®¡§®à ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ ®¡ ã¯à -
¢«ï¥¬®áâ¨ «¨­¥©­ëå á¨áâ¥¬.

� áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = A(t)x + B(t)u, t ∈ R, x ∈ Rn, u ∈ Rm, (1.1)

á ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ­  R ¬ âà¨ç­ë¬¨ ª®íää¨-
æ¨¥­â ¬¨ A(·), B(·) . � ª ç¥áâ¢¥ ã¯à ¢«¥­¨© u(·) ¢ á¨áâ¥¬¥ (1.1) ¡ã¤¥¬
à áá¬ âà¨¢ âì ¨§¬¥à¨¬ë¥ ¯® �¥¡¥£ã ¨ ®£à ­¨ç¥­­ë¥ ­  á¢®¥© ®¡« áâ¨
®¯à¥¤¥«¥­¨ï äã­ªæ¨¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1 (�. � «¬ ­, [189]). �®áâ®ï­¨¥ x0 ∈ Rn á¨áâ¥-
¬ë (1.1) ­ §ë¢ ¥âáï ã¯à ¢«ï¥¬ë¬ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0 , ¥á«¨ ¥£® ¬®¦­®
¯¥à¥¢¥áâ¨ §  ª®­¥ç­®¥ ¢à¥¬ï [t0, t1] ¢ ­ ç «® ª®®à¤¨­ â ¢¤®«ì à¥è¥­¨ï
á¨áâ¥¬ë (1.1), â. ¥. áãé¥áâ¢ãîâ t1 > t0 ¨ ã¯à ¢«¥­¨¥ u : [t0, t1] → Rm

â ª¨¥, çâ® à¥è¥­¨¥ x(·) § ¤ ç¨ �®è¨

_x = A(t)x + B(t)u(t), (1.2)

x(t0) = x0 (1.3)
ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã x(t1) = 0 . �¨áâ¥¬  (1.1) ­ §ë¢ ¥âáï ¢¯®«­¥
ã¯à ¢«ï¥¬®© ¢ ¬®¬¥­â t0 , ¥á«¨ ¢áïª®¥ á®áâ®ï­¨¥ x0 ∈ Rn ã¯à ¢«ï¥¬® ¢
íâ®â ¬®¬¥­â ¢à¥¬¥­¨.

�ãáâì X(t, s) | ¬ âà¨æ  �®è¨ á¢®¡®¤­®© á¨áâ¥¬ë

_x = A(t)x. (1.4)

� áá¬®âà¨¬ ¯à¨ ª ¦¤®¬ t0 ∈ R á¨¬¬¥âà¨ç­ãî n× n ¬ âà¨æã

W (t0, t1) :=
t1∫

t0

X(t0, s)B(s)B∗(s)X∗(t0, s) ds,

ª®â®àãî ­ §ë¢ îâ ¬ âà¨æ¥© ã¯à ¢«ï¥¬®áâ¨ (¬ âà¨æ¥© � «¬ ­ ) á¨áâ¥-
¬ë (1.1) ­  ®âà¥§ª¥ [t0, t1] .

�ª §ë¢ ¥âáï (�. � «¬ ­, [189]), çâ® á®áâ®ï­¨¥ x0 á¨áâ¥¬ë (1.1)
ã¯à ¢«ï¥¬® ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0 ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 
¯à¨ ­¥ª®â®à®¬ t1 > t0 â®çª  x0 ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã §­ ç¥­¨©
®¯¥à â®à  W (t0, t1) .
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�§¢¥áâ­® (�. � «¬ ­, [68]), çâ® äã­ªæ¨ï t 7→ rank W (t0, t) ­¥ ã¡ë-
¢ ¥â ­  [t0, +∞[ . �®áª®«ìªã íâ  äã­ªæ¨ï ¯à¨­¨¬ ¥â §­ ç¥­¨ï ¢® ¬­®-
¦¥áâ¢¥ ç¨á¥« {0, 1, . . . , n} , â® áãé¥áâ¢ã¥â ¬®¬¥­â t1 > t0 â ª®©, çâ®

rank W (t0, t1) = max{ rank W (t0, t) : t ∈ [t0, +∞[ }.
�á«¨ íâ®â ¬ ªá¨¬ «ì­ë© à ­£ à ¢¥­ n (à §¬¥à­®áâ¨ á¨áâ¥¬ë), â® ¢áï-
ª®¥ á®áâ®ï­¨¥ á¨áâ¥¬ë (1.1) ã¯à ¢«ï¥¬® ¢ ­ã«ì §  ¢à¥¬ï [t0, t1] . � ª¨¬
®¡à §®¬, á¨áâ¥¬  (1.1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ ¬®¬¥­â t0 ¢ â®¬ ¨ â®«ì-
ª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â ϑ > 0 â ª®¥, çâ® ¢áïª®¥ á®áâ®ï­¨¥
x0 ∈ Rn ã¯à ¢«ï¥¬® ¢ ­ã«ì ­  [t0, t0 + ϑ] . �®íâ®¬ã ¬®¦­® ¢¢¥áâ¨ á«¥-
¤ãîé¥¥ ®¯à¥¤¥«¥­¨¥.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2 (�. � «¬ ­, [189]; �. �. �à á®¢áª¨©, [76]). �¨-
áâ¥¬  (1.1) ­ §ë¢ ¥âáï:
¢¯®«­¥ ã¯à ¢«ï¥¬®© ­  ®âà¥§ª¥ [t0, t0 + ϑ] , ¥á«¨ ¤«ï ª ¦¤®£® x0 ∈ Rn

­ ©¤¥âáï ã¯à ¢«¥­¨¥ u : [t0, t0+ϑ] → Rm â ª®¥, çâ® à¥è¥­¨¥ x(·) § ¤ ç¨
�®è¨ (1.2), (1.3) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

x(t0 + ϑ) = 0; (1.5)

¢¯®«­¥ ã¯à ¢«ï¥¬®©, ¥á«¨ ¤«ï ª ¦¤®£® t0 ∈ R ­ ©¤¥âáï ϑ > 0 â ª®¥,
çâ® á¨áâ¥¬  (1.1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [t0, t0 + ϑ] .

�«ï ¯à®¨§¢®«ì­®£® ¢¥ªâ®à  ξ ∈ Rn ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

ξ∗W (t0, t0 + ϑ)ξ =
t0+ϑ∫

t0

ξ∗X(t0, s)B(s)B∗(s)X∗(t0, s)ξ ds =

=
t0+ϑ∫

t0

‖ξ∗X(t0, s)B(s)‖2 ds.

(1.6)

¯®íâ®¬ã à ¢¥­áâ¢® rank W (t0, t0 + ϑ) = n íª¢¨¢ «¥­â­® ¯®«®¦¨â¥«ì­®©
®¯à¥¤¥«¥­­®áâ¨ ¬ âà¨æë W (t0, t0 + ϑ) . � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (1.1)
¢¯®«­¥ ã¯à ¢«ï¥¬  ­  ®âà¥§ª¥ [t0, t0 + ϑ] ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,
ª®£¤  ¥¥ ¬ âà¨æ  ã¯à ¢«ï¥¬®áâ¨ W (t0, t0 + ϑ) ¯®«®¦¨â¥«ì­® ®¯à¥-
¤¥«¥­ . � ¬¥â¨¬ â ª¦¥, çâ® ¯®«®¦¨â¥«ì­ ï ®¯à¥¤¥«¥­­®áâì ¬ âà¨æë
W (t0, t0 +ϑ) íª¢¨¢ «¥­â­  áãé¥áâ¢®¢ ­¨î â ª®£® ç¨á«  α > 0 , çâ® ¤«ï
ª ¦¤®£® ¢¥ªâ®à  ξ ∈ Rn ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

ξ∗W (t0, t0 + ϑ)ξ > α‖ξ‖2. (1.7)

�§ (1.6) ¨ (1.7) ¢ëâ¥ª ¥â ¥é¥ ®¤¨­ ªà¨â¥à¨© ¯®«­®© ã¯à ¢«ï¥¬®-
áâ¨: á¨áâ¥¬  (1.1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  ®âà¥§ª¥ [t0, t0 + ϑ] ¢ â®¬ ¨
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â®«ìª® â®¬ á«ãç ¥, ª®£¤  áâà®ª¨ ¬ âà¨æë X(t0, t)B(t) «¨­¥©­® ­¥-
§ ¢¨á¨¬ë ­  íâ®¬ ®âà¥§ª¥. �¥©áâ¢¨â¥«ì­®, ¥á«¨ á¨áâ¥¬  (1.1) ¢¯®«­¥
ã¯à ¢«ï¥¬  ­  ®âà¥§ª¥ [t0, t0 + ϑ] , â® ¤«ï ª ¦¤®£® ­¥­ã«¥¢®£® ¢¥ªâ®à 
ξ ∈ Rn ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

0 < ξ∗W (t0, t0 + ϑ)ξ =
t0+ϑ∫

t0

‖ξ∗X(t0, s)B(s)‖2 ds,

¨§ ª®â®à®£® ¢ëâ¥ª ¥â á®®â­®è¥­¨¥

ξ∗X(t0, t)B(t) 6≡ 0 ­  [t0, t0 + ϑ],

çâ® ®§­ ç ¥â «¨­¥©­ãî ­¥§ ¢¨á¨¬®áâì áâà®ª X(t0, t)B(t) ­  [t0, t0 + ϑ] .
�¡à â­®, ¥á«¨ áâà®ª¨ íâ®© ¬ âà¨æë «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  [t0, t0 + ϑ] ,
â® ¤«ï ª ¦¤®£® ­¥­ã«¥¢®£® ¢¥ªâ®à  ξ ∈ Rn ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

0 <
t0+ϑ∫

t0

‖ξ∗X(t0, s)B(s)‖2 ds = ξ∗W (t0, t0 + ϑ)ξ,

®âªã¤  á«¥¤ã¥â ¯®«­ ï ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (1.1) ­  [t0, t0 + ϑ] .
�à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (1.1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  ®âà¥§ª¥

[t0, t0 +ϑ] . � ä¨ªá¨àã¥¬ ¥¥ ¯à®¨§¢®«ì­®¥ ­ ç «ì­®¥ á®áâ®ï­¨¥ x0 ∈ Rn .
�ãé¥áâ¢ã¥â ¡¥áª®­¥ç­® ¬­®£® ã¯à ¢«¥­¨©, ®áãé¥áâ¢«ïîé¨å ¯¥à¥¢®¤ x0
¢ ­ ç «® ª®®à¤¨­ â §  ¢à¥¬ï [t0, t0 + ϑ] . �ãáâì u(·) | ®¤­® ¨§ â ª¨å
ã¯à ¢«¥­¨©. � § ¤ ç å, á¢ï§ ­­ëå á ¬¥å ­¨ª®©, äã­ªæ¨®­ «

E(u) :=
t0+ϑ∫

t0

‖u(t)‖2dt

å à ªâ¥à¨§ã¥â í­¥à£¨î, § âà ç¥­­ãî ­  ¯¥à¥å®¤ ­ ç «ì­®£® á®áâ®ï­¨ï
x0 á¨áâ¥¬ë ¢ ­ã«ì ¯®¤ ¢®§¤¥©áâ¢¨¥¬ ã¯à ¢«¥­¨ï u(·) . �ãáâì

E(x0, t0; 0, t0 + ϑ) := inf{E(u) : u(·) ¯¥à¥¢®¤¨â

á®áâ®ï­¨¥ x0 ¢ ­ã«ì §  ¢à¥¬ï [t0, t0 + ϑ] }
| ¬¨­¨¬ «ì­ ï í­¥à£¨ï ¯¥à¥¢®¤  ­ ç «ì­®£® á®áâ®ï­¨ï x0 ¢ ­ã«ì §  ¢à¥-
¬ï [t0, t0 + ϑ] . � ª ª ª á¨áâ¥¬  (1.1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [t0, t0 + ϑ] ,
â® à ­£ ¬ âà¨æë W (t0, t0 + ϑ) à ¢¥­ n , ¯®íâ®¬ã ®­  ®¡à â¨¬ . �à¥¤¨
¡¥áª®­¥ç­®£® ¬­®¦¥áâ¢  ã¯à ¢«¥­¨©, ®áãé¥áâ¢«ïîé¨å ¯¥à¥¢®¤ íâ®£®
á®áâ®ï­¨ï ¢ ­ ç «® ª®®à¤¨­ â, ¨¬¥¥âáï ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥-
­¨¥

û(t) = −B∗(t)X∗(t0, t)W−1(t0, t0 + ϑ)x0.
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�­® ®¡« ¤ ¥â â¥¬ § ¬¥ç â¥«ì­ë¬ á¢®©áâ¢®¬ (�. � «¬ ­, [189]), çâ®

E(x0, t0; 0, t0 + ϑ) = E(û),

â® ¥áâì í­¥à£¨ï ¯¥à¥¢®¤  x0 ¢ ­ã«ì ¬¨­¨¬ «ì­ , ¥á«¨ íâ®â ¯¥à¥¢®¤ ®áã-
é¥áâ¢«ï¥âáï ã¯à ¢«¥­¨¥¬ û(·) . �à®¬¥ â®£®, ¤«ï ­®à¬ë ã¯à ¢«¥­¨ï û
¨¬¥¥â ¬¥áâ® ®æ¥­ª 

‖û‖C 6 beaϑ‖W−1(t0, t0 + ϑ)‖ ‖x0‖=: l‖x0‖,
£¤¥ ¯®«®¦¨â¥«ì­ ï ¢¥«¨ç¨­  l ­¥ § ¢¨á¨â ®â ¢ë¡®à  x0 . � ª¨¬ ®¡à §®¬
(�. �. �ã«âëè¥¢, �. �. �®­ª®¢, [79]), á¨áâ¥¬  (1.1) ¢¯®«­¥ ã¯à ¢«ï¥¬ 
­  ®âà¥§ª¥ [t0, t0 + ϑ] â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â l > 0
â ª®¥, çâ® ¤«ï ª ¦¤®£® x0 ∈ Rn ­ ©¤¥âáï ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à -
¢«¥­¨¥ u : [t0, t0 + ϑ] → Rn , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖u‖C 6 l‖x0‖ ¨
£ à ­â¨àãîé¥¥ ¤«ï à¥è¥­¨ï § ¤ ç¨ �®è¨ (1.2), (1.3) ¢ë¯®«­¥­¨¥ à -
¢¥­áâ¢  (1.5).

�â¬¥â¨¬, çâ® ¥á«¨ á¨áâ¥¬  (1.1) ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ¯à¨ ¯¥à¥å®-
¤¥ ®â ®¤­®£® ­ ç «ì­®£® ¬®¬¥­â  ª ¤àã£®¬ã ¤«¨­  ®âà¥§ª  ã¯à ¢«ï¥¬®-
áâ¨ ¬®¦¥â ¨§¬¥­ïâìáï,   ¯à¨ áâà¥¬«¥­¨¨ t0 ª +∞ áâà¥¬¨âìáï ª +∞ .
� áá¬®âà¨¬ ¢ ¦­ë© ç áâ­ë© á«ãç ©, ª®£¤ , ¢®-¯¥à¢ëå, íâ  ¤«¨­  ¬®-
¦¥â ¡ëâì ¢ë¡à ­  ®¤­®© ¨ â®© ¦¥ ¤«ï ª ¦¤®£® ­ ç «ì­®£® ¬®¬¥­â  t0 ,
¨, ¢®-¢â®àëå, ç¨á«® α ¢ ­¥à ¢¥­áâ¢¥ (1.7) ­¥ § ¢¨á¨â ®â t0 .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.3 (�. � «¬ ­, [189]). �¨áâ¥¬  (1.1) ­ §ë¢ ¥âáï:
à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©, ¥á«¨ ­ ©¤ãâáï â ª¨¥ ϑ > 0 ¨ α > 0 ,
çâ® ¯à¨ ª ¦¤ëå t0 ∈ R ¨ ξ ∈ Rn ¤«ï ¬ âà¨æë � «¬ ­  á¨áâ¥¬ë (1.1)
¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (1.7);
ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©, ¥á«¨ (1.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬  ­  ®âà¥§ª å ¤«¨­ë ϑ .

�§ á®®â­®è¥­¨ï (1.6) á«¥¤ã¥â, çâ® ¯à¨ ª ¦¤ëå ξ ∈ Rn ¨ t0 ∈ R
äã­ªæ¨ï ϑ 7→ ξ∗W (t0, t0 + ϑ)ξ ­¥ ã¡ë¢ ¥â ­  [0, +∞[ , ¯®íâ®¬ã ¥á«¨
á¨áâ¥¬  (1.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ¯à¨ ª ¦¤®¬ ϑ1 >ϑ
íâ  á¨áâ¥¬  ϑ1-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .

�  ¯à®âï¦¥­¨¨ ¢á¥© à ¡®âë ¬ë ¡ã¤¥¬ ç áâ® ¯®«ì§®¢ âìáï á«¥¤ãî-
é¨¬ ªà¨â¥à¨¥¬ �. �. �®­ª®¢  à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨-
áâ¥¬ë (1.1).

� ¥ ® à ¥ ¬   1.1 (�. �. �®­ª®¢, [171, 173]). �¨áâ¥¬  (1.1) ϑ-à ¢­®¬¥à-
­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â
l > 0 â ª®¥, çâ® ¤«ï ª ¦¤ëå t0 ∈ R ¨ x0 ∈ Rn ­ ©¤¥âáï ªãá®ç­®
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­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ u : [t0, t0 + ϑ] → Rm , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥
‖u‖C 6 l‖x0‖ ¨ ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï à¥è¥­¨ï § ¤ ç¨ �®è¨ (1.2), (1.3)
¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (1.5).

� « ¥ ¤ á â ¢ ¨ ¥ 1.1. �¨áâ¥¬  (1.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ 
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â l > 0 â ª®¥, çâ® ¤«ï
ª ¦¤ëå t0 ∈ R ¨ H ∈ Mn ­ ©¤¥âáï ªãá®ç­® ­¥¯à¥àë¢­®¥ ¬ âà¨ç­®¥
ã¯à ¢«¥­¨¥ U : [t0, t0+ϑ] → Mmn , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖U‖C 6l‖H‖
¨ ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï à¥è¥­¨ï X(·) ¬ âà¨ç­®© § ¤ ç¨ �®è¨

_X = A(t)X + B(t)U(t), X(t0) = H

¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 
X(t0 + ϑ) = 0.

�à¨¢¥¤¥¬ (á ¤®ª § â¥«ìáâ¢ ¬¨) ­¥®¡å®¤¨¬ë¥ ¤«ï ¤ «ì­¥©è¨å ¨á-
á«¥¤®¢ ­¨© ãâ¢¥à¦¤¥­¨ï ® à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨.

� ¥ ® à ¥ ¬   1.2 (á¬., ­ ¯à¨¬¥à, [123]). �á«¨ á¨áâ¥¬  (1.1) ϑ-à ¢­®-
¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ¤«ï «î¡®© ªãá®ç­® ­¥¯à¥àë¢­®© ®£à ­¨-
ç¥­­®© äã­ªæ¨¨ U : R→ Mmn á¨áâ¥¬ 

_x = (A(t) + B(t)U(t))x + B(t)u (1.8)

ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .
� ® ª   §   â ¥ « ì á â ¢ ®. �®á¯®«ì§ã¥¬áï ªà¨â¥à¨¥¬ à ¢­®¬¥à­®© ¯®«-

­®© ã¯à ¢«ï¥¬®áâ¨ �. �. �®­ª®¢ . �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ t0 ¨ x0 ¨
¯®áâà®¨¬ ã¯à ¢«¥­¨¥ u(·) , £ à ­â¨àãîé¥¥ ¤«ï à¥è¥­¨ï x(·) § ¤ ç¨
�®è¨ (1.2), (1.3) ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  x(t0 + ϑ) = 0 ¨ ã¤®¢«¥â¢®àïî-
é¥¥ ®æ¥­ª¥ ‖u‖C 6 l‖x0‖ . �®£¤  ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥

x(t) = X(t, t0)
(
x0 +

t0+ϑ∫

t0

X(t0, s)B(s)u(s) ds
)
, (1.9)

¯®íâ®¬ã

sup
t∈[t0,t0+ϑ]

‖x(t)‖6 eaϑ(‖x0‖+ ϑbeaϑl‖x0‖) =: l1‖x0‖.

�«ï ¯à®¨§¢®«ì­®© ¬ âà¨ç­®© äã­ªæ¨¨ U(·) ∈ KCmn(R) ¯®«®¦¨¬

v(t) = −U(t)x(t) + u(t), t ∈ [t0, t0 + ϑ].

�®£¤ 
‖v‖C 6 ‖U‖C · l1‖x0‖+ l‖x0‖=: l2‖x0‖.
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�à®¬¥ â®£®,
_x(t) = A(t)x(t) + B(t)u(t) =

= (A(t) + B(t)U(t))x(t)−B(t)U(t)x(t) + B(t)u(t) =
= (A(t) + B(t)U(t))x(t) + B(t)v(t),

â. ¥. x(·) | íâ® à¥è¥­¨¥ á¨áâ¥¬ë (1.8) ¯à¨ u = v(·) , ã¤®¢«¥â¢®àïî-
é¥¥ ­ ç «ì­®¬ã ãá«®¢¨î (1.3) ¨ â ª®¥, çâ® x(t0 + ϑ) = 0 . � á¨«ã
ªà¨â¥à¨ï à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ �®­ª®¢  á¨áâ¥¬  (1.8)
ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ . �¥®à¥¬  ¤®ª § ­ .

�ãáâì
y = L(t)x (1.10)

| ¯à¥®¡à §®¢ ­¨¥ �ï¯ã­®¢  [18, á. 247; 88, á. 42], â. ¥. «¨­¥©­®¥ ¯à¥®¡à -
§®¢ ­¨¥, ¬ âà¨æ  L(·) ª®â®à®£® ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:
1) sup

t∈R
‖L(t)‖ < ∞ ;

2) ¯à¨ ª ¦¤®¬ t ∈ R ¬ âà¨æ  L(t) ®¡à â¨¬ , ¯à¨ç¥¬ sup
t∈R

‖L−1(t)‖ < ∞ ;

3) äã­ªæ¨ï L(·) ¤¨ää¥à¥­æ¨àã¥¬  ­  R ¨ sup
t∈R

‖ _L(t)‖ < ∞ .

�à¨¬¥­¨¬ «ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ (1.10) ª á¨áâ¥¬¥ (1.1), ¯®-
«ãç¨¬

_y = (L(t)x)_= _L(t)x + L(t) _x =
= _L(t)L−1(t)y + L(t)(A(t)x + B(t)u) =

= (L(t)A(t)L−1(t) + L(t)L−1(t))y + L(t)B(t)u.

� ª¨¬ ®¡à §®¬, ¯à¥®¡à §®¢ ­¨¥ (1.10) ¯¥à¥¢®¤¨â á¨áâ¥¬ã (1.1) ¢ á¨áâ¥-
¬ã

_y = (L(t)A(t)L−1(t) + L(t)L−1(t))y + L(t)B(t)u. (1.11)

� ¥ ® à ¥ ¬   1.3 (á¬., ­ ¯à¨¬¥à, [123]). �ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥
á®åà ­ï¥â á¢®©áâ¢® ϑ-à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë,
â. ¥. ¥á«¨ á¨áâ¥¬  (1.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , y = L(t)x |
¯à¥®¡à §®¢ ­¨¥ �ï¯ã­®¢ , â® ¯à¥®¡à §®¢ ­­ ï á¨áâ¥¬  (1.11) ϑ-à ¢­®-
¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �®áâà®¨¬ ¬ âà¨æã � «¬ ­  WL(t0, t0 + ϑ)
á¨áâ¥¬ë (1.11). �ãáâì Y (t, s) | ¬ âà¨æ  �®è¨ ®¤­®à®¤­®© á¨áâ¥¬ë

_y = (L(t)A(t)L−1(t) + L(t)L−1(t))y.
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�®£¤  ­¥¯®áà¥¤áâ¢¥­­® ¨§ (1.10) á«¥¤ã¥â, çâ® ¯à¨ ª ¦¤ëå t, s ∈ R ¨¬¥¥â
¬¥áâ® à ¢¥­áâ¢®

Y (t, s) = L(t)X(t, s)L−1(s),
¯®íâ®¬ã

WL(t0, t0 + ϑ) =
t0+ϑ∫

t0

Y (t0, s)L(s)B(s)(L(s)B(s))∗Y ∗(t0, s) ds =

=
t0+ϑ∫

t0

L(t0)X(t0, s)B(s)B∗(s)X∗(t0, s)L∗(t0) ds =

= L(t0)W (t0, t0 + ϑ)L∗(t0),
£¤¥ W (t0, t0 + ϑ) | ¬ âà¨æ  � «¬ ­  á¨áâ¥¬ë (1.1). �§ á¢®©áâ¢  ϑ-
à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ íâ®© á¨áâ¥¬ë á«¥¤ã¥â, çâ® áãé¥-
áâ¢ã¥â ­¥ § ¢¨áïé¥¥ ®â t0 ¯®«®¦¨â¥«ì­®¥ ç¨á«® α , ¤«ï ª®â®à®£®

min
‖ξ‖6=0

ξ∗W (t0, t0 + ϑ)ξ
‖ξ‖2 > α.

�«ï ¯à®¨§¢®«ì­®£® ­¥­ã«¥¢®£® ¢¥ªâ®à  ξ ∈ Rn ¨¬¥¥¬ ®æ¥­ªã
ξ∗WL(t0, t0 + ϑ)ξ

‖ξ‖2 = ξ∗L(t0)W (t0, t0 + ϑ)L∗(t0)ξ
‖ξ‖2 =

= ξ∗L(t0)W (t0, t0 + ϑ)L∗(t0)ξ
‖L∗(t0)ξ‖2 · ‖L

∗(t0)ξ‖2

‖ξ‖2 >

> α · min
‖η‖6=0

‖L∗(t0)η‖2

‖η‖2 = α · ‖L−1(t0)‖−2 =: α1,

£¤¥ ¯®«®¦¨â¥«ì­ ï ¢¥«¨ç¨­  α1 ­¥ § ¢¨á¨â ®â t0 (íâ® á«¥¤ã¥â ¨§ â®£®,
çâ® L(·) | ¬ âà¨æ  �ï¯ã­®¢ ). �«¥¤®¢ â¥«ì­®,

min
‖ξ‖6=0

ξ∗WL(t0, t0 + ϑ)ξ
‖ξ‖2 > α1,

â. ¥. ¯à¥®¡à §®¢ ­­ ï á¨áâ¥¬  (1.11) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .
�¥®à¥¬  ¤®ª § ­ .

� § ª«îç¥­¨¥ íâ®£® ¯ à £à ä  ®â¬¥â¨¬ (�. �. �®­ª®¢, [173]), çâ®
á¢®©áâ¢® à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ ï¢«ï¥âáï £àã¡ë¬,   ¨¬¥­-
­®: ¥á«¨ á¨áâ¥¬  (1.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® áãé¥-
áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï ¯à®¨§¢®«ì­ëå ¬ âà¨ç­ëå äã­ªæ¨©
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A1(·) ∈ KCn(R) ¨ B1(·) ∈ KCnm(R) , ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬
‖A−A1‖C 6 δ ¨ ‖B −B1‖C 6 δ , á¨áâ¥¬ 

_x = A1(t)x + B1(t)u

ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .

§ 2. �®£« á®¢ ­­®áâì

�¤¥áì ¢¢¥¤¥­ë ¨ ¨§ãç¥­ë ¯®­ïâ¨ï á®£« á®¢ ­­®áâ¨ ¨ à ¢­®¬¥à­®©
á®£« á®¢ ­­®áâ¨ «¨­¥©­ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ á ­ ¡«î¤ â¥«¥¬.

�ãáâì (�, f t) | â®¯®«®£¨ç¥áª ï ¤¨­ ¬¨ç¥áª ï á¨áâ¥¬ , â. ¥. � |
¯®«­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® á® áç¥â­®© ¡ §®©, f t | ¯®â®ª ­  �
(®¤­®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¯à¥®¡à §®¢ ­¨© � ¢ á¥¡ï, ­¥¯à¥àë¢­ ï
¯® (t, σ) ∈ R× � [4, á. 156]).

� áá¬®âà¨¬ á¥¬¥©áâ¢® «¨­¥©­ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬

_x = A(f tσ)x + B(f tσ)u, x ∈ Rn, u ∈ Rm, t ∈ R, (2.1)

á ­ ¡«î¤ â¥«¥¬
y = C∗(f tσ)x, y ∈ Rr, (2.2)

§ ¤ ­­ëå ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬®© (�, f t) ¨ äã­ªæ¨¥© ϕ := (A,B,C) :
� → Mn,n+m+r . �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï ª ¦¤®£® σ0 ∈ � äã­ªæ¨ï
t 7→ ‖ϕ(f tσ0)‖ ¨§¬¥à¨¬  ¯® �¥¡¥£ã, ®£à ­¨ç¥­  ­  R ¨ ¤«ï «î¡ëå ε > 0
¨ N > 0 ­ ©¤¥âáï â ª®¥ δ > 0 , çâ® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

max
|t|6N

t+1∫

t

‖ϕ(f sσ)− ϕ(f sσ0)‖ ds < ε,

ª ª â®«ìª® ρ(σ, σ0) < δ (ρ | ¬¥âà¨ª  ¢ � ). �¨áâ¥¬ã (2.1), (2.2) ¡ã¤¥¬
®â®¦¤¥áâ¢«ïâì á äã­ªæ¨¥© t → ϕ(f tσ) .

�¡®§­ ç¨¬ ç¥à¥§ X(t, s, σ) ¬ âà¨æã �®è¨ ®¤­®à®¤­®© á¨áâ¥¬ë

_x = A(f tσ)x.

�à¨ ¢á¥å t, s, τ ∈ R ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

X(t + τ, s + τ, σ) = X(t, s, f τσ),

  äã­ªæ¨ï σ 7→ X(t, s, σ) ­¥¯à¥àë¢­  ¢ ª ¦¤®© â®çª¥ σ0 ∈ � à ¢­®-
¬¥à­® ®â­®á¨â¥«ì­® (t, s) ­  «î¡®¬ ª®¬¯ ªâ¥ ¢ R2 .
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� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1 [126]. �¨áâ¥¬  ϕ(f tσ0) ­ §ë¢ ¥âáï:
á®£« á®¢ ­­®© ­  [0, ϑ] , ¥á«¨ áãé¥áâ¢ã¥â l > 0 â ª®¥, çâ® ¤«ï ¢áïª®©
¬ âà¨æë G ∈ Mn ­ ©¤¥âáï ¨§¬¥à¨¬®¥ ã¯à ¢«¥­¨¥ UG : [0, ϑ] → Mmr ,
ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥

sup
t∈[0,ϑ]

‖UG(t)‖6 l ‖G‖ (2.3)

¨ ®¡¥á¯¥ç¨¢ îé¥¥ à §à¥è¨¬®áâì ( ®â­®á¨â¥«ì­® Z(·) ) ¬ âà¨ç­®© § -
¤ ç¨ ã¯à ¢«¥­¨ï

_Z = A(f tσ)Z + B(f tσ)UC∗(f tσ)X(t, 0, σ), (2.4)

Z(0) = 0, Z(ϑ) = G; (2.5)
á®£« á®¢ ­­®©, ¥á«¨ ­ ©¤¥âáï â ª®¥ ϑ > 0 , çâ® ϕ(f tσ0) á®£« á®¢ ­­  ­ 
[0, ϑ] .

�®«®¦¨¬

B̂(t, σ) := X(0, t, σ)B(f tσ), Ĉ(t, σ) := X∗(t, 0, σ)C(f tσ)

¨ ¤«ï ª ¦¤ëå i, j, p, s ∈ {1, . . . , n} ®¡®§­ ç¨¬

γijps(ϑ, σ) =
ϑ∫

0
e∗i B̂(t, σ)B̂∗(t, σ)eje

∗
pĈ(t, σ)Ĉ∗(t, σ)es dt.

�®áâà®¨¬ n× n-¬ âà¨æë

�ij(ϑ, σ) = {γijps(ϑ, σ)}n
p,s=1, i, j = 1, . . . , n,

¨ n2 × n2-¬ âà¨æã
�(ϑ, σ) = {�ij(ϑ, σ)}n

i,j=1,

ª®â®àãî ¡ã¤¥¬ ­ §ë¢ âì ¬ âà¨æ¥© á®£« á®¢ ­¨ï (á¨áâ¥¬ë (2.1), (2.2) ­ 
[0, ϑ] ).

� ¥ ¬ ¬   2.1 [126]. � âà¨æ  á®£« á®¢ ­¨ï ®¡« ¤ ¥â á«¥¤ãîé¨¬¨
á¢®©áâ¢ ¬¨:
 ) �(ϑ, σ) = �∗(ϑ, σ);
¡) µ(ϑ, σ) > 0 ( µ(ϑ, σ) | ­ ¨¬¥­ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë
�(ϑ, σ) );
¢) µ(ϑ1, σ) > µ(ϑ1, σ) ¯à¨ ϑ1 > ϑ .

� ® ª   §   â ¥ « ì á â ¢ ®. �â¢¥à¦¤¥­¨¥  ) á«¥¤ã¥â ¨§ à ¢¥­áâ¢

γijps = γjips = γijsp = γjisp.
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�«ï ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥­¨ï ¡) ¤®áâ â®ç­® ¯®ª § âì, çâ® ¤«ï «î-
¡®£® ¢¥ªâ®à 

h = col(h11, . . . , h1n, . . . , hn1, . . . , hnn)
á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® h∗�h > 0 . �¥âàã¤­® ¯à®¢¥à¨âì, çâ®

h∗�h =
n∑

i,j,p,s=1
hijhpsγijps.

�«ï ¯à®¨§¢®«ì­ëå i ∈ {1, . . . , n} , v ∈ {1, . . . , m} , q ∈ {1, . . . , r} ®¡®§­ -
ç¨¬

bi(t) = B̂∗(t, σ)ei

| i-© áâ®«¡¥æ ¬ âà¨æë B̂∗(t, σ) , bvi(t) | v-ï ª®®à¤¨­ â  ¢¥ªâ®à  bi(t) ,

ci(t) = Ĉ∗(t, σ)ei

| i-© áâ®«¡¥æ ¬ âà¨æë Ĉ∗(t, σ) , cqi(t) | q-ï ª®®à¤¨­ â  ¢¥ªâ®à  ci(t) .
�®£¤  á ãç¥â®¬ áâàãªâãàë γijps ¨¬¥¥¬ à ¢¥­áâ¢ 

h∗�(ϑ, σ)h =
ϑ∫

0

n∑

i,j,p,s=1
hijhps

( m∑

v=1
bvi(t)bvp(t)

)( r∑

q=1
cqj(t)cqs(t)

)
dt =

=
ϑ∫

0

m∑

v=1

r∑

q=1

( n∑

i,j=1
hijbvi(t)cqj(t)

)( n∑

p,s=1
hpsbvp(t)cqs(t)

)
dt =

=
ϑ∫

0

m∑

v=1

r∑

q=1

( n∑

i,j=1
hijbvi(t)cqj(t)

)2
dt,

(2.6)

¨§ ª®â®àëå ¢ëâ¥ª ¥â, çâ®

h∗�(ϑ, σ)h > 0

¨
h∗�(ϑ1, σ)h > h∗�(ϑ, σ)h

¯à¨ ª ¦¤ëå h ∈ Rn2 ¨ ϑ1 > ϑ > 0 . �âáî¤  á«¥¤ãîâ ãâ¢¥à¦¤¥­¨ï ¡)
¨ ¢). �¥¬¬  ¤®ª § ­ .

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ äã­ªæ¨¨ Uij : [0, ϑ]×� → Mmr , ®¯à¥¤¥«¥­-
­ë¥ à ¢¥­áâ¢ ¬¨

Uij(t, σ) = B̂∗(t, σ)eie
∗
jĈ(t, σ), i, j = 1, . . . , n. (2.7)

� ¥ ¬ ¬   2.2 [126]. �«ï â®£® çâ®¡ë á®¢®ªã¯­®áâì äã­ªæ¨© Uij(·, σ) ,
i, j = 1, . . . , n , ¡ë«  «¨­¥©­® ­¥§ ¢¨á¨¬  ­  [0, ϑ] , ­¥®¡å®¤¨¬® ¨ ¤®áâ -
â®ç­®, çâ®¡ë µ(ϑ, σ) > 0 .
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� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �à¥¤¯®«®¦¨¬ ¯à®â¨¢-
­®¥, ¯ãáâì á®¢®ªã¯­®áâì äã­ªæ¨© Uij(·, σ) , i, j = 1, . . . , n , «¨­¥©­® ­¥-
§ ¢¨á¨¬  ­  [0, ϑ] , ­® µ(ϑ, σ) = 0 . �®£¤  áãé¥áâ¢ã¥â ­¥­ã«¥¢®© ¢¥ªâ®à

h = col(h11, . . . , h1n, . . . , hn1, . . . , hnn) ∈ Rn2
,

â ª®©, çâ® �(ϑ, σ)h = 0 , ¯®íâ®¬ã h∗�(ϑ, σ)h = 0 . �§ (2.6) á«¥¤ãîâ
à ¢¥­áâ¢ 

n∑

i,j=1
hijbvi(t)cqj(t) = 0, v = 1, . . . , m, q = 1, . . . , r. (2.8)

�®áª®«ìªã
bvi(t) = e∗vB̂

∗(t, σ)ei,

cqj(t) = e∗qĈ
∗(t, σ)ej = e∗jĈ(t, σ)eq,

à ¢¥­áâ¢  (2.8) íª¢¨¢ «¥­â­ë á®®â­®è¥­¨ï¬

e∗v
( n∑

i,j=1
hijUij(t, σ)

)
eq = 0, t ∈ [0, ϑ], v = 1, . . . , m, q = 1, . . . , r.

�â® ¯à®â¨¢®à¥ç¨â «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ äã­ªæ¨© Uij(·, σ) ­  [0, ϑ] .
� ® á â   â ® ç ­ ® á â ì. �ãáâì µ(ϑ, σ) > 0 . �à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨¨

Uij «¨­¥©­® § ¢¨á¨¬ë, â®£¤  ­ ©¤¥âáï â ª®© ­¥­ã«¥¢®© ¢¥ªâ®à h ∈ Rn2 ,
h = col(h11, . . . , hnn) , ¤«ï ª®â®à®£®

n∑

i,j=1
hijUij(t, σ) = 0

¯à¨ ¢á¥å t ∈ [0, ϑ] . �®£¤  ¤«ï ¢á¥å t ∈ [0, ϑ] , v = 1, . . . , m , q = 1, . . . , r ,
¢ë¯®«­¥­ë à ¢¥­áâ¢  (2.8), ¯®íâ®¬ã ¢ á¨«ã (2.6) ¨¬¥¥¬ h∗�(ϑ, σ)h = 0 .
�âáî¤  á«¥¤ã¥â, çâ® µ(ϑ, σ) = 0 . �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â
«¥¬¬ã.

�   ¬ ¥ ç   ­ ¨ ¥ 2.1. � âà¨æ  �(ϑ, σ) ¯à¥¤áâ ¢«ï¥â á®¡®©  ­ «®£ ¬ -
âà¨æë �à ¬  ¤«ï á®¢®ªã¯­®áâ¨ äã­ªæ¨© Uij(·, σ) , i, j = 1, . . . , n .

� ¥ ® à ¥ ¬   2.1 [126]. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
 ) á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­  ­  [0, ϑ];
¡) ¬ âà¨æ  á®£« á®¢ ­¨ï �(ϑ, σ) ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­  ;
¢) á®¢®ªã¯­®áâì äã­ªæ¨© {Uij(·, σ)}n

i,j=1 , ®¯à¥¤¥«¥­­ëå á®®â­®è¥­¨ï-
¬¨ (2.7), «¨­¥©­® ­¥§ ¢¨á¨¬  ­  [0, ϑ] .

� ® ª   §   â ¥ « ì á â ¢ ®. �á«®¢¨ï ¡) ¨ ¢) íª¢¨¢ «¥­â­ë ¢ á¨«ã «¥¬-
¬ë 2.2.
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�®ª ¦¥¬, çâ® ¨§ ¡) á«¥¤ã¥â  ). �ãáâì µ(ϑ, σ) > 0 . �¥è¥­¨¥ ¬ -
âà¨ç­®£® ãà ¢­¥­¨ï (2.4) á ¯à®¨§¢®«ì­ë¬ ¨§¬¥à¨¬ë¬ ®£à ­¨ç¥­­ë¬
ã¯à ¢«¥­¨¥¬ U(·) , ã¤®¢«¥â¢®àïîé¥¥ ¯¥à¢®¬ã ãá«®¢¨î (2.5), ¯® ä®à-
¬ã«¥ �®è¨ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

Z(t, σ) =
t∫

0
X(t, s, σ)B(f sσ)U(s)C∗(f sσ)X(s, 0, σ) ds.

�®§ì¬¥¬ «î¡ãî ¬ âà¨æã G ∈ Mn . �«ï â®£® çâ®¡ë ¡ë«® ¢ë¯®«­¥­®
¢â®à®¥ ãá«®¢¨¥ (2.5), ¤®áâ â®ç­® ¯®áâà®¨âì â ª®¥ ã¯à ¢«¥­¨¥ UG(·) , çâ®

ϑ∫

0
X(t, s, σ)B(f sσ)UG(s)C∗(f sσ)X(s, 0, σ) ds = G,

¨«¨, íª¢¨¢ «¥­â­®,
ϑ∫

0
B̂(t, σ)UG(t)Ĉ∗(t, σ) dt = G(ϑ, σ), (2.9)

£¤¥ G(ϑ, σ) := X(0, ϑ, σ)G . �¯à ¢«¥­¨¥ UG(·) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

UG(t) =
n∑

j,p=1
hjpUjp(t), t ∈ [0, ϑ],

£¤¥ Ujp ®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨ (2.7). �®¤áâ ¢«ïï íâ® ã¯à ¢«¥­¨¥ ¢
(2.9) ¨ ã¬­®¦ ï (2.9) á«¥¢  ­  e∗i ,   á¯à ¢  ­  es , ¯®«ãç¨¬ á¨áâ¥¬ã n2

 «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â­®á¨â¥«ì­® hjp :
n∑

j,p=1
γijpshjp = gis, i, s = 1, . . . , n, (2.10)

£¤¥ gis = e∗i G(ϑ, σ)es . �¥è¥­¨¥ h = col(h11, . . . , h1n, . . . , hn1, . . . , hnn) á¨-
áâ¥¬ë (2.10) ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

‖h‖6 ‖�−1(ϑ, σ)‖ ‖g(ϑ, σ)‖, (2.11)

£¤¥ g := col(g11, . . . , g1n, . . . , gn1, . . . , gnn) , ¨§ ª®â®à®© ¢ëâ¥ª îâ ­¥à ¢¥­-
áâ¢ 

‖UG(t)‖6
n∑

i,j=1
‖Uij(t)‖ |hij|6 ‖h‖

n∑

i,j=1
‖Uij(t)‖6

6 ‖�−1(ϑ, σ)‖ ‖G(ϑ, σ)‖
n∑

i,j=1
‖Uij(t)‖.

�§ à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ ­  ¬­®¦¥áâ¢¥ (t, s) ∈ [0, ϑ] × [0, ϑ]
äã­ªæ¨© B(f tσ) , C(f tσ) ¨ X(t, s, σ) á«¥¤ã¥â ®£à ­¨ç¥­­®áâì ­  [0, ϑ]
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äã­ªæ¨© Uij(t) , ¯®íâ®¬ã ­ ©¤¥âáï ª®­áâ ­â  l > 0 (­¥ § ¢¨áïé ï ®â
G , ­® § ¢¨áïé ï ®â ϑ ), â ª ï, çâ®

‖UG(t)‖6 l‖G‖, 0 6 t 6 ϑ.

� á¨«ã ®¯à¥¤¥«¥­¨ï 2.1 á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­  ­  [0, ϑ] .
�®ª ¦¥¬, çâ® ¨§  ) á«¥¤ã¥â ¢). �«ï íâ®£® ¤®áâ â®ç­® ¯®ª § âì, çâ®

¥á«¨ ãà ¢­¥­¨¥ (2.9) à §à¥è¨¬® ®â­®á¨â¥«ì­® UG(·) ¤«ï «î¡®© ¬ âà¨-
æë G , â® á®¢®ªã¯­®áâì äã­ªæ¨© {Uij(·, σ)}n

i,j=1 «¨­¥©­® ­¥§ ¢¨á¨¬  ­ 
[0, ϑ] .

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì áãé¥áâ¢ã¥â ­¥­ã«¥¢®© ¢¥ªâ®à

h = col(h11, . . . , h1n . . . , hn1 . . . , hnn) ∈ Rn2
,

â ª®©, çâ®
n∑

i,j=1
hijUij(t) ≡ 0, t ∈ [0, ϑ].

�®£¤ 
B̂∗(t, σ)HĈ(t, σ) = 0, t ∈ [0, ϑ], (2.12)

£¤¥ H :={hij}n
i,j=1 ∈ Mn . �«ï ¢ë¡à ­­®© ¬ âà¨æë H áãé¥áâ¢ã¥â äã­ª-

æ¨ï U(t) ∈ Mmr , U(t) = {ups(t)}m,r
p,s=1 , â ª ï, çâ®

ϑ∫

0
B̂(t, σ)U(t)Ĉ∗(t, σ) dt = H,

¯®íâ®¬ã ¤«ï ¢á¥å i, j = 1, . . . , n

ϑ∫

0
e∗i B̂(t, σ)U(t)Ĉ∗(t, σ)ej dt = hij.

�¬­®¦ ï ª ¦¤®¥ ¨§ íâ¨å à ¢¥­áâ¢ ­  hij ¨ áã¬¬¨àãï ¯® i, j = 1, . . . , n ,
¯®«ãç¨¬

n∑

i,j=1
h2

ij =
n∑

i,j=1
hij

ϑ∫

0

m∑

p=1

r∑

s=1
e∗i B̂(t, σ)epups(t)e∗sĈ∗(t, σ)ej dt =

=
ϑ∫

0

m∑

p=1

r∑

s=1
ups(t)

( n∑

i,j=1
hije

∗
i B̂(t, σ)epe

∗
sĈ

∗(t, σ)ej

)
dt.

(2.13)

�§ (2.12) á«¥¤ã¥â, çâ® ¤«ï ¢á¥å p = 1, . . . , m ¨ s = 1, . . . , r

e∗pB̂
∗(t, σ)HĈ(t, σ)es =

n∑

i,j=1
hije

∗
pB̂

∗(t, σ)eie
∗
jĈ(t, σ)es = 0
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¯à¨ t ∈ [0, ϑ] , ¯®íâ®¬ã
n∑

i,j=1
hije

∗
i B̂(t, σ)epe

∗
sĈ

∗(t, σ)ej = 0, t ∈ [0, ϑ],

¨ ¨§ à ¢¥­áâ¢ (2.13) ¯®«ãç ¥¬
n∑

i,j=1
h2

ij = 0 , çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®-

¦¥­¨î h 6= 0 . �¥®à¥¬  ¤®ª § ­ .
� « ¥ ¤ á â ¢ ¨ ¥ 2.1 [126]. �á«¨ á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­  ­  [0, ϑ] ,

â® ®­  á®£« á®¢ ­­  ­  [0, ϑ1] ¯à¨ «î¡®¬ ϑ1 > ϑ .
� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­  ­  [0, ϑ]

¯à¨ ­¥ª®â®à®¬ ϑ > 0 . �§ ãâ¢¥à¦¤¥­¨ï ¡) â¥®à¥¬ë 2.1 ¢ëâ¥ª ¥â ¯®«®-
¦¨â¥«ì­®áâì ¢¥«¨ç¨­ë µ(ϑ, σ) . �®§ì¬¥¬ «î¡®¥ ϑ1 > ϑ , â®£¤  ¨§ ãâ¢¥à-
¦¤¥­¨ï ¢) «¥¬¬ë 2.1 á«¥¤ã¥â ­¥à ¢¥­áâ¢®

µ(ϑ1, σ) > µ(ϑ, σ) > 0.

�­®¢ì ¯®«ì§ãïáì íª¢¨¢ «¥­â­®áâìî  ) ¨ ¡) (â¥®à¥¬  2.1), ¯®«ãç ¥¬, çâ®
á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­  ­  [0, ϑ1] .

� « ¥ ¤ á â ¢ ¨ ¥ 2.2 [126]. �á«¨ á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­  ­  [0, ϑ] ,
â® á¨áâ¥¬  (2.1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [0, ϑ] ,   á¨áâ¥¬ 

_x = −A∗(f tσ)x, y = C∗(f tσ)x, (2.14)

¢¯®«­¥ ­ ¡«î¤ ¥¬  [76, á. 304] ­  [0, ϑ] .
� ® ª   §   â ¥ « ì á â ¢ ®. �¨áâ¥¬  (2.1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [0, ϑ] ¢

â®¬ ¨ â®«ìª® â®¬ á«ãç ¥ (�. �. �ã«âëè¥¢, �. �. �®­ª®¢, [79]), ª®£¤ 
áãé¥áâ¢ã¥â l1 > 0 â ª®¥, çâ® ª ¦¤®© ¬ âà¨æ¥ G ∈ Mn ®â¢¥ç ¥â ¨§-
¬¥à¨¬®¥ ã¯à ¢«¥­¨¥ VG : [0, ϑ] → Mmn , ‖VG(t)‖ 6 l1‖G‖ , 0 6 t 6 ϑ ,
®¡¥á¯¥ç¨¢ îé¥¥ à §à¥è¨¬®áâì ¬ âà¨ç­®© § ¤ ç¨ ã¯à ¢«¥­¨ï

_Z = A(f tσ)Z + B(f tσ)V, Z(0) = 0, Z(ϑ) = G. (2.15)

�ãáâì á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­  ­  [0, ϑ] . �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî
¬ âà¨æã G ∈ Mn ¨ ¢ ª ç¥áâ¢¥ ã¯à ¢«¥­¨ï VG(·) , à §à¥è îé¥£® § ¤ -
çã (2.15), ¢ë¡¥à¥¬

VG(t) = UG(t)C∗(f tσ)X(t, 0, σ),

£¤¥ UG(·) | ã¯à ¢«¥­¨¥, à §à¥è îé¥¥ (2.4), (2.5). �§ (2.3) á«¥¤ã¥â, çâ®

‖VG(t)‖6 ‖UG(t)‖ ‖C∗(f tσ)‖ ‖X(t, 0, σ)‖6 ceaϑl‖G‖=: l1‖G‖, t ∈ [0, ϑ].
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� ª¨¬ ®¡à §®¬, á®£« á®¢ ­­®áâì ¢«¥ç¥â §  á®¡®© ¯®«­ãî ã¯à ¢«ï¥-
¬®áâì á¨áâ¥¬ë (2.1).

�®ª ¦¥¬, çâ® ¨§ á®£« á®¢ ­­®áâ¨ ϕ(f tσ) á«¥¤ã¥â ¯®«­ ï ­ ¡«î-
¤ ¥¬®áâì á¨áâ¥¬ë (2.14). � á¨«ã â¥®à¥¬ë ¤¢®©áâ¢¥­­®áâ¨ (�. �. �à -
á®¢áª¨©, [76, á. 304]) á¢®©áâ¢® ¯®«­®© ­ ¡«î¤ ¥¬®áâ¨ á¨áâ¥¬ë (2.14)
íª¢¨¢ «¥­â­® á¢®©áâ¢ã ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë

_x = −A∗(f tσ)x + C(f tσ)u,

çâ®, ¢ á¢®î ®ç¥à¥¤ì [79], íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ ­¨î ¤«ï ¯à®¨§¢®«ì-
­®© G ∈ Mn ã¯à ¢«¥­¨ï VG : [0, ϑ] → Mrn , ã¤®¢«¥â¢®àïîé¥£® ®æ¥­ª¥

‖VG(t)‖6 l2‖G‖, 0 6 t 6 ϑ,

á ­¥ § ¢¨áïé¥© ®â G ¯®«®¦¨â¥«ì­®© ¢¥«¨ç¨­®© l2 , ¨ ®¡¥á¯¥ç¨¢ îé¥£®
à §à¥è¨¬®áâì § ¤ ç¨

_Z = −A∗(f tσ)Z + C(f tσ)V, Z(0) = 0, Z(ϑ) = G.

� §à¥è¨¬®áâì íâ®© § ¤ ç¨ íª¢¨¢ «¥­â­  à §à¥è¨¬®áâ¨ ®â­®á¨â¥«ì­®
VG(·) ãà ¢­¥­¨ï

ϑ∫

0
X∗(t, 0, σ)C(f tσ)VG(t) dt = X∗(ϑ, 0, σ)G.

�à ­á¯®­¨àãï ¥£®, ¯®«ãç¨¬
ϑ∫

0
V ∗

G(t)Ĉ∗(t, σ) dt = G∗X(ϑ, 0, σ).

�á«¨ á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­ , â® ã¯à ¢«¥­¨¥

VG(t) = U ∗
G(t)B̂∗(t, σ)

ï¢«ï¥âáï ®¤­¨¬ ¨§ à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï. �«¥¤áâ¢¨¥ ¤®ª § ­®.
�   ¬ ¥ ç   ­ ¨ ¥ 2.2. �¤­®¢à¥¬¥­­®¥ ¢ë¯®«­¥­¨¥ ãá«®¢¨© ¯®«­®©

ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (2.1) ¨ ¯®«­®© ­ ¡«î¤ ¥¬®áâ¨ á¨áâ¥¬ë (2.14)
­  [0, ϑ] ­¥ ®¡¥á¯¥ç¨¢ ¥â á®£« á®¢ ­­®áâ¨ ϕ(f tσ) ­  íâ®¬ ®âà¥§ª¥.

� à ¨ ¬ ¥ à 2.1 [126]. � áá¬®âà¨¬ á¨áâ¥¬ã á ­ ¡«î¤ â¥«¥¬

_x = b(t)u, y = b(t− 1)x, n = 1,

£¤¥
b(t) =

{ 1 ¯à¨ t ∈ [2k, 2k + 1[,
0 ¯à¨ t ∈ [2k + 1, 2k + 2[,
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k ∈ Z . �â  á¨áâ¥¬  ¢¯®«­¥ ã¯à ¢«ï¥¬  ¨ ¢¯®«­¥ ­ ¡«î¤ ¥¬  ­  ®â-
à¥§ª¥ [0, 2] , ­® ­¥ ï¢«ï¥âáï á®£« á®¢ ­­®© ­¨ ­  ª ª®¬ ®âà¥§ª¥ [0, ϑ] ,
¯®áª®«ìªã

�(ϑ) = γ1111(ϑ) =
ϑ∫

0
b2(t)b2(t− 1) dt = 0.

¯à¨ ª ¦¤®¬ ϑ > 0 .
�ãáâì

γ(σ0) := {σ ∈ � : σ = f tσ0, t ∈ R}
| âà ¥ªâ®à¨ï ¤¢¨¦¥­¨ï t 7→ f tσ0 , γ(σ0) | § ¬ëª ­¨¥ (¢ ¬¥âà¨ª¥ ρ )
âà ¥ªâ®à¨¨ γ(σ0) .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2 [126]. �¨áâ¥¬  ϕ(f tσ0) ­ §ë¢ ¥âáï à ¢­®¬¥à­®
á®£« á®¢ ­­®© (­  γ(σ0) ), ¥á«¨ áãé¥áâ¢ãîâ ϑ > 0 ¨ l > 0 â ª¨¥, çâ® ¤«ï
¢áïª®© ­¥¯à¥àë¢­®© ¬ âà¨ç­®© äã­ªæ¨¨ G : � → Mn ­ ©¤¥âáï ¨§¬¥-
à¨¬®¥ ¯® t ¨ ­¥¯à¥àë¢­®¥ ¯® σ ã¯à ¢«¥­¨¥ UG : [0, ϑ]× γ(σ0) → Mmr ,
ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖UG(t, σ)‖ 6 l‖G(σ)‖ , 0 6 t 6 ϑ , ¨ ®¡¥á¯¥ç¨-
¢ îé¥¥ á¢®©áâ¢®: ¤«ï ª ¦¤®£® σ ∈ γ(σ0) ¬ âà¨ç­ ï § ¤ ç  ã¯à ¢«¥-
­¨ï (2.4), (2.5) ¯à¨ G = G(σ) , U = UG(t, σ) à §à¥è¨¬ .

� ¥ ® à ¥ ¬   2.2 [126]. �ãáâì ¬­®¦¥áâ¢® γ(σ0) ª®¬¯ ªâ­®. �¨áâ¥-
¬  ϕ(f tσ0) à ¢­®¬¥à­® á®£« á®¢ ­­  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 
­ ©¤ãâáï ϑ > 0 ¨ ε > 0 â ª¨¥, çâ® ­ ¨¬¥­ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥-
­¨¥ µ(ϑ, σ) ¬ âà¨æë á®£« á®¢ ­¨ï �(ϑ, σ) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã
µ(ϑ, σ) > ε ¤«ï ¢á¥å σ ∈ γ(σ0) .

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �ãáâì á¨áâ¥¬  ϕ(f tσ0)
à ¢­®¬¥à­® á®£« á®¢ ­­ . �®áª®«ìªã ¬­®¦¥áâ¢® γ(σ0) ª®¬¯ ªâ­®,  
äã­ªæ¨ï σ 7→ µ(ϑ, σ) ­¥¯à¥àë¢­ , áãé¥áâ¢ã¥â â ª®¥ σ1 ∈ γ(σ0) , çâ®

µ(ϑ, σ1) = min{µ(ϑ, σ) : σ ∈ γ(σ0)}.
�®¯ãáâ¨¬, çâ® µ(ϑ, σ1) = 0 . �®£¤  ¢ á¨«ã â¥®à¥¬ë 2.1 á¨áâ¥¬  ϕ(f tσ1)
­¥ ï¢«ï¥âáï á®£« á®¢ ­­®©, çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥­¨î 2.2. �®íâ®-
¬ã

ε := min{µ(ϑ, σ) : σ ∈ γ(σ0)} > 0.

� ® á â   â ® ç ­ ® á â ì. �ãáâì µ(ϑ, σ) > ε ¤«ï ¢á¥å σ ∈ γ(σ0) . �®£¤ 
¤«ï ª ¦¤®£® σ ∈ γ(σ0) á¨áâ¥¬  ϕ(f tσ) á®£« á®¢ ­­  (â¥®à¥¬  2.1),
¯®íâ®¬ã § ¤ ç  (2.4), (2.5) à §à¥è¨¬  ¯à¨

UG(t, σ) =
n∑

i,j=1
hijUij(t, σ),
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£¤¥ Uij(t, σ) ®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨ (2.7),   hij ­ å®¤ïâáï ¨§ ãà ¢-
­¥­¨© (2.10). �®áª®«ìªã ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (2.10),   ‖�−1(ϑ, σ)‖ 6 ε−1

¤«ï ¢á¥å σ ∈ γ(σ0) , â® ‖h‖ 6 ε−1‖g(ϑ, σ)‖ . �§ ®£à ­¨ç¥­­®áâ¨ äã­ª-
æ¨¨ ϕ(σ) ­  γ(σ0) ¨ ¨­¢ à¨ ­â­®áâ¨ γ(σ0) ®â­®á¨â¥«ì­® f t á«¥¤ã¥â
áãé¥áâ¢®¢ ­¨¥ â ª®£® κ > 0 , çâ®

‖Uij(t, σ)‖6 κ, (t, σ) ∈ [0, ϑ]× γ(σ0).

�®íâ®¬ã
‖UG(t, σ)‖6

n∑

i,j=1
‖hij‖ ‖Uij(t, σ)‖6 l ‖G(σ)‖

¯à¨ ¢á¥å (t, σ) ∈ [0, ϑ]×γ(σ0) , £¤¥ ¯®«®¦¨â¥«ì­ ï ¢¥«¨ç¨­  l ­¥ § ¢¨á¨â
­¨ ®â t , ­¨ ®â σ . �¥®à¥¬  ¤®ª § ­ .

�   ¬ ¥ ç   ­ ¨ ¥ 2.3. �¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï 2.2 ¨ â¥®à¥-
¬ë 2.2 á«¥¤ã¥â, çâ® ¥á«¨ ¬­®¦¥áâ¢® γ(σ0) ª®¬¯ ªâ­® ¨ á¨áâ¥¬  ϕ(f tσ0)
à ¢­®¬¥à­® á®£« á®¢ ­­ , â® ­ ©¤ãâáï ϑ > 0 ¨ l > 0 â ª¨¥, çâ® ¤«ï ª -
¦¤®£® ϑ1 > ϑ , ¢á¥å τ ∈ R ¨ «î¡®© ¬ âà¨ç­®© äã­ªæ¨¨ G : γ(σ0) → Mn

§ ¤ ç 
_Z = A(f tσ0)Z + B(f tσ0)UC∗(f tσ0)X(t, τ, σ0),

Z(τ) = 0, Z(τ + ϑ1) = G(f τσ0),
à §à¥è¨¬  ¯à¨ ­¥ª®â®à®¬ ¨§¬¥à¨¬®¬ ã¯à ¢«¥­¨¨ U = UG(t, f τσ0) , ã¤®-
¢«¥â¢®àïîé¥¬ ­¥à ¢¥­áâ¢ã

‖UG(t, f τσ0)‖6 l‖G(f τσ0)‖, τ 6 t 6 τ + ϑ1,

£¤¥ l ­¥ § ¢¨á¨â ®â τ ¨ G .
�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥­¨ï ¤®áâ â®ç­® á¤¥« âì § ¬¥­ã

t → t+τ . �®£¤  ¯à¨å®¤¨¬ ª § ¤ ç¥ (2.4), (2.5) (¯à¨ σ = f τσ0 ), ¢ ª®â®à®©
¢¬¥áâ® ϑ á«¥¤ã¥â ¯¨á âì ϑ1 . �®áª®«ìªã ϑ1 >ϑ , ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
µ(ϑ1, σ) > µ(ϑ, σ) («¥¬¬  2.1).

� ¯®¬­¨¬ [112, á. 400{402], çâ® ¬­®¦¥áâ¢® �0 ⊂ � ­ §ë¢ ¥âáï ¬¨-
­¨¬ «ì­ë¬, ¥á«¨ f t(�0) = �0 ¤«ï ¢á¥å t ∈ R ¨ γ(σ) = �0 ¤«ï ª ¦¤®£®
σ ∈ �0 . � á¨«ã â¥®à¥¬ë �¨àª£®ä  [112, á. 402] ¢áïª ï â®çª  ¬¨­¨-
¬ «ì­®£® ª®¬¯ ªâ­®£® ¬­®¦¥áâ¢  à¥ªãàà¥­â­ , â. ¥. ¤«ï «î¡ëå ε > 0 ¨
N > 0 ¬­®¦¥áâ¢®

{τ ∈ R : max
|t|6N

ρ(f t+τσ0, f
tσ0) < ε}

®â­®á¨â¥«ì­® ¯«®â­® ­  ç¨á«®¢®© ¯àï¬®©.
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� ¥ ® à ¥ ¬   2.3 [126]. �ãáâì ¬­®¦¥áâ¢® γ(σ0) ¬¨­¨¬ «ì­® ¨ ª®¬-
¯ ªâ­®. �«ï â®£® çâ®¡ë á¨áâ¥¬  ϕ(f tσ0) ¡ë«  à ¢­®¬¥à­® á®£« á®-
¢ ­­ , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®­  ¡ë«  á®£« á®¢ ­­ .

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì ®ç¥¢¨¤­ .
� ® á â   â ® ç ­ ® á â ì. �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  ϕ(f tσ0) á®£« á®-

¢ ­­ , ­® ­¥ ï¢«ï¥âáï à ¢­®¬¥à­® á®£« á®¢ ­­®©. �¡®§­ ç¨¬

α(ϑ) = min{µ(ϑ, σ) : σ ∈ γ(σ0)}.
�ã­ªæ¨ï ϑ 7→ α(ϑ) ï¢«ï¥âáï ¢®§à áâ îé¥© ¨ ­¥®âà¨æ â¥«ì­®© ­  R+ .

�á«¨ áãé¥áâ¢ã¥â ϑ0 > 0 â ª®¥, çâ® α(ϑ0) > 0 , â® ¢ á¨«ã â¥®à¥¬ë 2.2
á¨áâ¥¬  ϕ(f tσ0) à ¢­®¬¥à­® á®£« á®¢ ­­ .

�ãáâì α(ϑ) = 0 ¯à¨ ¢á¥å ϑ > 0 . �®£¤  ­ ©¤ãâáï â ª¨¥ ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ {ϑi}∞i=1 , ϑi → +∞ ¯à¨ i → ∞ ; {σi}∞i=1 , σi = σi(ϑi) ; {hi}∞i=1 ,
hi ∈ Rn2 , ‖hi‖ = 1 , çâ®

0 = µ(ϑi, σi) = h∗i �(ϑi, σi)hi.

�ë¤¥«ïï ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {(σi, hi)}∞i=1 áå®¤ïéãîáï ¯®¤¯®á«¥¤®-
¢ â¥«ì­®áâì (ª®â®àãî ¬ë á­®¢  ®¡®§­ ç¨¬ {(σi, hi)}∞i=1 ) ¨ ¯¥à¥å®¤ï ¢
¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã, ¯®«ãç¨¬

h∗�(∞, σ)h = 0

¤«ï ­¥ª®â®àëå σ ∈ γ(σ0) ¨ h ∈ Rn2 , ‖h‖ = 1 . �§ ­¥à ¢¥­áâ¢  (2.6) ¨
§ ¬¥ç ­¨ï 2.3 á«¥¤ã¥â à ¢¥­áâ¢®

h∗�(ϑ, f τσ)h = 0

¤«ï ¢á¥å ϑ > 0 ¨ τ > 0 . �®íâ®¬ã h∗�(ϑ, σ̂)h = 0 ¤«ï σ̂ ∈ γ+(σ) ,
£¤¥ γ+(σ) | § ¬ëª ­¨¥ ¯®«®¦¨â¥«ì­®© ¯®«ãâà ¥ªâ®à¨¨, ¢ëå®¤ïé¥©
¨§ â®çª¨ σ . �®áª®«ìªã ¤«ï ¬¨­¨¬ «ì­®£® ¬­®¦¥áâ¢  á¯à ¢¥¤«¨¢ë à -
¢¥­áâ¢ 

γ+(σ) = γ(σ) = γ(σ0),
â® h∗�(ϑ, σ0)h = 0 ¤«ï «î¡®£® ϑ>0 . �â® ¯à®â¨¢®à¥ç¨â á¢®©áâ¢ã á®£« -
á®¢ ­­®áâ¨ á¨áâ¥¬ë ϕ(f tσ0) . �¥®à¥¬  ¤®ª § ­ .
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§ 3. �«¥¤áâ¢¨ï ¤«ï ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë á¤¢¨£®¢

�¤¥áì à¥§ã«ìâ âë ¯à¥¤ë¤ãé¥£® ¯ à £à ä  ¯¥à¥­®áïâáï ­  á«ãç ©,
ª®£¤  ¢ ª ç¥áâ¢¥ ¯à®áâà ­áâ¢  (�, f t) à áá¬ âà¨¢ ¥âáï ¤¨­ ¬¨-
ç¥áª ï á¨áâ¥¬  á¤¢¨£®¢, ¯®à®¦¤¥­­ ï ä¨ªá¨à®¢ ­­®© «¨­¥©­®©
ã¯à ¢«ï¥¬®© á¨áâ¥¬®© á ­ ¡«î¤ â¥«¥¬. �®ª § ­®, çâ® ¢ á«ãç ¥
«¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ¡¥§ ­ ¡«î¤ â¥«ï ¢¢¥¤¥­­®¥ ¯®-
­ïâ¨¥ á®£« á®¢ ­­®áâ¨ íª¢¨¢ «¥­â­® ¯®­ïâ¨î ¯®«­®© ã¯à ¢«ï¥-
¬®áâ¨ (â¥®à¥¬  3.1).

�ãáâì § ¤ ­  ®£à ­¨ç¥­­ ï äã­ªæ¨ï

σ0(t) = (A0(t), B0(t), C0(t)) ∈ Mn,n+m+r, t ∈ R,

ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î: ¤«ï «î¡ëå ε > 0 ¨ N > 0 ­ ©¤¥âáï δ > 0
â ª®¥, çâ® ¤«ï ¢á¥å |τ |6 δ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

max
|t|6N

t+1∫

t

‖σ0(s + τ)− σ0(s)‖ ds 6 ε.

�¡®§­ ç¨¬ ç¥à¥§ στ(t) = σ0(t + τ) á¤¢¨£ σ0 ­  τ ¨ à áá¬®âà¨¬
¬­®¦¥áâ¢®

� = cl {στ(·) : τ ∈ R},
£¤¥ cl M | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  M ¢ ¬¥âà¨ª¥

ρ0(σ, σ̂) = sup
t∈R

min{
t+1∫

t

‖σ(s)− σ̂(s)‖ ds, |t|−1}.

�à®áâà ­áâ¢® � ª®¬¯ ªâ­® (�. �. �¢ ­®¢, [52]). �¯à¥¤¥«¨¬ ­  � ¯®-
â®ª f t à ¢¥­áâ¢®¬ f tσ = σt(·) . �®£¤  (�, f t) | ¤¨­ ¬¨ç¥áª ï á¨áâ¥¬ 
á¤¢¨£®¢ ¨ � = γ(σ0) , £¤¥ γ(σ0) | âà ¥ªâ®à¨ï ¤¢¨¦¥­¨ï t 7→ f tσ0 . � -
«¥¥, ®¯à¥¤¥«¨¬ äã­ªæ¨î ϕ : � → Mn,n+m+r à ¢¥­áâ¢®¬ ϕ(σ) = σ(t)

∣∣∣
t=0 .

�®£¤  äã­ªæ¨ï ϕ(f tσ0) § ¤ ¥â á¨áâ¥¬ã

_x = A0(t)x + B0(t)u, y = C∗
0(t)x, (3.1)

  ¯à¨ ¨§¬¥­¥­¨¨ σ ∈ � ¯®«ãç¨¬ á®¢®ªã¯­®áâì ¢á¥å á¨áâ¥¬ ¢¨¤  (3.1),
¯®«ãç ¥¬ëå ¨§ (3.1) á ¯®¬®éìî ¢á¥¢®§¬®¦­ëå á¤¢¨£®¢ ¢à¥¬¥­¨ ¨ § -
¬ëª ­¨ï ¬­®¦¥áâ¢  á¨áâ¥¬.

�¯à¥¤¥«¥­¨¥ 2.2 à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨, ¯à¨¬¥­¥­­®¥ ª á¨-
áâ¥¬¥ (3.1), ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬.
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� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1 [126]. �¨áâ¥¬  (3.1) ­ §ë¢ ¥âáï à ¢­®¬¥à­® á®-
£« á®¢ ­­®©, ¥á«¨ áãé¥áâ¢ãîâ ϑ > 0 ¨ l > 0 â ª¨¥, çâ® ¤«ï «î-
¡®£® τ ∈ R ¨ «î¡®© G ∈ Mn áãé¥áâ¢ã¥â ¨§¬¥à¨¬®¥ ã¯à ¢«¥­¨¥
UG : [τ, τ + ϑ] → Mmr , ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ã

‖UG‖6 l‖G‖, τ 6 t 6 τ + ϑ,

¨ ®¡¥á¯¥ç¨¢ îé¥¥ à §à¥è¨¬®áâì ®â­®á¨â¥«ì­® Z(·) § ¤ ç¨
_Z = A0(t)Z + B0(t)UC∗

0(t)X0(t, τ),

Z(τ) = 0, Z(τ + ϑ) = G,

¯à¨ U = UG ; §¤¥áì X0(t, s) | ¬ âà¨æ  �®è¨ ®¤­®à®¤­®© á¨áâ¥¬ë

_x = A0(t)x.

� âà¨æ  á®£« á®¢ ­¨ï ¤«ï á¨áâ¥¬ë (3.1) ¨¬¥¥â ¢¨¤

�0(ϑ, τ) = {�0
ij(ϑ, τ)}n

i,j=1, �0
ij(ϑ, τ) = {γ0

ijps(ϑ, τ)}n
p,s=1,

γ0
ijps(ϑ, τ) =

τ+ϑ∫

τ

e∗i B̂0(t, τ)B̂∗
0(t, τ)eje

∗
pĈ0(t, τ)Ĉ∗

0(t, τ)es dt,

£¤¥
B̂0(t, τ) := X0(τ, t)B0(t), Ĉ0(t, τ) := X∗

0(t, τ)C0(t).
�ãáâì µ0(ϑ, τ) | ­ ¨¬¥­ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë �0(ϑ, τ) .

� « ¥ ¤ á â ¢ ¨ ¥ 3.1 [126]. �¨áâ¥¬  (3.1) à ¢­®¬¥à­® á®£« á®¢ ­­  ¢
â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ãîâ ϑ > 0 ¨ ε > 0 â ª¨¥,
çâ® ¤«ï ¢á¥å τ ∈ R ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® µ0(ϑ, τ) > ε .

� ® ª   §   â ¥ « ì á â ¢ ®. �¢¥¤¥­­ë¥ ¢ à áá¬®âà¥­¨¥ ¤¨­ ¬¨ç¥áª ï á¨-
áâ¥¬  á¤¢¨£®¢ (�, f t) ¨ äã­ªæ¨ï ϕ(σ) = σ(t)

∣∣∣
t=0 ¯®§¢®«ïîâ à áá¬ -

âà¨¬¢ âì á¥¬¥©áâ¢® á¨áâ¥¬ ϕ(f tσ) , áà¥¤¨ ª®â®àëå á®¤¥à¦¨âáï, ¢ ç áâ-
­®áâ¨, á¨áâ¥¬  (3.1). �á«¨ ­¥ª®â®à ï á¨áâ¥¬  ¯®«ãç¥­  ¨§ (3.1) ¯à®-
áâë¬ á¤¢¨£®¬

(
στ , τ ∈ R

)
, â® �0(ϑ, τ) á®¢¯ ¤ ¥â á ¬ âà¨æ¥© á®£« á®-

¢ ­¨ï �(ϑ, f τσ0) , ¢¢¥¤¥­­®© à ­¥¥. �® ¢ � ¬®£ãâ ¯à¨áãâáâ¢®¢ âì â®çª¨,
¯®«ãç îé¨¥áï ¨§ (3.1) ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬

(
ρ0(σ, f τiσ0) → 0 ¯à¨

τi → +∞ ¨«¨ τi → −∞
)

. � á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ σ 7→ �(ϑ, σ)
¤«ï â ª¨å â®ç¥ª ¨¬¥¥¬ áå®¤¨¬®áâì

�0(ϑ, τi) → �(ϑ, σ) ¯à¨ i →∞.
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�®íâ®¬ã, ãç¨âë¢ ï ª®¬¯ ªâ­®áâì ¬­®¦¥áâ¢  � = γ(σ0) , ¯®«ãç ¥¬ à -
¢¥­áâ¢®

inf
τ∈R

µ0(ϑ, τ) = min
σ∈�

µ(ϑ, σ).

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï § ¢¥àè ¥âáï ááë«ª®© ­  â¥®à¥¬ã 2.2.
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2 [126]. �¨áâ¥¬  (3.1) ­ §ë¢ ¥âáï ϑ1-à ¢­®¬¥à­®

á®£« á®¢ ­­®©, ¥á«¨ ®­  à ¢­®¬¥à­® á®£« á®¢ ­­  ¯à¨ ϑ = ϑ1 .
� « ¥ ¤ á â ¢ ¨ ¥ 3.2 [126]. �ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ á®åà ­ï¥â

á¢®©áâ¢® ϑ-à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨ á¨áâ¥¬ë.
� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì L : R → Mn | ¬ âà¨æ  �ï¯ã­®¢ .

�à¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥ x = L(t)z ª á¨áâ¥¬¥ (3.1), ¯®«ãç¨¬

_z = (L−1(t)A0(t)L(t)− L−1(t) _L(t))z + L−1(t)B0(t)u,

y = C∗
0(t)x = C∗

0(t)L(t)z,

â. ¥. á¨áâ¥¬  (3.1) ¯¥à¥å®¤¨â ¢ á¨áâ¥¬ã

_z = F0(t)z + D0(t)u, y = P ∗
0 (t)z,

£¤¥
F0(t) := L−1(t)A0(t)L(t)− L−1(t) _L(t),

P0(t) := L∗(t)C0(t).
�«ï ª ¦¤ëå i, j, p, s ∈ {1, . . . , n} ¨ τ ∈ R ®¡®§­ ç¨¬

γ0
ijps(ϑ, τ ; L) =

τ+ϑ∫

τ

e∗i D̂0(t, τ)D̂∗
0(t, τ)eje

∗
pP̂0(t, τ)P̂ ∗

0 (t, τ)es dt,

�0
ij(ϑ, τ ; L) = {γ0

ijps(ϑ, τ ; L)}n
p,s=1, �0(ϑ, τ ; L) = {�0

ij(ϑ, τ ; L)}n
i,j=1,

§¤¥áì
D̂0(t, τ) = Z0(τ, t)D0(t), P̂0(t, τ) = Z∗

0(t, τ)P0(t),
Z0(t, τ) | ¬ âà¨æ  �®è¨ ®¤­®à®¤­®© á¨áâ¥¬ë

_z = F0(t)z.

�¥âàã¤­® ¯à®¢¥à¨âì, çâ®

D̂0(t, τ) = L−1(τ)B̂0(t, τ), P̂0(t, τ) = L∗(τ)Ĉ0(t, τ),

¯®íâ®¬ã
γ0

ijps(ϑ, τ ; L) =
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=
τ+ϑ∫

τ

e∗i L
−1(τ)B̂0(t, τ)B̂∗

0(t, τ)(L−1(τ))∗eje
∗
pL

∗(τ)Ĉ0(t, τ)Ĉ∗
0(t, τ)L(τ)es dt.

�¡®§­ ç¨¬ ç¥à¥§ µ0(ϑ, τ ; L) ­ ¨¬¥­ìè¥¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë
�0(ϑ, τ ; L) . �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â ε0 > 0 â ª®¥, çâ®

µ0(ϑ, τ ; L) > ε0

¤«ï ¢á¥å τ ∈ R , â. ¥. ¤«ï ¢á¥å τ ∈ R ¨ ª ¦¤®£® ¢¥ªâ®à  h ∈ Rn2 ,
‖h‖ = 1 , ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

h∗�0(ϑ, τ ; L)h > ε0.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì ¤«ï ª ¦¤®£® ε > 0 áãé¥áâ¢ã¥â â -
ª®¥ ­ âãà «ì­®¥ ç¨á«® N1 , çâ® ¤«ï ª ¦¤®£® k > N1 ­ ©¤ãâáï τk ∈ R ¨
hk ∈ Rn2 , ‖hk‖ = 1 , ¤«ï ª®â®àëå

h∗k�0(ϑ, τk; L)hk < ε/2.

� ª ª ª ¬­®¦¥áâ¢®
{h ∈ Rn2 : ‖h‖ = 1}

| ª®¬¯ ªâ ¢ Rn2 , â® ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ®
¯®á«¥¤®¢ â¥«ì­®áâì {hk}∞k=1 áå®¤¨âáï, ¨

lim
k→∞

hk = h = col(h11, . . . , hnn), ‖h‖ = 1.

�§ ­¥¯à¥àë¢­®áâ¨ ®â®¡à ¦¥­¨ï h 7→ h∗�0(ϑ, τk; L)h á«¥¤ã¥â áãé¥áâ¢®-
¢ ­¨¥ â ª®£® ­ âãà «ì­®£® N2 , çâ®

|h∗�0(ϑ, τk; L)h− h∗k�0(ϑ, τk; L)hk| < ε/2,

¥á«¨ â®«ìª® k > N2 . �®íâ®¬ã ¤«ï ¢á¥å k > N(ε) := max{N1(ε), N2(ε)}
¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

h∗�0(ϑ, τk; L)h 6 |h∗�0(ϑ, τk; L)h− h∗k�0(ϑ, τk; L)hk|+ h∗k�0(ϑ, τk; L)hk < ε,

á«¥¤®¢ â¥«ì­®,

h∗�0(ϑ, τk; L)h =
τk+ϑ∫

τk

m∑

v=1

r∑

q=1

( n∑

i,j=1
hije

∗
vD̂

∗
0(t, τk)eie

∗
jP̂

∗
0 (t, τk)eq

)2
dt =

=
τk+ϑ∫

τk

m∑

v=1

r∑

q=1
(e∗vB̂∗

0(t, τk)(L−1(τk))∗HL∗(τk)Ĉ∗
0(t, τk)eq)2dt < ε,
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£¤¥ H := {hij}n
i,j=1 ∈ Mn , H 6= 0 .

�¡®§­ ç¨¬

G(k) = (L−1(τk))∗HL∗(τk), G(k) = {g(k)
ij }n

i,j=1, k > N(ε).

� ª ª ª L(·) | ¬ âà¨æ  �ï¯ã­®¢ , â® G(k) 6= 0 . �§ ϑ-à ¢­®¬¥à­®©
á®£« á®¢ ­­®áâ¨ á¨áâ¥¬ë (3.1) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ε1 > 0 â ª®£®,
çâ® ¤«ï ¢á¥å k > N(ε) ¨ ¤«ï ¢¥ªâ®à  g(k) = col(g(k)

11 , . . . , g(k)
nn ) ¢ë¯®«­¥­®

­¥à ¢¥­áâ¢® g(k)∗�0(ϑ, τk)g(k) > ε1‖g(k)‖2 , â. ¥.
τk+ϑ∫

τk

m∑

v=1

r∑

q=1
(e∗vB̂∗

0(t, τk)G(k)Ĉ∗
0(t, τk)eq)2dt > ε1‖g(k)‖2.

�§ à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ ‖L∗(t)‖ ¨ ‖(L−1(t))∗‖ ­  R á«¥¤ã¥â
áãé¥áâ¢®¢ ­¨¥ â ª®£® α > 0 , çâ® ‖g(k)‖ > α ¤«ï ¢á¥å k > N(ε) . �à¨
ε < ε1α

2 ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.
� « ¥ ¤ á â ¢ ¨ ¥ 3.3 [126]. �á«¨ á¨áâ¥¬  (3.1) ϑ-à ¢­®¬¥à­® á®£« á®-

¢ ­­ , â® ­ ©¤¥âáï δ > 0 â ª®¥, çâ® ¢áïª ï ¨§¬¥à¨¬ ï ¨ ®£à ­¨ç¥­-
­ ï ­  R äã­ªæ¨ï t → σ(t) = (A(t), B(t), C(t)) ∈ Mn,n+m+r , ã¤®¢«¥â¢®-
àïîé ï ãá«®¢¨î ρ1(σ, σ0) 6 δ , £¤¥

ρ1(σ, σ0) := sup
t∈R

t+1∫

t

‖σ(s)− σ0(s)‖ ds,

¯®à®¦¤ ¥â ϑ-à ¢­®¬¥à­® á®£« á®¢ ­­ãî á¨áâ¥¬ã ¢¨¤  (3.1).
� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì �(ϑ, σ) | ¬ âà¨æ  á®£« á®¢ ­¨ï á¨-

áâ¥¬ë σ(·) = (A(·), B(·), C(·)) ­  [0, ϑ] . �¨áâ¥¬ã σ(·) ¬®¦­® § ¯¨á âì ¢
¢¨¤¥ ϕ(f tσ) , £¤¥

ϕ(σ) = σ(t)
∣∣∣
t=0 , f tσ = σt(·).

�®áª®«ìªã á¨áâ¥¬  (3.1) ϑ-à ¢­®¬¥à­® á®£« á®¢ ­­ , â® ¢ á¨«ã á«¥¤-
áâ¢¨ï 3.1 áãé¥áâ¢ã¥â â ª®¥ ε > 0 , çâ® ¯à¨ ¢á¥å τ ∈ R ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢®

µ0(ϑ, τ) > ε.

�§ à ¢¥­áâ¢ 
µ(ϑ, f τσ0) = µ0(ϑ, τ),

á«¥¤áâ¢¨ï 3.1 ¨ â¥®à¥¬ë 2.2 ¯®«ãç ¥¬ á®®â­®è¥­¨¥

µ(ϑ, σ̂) > ε ¤«ï ¢á¥å σ̂ ∈ γ(σ0).
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�§ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ σ 7→ X(t, s, σ) (£¤¥ X(t, s, σ) | ¬ âà¨-
æ  �®è¨ á¨áâ¥¬ë _x = A(t)x ), à ¢­®¬¥à­®© ¯® (t, s) ­  ª®¬¯ ªâ å ¢ R2 ,
á«¥¤ã¥â ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ σ 7→ �(ϑ, σ) ¢ ¬¥âà¨ª¥ ρ0 . �«¥¤®¢ -
â¥«ì­®, ­ ©¤¥âáï δ > 0 â ª®¥, çâ® µ(ϑ, σ) > ε/2 ¤«ï ¢á¥å σ , ã¤®¢«¥â¢®-
àïîé¨å ­¥à ¢¥­áâ¢ã ρ0(σ, σ0) 6 δ . �§ ­¥à ¢¥­áâ¢  ρ0(σ, σ0) 6 δ á«¥¤ã¥â
­¥à ¢¥­áâ¢® ρ1(f τσ, f τσ0) 6 δ ¤«ï ¢á¥å τ ∈ R . �ë¡¥à¥¬ δ > 0 â ª¨¬,
çâ®

|µ(ϑ, f τσ0)− µ(ϑ, f τσ)|6 ε/4
¤«ï ¢á¥å σ , ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã ρ1(σ, σ0) 6 δ . �®£¤ 

µ(ϑ, f τσ) > µ(ϑ, f τσ0)− ε/4 > ε/4, τ ∈ R.

�áë«ª  ­  á«¥¤áâ¢¨¥ 3.1 § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.
� áá¬®âà¨¬ ç áâ­ë© á«ãç © á¨áâ¥¬ë (3.1) ¯à¨ r = n , C0(t) ≡ E .

�®£¤  ¯®«ãç¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã ¡¥§ ­ ¡«î¤ â¥«ï
_x = A0(t)x + B0(t)u. (3.2)

� ¥ ® à ¥ ¬   3.1. �¨áâ¥¬  (3.2) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢
â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  á¨áâ¥¬  (3.1) ¯à¨ r = n , C0(t) ≡ E

ϑ-à ¢­®¬¥à­® á®£« á®¢ ­­ .
� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã [79] á¨áâ¥¬  (3.2) ϑ-à ¢­®¬¥à­® ¢¯®«-

­¥ ã¯à ¢«ï¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à¨ ­¥ª®â®à®¬ l > 0 ¤«ï
¯à®¨§¢®«ì­ëå τ ∈ R ¨ G ∈ Mn áãé¥áâ¢ã¥â ¨§¬¥à¨¬®¥ ã¯à ¢«¥­¨¥
VG : [τ, τ + ϑ] → Mmr , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥

‖VG‖6 l‖G‖, τ 6 t 6 τ + ϑ,

¨ ®¡¥á¯¥ç¨¢ îé¥¥ à §à¥è¨¬®áâì ®â­®á¨â¥«ì­® Z(·) ¬ âà¨ç­®© § ¤ ç¨
ã¯à ¢«¥­¨ï

_Z = A0(t)Z + B0(t)V,

Z(τ) = 0, Z(τ + ϑ) = G.
(3.3)

� ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �®§ì¬¥¬ «î¡ë¥ τ ∈ R ¨ G ∈ Mn ¨ ¯®áâà®¨¬
ã¯à ¢«¥­¨¥ VG(·) , à §à¥è îé¥¥ § ¤ çã (3.3). �ãáâì Z(·) | à¥è¥­¨¥
íâ®© § ¤ ç¨. �  ®âà¥§ª¥ [τ, τ + ϑ] ®¯à¥¤¥«¨¬ ¬ âà¨ç­®¥ ã¯à ¢«¥­¨¥
U(·) = UG(·) à ¢¥­áâ¢®¬

UG(t) = VG(t)X0(τ, t).
�®£¤ 

_Z = A0(t)Z + B0(t)VG(t) =
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= A0(t)Z + B0(t)UG(t)X0(t, τ) = A0(t)Z + B0(t)UG(t)C∗
0(t)X0(t, τ)

¨ Z(τ) = 0 , Z(τ + ϑ) = G . �à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® à ¢­®¬¥à­ ï ¯®
τ ∈ R ¨ G ∈ Mn ®æ¥­ª 

‖UG(t)‖6 leaϑ‖G‖, t ∈ [τ, τ + ϑ],

£¤¥ a := sup{‖A0(t)‖ : t ∈ R} . �§ ®¯à¥¤¥«¥­¨ï 3.1 ¢ëâ¥ª ¥â ϑ-à ¢­®¬¥à-
­ ï á®£« á®¢ ­­®áâì á¨áâ¥¬ë (3.1) ¯à¨ r = n , C0(t) ≡ E .

� ® á â   â ® ç ­ ® á â ì ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.
� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ¡¥§ ­ -

¡«î¤ â¥«ï ¢¢¥¤¥­­®¥ ¯®­ïâ¨¥ á®£« á®¢ ­­®áâ¨ íª¢¨¢ «¥­â­® ¯®­ï-
â¨î ¯®«­®© ã¯à ¢«ï¥¬®áâ¨.

� § ª«îç¥­¨¥ íâ®£® ¯ à £à ä  ¢ëïá­¨¬ ¢®¯à®á ® á®£« á®¢ ­­®áâ¨
¨ à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨ à¥ªãàà¥­â­ëå á¨áâ¥¬.

�¢®©áâ¢® à¥ªãàà¥­â­®áâ¨ á¨áâ¥¬ë (3.1) ®§­ ç ¥â, çâ® ¤«ï «î¡ëå
ε > 0 ¨ N > 0 ¬­®¦¥áâ¢®

{τ ∈ R : max
|t|6N

t+1∫

t

‖στ(s)− σ0(s)‖ ds < ε}

®â­®á¨â¥«ì­® ¯«®â­® ­  R , £¤¥ στ(s) = σ0(τ + s) , s ∈ R . �á«¨ ¦¥ ¤«ï
ª ¦¤®£® ε > 0 ®â­®á¨â¥«ì­® ¯«®â­® ­  R ¬­®¦¥áâ¢®

{τ ∈ R : sup
t∈R

t+1∫

t

‖στ(s)− σ0(s)‖ ds < ε},

â® á¨áâ¥¬  σ0(·) ­ §ë¢ ¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© (¢ á¬ëá«¥ �. �. �â¥¯ -
­®¢ ). �ç¥¢¨¤­®, çâ® ¢áïª ï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª ï á¨áâ¥¬  σ0(·) à¥ªãà-
à¥­â­ .

�¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 2.3 ¢ëâ¥ª ¥â
� « ¥ ¤ á â ¢ ¨ ¥ 3.4 [126]. �ãáâì á¨áâ¥¬  (3.1) à¥ªãàà¥­â­  ¨ á®£« -

á®¢ ­­ . �®£¤  ®­  à ¢­®¬¥à­® á®£« á®¢ ­­ .
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§ 4. �®£« á®¢ ­­®áâì ¨ ã¯à ¢«ï¥¬®áâì

� íâ®¬ ¯ à £à ä¥ ¯® «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬¥ á ­ ¡«î-
¤ â¥«¥¬ áâà®¨âáï «¨­¥©­ ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬  ¡¥§ ­ ¡«î¤ â¥-
«ï ¡�®«ìè¥© à §¬¥à­®áâ¨ | â ª ­ §ë¢ ¥¬ ï \¡®«ìè ï" á¨áâ¥¬ .
�®ª § ­® (â¥®à¥¬  4.1), çâ® á®£« á®¢ ­­®áâì ¨áå®¤­®© á¨áâ¥¬ë
íª¢¨¢ «¥­â­  ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ ¡®«ìè®© á¨áâ¥¬ë.

� ¦¤®© á¨áâ¥¬¥ (ϕ, σ) ¢¨¤ 

_x = A(f tσ)x + B(f tσ)u, y = C∗(f tσ)x, (4.1)

¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ â ª ­ §ë¢ ¥¬ãî \¡®«ìèãî" á¨áâ¥¬ã. �®«ìè ï
á¨áâ¥¬  | íâ® á¨áâ¥¬  ¢¨¤ 

_z = F (f tσ)z + G(f tσ)v, z ∈ Rn2
, v ∈ Rmr, t ∈ R. (4.2)

á n2 × n2 ¬ âà¨æ¥© F (σ) = A(σ)⊗ E − E ⊗ A∗(σ) ¨ n2 ×mr ¬ âà¨æ¥©
G(σ) = B(σ) ⊗ C(σ) , £¤¥ á¨¬¢®« ⊗ ®§­ ç ¥â ¯àï¬®¥ (ªà®­¥ª¥à®¢®)
¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æ [80, á. 235]. � ¯®¬­¨¬, çâ® á®£« á­® ®¯à¥¤¥«¥­¨î
¤«ï ¬ âà¨æ P ∈ Mkl ¨ Q ∈ Mrs ¯àï¬®¥ (ªà®­¥ª¥à®¢®) ¯à®¨§¢¥¤¥­¨¥
P ⊗Q ®¯à¥¤¥«ï¥âáï ª ª ¡«®ç­ ï ¬ âà¨æ 

P ⊗Q =




p11Q p12Q . . . p1lQ
p21Q p22Q . . . p2lQ

... ... . . . ...
pk1Q pk2Q . . . pklQ



∈ Mkr,ls.

� ¥ ® à ¥ ¬   4.1 [132]. �¨áâ¥¬  (ϕ, σ) à ¢­®¬¥à­® á®£« á®¢ ­­  ¢
â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¡®«ìè ï á¨áâ¥¬  à ¢­®¬¥à­® ¢¯®«­¥
ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì �(ϑ, σ) | ¬ âà¨æ  á®£« á®¢ ­¨ï á¨-
áâ¥¬ë (4.1),  

W (ϑ, σ) :=
ϑ∫

0
Z(0, t, σ)G(f tσ)G∗(f tσ)Z∗(0, t, σ) dt

| ¬ âà¨æ  ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (4.2). �¤¥áì Z(t, s, σ) | ¬ âà¨æ 
�®è¨ ®¤­®à®¤­®© á¨áâ¥¬ë

_z = F (f tσ)z. (4.3)



56

�®ª ¦¥¬, çâ® �(ϑ, σ) = W (ϑ, σ) ¤«ï ¢á¥å ϑ > 0 ¨ σ ∈ �.
� ¯®¬­¨¬, çâ® � = {�ij}n

i,j=1 , �ij = {γijps}n
p,s=1 ,

γijps =
ϑ∫

0
e∗i B̂(t, σ)B̂∗(t, σ)eje

∗
pĈ(t, σ)Ĉ∗(t, σ)es dt,

£¤¥ B̂(t, σ) = X(0, t, σ)B(f tσ) , Ĉ(t, σ) = X∗(t, 0, σ)C(f tσ) .
� ©¤¥¬ ­®à¬¨à®¢ ­­ãî ¯à¨ t = 0 äã­¤ ¬¥­â «ì­ãî ¬ âà¨æã

	(t, σ) á®¯àï¦¥­­®© ª (4.3) á¨áâ¥¬ë
_ψ = −ψF (f tσ).

�ãáâì

ψij(t) = (ψij
11(t), . . . , ψij

1n(t), . . . , ψij
n1(t), . . . , ψij

nn(t))

| à¥è¥­¨¥ íâ®© á¨áâ¥¬ë á ­ ç «ì­ë¬ ãá«®¢¨¥¬

ψij(0) = νij,

£¤¥ νij ∈ Rn2 | ¢¥ªâ®à, ¢á¥ ª®®à¤¨­ âë ª®â®à®£® ­ã«¥¢ë¥, §  ¨áª«îç¥-
­¨¥¬ νij

ij = 1 . �®£¤  ¬ âà¨ç­ ï äã­ªæ¨ï

Y ij(t) =
{
yij

kl(t)
}n

k,l=1 ,

£¤¥
yij

kl(t) := ψij
kl(t),

ã¤®¢«¥â¢®àï¥â § ¤ ç¥ �®è¨
_Y = Y A∗(f tσ)−A∗(f tσ)Y, Y (0) = eie

∗
j .

�¥âàã¤­® ¯à®¢¥à¨âì, çâ®

Y ij(t) = X∗(0, t, σ)eie
∗
jX

∗(t, 0, σ).

� ª¨¬ ®¡à §®¬,

ψij
kl(t) = e∗kX

∗(0, t, σ)eie
∗
jX

∗(t, 0, σ)el.

� ¯¨è¥¬ 	(t, σ) ¢ ¡«®ç­®¬ ¢¨¤¥

	(t, σ) =




	11(t, σ) 	12(t, σ) . . . 	1n(t, σ)
	21(t, σ) 	22(t, σ) . . . 	2n(t, σ)

... ... . . . ...
	n1(t, σ) 	n2(t, σ) . . . 	nn(t, σ)




,
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£¤¥
	ij(t, σ) = {ψijps(t, σ)}n

p,s=1,

¯à¨ íâ®¬

ψijps(t, σ) = ψip
js(t) = e∗jX

∗(0, t, σ)eie
∗
pX

∗(t, 0, σ)es.

�«¥¤®¢ â¥«ì­®,

Z(0, t, σ) = 	(t, σ) = {Zij(0, t, σ)}n
i,j=1 ,

Zij(0, t, σ) = {zijps(0, t, σ)}n
p,s=1,

zijps(0, t, σ) = ψijps(t, σ) = e∗jX
∗(0, t, σ)eie

∗
pX

∗(t, 0, σ)es =
= e∗i X(0, t, σ)eje

∗
sX(t, 0, σ)ep.

�à¥¤áâ ¢¨¬ ¬ âà¨æã G = B ⊗ C ¢ ¡«®ç­®¬ ¢¨¤¥ G = {Gij}n,m
i,j=1 ,

£¤¥ Gij = {gijps}n,r
p,s=1 . �®£¤ , ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ¯àï¬®£® ¯à®¨§¢¥¤¥­¨ï,

gijps = bijcps . �ãáâì

Q(t, σ) := Z(0, t, σ)G(f tσ) = {qijps(t, σ)},
i, p = 1, . . . , n; j = 1, . . . , m; s = 1, . . . , r.

�®£¤ 
qijps(t, σ) =

n∑

k,l=1
zikpl(0, t, σ)bkj(f tσ)cls(f tσ) =

= e∗i X(0, t, σ)
( n∑

k=1
bkj(f tσ)ek

)( n∑

l=1
cls(f tσ)e∗l

)
X(t, 0, σ)ep =

= e∗i X(0, t, σ)B(f tσ)eje
∗
sC

∗(f tσ)X(t, 0, σ)ep = e∗i B̂(t, σ)eje
∗
sĈ

∗(t, σ)ep.

�®íâ®¬ã (ikpl) -© í«¥¬¥­â ¬ âà¨æë QQ∗ à ¢¥­
m∑

j=1

r∑

s=1
qijps(t, σ)qkjls(t, σ) = e∗i B̂(t, σ)B̂∗(t, σ)eke

∗
pĈ(t, σ)Ĉ∗(t, σ)el.

� ¯¨è¥¬ W (ϑ, σ) ¢ ¡«®ç­®¬ ¢¨¤¥ W = {Wij}n
i,j=1 . �ç¨âë¢ ï à -

¢¥­áâ¢®
W (ϑ, σ) =

ϑ∫

0
Q(t, σ)Q∗(t, σ) dt,

¤«ï (p, s) -£® í«¥¬¥­â  ¬ âà¨æë Wij ¯®«ãç¨¬ á®®â­®è¥­¨ï

wijps(ϑ, σ) =
ϑ∫

0
e∗i B̂(t, σ)B̂∗(t, σ)eje

∗
pĈ(t, σ)Ĉ∗(t, σ)es dt = γijps(ϑ, σ).
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�«¥¤®¢ â¥«ì­®, W (ϑ, σ) = �(ϑ, σ) , ¨ à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï¥-
¬®áâì ¡®«ìè®© á¨áâ¥¬ë (F, G, σ) íª¢¨¢ «¥­â­  à ¢­®¬¥à­®© á®£« á®-
¢ ­­®áâ¨ á¨áâ¥¬ë (ϕ, σ) . �¥®à¥¬  ¤®ª § ­ .

�®à¬ã«¨àã¥¬ë¥ ­¨¦¥ ãâ¢¥à¦¤¥­¨ï «¥£ª® á«¥¤ãîâ ¨§ â¥®à¥¬ë 4.1
á ¯à¨¬¥­¥­¨¥¬ à¥§ã«ìâ â®¢ à ¡®âë �. �. �¢ ­®¢  ¨ �. �. �®­ª®¢  [54].

� « ¥ ¤ á â ¢ ¨ ¥ 4.1 [132]. �ãáâì E | ª®¬¯ ªâ­®¥ ¨­¢ à¨ ­â­®¥
¬­®¦¥áâ¢® ¢ � . �á«¨ ¢ ª ¦¤®¬ ¬¨­¨¬ «ì­®¬ ¬­®¦¥áâ¢¥ Eα , α ∈ A ,
á®¤¥à¦ é¥¬áï ¢ E , ­ ©¤¥âáï â®çª  σα ∈ Eα â ª ï, çâ® á¨áâ¥¬ 
(ϕ, σα) á®£« á®¢ ­­ , â® ¢áïª ï á¨áâ¥¬  (ϕ, σ) , σ ∈ E , à ¢­®¬¥à­® á®-
£« á®¢ ­­ . �®«¥¥ â®£®, ­ ©¤ãâáï ϑ ¨ l ( á¬. ®¯à¥¤¥«¥­¨¥ 2.2 ) , ®¡é¨¥
¤«ï ¢á¥å σ ∈ E .

� « ¥ ¤ á â ¢ ¨ ¥ 4.2 [132]. �ãáâì ¬­®¦¥áâ¢® γ+(σ) ª®¬¯ ªâ­® ¨ ¢
ª ¦¤®¬ ¬¨­¨¬ «ì­®¬ Eα ¨§ ®¬¥£ -¯à¥¤¥«ì­®£® ¬­®¦¥áâ¢  â®çª¨ σ

áãé¥áâ¢ã¥â σα ∈ Eα â ª®¥, çâ® á¨áâ¥¬  (ϕ, σα) á®£« á®¢ ­­ . �®-
£¤  á¢®©áâ¢  á®£« á®¢ ­­®áâ¨ ¨ à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨ á¨áâ¥-
¬ë (ϕ, σ) íª¢¨¢ «¥­â­ë.

� « ¥ ¤ á â ¢ ¨ ¥ 4.3 [132]. �ãáâì E | ®¡ê¥¤¨­¥­¨¥ â¥å ¬¨­¨¬ «ì­ëå
¢ � ¬­®¦¥áâ¢, ¢ ª ¦¤®¬ ¨§ ª®â®àëå ­ ©¤¥âáï σ â ª®¥, çâ® (ϕ, σ)
á®£« á®¢ ­­ . �®£¤  ¤«ï «î¡®£® σ , ¯à¨­ ¤«¥¦ é¥£® §®­¥ ¯à¨âï¦¥­¨ï
W s(E) ¬­®¦¥áâ¢  E , á¨áâ¥¬  (ϕ, σ) à ¢­®¬¥à­® á®£« á®¢ ­­ .

§ 5. �®íää¨æ¨¥­â­ë¥ ¯à¨§­ ª¨ á®£« á®¢ ­­®áâ¨

�¤¥áì ­  ®á­®¢ ­¨¨ à¥§ã«ìâ â®¢ ¯à¥¤ë¤ãé¥£® ¯ à £à ä  ¯®«ãç¥-
­ë ª®íää¨æ¨¥­â­ë¥ ¯à¨§­ ª¨ á®£« á®¢ ­­®áâ¨ «¨­¥©­ëå ã¯à -
¢«ï¥¬ëå á¨áâ¥¬ á ­ ¡«î¤ â¥«¥¬.

� áá¬®âà¨¬ á¨áâ¥¬ã
_w = F (t)w, w ∈ RN , t ∈ R, (5.1)

¨ «¨­¥©­®¥ ¯à®áâà ­áâ¢®
L(t) = {w ∈ RN : H(t)w = 0}, (5.2)

£¤¥ H(t) ∈ MkN , k 6 N . �ã¤¥¬ £®¢®à¨âì, çâ® ¯à®áâà ­áâ¢® (5.2) ­¥ á®-
¤¥à¦¨â æ¥«ëå âà ¥ªâ®à¨© (á¨áâ¥¬ë (5.1) ­  [t0, t0 + ϑ] ), ¥á«¨ ¢ª«îç¥­¨¥
w(t) ∈ L(t) , t0 6 t6 t0 +ϑ , £¤¥ w(·) | à¥è¥­¨¥ á¨áâ¥¬ë (5.1), ¢®§¬®¦­®
â®«ìª® ¤«ï w(t) ≡ 0 .
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�à¥¤¯®« £ ï ¤®áâ â®ç­ãî £« ¤ª®áâì F (·) ¨ H(·) , ¯®áâà®¨¬ ¬ -
âà¨ç­ë¥ äã­ªæ¨¨

H0(t) = H(t), Hi+1(t) = _Hi(t) + Hi(t)F (t), i = 0, . . . , l − 2,

¨
Hl(t) = (H0(t), . . . , Hl−1(t))∗ ∈ Mkl,N . (5.3)

� ¥ ¬ ¬   5.1 [129]. �á«¨ áãé¥áâ¢ãîâ τ ∈ ]t0, t0 + ϑ[ ¨ ­ âãà «ì­®¥
l â ª¨¥, çâ®

rank Hl(τ) = N, (5.4)
â® ¯à®áâà ­áâ¢® (5.2) ­¥ á®¤¥à¦¨â æ¥«ëå âà ¥ªâ®à¨©.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì w(·) | à¥è¥­¨¥ á¨áâ¥¬ë (5.1) ­  ®â-
à¥§ª¥ [t0, t0 + ϑ] , ¯à¨ç¥¬ ¢ë¯®«­¥­® â®¦¤¥áâ¢® H0(t)w(t) ≡ 0 ­ 
[t0, t0 + ϑ] . �®£¤ 

0 ≡ (H0(t)w(t))_= _H0(t)w(t) + H0(t) _w(t) =
= _H0(t)w(t) + H0(t)F (t)w(t) = H1(t)w(t).

�®á«¥¤®¢ â¥«ì­® ¤¨ää¥à¥­æ¨àãï ¯®«ãç îé¨¥áï â®¦¤¥áâ¢ , ¯®«ãç¨¬
Hi(t)w(t) = 0, t ∈ [t0, t0 + ϑ], i = 0, . . . , l − 1,

â. ¥.
Hl(t)w(t) ≡ 0 ­  [t0, t0 + ϑ].

�® ãá«®¢¨î, Hl(τ) ¨¬¥¥â N «¨­¥©­® ­¥§ ¢¨á¨¬ëå áâà®ª, ¯®íâ®¬ã
w(τ) = 0 ¨, á«¥¤®¢ â¥«ì­®, w(t) ≡ 0 . �¥¬¬  ¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 5.1 [129]. �ãáâì F ¨ H ¯®áâ®ï­­ë. �®£¤  ¯à®áâà ­-
áâ¢® (5.2) ­¥ á®¤¥à¦¨â æ¥«ëå âà ¥ªâ®à¨© ¢ â®¬ ¨ â®«ìª® â®¬ á«ã-
ç ¥, ª®£¤ 

rank(H, HF, . . . , HFN−1) = N. (5.5)

� ® ª   §   â ¥ « ì á â ¢ ®. � ® á â   â ® ç ­ ® á â ì. � à áá¬ âà¨¢ ¥¬®¬ á«ã-
ç ¥ Hi(t) ≡ HF i , i = 0, 1, . . . , ¯®íâ®¬ã

HN(t) ≡ (H, HF, . . . ,HFN−1),
¨ ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ (5.4).

� ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì (5.5) ­¥ ¨¬¥¥â
¬¥áâ . �®£¤  áãé¥áâ¢ã¥â ­¥­ã«¥¢®© ¢¥ªâ®à w0 ∈ RN â ª®©, çâ® ¤«ï ¢á¥å
k = 0, 1, . . . , N − 1 á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

HF kw0 = 0. (5.6)
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�§ «¥¬¬ë �¥«¨{� ¬¨«ìâ®­  [80, á. 126] á«¥¤ã¥â, çâ® (5.6) ¢ë¯®«­¥­®
¯à¨ ¢á¥å æ¥«ëå k>0 . �¬­®¦ ï (5.6) ­  tk/k! ¨ áã¬¬¨àãï ¯® k , ¯®«ãç¨¬
à ¢¥­áâ¢®

∞∑

k=0

HF kw0t
k

k! = H
( ∞∑

k=0

F ktk

k!
)
w0 = H(exp Ft)w0 = 0, t ∈ R.

� ª¨¬ ®¡à §®¬, ¯à®áâà ­áâ¢® (5.2) á®¤¥à¦¨â æ¥«ãî âà ¥ªâ®à¨î á¨áâ¥-
¬ë (5.1) ­  R . �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â á«¥¤áâ¢¨¥.

�® «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬¥ á ­ ¡«î¤ â¥«¥¬

_x = A(t)x + B(t)u, y = C∗(t)x, x ∈ Rn, u ∈ Rm, y ∈ Rr, (5.7)

ª®â®àãî ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á âà®©ª®© (A(·), B(·), C(·)) , ¯®áâà®¨¬
n2 × n2 ¬ âà¨æã

F (t) = −{aji(t)E}n
i,j=1 + diag(A(t), . . . , A(t)) (5.8)

¨ mr × n2 ¬ âà¨æã

H(t) =




b11(t)C∗(t) . . . bn1(t)C∗(t)
... . . . ...

b1m(t)C∗(t) . . . bnm(t)C∗(t)


 , (5.9)

ï¢«ïîéãîáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¬ âà¨æ B∗(t) ¨ C∗(t) .
� ¥ ® à ¥ ¬   5.1 [129]. �ãáâì F (·) ¨ H(·) ®¯à¥¤¥«¥­ë à ¢¥­áâ¢ -

¬¨ (5.8) ¨ (5.9). �¨áâ¥¬  (A(·), B(·), C(·)) á®£« á®¢ ­­  ­  [t0, t0 + ϑ]
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¯à®áâà ­áâ¢® (5.2) ­¥ á®¤¥à¦¨â
æ¥«ëå âà ¥ªâ®à¨© á¨áâ¥¬ë (5.1) ­  [t0, t0 + ϑ] .

� ® ª   §   â ¥ « ì á â ¢ ®. �¨áâ¥¬  (5.7) á®£« á®¢ ­­  ­  [t0, t0+ϑ] â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  äã­ªæ¨¨

B∗(t)X∗(t0, t)eie
∗
jX

∗(t, t0)C(t), i, j = 1, . . . , n, (5.10)

«¨­¥©­® ­¥§ ¢¨á¨¬ë ­  [t0, t0 + ϑ] (â¥®à¥¬  2.1). �¡®§­ ç¨¬

Y0(t) = X∗(t0, t)Y0X
∗(t, t0),

â®£¤  Y0(·) | à¥è¥­¨¥ ¬ âà¨ç­®© § ¤ ç¨
_Y = Y A∗(t)−A∗(t)Y, Y (t0) = Y0, (5.11)

¨ äã­ªæ¨¨ (5.10) «¨­¥©­® ­¥§ ¢¨á¨¬ë ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨
¨§ à ¢¥­áâ¢ 

B∗(t)Y0(t)C(t) = 0, t0 6 t 6 t0 + ϑ, (5.12)
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¨¬¥¥¬ Y0 = 0 .
�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¢¥ªâ®à

w(t) =




y1(t)...
yn(t)


 ∈ Rn2

,

á®áâ ¢«¥­­ë© ¨§ áâ®«¡æ®¢ y1(t), . . . , yn(t) ¬ âà¨æë Y ∗
0 (t) . �®£¤  w(·)

ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢­¥­¨© (5.1), £¤¥ F (·) ®¯à¥¤¥«¥­  à ¢¥­-
áâ¢®¬ (5.8),   (5.12) íª¢¨¢ «¥­â­® á®®â­®è¥­¨î H(t)w = 0 , £¤¥ H(·)
®¯à¥¤¥«¥­  (5.9). � ª¨¬ ®¡à §®¬, ¢ á¨«ã «¥¬¬ë 2.2 ¨ ¤®ª § ­­®© íª¢¨-
¢ «¥­â­®áâ¨ á®£« á®¢ ­­®áâì á¨áâ¥¬ë (5.7) à ¢­®á¨«ì­  ®âáãâáâ¢¨î æ¥-
«ëå âà ¥ªâ®à¨© á¨áâ¥¬ë (5.1), á®¤¥à¦ é¨åáï ¢ (5.2). �¥®à¥¬  ¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 5.2 [129]. �ãáâì ¬ âà¨ç­ë¥ äã­ªæ¨¨ F (·) ¨ H(·)
®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨ (5.8) ¨ (5.9). �à¥¤¯®«®¦¨¬, çâ® íâ¨ äã­ªæ¨¨
­ áâ®«ìª® £« ¤ª¨¥, çâ® ¯® ­¨¬ ¢ á®®â¢¥âáâ¢¨¨ á (5.3) ¬®¦­® ¯®áâà®-
¨âì ¬ âà¨æã Hn2(t) , t ∈ [t0, t0 + ϑ] . �á«¨ áãé¥áâ¢ã¥â τ ∈ [t0, t0 + ϑ]
â ª®¥, çâ® rank Hn2(τ) = n2 , â® á¨áâ¥¬  (A(·), B(·), C(·)) á®£« á®¢ ­-
­  ­  [t0, t0 + ϑ] .

� « ¥ ¤ á â ¢ ¨ ¥ 5.3 [129]. �¨áâ¥¬ 

_xi = bi(t)u, y = c1(t)x1 + . . . + cn(t)xn,

£¤¥ x = col(x1, . . . , xn) ∈ Rn , y ∈ R , u ∈ R , á®£« á®¢ ­­  ­  [t0, t0 + ϑ]
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  á®¢®ªã¯­®áâì äã­ªæ¨© bi(·)cj(·) ,
i, j = 1, . . . , n , «¨­¥©­® ­¥§ ¢¨á¨¬  ­  [t0, t0 + ϑ] .

� ® ª   §   â ¥ « ì á â ¢ ®. � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ A(t) ≡ 0 ∈ Mn ,
¯®íâ®¬ã F (t) ≡ 0 ∈ Mn2 ,   C(t) = col(c1(t), . . . , cn(t)) , á«¥¤®¢ â¥«ì­®,

H(t) = (b1(t)C∗(t), . . . , bn(t)C∗(t)) =

= (b1(t)c1(t), . . . , b1(t)cn(t), . . . , bn(t)c1(t), . . . , bn(t)cn(t)).
� ¢¥­áâ¢® H(t)w = 0 , w = const ∈ Rn2 , w 6= 0 , t ∈ [t0, t0 + ϑ] , ¢®§¬®¦­®
â®«ìª® ¢ á«ãç ¥ «¨­¥©­®© § ¢¨á¨¬®áâ¨ ­  [t0, t0 +ϑ] í«¥¬¥­â®¢ ¢¥ªâ®à-
áâà®ª¨ H(t) ,   íâ® à ¢­®á¨«ì­® ¤®ª §ë¢ ¥¬®¬ã.

� « ¥ ¤ á â ¢ ¨ ¥ 5.4 [129]. �ãáâì A ∈ Mn | ¯®áâ®ï­­ ï ¬ âà¨æ ,
b, c ∈ Rn | ¯®áâ®ï­­ë¥ ¢¥ªâ®àë. �®£¤  á¨áâ¥¬  (A, b, c) ­¥ ï¢«ï¥âáï
á®£« á®¢ ­­®©.
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� ® ª   §   â ¥ « ì á â ¢ ®. �¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ,
çâ® ¤«ï ª ¦¤®£® ¢¥ªâ®à 

w = col(w1, . . . , wn) ∈ Rn2
,

£¤¥ wi ∈ Rn , á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 
HF kw = c∗Wkb, k = 0, 1, . . . .

�¤¥áì Wk ∈ Mn , Wk+1 = WkA
∗−A∗Wk ,   áâ®«¡æë ¬ âà¨æë W0 ®¡à §®-

¢ ­ë ¢¥ªâ®à ¬¨ w1, . . . , wn .
�«¥¤ãîé¨¥ âà¨ á«ãç ï ¨áç¥à¯ë¢ îâ ¢á¥¢®§¬®¦­ë¥ A, b, c .
I. �ãáâì c∗b = 0 . �®áâà®¨¬ ¢¥ªâ®à w = col(e1, . . . , en) ∈ Rn2 , £¤¥

ei | i-© ¥¤¨­¨ç­ë© ¢¥ªâ®à ¯à®áâà ­áâ¢  Rn . �®£¤  W0 = E ¨ Wk = 0
¯à¨ ¢á¥å ­ âãà «ì­ëå k . �«¥¤®¢ â¥«ì­®, Hw = c∗W0b = c∗b = 0 ¨
HF kw = c∗Wkb = 0 ¯à¨ ¢á¥å k ∈ N .

II. �ãáâì c∗b 6= 0 ¨ A 6= βE ­¨ ¯à¨ ª ª®¬ β ∈ R . �®£¤  ¢ ª ç¥-
áâ¢¥ wi ¢®§ì¬¥¬ áâ®«¡æë ¬ âà¨æë A∗ − c∗A∗bE/c∗b . �¥¯®áà¥¤áâ¢¥­­®
¯à®¢¥àï¥âáï, çâ® ¨ ¢ íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  HF kw = 0 ,
k = 0, 1, . . . .

III. � ª®­¥æ, ¯ãáâì A = βE ¯à¨ ­¥ª®â®à®¬ β ∈ R . �®£¤  Wk = 0
¯à¨ ¢á¥å k ∈ N , ¯®íâ®¬ã ¢ ª ç¥áâ¢¥ w ¤®áâ â®ç­® ¢§ïâì «î¡®© ­¥­ã«¥-
¢®© ¢¥ªâ®à, â ª®©, çâ® ¯®áâà®¥­­ ï ¯® ­¥¬ã ¬ âà¨æ  W0 £ à ­â¨àã¥â
¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  W0b = 0 . �®£¤  HF kw = 0 ¯à¨ ¢á¥å k = 0, 1, . . . .

�â ª, ¢ ª ¦¤®¬ ¨§ íâ¨å á«ãç ¥¢ ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
rank(H,HF, . . . , HF n2−1) < n2.

�§ â¥®à¥¬ë 5.1 ¨ á«¥¤áâ¢¨ï 5.1 ¢ëâ¥ª ¥â, çâ® âà®©ª  (A, b, c) ­¥ ï¢«ï-
¥âáï á®£« á®¢ ­­®©. �«¥¤áâ¢¨¥ ¤®ª § ­®.

§ 6. �¥â®¤ ¯®¢®à®â®¢ �¨««¨®­é¨ª®¢  ¤«ï á®£« á®¢ ­­ëå
á¨áâ¥¬

� íâ®¬ ¯ à £à ä¥ ¤®ª § ­ë ãâ¢¥à¦¤¥­¨ï ® ¢®§¬ãé¥­¨ïå ¬ âà¨æë
�®è¨ (â¥®à¥¬  6.1, á«¥¤áâ¢¨¥ 6.1), ­  ®á­®¢ ­¨¨ ª®â®àëå áâ ­®-
¢¨âáï ¢®§¬®¦­ë¬ ¯à¨¬¥­ïâì ¬¥â®¤ ¯®¢®à®â®¢ �. �. �¨««¨®­é¨-
ª®¢  ª á®£« á®¢ ­­ë¬ á¨áâ¥¬ ¬ (á¬. § ¬¥ç ­¨¥ 6.1).

� áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã á ­ ¡«î¤ â¥«¥¬
_x = A(t)x + B(t)u, y = C∗(t)x, x ∈ Rn, u ∈ Rm, y ∈ Rr. (6.1)
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�¨áâ¥¬ã ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á äã­ªæ¨¥© σ : R→ Mn,n+m+r ,
σ(·) := (A(·), B(·), C(·)).

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äã­ªæ¨ï σ(·) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:
 ) äã­ªæ¨ï t 7→ ‖σ(t)‖ ¨§¬¥à¨¬  ¯® �¥¡¥£ã ¨ ®£à ­¨ç¥­  ­  R ;
¡) ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï δ > 0 â ª®¥, çâ®

sup
t∈R

t+1∫

t

‖στ(s)− σ(s)‖ ds < ε,

¥á«¨ |τ | < δ ; §¤¥áì στ(s) := σ(s + τ) | á¤¢¨£ äã­ªæ¨¨ σ(·) ­  τ .
�¡®§­ ç¨¬ ç¥à¥§ X(t, s) ¬ âà¨æã �®è¨ ®¤­®à®¤­®© á¨áâ¥¬ë

_x = A(t)x, (6.2)
  ç¥à¥§ XV (t, s) | ¬ âà¨æã �®è¨ á¨áâ¥¬ë

_x = (A(t) + B(t)V (t)C∗(t))x. (6.3)
�«ï ¯®«®¦¨â¥«ì­®£® ç¨á«  ε ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¬­®¦¥áâ¢®

Uε ¨§¬¥à¨¬ëå äã­ªæ¨© U : R → Mmr , ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã
sup
t∈R

‖U(t)‖ < ε . �ã¦¥­¨¥ Uε ­  ¯à®¬¥¦ãâ®ª J ⊂ R ®¡®§­ ç¨¬ Uε(J) .

� ¥ ¬ ¬   6.1 [127]. �á«¨ á¨áâ¥¬  σ(·) ϑ-à ¢­®¬¥à­® á®£« á®¢ ­­ ,
â® áãé¥áâ¢ã¥â κ0 > 0 â ª®¥, çâ® ¢áïª¨¬ κ ∈ [0,κ0] ¨ ε > 0 ®â¢¥-
ç ¥â δ = δ(κ, ε) > 0 , ®¡¥á¯¥ç¨¢ îé¥¥ á«¥¤ãîé¥¥ á¢®©áâ¢®: ¤«ï «î¡®©
äã­ªæ¨¨ V (·) ∈ Uκ , â ª®©, çâ® á¨áâ¥¬  (A + BV C∗, B,C) ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨ï¬  ) ¨ ¡) , «î¡®© ¬ âà¨æë H ∈ Bδ(0) ⊂ Mn ¨ «î¡®£®
τ ∈ R áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ Uε , ®¡¥á¯¥ç¨¢ îé¥¥ à §à¥è¨-
¬®áâì ®â­®á¨â¥«ì­® Z(·) § ¤ ç¨

_Z = (A(t) + B(t)V (t)C∗(t))Z + B(t)UC∗(t)XV (t, τ) + B(t)UC∗(t)Z, (6.4)
Z(τ) = 0, Z(τ + ϑ) = H. (6.5)

� ® ª   §   â ¥ « ì á â ¢ ®. �§ á«¥¤áâ¢¨ï 3.3 ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ â -
ª®£® κ0 > 0 , çâ® ¤«ï «î¡®£® κ ∈ [0,κ0] áãé¥áâ¢ã¥â α1 = α1(κ) > 0 ,
®¡¥á¯¥ç¨¢ îé¥¥ á¢®©áâ¢®: ª ¦¤®¬ã α ∈ [0, α1] ®â¢¥ç ¥â β = β(α,κ) â -
ª®¥, çâ® ¤«ï «î¡®£® τ ∈ R , «î¡®© ¬ âà¨æë H ∈ Mn ¨ «î¡ëå äã­ªæ¨©
V (·) ∈ Uκ ¨ Z(·) ∈ C([τ, τ + ϑ], Bα(0)) ãà ¢­¥­¨¥

τ+ϑ∫

τ

XV (τ + ϑ, t)B(t)U(t)C∗(t)(XV (t, τ) + Z(t)) dt = H (6.6)
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à §à¥è¨¬® ®â­®á¨â¥«ì­® U(·) ∈ L∞([τ, τ + ϑ], Mmr) , ¯à¨ç¥¬ ¯à¨ ¢á¥å
τ 6 t 6 τ + ϑ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® ‖U(t)‖6 β‖H‖ .

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë¥ τ ∈ R , κ ∈ [0,κ0] , α ∈ [0, α1(κ)] ¨
V (·) ∈ Uκ([τ, τ + ϑ], Mmr) , ¨ ¤«ï ¢ë¡à ­­ëå κ ¨ α ­ ©¤¥¬ β = β(α,κ) .
�ãáâì Z(·) ∈ C([τ, τ + ϑ], Bα(0)) , ε ∈]0, ε0] , H ∈ Bδ(0) ⊂ Mn ; ¢ë¡®à ¢¥-
«¨ç¨­ë ε0 = ε0(α,κ) ãâ®ç­¨¬ ­¨¦¥, δ 6 ε

β(α,κ) . �®áâà®¨¬ ã¯à ¢«¥­¨¥

UZ(t, s) =




U(s), s ∈ [τ, t],
0, s ∈ ]t, τ + ϑ],

£¤¥ U(·) ∈ L∞([τ, τ +ϑ], Mmr) | äã­ªæ¨ï, ®¡¥á¯¥ç¨¢ îé ï ¢ë¯®«­¥­¨¥
à ¢¥­áâ¢  (6.6) ¤«ï ¢ë¡à ­­®© Z(·) . �â¬¥â¨¬, çâ®

‖U(t)‖6 ε, τ 6 t 6 τ + ϑ.

� áá¬®âà¨¬ ®¯¥à â®à F , ®¯à¥¤¥«¥­­ë© à ¢¥­áâ¢®¬

(FZ)(t) =
τ+ϑ∫

τ

XV (t, s)B(s)UZ(t, s)C∗(s)(XV (s, τ)+Z(s)) ds, t ∈ [τ, τ +ϑ].

�ë¡¥à¥¬ ε0 â ª¨¬, çâ®¡ë ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ 

ε0 <
1

ϑk(κ)α,
ϑk2(κ)ε0d

1− ϑk(κ)ε0d
6 α1,

£¤¥
‖XV (t, s)‖ 6 k(κ), ‖B(t)‖ ‖C∗(t)‖ 6 d, t, s ∈ [τ, τ + ϑ].

�®£¤  ¯à¨ ª ¦¤®¬ ε ∈ ]0, ε0] ®¯¥à â®à F ¯¥à¥¢®¤¨â ¬­®¦¥áâ¢®
C([τ, τ + ϑ], Bα(0))

¢ á¥¡ï ¯à¨ «î¡®¬ α , ã¤®¢«¥â¢®àïîé¥¬ ­¥à ¢¥­áâ¢ ¬
ϑk2(κ)εd

1− ϑk(κ)εd 6 α 6 α1.

�¥©áâ¢¨â¥«ì­®,
‖(FZ)(t)‖6 ϑk(κ)dε0(k(κ) + α) 6 α.

� ª ª ª ®¯¥à â®à F ¢¯®«­¥ ­¥¯à¥àë¢¥­ ª ª ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§
C([τ, τ +ϑ], Mn) ¢ á¥¡ï [70, á. 43], â® ¢ á¨«ã ¯à¨­æ¨¯  � ã¤¥à  F ¨¬¥¥â
­¥¯®¤¢¨¦­ãî â®çªã Ẑ(·) . �®áª®«ìªã

Ẑ(·) =
t∫

τ

XV (t, s)B(s)Û(s)C∗(s)(XV (s, τ) + Ẑ(s)) ds,
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£¤¥ äã­ªæ¨ï Û(·) | à¥è¥­¨¥ (6.6) ¯à¨ Z = Ẑ(·) , â® Ẑ(·) | à¥è¥­¨¥
§ ¤ ç¨ (6.4), (6.5) ¯à¨ U = Û(·) , ¨, ªà®¬¥ â®£®,

‖Û(t)‖6 β‖H‖6 βδ 6 ε.

�¥¬¬  ¤®ª § ­ .
� ¥ ® à ¥ ¬   6.1 [127]. �á«¨ á¨áâ¥¬  (A,B, C) à ¢­®¬¥à­® á®£« -

á®¢ ­­ , â® áãé¥áâ¢ãîâ κ0 > 0 ¨ ϑ0 > 0 â ª¨¥, çâ® ¢áïª¨¬
κ ∈ ]0,κ0[ ¨ ε > 0 ®â¢¥ç ¥â η = η(κ, ε) > 0 , ®¡¥á¯¥ç¨¢ îé¥¥ á«¥¤ã-
îé¥¥ á¢®©áâ¢®: ¤«ï «î¡®© äã­ªæ¨¨ V (·) ∈ Uκ ( â ª®©, çâ® á¨áâ¥¬ 
(A + BV C∗, B, C) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬  ), ¡) ) , «î¡®© ¬ âà¨æë
H ∈ Bη(E) ⊂ Mn , «î¡®£® ϑ > ϑ0 ¨ «î¡®£® τ ∈ R ­ ©¤¥âáï äã­ªæ¨ï
U(·) ∈ Uε , ®¡¥á¯¥ç¨¢ îé ï ¤«ï ¬ âà¨æë �®è¨ XU+V (t, s) á¨áâ¥¬ë

_x = (A(t) + B(t)(U(t) + V (t))C∗(t))x (6.7)
à ¢¥­áâ¢®

XU+V (τ + ϑ, τ) = X(τ + ϑ, τ)H.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ϑ0 | ç¨á«®, ®¡¥á¯¥ç¨¢ îé¥¥ ϑ0-à ¢-
­®¬¥à­ãî á®£« á®¢ ­­®áâì á¨áâ¥¬ë (A,B, C) . �®§ì¬¥¬ «î¡ë¥ τ ∈ R ,
ε > 0 ¨ κ ∈]0,κ0[ (κ0 | ¨§ «¥¬¬ë 6.1). �ãáâì V (·) ∈ Uκ . �§ «¥¬¬ë 6.1
á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ β = β(κ, ε) â ª®£®, çâ® ¯à¨ ¢á¥å H ∈ Mn , ã¤®-
¢«¥â¢®àïîé¨å ãá«®¢¨î

‖XV (τ + ϑ0, τ)H −XV (τ + ϑ0, τ)‖ < β, (6.8)
§ ¤ ç 

_Z0 = (A(t) + B(t)V (t)C∗(t))Z0 + B(t)U(t)C∗(t)XV (t, τ) + B(t)UC∗(t)Z0,

Z0(τ) = 0, Z0(τ + ϑ0) = XV (τ + ϑ0, τ)H −XV (τ + ϑ0, τ) (6.9)
à §à¥è¨¬  ®â­®á¨â¥«ì­® Z0(·) ¯à¨ ­¥ª®â®à®© U(·) ∈ Uε([τ, τ + ϑ0]) .

�®«®¦¨¬ η(κ, ε) = β(κ, ε)k−1(κ) . �á«¨ H ∈ Bη(E) ⊂ Mn | ¯à®¨§-
¢®«ì­ ï ¬ âà¨æ , â®

‖XV (τ + ϑ0, τ)H −XV (τ + ϑ0, τ)‖6

6 ‖XV (τ + ϑ0, τ)−XV (τ + ϑ0, τ)‖ ‖H − E‖ < k(κ)η(κ, ε) = β(κ, ε),
â. ¥. ­¥à ¢¥­áâ¢® (6.8) ¢ë¯®«­¥­®. � áá¬®âà¨¬ äã­ªæ¨î t 7→ Z(t) ∈ Mn ,
®¯à¥¤¥«¥­­ãî ­  [τ, τ + ϑ0] à ¢¥­áâ¢®¬

Z(t) = XV (t, τ) + Z0(t).
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�®£¤  Z(·) ã¤®¢«¥â¢®àï¥â ­ ç «ì­®¬ã ãá«®¢¨î

Z(τ) = XV (τ, τ) + Z0(τ) = E

¨ á®®â­®è¥­¨ï¬
_Z = _XV (t, τ) + _Z0(t) = (A(t) + B(t)V (t)C∗(t))XV (t, τ)+

+(A(t) + B(t)V (t)C∗(t))Z0 + B(t)U(t)C∗(t)XV (t, τ) + B(t)U(t)C∗(t)Z0 =
= (A(t) + B(t)V (t)C∗(t))Z + B(t)U(t)C∗(t)Z =

= (A(t) + B(t)(U(t) + V (t))C∗(t))Z.

� á¨«ã â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ ­  [τ, τ + ϑ0] ¢ë¯®«-
­¥­® à ¢¥­áâ¢®

Z(t) = XU+V (t, τ).
�§ (6.9) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì á®®â­®è¥­¨ï

XU+V (τ + ϑ0, τ) = XV (τ + ϑ0, τ)H.

�®§ì¬¥¬ â¥¯¥àì ¯à®¨§¢®«ì­®¥ ϑ > ϑ0 . �  ®âà¥§ª¥ [τ, τ + ϑ0] ¯®-
áâà®¨¬ U(·) , ª ª ¡ë«® ®¯¨á ­® ¢ëè¥,   ­  ¯®«ã¨­â¥à¢ «¥ ]τ +ϑ0, τ +ϑ]
¯®«®¦¨¬ U(t) ≡ 0 . �®£¤ 

XU+V (τ + ϑ, τ) = XU+V (τ + ϑ, τ + ϑ0)XU+V (τ + ϑ0, τ) =

= XV (τ + ϑ, τ + ϑ0)XV (τ + ϑ0, τ)H = XV (τ + ϑ, τ)H.

�¥®à¥¬  ¤®ª § ­ .
� « ¥ ¤ á â ¢ ¨ ¥ 6.1 [127]. �á«¨ á¨áâ¥¬  (A,B, C) à ¢­®¬¥à­® á®£« -

á®¢ ­­ , â® áãé¥áâ¢ã¥â ϑ0 â ª®¥, çâ® ¢áïª®¬ã ε > 0 ®â¢¥ç ¥â η >

0 , ®¡¥á¯¥ç¨¢ îé¥¥ á¢®©áâ¢®: ¤«ï «î¡®© ¬ âà¨æë H ∈ Bη(E) ⊂ Mn ,
«î¡®£® ϑ>ϑ0 ¨ «î¡®£® τ ∈ R ­ ©¤¥âáï äã­ªæ¨ï U(·) ∈ Uε â ª ï, çâ®
¤«ï ¬ âà¨æë �®è¨ XU(t, s) á¨áâ¥¬ë

_x = (A(t) + B(t)U(t)C∗(t))x (6.10)

á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

XU(τ + ϑ, τ) = X(τ + ϑ, τ)H.

�   ¬ ¥ ç   ­ ¨ ¥ 6.1. �¥®à¥¬  6.1 ¨ á«¥¤áâ¢¨¥ 6.1 ¯®§¢®«ïîâ ¯¥à¥­¥-
áâ¨ ¬¥â®¤ ¯®¢®à®â®¢ �. �. �¨««¨®­é¨ª®¢  [107, 110] (á¬. â ª¦¥ ®¡§®à
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�. �. �§®¡®¢  [57]) ­  à ¢­®¬¥à­® á®£« á®¢ ­­ë¥ á¨áâ¥¬ë. �â¬¥â¨¬,
çâ® ¬¥â®¤ ¯®¢®à®â®¢ áãé¥áâ¢¥­­® ®¯¨à ¥âáï ­  á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥-
­¨¥ (�. �. �¨««¨®­é¨ª®¢ [110], �. �. �§®¡®¢ [57, á. 90{91, «¥¬¬  2]):
¤«ï «î¡®£® ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï x(·) á¨áâ¥¬ë (1.4) ¨ ¤«ï «î¡®£®
¢¥ªâ®à  η ∈ Rn , ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬

‖η‖ = ‖x(τ + 1)‖, ^(η, x(τ + 1)) = δ <
π

2 ,

áãé¥áâ¢ã¥â ¬ âà¨æ  ¯®¢®à®â  Uδ(·) â ª ï, çâ® ¢¥ªâ®à

y(t) := Uδ(t)x(t)

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ y(τ) = x(τ) , y(τ + 1) = η ¨ ï¢«ï¥âáï ­ 
[τ, τ + 1] à¥è¥­¨¥¬ á¨áâ¥¬ë

_y = (A(t) + P (t))y, (6.11)

£¤¥ P ∈ KCn([t0, t0 + 1]) ¨ ‖P‖C 6 (2a + 1)δ .
�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï ¬ë ¯à¨¢¥¤¥¬ ¢ ¯ à £à ä¥ 7

(«¥¬¬  7.1). �¨áâ¥¬ã (6.11) ­ §ë¢ îâ ¢®§¬ãé¥­­®© ¯® ®â­®è¥­¨î ª á¨-
áâ¥¬¥ (6.2) ¨ £®¢®àïâ, çâ® ª á¨áâ¥¬¥ (6.2) ¯à¨¬¥­¥­ ¯®¢®à®â Uδ(t) ­  ®â-
à¥§ª¥ [τ, τ+1] . �¤¥áì ­¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ¬¥â®¤ ¯®¢®à®â®¢ ¨á¯®«ì-
§ã¥âáï ¤«ï ¨§ãç¥­¨ï  á¨¬¯â®â¨ç¥áª¨å á¢®©áâ¢ à¥è¥­¨© á¨áâ¥¬ë (6.2),
¯à¨ íâ®¬ ¢ ¦¥­ à¥§ã«ìâ â ¯®¢®à®â ,   ­¥ â®, ª ª ¢¥¤ãâ á¥¡ï à¥è¥­¨ï
¢®§¬ãé¥­­®© á¨áâ¥¬ë (6.11) ­  ®âà¥§ª¥, ­  ª®â®à®¬ ¯à®¨§¢®¤¨âáï ¯®-
¢®à®â. �®íâ®¬ã ¬®¦­® áç¨â âì, çâ® ª á¨áâ¥¬¥ (6.2) ¯à¨¬¥­¥­ ¯®¢®à®â
Uδ(τ + 1) ¢ ¬®¬¥­â τ + 1 . �â ª, ®¤­® ¨§ á¢®©áâ¢, ­  ª®â®à®¬ ®á­®¢ ­
¬¥â®¤ ¯®¢®à®â®¢, á®áâ®¨â ¢ á«¥¤ãîé¥¬: ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â
δ > 0 â ª®¥, çâ® «î¡®¬ã τ ∈ R ¨ «î¡®© ¬ âà¨æ¥ H ∈ Bδ(E) ⊂ Mn

®â¢¥ç ¥â äã­ªæ¨ï P : [τ, τ + 1] → Bε(0) ⊂ Mn , £ à ­â¨àãîé ï ¤«ï
¬ âà¨æë �®è¨ Z(t, s) á¨áâ¥¬ë (6.11) ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

Z(τ + 1, τ) = HX(τ + 1, τ).

�«¥¤áâ¢¨¥ 6.1 ®¡¥á¯¥ç¨¢ ¥â ¤«ï á¨áâ¥¬ë (A(·), B(·), C(·))  ­ «®£¨ç­®¥
á¢®©áâ¢®.
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����� II. ��������� ������������
�������� ����������� ������

� íâ®© £« ¢¥ ¨áá«¥¤®¢ ­® á¢®©áâ¢® «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ «¨-
­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë

_x = A(t) + B(t)u, x ∈ Rn, u ∈ Rm, (II.1)
§ ¬ª­ãâ®© «¨­¥©­®© ¯® ­ ¡«î¤ â¥«î

y = C∗(t)x, y ∈ Rr, (II.2)
®¡à â­®© á¢ï§ìî u = U(t)y , â. ¥. á¨áâ¥¬ë

_x = (A(t) + B(t)UC∗(t))x. (II.3)
�â® á¢®©áâ¢® § ª«îç ¥âáï ¢ ¢®§¬®¦­®áâ¨ ¯®áâà®¥­¨ï â ª®£® ¬ âà¨ç­®-
£® ã¯à ¢«¥­¨ï U(·) , çâ® ¤«ï ¬ âà¨æë �®è¨ XU(t, s) § ¬ª­ãâ®© á¨áâ¥-
¬ë (II.3) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)H,

£¤¥ H ∈ Mn | ¯à®¨§¢®«ì­ ï ¤®áâ â®ç­® ¡«¨§ª ï ª E ¬ âà¨æ ,
X(t, s) | ¬ âà¨æ  �®è¨ á¢®¡®¤­®© á¨áâ¥¬ë

_x = A(t)x. (II.4)
�¢®©áâ¢® «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (II.3) ¯®§¢®«ï¥â ¯¥à¥­¥áâ¨
¬¥â®¤ ¯®¢®à®â®¢ �. �. �¨««¨®­é¨ª®¢  ­  «¨­¥©­ë¥ ã¯à ¢«ï¥¬ë¥ á¨-
áâ¥¬ë á ­ ¡«î¤ â¥«¥¬. �®ª § ­®, çâ® à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï-
¥¬®áâì á¨áâ¥¬ë (II.1) ­¥®¡å®¤¨¬  ¨ ¤®áâ â®ç­  ¤«ï à ¢­®¬¥à­®© «®-
ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (II.3) ¢ á«ãç ¥ r = n , C(t) ≡ E (â¥®-
à¥¬  8.2). � ¢­®¬¥à­ ï á®£« á®¢ ­­®áâì á¨áâ¥¬ë (II.1), (II.2) ¤®áâ â®ç-
­ , ­® ­¥ ­¥®¡å®¤¨¬  ¤«ï à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥-
¬ë (II.3) (â¥®à¥¬ë 10.1 ¨ 10.2). � § 11 ¯®ª § ­®, çâ® ¥á«¨ á¨áâ¥¬  (II.3)
à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ , â® ¤«ï ª ¦¤®£® ε > 0 ­ ©¤¥âáï δ > 0
â ª®¥, çâ® ¬­®¦¥áâ¢® Nε(A) á¨áâ¥¬ ¢¨¤  (II.3), £¤¥ ‖U‖C 6 ε , ¨ ¬­®¦¥-
áâ¢® Mδ(A) ¢®§¬ãé¥­­ëå á¨áâ¥¬

_x = (A(t) + P (t)) x, t ∈ R, x ∈ Rn,

£¤¥ ‖P‖C 6 δ , ­¥®â«¨ç¨¬ë á â®çª¨ §à¥­¨ï  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï
à¥è¥­¨© á¨áâ¥¬, ¢å®¤ïé¨å ¢ íâ¨ ¬­®¦¥áâ¢ . �  ®á­®¢ ­¨¨ íâ®£® à¥-
§ã«ìâ â  ¨ ª« áá¨ç¥áª¨å â¥®à¥¬ á®¢à¥¬¥­­®© â¥®à¨¨ ¯®ª § â¥«¥© �ï-
¯ã­®¢  (�. �. �¨««¨®­é¨ª®¢, [108, 110]) ãáâ ­®¢«¥­® áãé¥áâ¢®¢ ­¨¥ ¢®
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¬­®¦¥áâ¢¥ Nε(A) ¯à¨ ª ¦¤®¬ ε > 0 á¨áâ¥¬ë á ¨­â¥£à «ì­®© à §¤¥-
«¥­­®áâìî, ¤®ª § ­  ¤®áâ¨¦¨¬®áâì ¢¥àå­¥£® æ¥­âà «ì­®£® ¯®ª § â¥«ï

(A) á¨áâ¥¬ë (II.4) ­  ¢®§¬ãé¥­¨ïå ¨§ ª« áá 

N(A) := ⋃

ε>0
Nε(A)

¨ ¨áá«¥¤®¢ ­® á¢®©áâ¢® ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  ­  ¢®§¬ã-
é¥­¨ïå ¨§ íâ®£® ª« áá .

§ 7. �¥â®¤ ¯®¢®à®â®¢ ¨ «®ª «ì­ ï ¤®áâ¨¦¨¬®áâì
«¨­¥©­ëå ®¤­®à®¤­ëå á¨áâ¥¬

� íâ®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥­® ª« áá¨ç¥áª®¥ ¤®ª § â¥«ìáâ¢® ¢â®à®©
«¥¬¬ë ¬¥â®¤  ¯®¢®à®â®¢ �. �. �¨««¨®­é¨ª®¢  («¥¬¬  7.1) ¨ ¨§-
«®¦¥­ë ¯®¤å®¤ë (â¥®à¥¬  7.1), ª®â®àë¥ ¢ ¤ «ì­¥©è¥¬ ¯®§¢®«ïâ
¯¥à¥­¥áâ¨ íâã «¥¬¬ã ­  ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë.

� áá¬®âà¨¬ «¨­¥©­ãî ®¤­®à®¤­ãî á¨áâ¥¬ã

_x = A(t)x, x ∈ Rn, t ∈ R, (7.1)

á ªãá®ç­® ­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­­®© ­  R ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢
A(·) , a := sup

t∈R
‖A(t)‖ . �ãáâì X(t, s) | ¬ âà¨æ  �®è¨ á¨áâ¥¬ë (7.1).

� ¥ ¬ ¬   7.1 (�. �. �¨««¨®­é¨ª®¢ [110], �. �. �§®¡®¢ [57, á. 90{
91, «¥¬¬  2]). �«ï ª ¦¤®£® δ ∈ [0, π/2[ , ¤«ï «î¡®£® ­¥âà¨¢¨ «ì­®£®
à¥è¥­¨ï x(·) á¨áâ¥¬ë (7.1) ¨ ¤«ï «î¡®£® ¢¥ªâ®à  η ∈ Rn , ã¤®¢«¥â¢®-
àïîé¥£® ãá«®¢¨ï¬

‖η‖ = ‖x(t0 + 1)‖, ^(η, x(t0 + 1)) = δ,

áãé¥áâ¢ã¥â ¬ âà¨æ  ¯®¢®à®â  Uδ(·) â ª ï, çâ® ¢¥ªâ®à

y(t) := Uδ(t)x(t)

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ y(t0) = x(t0) , y(t0 + 1) = η ¨ ï¢«ï¥âáï ­ 
[t0, t0 + 1] à¥è¥­¨¥¬ á¨áâ¥¬ë

_y = (A(t) + P (t))y, (7.2)

£¤¥ P ∈ KCn([t0, t0 + 1]) ¨ ‖P‖C 6 (2a + 1)δ .
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� ® ª   §   â ¥ « ì á â ¢ ®. �«ï ª ¦¤®£® t ∈ [t0, t0 + 1] ®¡®§­ ç¨¬ ç¥à¥§
Uδ(t) ¬ âà¨æã ¯®¢®à®â  ­  ã£®« (t−t0)δ ¢ ¯«®áª®áâ¨ ¢¥ªâ®à®¢ x(t0+1), η
¢ ­ ¯à ¢«¥­¨¨ ®â ¯¥à¢®£® ª® ¢â®à®¬ã ¢¥ªâ®àã. �®£¤  äã­ªæ¨ï t 7→ Uδ(t)
¤¨ää¥à¥­æ¨àã¥¬  ­  [t0, t0 +1] ¨ ‖ _Uδ(t)‖6δ . �à¨ ª ¦¤®¬ t ∈ [t0, t0 +1]
¬ âà¨æ  Uδ(t) ®àâ®£®­ «ì­ , ¯®íâ®¬ã ‖Uδ(t)‖ = ‖U−1

δ (t)‖ = 1 . �à®¬¥
â®£®, á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

‖Uδ(t)− E‖6 δ, ‖U−1
δ (t)− E‖6 δ.

�à¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥ y = Uδ(t)x ª á¨áâ¥¬¥ (7.1), â®£¤ 
_y =( _Uδ(t)U−1

δ (t) + Uδ(t)A(t)U−1
δ (t))y.

�®«®¦¨¬
P (t) = _Uδ(t)U−1

δ (t) + Uδ(t)A(t)U−1
δ (t)−A(t).

�ã­ªæ¨ï P (·) ªãá®ç­® ­¥¯à¥àë¢­  ­  [t0, t0 + 1] ,   ¤«ï ‖P‖C ¨¬¥¥¬
®æ¥­ª¨

‖P‖C 6 ‖ _Uδ‖C‖U−1
δ ‖C + ‖UδAU−1

δ − UδA‖C + ‖UδA−A‖C 6

6 δ + ‖Uδ‖C‖A‖C‖U−1
δ −E‖C + ‖A‖C‖Uδ −E‖C 6 δ + aδ + aδ = (2a + 1)δ.

�«ï à¥è¥­¨ï y(·) á¨áâ¥¬ë (7.2) á ¢ë¡à ­­®© P (·) ¨ á ­ ç «ì­ë¬ ãá«®-
¢¨¥¬ y(t0) = x(t0) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

y(t0 + 1) = Uδ(t0 + 1)x(t0 + 1) = η.

�¥¬¬  ¤®ª § ­ .
� «¥¥ ¢ íâ®¬ ¯ à £à ä¥ ¬ë ¯à¨¬¥­¨¬ ¨­®© ¯®¤å®¤ ª ¤®ª § â¥«ì-

áâ¢ã íâ®£® ãâ¢¥à¦¤¥­¨ï, ª®â®àë© ¢ ¯®á«¥¤ãîé¨å ¯ à £à ä å ¡ã¤¥â
¯à¨¬¥­¥­ ª «¨­¥©­ë¬ ã¯à ¢«ï¥¬ë¬ á¨áâ¥¬ ¬.

� ¥ ¬ ¬   7.2. �«ï «î¡®£® ϑ > 0 áãé¥áâ¢ã¥â α = α(ϑ) > 0 â ª®¥,
çâ® ¯à¨ ª ¦¤®¬ t0 ∈ R ¬ âà¨æ 

W0(t0, t0 + ϑ) :=
t0+ϑ∫

t0

X(t0, t)X∗(t0, t) dt

ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã W0(t0, t0+ϑ)>αE , ¯®­¨¬ ¥¬®¬ã ¢ á¬ëá«¥
ª¢ ¤à â¨ç­ëå ä®à¬.

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ «î¡ë¥ t0 ∈ R , ϑ > 0 ¨ ξ ∈ Rn ,
‖ξ‖ = 1 . �®£¤  ¯à¨ ª ¦¤®¬ t ∈ [t0, t0 + ϑ]
‖ξ∗X(t0, t)‖> min

‖η‖=1
‖η∗X(t0, t)‖ = ‖X−1(t0, t)‖−1 = ‖X(t, t0)‖−1 > e−aϑ.
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�«¥¤®¢ â¥«ì­®,

ξ∗W0(t0, t0 + ϑ)ξ =
t0+ϑ∫

t0

‖ξ∗X(t0, t)‖2 dt > ϑe−2aϑ =: α

¯à¨ ¢á¥å ξ ∈ Rn , ‖ξ‖ = 1 ,   íâ® à ¢­®á¨«ì­® ¤®ª §ë¢ ¥¬®¬ã ­¥à ¢¥­-
áâ¢ã W0(t0, t0 + ϑ) > αE .

� « ¥ ¤ á â ¢ ¨ ¥ 7.1. �¨áâ¥¬  (A(·), E) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï-
¥¬  ¤«ï «î¡®© A(·) ¨ «î¡®£® ϑ > 0 .

� ® ª   §   â ¥ « ì á â ¢ ®. � âà¨æ  W0(t0, t0 + ϑ) ï¢«ï¥âáï ¬ âà¨æ¥©
� «¬ ­  á¨áâ¥¬ë (A(·), E) , ¨ ¤®ª §ë¢ ¥¬®¥ á¢®©áâ¢® ¢ë¯®«­¥­® ¢ á¨«ã
®¯à¥¤¥«¥­¨ï 1.3.

� « ¥ ¤ á â ¢ ¨ ¥ 7.2. �à¨ ¢á¥å ϑ > 0 ¨ t0 ∈ R ¬ âà¨æ  W0(t0, t0 + ϑ)
®¡à â¨¬ , ¯à¨ íâ®¬ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

‖W−1
0 (t0, t0 + ϑ)‖6 β,

£¤¥
β = β(ϑ) := e2(2n−1)aϑ

ϑ
.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ϑ > 0 ¨ t0 ∈ R | «î¡ë¥. � âà¨æ 
W0(t0, t0+ϑ) íà¬¨â®¢ , ¯®íâ®¬ã ¢á¥ ¥¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¢¥é¥áâ¢¥­-
­ë [176, á. 53]. �ãáâì λj(W0(t0, t0 + ϑ)) ∈ R , j = 1, . . . , n , | ¯à®¨§¢®«ì-
­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë W0(t0, t0 + ϑ) ; ξ ∈ Rn , ‖ξ‖ = 1 , |
á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥­­ë© ¢¥ªâ®à. �®£¤  ¨§ «¥¬¬ë 7.2 ¯®«ãç¨¬ ­¥-
à ¢¥­áâ¢®

λj = ξ∗λjξ = ξ∗W0(t0, t0 + ϑ)ξ > α,

¨§ ª®â®à®£®

det W0(t0, t0 + ϑ) =
n∏

j=1
λj(W0(t0, t0 + ϑ)) > αn > 0,

¨ ¬ âà¨æ  W0(t0, t0+ϑ) | ®¡à â¨¬ . �«ï ‖W−1
0 (t0, t0+ϑ)‖ á¯à ¢¥¤«¨¢ë

®æ¥­ª¨ [176, á. 493]

‖W−1
0 (t0, t0 + ϑ)‖6 ‖W0(t0, t0 + ϑ)‖n−1

det W0(t0, t0 + ϑ) 6 (ϑe2aϑ)n−1

αn
=

= (ϑe2aϑ)n−1

(ϑe−2aϑ)n
= e2(2n−1)aϑ

ϑ
=: β.
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� ¥ ® à ¥ ¬   7.1. �«ï ª ¦¤®£® ϑ > 0 áãé¥áâ¢ãîâ â ª¨¥ ¯®«®-
¦¨â¥«ì­ë¥ ç¨á«  δ = δ(ϑ) ¨ l = l(ϑ) , çâ® ¤«ï «î¡ëå t0 ∈ R ¨
H ∈ Bδ(E) ⊂ Mn ­ ©¤¥âáï P (·) ∈ Cn([t0, t0 + ϑ]) , ‖P‖C 6 l‖H − E‖ ,
â ª ï, çâ® ¬ âà¨æ  �®è¨ Y (t, s) á¨áâ¥¬ë (7.2) ã¤®¢«¥â¢®àï¥â à -
¢¥­áâ¢ã

Y (t0 + ϑ, t0) = X(t0 + ϑ, t0)H. (7.3)

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ϑ > 0 | ¯à®¨§¢®«ì­®. �®«®¦¨¬

δ = 1
2ϑe2aϑβ(ϑ) ,

£¤¥ β(ϑ) | ¨§ ä®à¬ã«¨à®¢ª¨ á«¥¤áâ¢¨ï 7.2, ¨ ¢®§ì¬¥¬ «î¡ë¥ t0 ∈ R ¨
H ∈ Bδ(E) ⊂ Mn . �  [t0, t0 + ϑ] ®¯à¥¤¥«¨¬ ¬ âà¨ç­ãî äã­ªæ¨î V (·)
à ¢¥­áâ¢®¬

V (t) = X∗(t0, t)W−1
0 (t0, t0 + ϑ)(H − E).

�®£¤  ‖V ‖C 6 eaϑβ(ϑ)‖H − E‖ . � áá¬®âà¨¬ § ¤ çã �®è¨
_Z = A(t)Z + V (t), Z(t0) = E.

�¥è¥­¨¥ íâ®© § ¤ ç¨ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

Z(t) = X(t, t0)
(
E +

t∫

t0

X(t0, s)V (s) ds
)
, (7.4)

á«¥¤®¢ â¥«ì­®,

Z(t0 + ϑ) = X(t0 + ϑ, t0)
(
E +

t0+ϑ∫

t0

X(t0, s)X∗(t0, s) ds×

×W−1
0 (t0, t0 + ϑ)(H − E)

)
= X(t0 + ϑ, t0)H.

(7.5)

�«ï ¬ âà¨æë

G(t) := E +
t∫

t0

X(t0, s)V (s) ds

á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖G(t)− E‖6 ϑeaϑ‖V ‖C 6 ϑe2aϑβ(ϑ)‖H − E‖6 ϑe2aϑβ(ϑ)δ = 1
2 ,

¯®íâ®¬ã G(t) ®¡à â¨¬  ­  [t0, t0 + ϑ] (á¬. [176, á. 363] ), ¨

‖G−1(t)‖6 1 + ‖G−1(t)− E‖6 1 + ‖G−1(t)‖ ‖G(t)− E‖6 1 + ‖G−1(t)‖/2,
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á«¥¤®¢ â¥«ì­®, ‖G−1(t)‖6 2 . � ª ª ª

Z(t) = X(t, t0)G(t),

â® ¨ ¬ âà¨æ  Z(t) ®¡à â¨¬  ­  íâ®¬ ®âà¥§ª¥. �®«®¦¨¬

P (t) = V (t)Z−1(t).

�®£¤  P ∈ Cn([t0, t0 + ϑ]) ¨

‖P‖C 6 ‖Z−1‖C‖V ‖C 6 2eaϑeaϑβ(ϑ)‖H − E‖=: l(ϑ)‖H − E‖,
  ¨§ (7.4) á«¥¤ã¥â à ¢¥­áâ¢®

Z(t) = X(t, t0)
(
E +

t∫

t0

X(t0, s)P (s)Z(s) ds
)
,

¯®íâ®¬ã
Z(t) ≡ Y (t, t0), t ∈ [t0, t0 + ϑ],

£¤¥ Y (t, s) | ¬ âà¨æ  �®è¨ á¨áâ¥¬ë (7.2) á ¢ë¡à ­­®© P (·) . �§ (7.5)
¯®«ãç ¥¬

Y (t0 + ϑ, t0) = Z(t0 + ϑ) = X(t0 + ϑ, t0)H.

�¥®à¥¬  ¤®ª § ­ .
� « ¥ ¤ á â ¢ ¨ ¥ 7.3. �«ï ª ¦¤®£® ϑ > 0 áãé¥áâ¢ãîâ â ª¨¥ ¯®«®-

¦¨â¥«ì­ë¥ ç¨á«  δ0 = δ0(ϑ) ¨ l0 = l0(ϑ) , çâ® ¤«ï «î¡ëå t0 ∈ R ¨
H ∈ Bδ0(E) ⊂ Mn ­ ©¤¥âáï P (·) ∈ Cn([t0, t0 + ϑ]) , ‖P‖C 6 l0‖H − E‖ ,
â ª ï, çâ®

Y (t0 + ϑ, t0) = HX(t0 + ϑ, t0). (7.6)

� ® ª   §   â ¥ « ì á â ¢ ®. �«ï ¯à®¨§¢®«ì­® ¢ë¡à ­­®£® ϑ > 0 ®¡®§­ -
ç¨¬ δ0(ϑ) = δ(ϑ)e−2aϑ , £¤¥ δ(ϑ) | ¨§ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë 7.1. �ãáâì
t0 ∈ R ¨ H ∈ Bδ0(E) | «î¡ë¥. �®£¤  H = E+G , £¤¥ ‖G‖6δ0 . �®«®¦¨¬

H1 = X(t0, t0 + ϑ)HX(t0 + ϑ, t0) =

= X(t0, t0 + ϑ)(E + G)X(t0 + ϑ, t0) = E + X(t0, t0 + ϑ)GX(t0 + ϑ, t0).
�®£¤ 

‖H1 − E‖ = ‖X(t0, t0 + ϑ)GX(t0 + ϑ, t0)‖6 e2aϑ‖G‖6 e2aϑδ0 = δ

¨
HX(t0 + ϑ, t0) = X(t0 + ϑ, t0)H1.
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�§ â¥®à¥¬ë 7.1 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ­¥¯à¥àë¢­®© ­  [t0, t0 + ϑ] ¬ -
âà¨ç­®© äã­ªæ¨¨ P (·) , ã¤®¢«¥â¢®àïîé¥© ®æ¥­ª¥

‖P‖C 6 l ‖H1 − E‖6 l e2aϑ‖G‖ = l e2aϑ‖H − E‖=: l0‖H − E‖,
¨ â ª®©, çâ®

Y (t0 + ϑ, t0) = X(t0 + ϑ, t0)H1 = HX(t0 + ϑ, t0).

�«¥¤áâ¢¨¥ ¤®ª § ­®.
�   ¬ ¥ ç   ­ ¨ ¥ 7.1. �¥«¨ç¨­  δ0(ϑ) ¯à¨ ª ¦¤®¬ ϑ > 0 ã¤®¢«¥â¢®-

àï¥â ­¥à ¢¥­áâ¢ã δ0(ϑ) < 1 , â ª ª ª

δ0(ϑ) = δ(ϑ)e−2aϑ = 1
2ϑe4aϑβ(ϑ) = ϑ

2ϑe4aϑe2(2n−1)aϑ
= 1

2e2(2n+1)aϑ
.

� « ¥ ¤ á â ¢ ¨ ¥ 7.4. �«ï ª ¦¤®£® ϑ > 0 áãé¥áâ¢ãîâ â ª¨¥ ç¨á« 
δ0 = δ0(ϑ) ∈ ]0, 1[ ¨ l = l(ϑ) > 0 , çâ® ¤«ï «î¡®£® t0 ∈ R , «î¡®£® ­¥-
âà¨¢¨ «ì­®£® à¥è¥­¨ï x(·) á¨áâ¥¬ë (7.1) ¨ «î¡®£® ¢¥ªâ®à  η ∈ Rn ,
ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬

‖η‖ = ‖x(t0 + ϑ)‖, ^(η, x(t0 + ϑ)) = δ 6 δ0,

áãé¥áâ¢ã¥â ¬ âà¨æ  P (·) ∈ Cn([t0, t0 + ϑ]) , ‖P‖C 6 lδ , â ª ï, çâ®
à¥è¥­¨¥ y(·) á¨áâ¥¬ë (7.2) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y(t0) = x(t0) ã¤®-
¢«¥â¢®àï¥â à ¢¥­áâ¢ã y(t0 + ϑ) = η .

� ® ª   §   â ¥ « ì á â ¢ ®. � ©¤¥¬ ¢¥«¨ç¨­ã δ0(ϑ) ¢ á®®â¢¥âáâ¢¨¨ á®
á«¥¤áâ¢¨¥¬ 7.3. �®§ì¬¥¬ «î¡®¥ δ ∈ ]0, δ0] . �ãáâì H ∈ Mn | ¬ âà¨-
æ , ®¯à¥¤¥«ï¥¬ ï ãá«®¢¨ï¬¨:
1) Hx = x ¤«ï ª ¦¤®£® ¢¥ªâ®à  x ∈ Rn , «¥¦ é¥£® ¢ ®àâ®£®­ «ì­®¬
¤®¯®«­¥­¨¨ ª ¯«®áª®áâ¨ L(η; x(t0 + ϑ)) ¢¥ªâ®à®¢ η, x(t0 + ϑ) ;
2) ¢ ¯«®áª®áâ¨ L(η; x(t0 + ϑ)) ¬ âà¨æ  H ï¢«ï¥âáï ¬ âà¨æ¥© ¯®¢®à®â 
­  ã£®« δ ¢ áâ®à®­ã ®â x(t0 + ϑ) ª η .

�®£¤  Hx(t0 + ϑ) = η ¨

‖H − E‖ = sup
‖ξ‖=1

‖(H − E)ξ‖ =

= sup{‖(H − E)ξ‖ : ‖ξ‖ = 1, ξ ∈ L(η; x(t0 + ϑ))} = 2 sin δ

2 6 δ 6 δ0.

� á®®â¢¥âáâ¢¨¨ á® á«¥¤áâ¢¨¥¬ 7.3 ¯®áâà®¨¬ ¬ âà¨æã P ∈ Cn([t0, t0 +ϑ]) ,

‖P‖C 6 l‖H − E‖6 lδ,
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â ªãî, çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢® (7.6). �®£¤  ¤«ï à¥è¥­¨ï y(·) á¨áâ¥-
¬ë (7.2) á íâ®© P (·) ¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y(t0) = x(t0) ¨¬¥¥¬ à -
¢¥­áâ¢ 

y(t0 + ϑ) = Y (t0 + ϑ, t0)y(t0) = Y (t0 + ϑ, t0)x(t0) =

= HX(t0 + ϑ, t0)x(t0) = Hx(t0 + ϑ) = η.

�«¥¤áâ¢¨¥ ¤®ª § ­®.
� ª¨¬ ®¡à §®¬, ¨§ â¥®à¥¬ë 7.1 ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥, ¯à ªâ¨ç¥áª¨

íª¢¨¢ «¥­â­®¥ ¢â®à®© «¥¬¬¥ ¬¥â®¤  ¯®¢®à®â®¢ �. �. �¨««¨®­é¨ª®¢ 
(«¥¬¬  7.1). � á«¥¤ãîé¥¬ ¯ à £à ä¥ ¬ë ¯à¨¬¥­¨¬ à §à ¡®â ­­ë© ¯®¤-
å®¤ ª à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ë¬ á¨áâ¥¬ ¬.

§ 8. �¯à ¢«ï¥¬®áâì ¨ ¤®áâ¨¦¨¬®áâì

�¤¥áì ¢¢¥¤¥­® ¯®­ïâ¨¥ «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ ã¯à ¢«ï¥¬®© á¨-
áâ¥¬ë ¨ ¤®ª § ­  íª¢¨¢ «¥­â­®áâì á¢®©áâ¢ à ¢­®¬¥à­®© ¯®«­®©
ã¯à ¢«ï¥¬®áâ¨ ¨ à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ (â¥®à¥-
¬  8.2).

� áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm, t ∈ R, (8.1)

á ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ®£à ­¨ç¥­­ë¬¨ ­  R ¬ âà¨ç­ë¬¨ ª®íää¨-
æ¨¥­â ¬¨ A(·) ¨ B(·) . � ª ¨ ¯à¥¦¤¥, ç¥à¥§ X(t, s) ®¡®§­ ç ¥¬ ¬ âà¨æã
�®è¨ á®®â¢¥âáâ¢ãîé¥© ®¤­®à®¤­®© á¨áâ¥¬ë (7.1). �ãáâì

Q(t, s) := X(t, s)B(s), t, s ∈ R;

W (t0, t0 + ϑ) =
t0+ϑ∫

t0

Q(t0, s)Q∗(t0, s) ds

| ¬ âà¨æ  � «¬ ­  á¨áâ¥¬ë (8.1).
�®ª ¦¥¬, çâ® ¤«ï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (8.1)

¨¬¥¥â ¬¥áâ® á¢®©áâ¢®,  ­ «®£¨ç­®¥ â®¬ã, ® ª®â®à®¬ ¨¤¥â à¥çì ¢ ä®à¬ã-
«¨à®¢ª¥ â¥®à¥¬ë 7.1 ¤«ï á¨áâ¥¬ë

_x = A(t)x + u, x ∈ Rn, u ∈ Rn.
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�­ ç «  ¤®ª ¦¥¬ ®¤¨­ ªà¨â¥à¨© à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨.
� ¥ ¬ ¬   8.1 [95]. �¨áâ¥¬  (8.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢

â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì­®¥
ç¨á«® γ , çâ® ¤«ï ¯à®¨§¢®«ì­ëå t0 ∈ R ¨ H ∈ Mn ­ ©¤¥âáï äã­ªæ¨ï
V ∈ KCmn([t0, t0 + ϑ]) , ‖V ‖C 6 γ‖H − E‖ , à §à¥è îé ï ¬ âà¨ç­ãî
§ ¤ çã ã¯à ¢«¥­¨ï

_Z = Q(t0, t)V (t), (8.2)
Z(t0) = E, Z(t0 + ϑ) = H. (8.3)

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �à¥¤¯®«®¦¨¬, çâ® á¨-
áâ¥¬  (8.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ . �®§ì¬¥¬ «î¡ë¥ t0 ∈ R
¨ H ∈ Mn . � á¨«ã ªà¨â¥à¨ï à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨
�. �. �®­ª®¢  (â¥®à¥¬  1.1) ¤«ï ª ¦¤®£® ¨§ ¢¥ªâ®à®¢

zj = (H − E)ej, j = 1, . . . , n,

áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ uj ∈ KCm,1([t0, t0+ϑ]) , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥
‖uj‖C 6 β‖zj‖ , â ª®¥, çâ® à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (8.1)
á íâ¨¬ ã¯à ¢«¥­¨¥¬ ¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(t0) = zj ¯®¯ ¤ ¥â ¢
­ ç «® ª®®à¤¨­ â ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0 + ϑ . �®áª®«ìªã à¥è¥­¨¥ íâ®©
§ ¤ ç¨ �®è¨ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

x(t) = X(t, t0)
(
zj +

t∫

t0

Q(t0, s)uj(s) ds
)
,

¯®«ãç ¥¬ à ¢¥­áâ¢®

(E −H)ej +
t0+ϑ∫

t0

Q(t0, t)uj(t) dt = 0.

�ãáâì V (t) = [u1(t), . . . , un(t)] . �®£¤  ¯à¨ ª ¦¤®¬ j ∈ {1, . . . , n}

(E −H)ej +
t0+ϑ∫

t0

Q(t0, t)V (t)ej dt = 0,

¯®íâ®¬ã

E −H +
t0+ϑ∫

t0

Q(t0, t)V (t) dt = 0.

� ¤àã£®© áâ®à®­ë, à¥è¥­¨¥ ãà ¢­¥­¨ï (8.2) á ­ ç «ì­ë¬ ãá«®¢¨¥¬
Z(t0) = E ¨¬¥¥â ¢¨¤

Z(t) = E +
t∫

t0

Q(t0, s)V (s) ds, (8.4)
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á«¥¤®¢ â¥«ì­®, ¯à¨ ¢ë¡à ­­®¬ ã¯à ¢«¥­¨¨ V (·) ¢ë¯®«­¥­® à ¢¥­áâ¢®

Z(t0 + ϑ) = H.

�à®¬¥ â®£®, ¤«ï ¢á¥å t ∈ [t0, t0 + ϑ] ¨ x =
n∑

j=1
xjej ∈ Rn ¨¬¥îâ ¬¥áâ®

á®®â­®è¥­¨ï

‖V (t)x‖ = ‖V (t)(
n∑

j=1
xjej)‖ = ‖

n∑

j=1
xj(V (t)ej)‖ = ‖

n∑

j=1
xjuj(t)‖6

6
n∑

j=1
|xj| ‖uj(t)‖6 ‖x‖

n∑

j=1
‖uj(t)‖6 ‖x‖

n∑

j=1
β‖zj‖6 ‖x‖nβ‖H − E‖.

�®§ì¬¥¬ γ = nβ , â®£¤ 

‖V ‖C = sup
t

sup
x6=0

‖V (t)x‖
‖x‖ 6 γ‖H − E‖.

� ® á â   â ® ç ­ ® á â ì. �ãáâì ¤«ï «î¡ëå t0 ∈ R ¨ H ∈ Mn áãé¥-
áâ¢ã¥â äã­ªæ¨ï V ∈ KCmn([t0, t0 + ϑ]) , à §à¥è îé ï § ¤ çã ã¯à ¢«¥-
­¨ï (8.2), (8.3), â ª ï, çâ® ‖V ‖C 6 γ‖H − E‖ .

�®§ì¬¥¬ «î¡ë¥ x0 ∈ Rn ¨ t0 ∈ R . �à®¨­â¥£à¨àã¥¬ (8.2) ¢ ¯à¥¤¥« å
®â t0 ¤® t0 + ϑ , â®£¤  ¨§ (8.3) ¯®«ãç¨¬

t0+ϑ∫

t0

Q(t0, s)V (s) ds = H − E.

�ãáâì H−E = [−x0, 0, . . . , 0] . �ë¡¥à¥¬ ã¯à ¢«¥­¨¥ u(t) = V (t)e1 . �¥è¥-
­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (8.1) á u = u(·) ¨ ­ ç «ì­ë¬ ãá«®¢¨¥¬
x(t0) = x0 § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

x(t) = X(t, t0)
(
x0 +

t∫

t0

Q(t0, s)u(s) ds
)
,

¯®íâ®¬ã

x(t0 + ϑ) = X(t0 + ϑ, t0)
(
−H + E +

t0+ϑ∫

t0

Q(t0, s)V (s) ds
)
e1 = 0.

�«ï ‖u‖C ¨¬¥¥¬ ®æ¥­ªã

‖u‖C 6 ‖V ‖C 6 γ‖H − E‖ = γ‖(H − E)e1‖ = γ‖x0‖.
�«¥¤®¢ â¥«ì­®, á¨áâ¥¬  (8.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .



78

� ¥ ® à ¥ ¬   8.1 [95]. �á«¨ á¨áâ¥¬  (8.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , â® ­ ©¤ãâáï â ª¨¥ α > 0 ¨ r > 0 , çâ® ¤«ï «î¡ëå t0 ∈ R ¨
H ∈ Br(E) áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmn([t0, t0 + ϑ]) , ã¤®¢«¥-
â¢®àïîé¥¥ ®æ¥­ª¥ ‖U‖C 6 α‖H − E‖ ¨ ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï ¬ âà¨æë
�®è¨ XU(t, s) á¨áâ¥¬ë

_x = (A(t) + B(t)U)x, x ∈ Rn, (8.5)

á U = U(·) ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)H. (8.6)

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ H ∈ Mn ¨ t0 ∈ R .
�®«ì§ãïáì «¥¬¬®© 8.1, ­ ©¤¥¬ äã­ªæ¨î V ∈ KCmn([t0, t0 +ϑ]) , ã¤®¢«¥-
â¢®àïîéãî ®æ¥­ª¥ ‖V ‖C 6 γ‖H −E‖ ¨ à §à¥è îéãî § ¤ çã ã¯à ¢«¥-
­¨ï (8.2), (8.3). �§ (8.4) á«¥¤ã¥â, çâ® ¯à¨ ¢á¥å t ∈ [t0, t0 +ϑ] ¨¬¥¥â ¬¥áâ®
­¥à ¢¥­áâ¢®

‖Z(t)− E‖6 ϑ‖Q(t0, ·)‖C‖V ‖C 6 ϑγb exp(aϑ)‖H − E‖.
�®§ì¬¥¬ r = (2ϑγb exp(aϑ))−1 , â®£¤  ¤«ï «î¡®© H ∈ Br(E) ¯à¨ ¢á¥å
t ∈ [t0, t0 +ϑ] ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® ‖Z(t)−E‖61/2 , ¯®íâ®¬ã ¬ âà¨æ 
Z(t) ®¡à â¨¬  ¨ ‖Z−1(t)‖6 2 . �ãáâì

V1(t) := V (t)Z−1(t).

�®£¤ 
‖V1‖C 6 ‖V ‖C‖Z−1‖C 6 2γ‖H − E‖,

  ¬ âà¨ç­ ï äã­ªæ¨ï Z(·) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
_Z = Q(t0, t)V1(t)Z

¨ ãá«®¢¨ï¬ (8.3). �®« £ ï

Y (t) = X(t, t0)Z(t), U(t) = V1(t)X(t0, t),

¯®«ãç¨¬ à ¢¥­áâ¢ 
_Y = _X(t, t0)Z(t) + X(t, t0) _Z(t) =

= A(t)X(t, t0)Z(t) + X(t, t0)Q(t0, t)V1(t)Z(t) =
= A(t)Y (t) + B(t)V1(t)X(t0, t)Y (t) = (A(t) + B(t)U(t))Y,
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â. ¥. ­¥§ ¢¨á¨¬® ®â t0 äã­ªæ¨ï Y (·) ï¢«ï¥âáï äã­¤ ¬¥­â «ì­®© ¬ -
âà¨æ¥© á¨áâ¥¬ë (8.5) á ¢ë¡à ­­ë¬ ã¯à ¢«¥­¨¥¬ U(·) . �à®¬¥ â®£®, ®­ 
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

Y (t0) = X(t0, t0)Z(t0) = E,

Y (t0 + ϑ) = XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)Z(t0 + ϑ) = X(t0 + ϑ, t0)H,

  ã¯à ¢«¥­¨¥ U(·) | ®æ¥­ª¥

‖U‖C 6 exp(aϑ)‖V1‖C 6 2γ exp(aϑ)‖H − E‖,
á®¢¯ ¤ îé¥© á âà¥¡ã¥¬®© ¯à¨ α = 2γ exp(aϑ) . �¥®à¥¬  ¤®ª § ­ .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 8.1 (�. �. � ©æ¥¢, �. �. �®­ª®¢ [48, 195]). �ãáâì
U ⊂ Mmn | ­¥ª®â®à®¥ ¬­®¦¥áâ¢®. �¨áâ¥¬  (8.5) ­ §ë¢ ¥âáï
 ) «®ª «ì­® ¤®áâ¨¦¨¬®© (®â­®á¨â¥«ì­® U ) ­  ®âà¥§ª¥ [t0, t0 + ϑ] , ¥á«¨
áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï «î¡®© ¬ âà¨æë H ∈ Bδ(E) ⊂ Mn

áãé¥áâ¢ã¥â ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U : [t0, t0 + ϑ] → U , £ -
à ­â¨àãîé¥¥ ¤«ï ¬ âà¨æë �®è¨ XU(t, s) á¨áâ¥¬ë (8.5) á U = U(·)
¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (8.6);
¡) ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬®© (®â­®á¨â¥«ì­® U ), ¥á«¨ (8.5) «®-
ª «ì­® ¤®áâ¨¦¨¬  (®â­®á¨â¥«ì­® U ) ­  ¢áïª®¬ ®âà¥§ª¥ [t0, t0 +ϑ] ¤«¨-
­ë ϑ , ¯à¨ç¥¬ δ ­¥ § ¢¨á¨â ®â t0 .

�   ¬ ¥ ç   ­ ¨ ¥ 8.1. � ª ¯à ¢¨«®, ª®£¤  £®¢®àïâ ® ¤®áâ¨¦¨¬®áâ¨ á¨-
áâ¥¬ë (8.5) ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U ⊂ Mmn , âà¥¡ãîâ, çâ®¡ë 0 ∈ U ,
¨«¨ 0 ∈ convU , ¨«¨ 0 ∈ int convU (á¬. [48, 195]). �®ª ¦¥¬ ­  ¯à¨¬¥à¥,
çâ® áãé¥áâ¢ãîâ á¨áâ¥¬ë ¢¨¤  (8.5), «®ª «ì­® ¤®áâ¨¦¨¬ë¥ ®â­®á¨â¥«ì-
­® ¬­®¦¥áâ¢  U , ­¥ á®¤¥à¦ é¥£® ­ã«ì ¢ á¢®¥© ¢ë¯ãª«®© ®¡®«®çª¥.

� à ¨ ¬ ¥ à 8.1. � áá¬®âà¨¬ áª «ïà­®¥ «¨­¥©­®¥ ã¯à ¢«ï¥¬®¥ ãà ¢-
­¥­¨¥

_x = (sin t)u, t ∈ R, x ∈ R, u ∈ U ⊂ R, (8.7)
¢ ª ç¥áâ¢¥ ¬­®¦¥áâ¢  U ¢®§ì¬¥¬ «î¡®© ®âà¥§®ª [α, β] , £¤¥ α < β .
� ¬ª­¥¬ (8.7) ã¯à ¢«¥­¨¥¬ u = u(t)x , ¯®«ãç¨¬ ãà ¢­¥­¨¥

_x = (sin t)u(t)x, (8.8)

¤«ï ª®â®à®£®

Xu(t, s) = exp
t∫

s

u(τ) sin τ dτ .
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�®áª®«ìªã ãà ¢­¥­¨¥ (8.7) ­¥ á®¤¥à¦¨â ®¤­®à®¤­®£® á« £ ¥¬®£®, ¨¬¥¥¬
à ¢¥­áâ¢® X(t, s) ≡ 1 . � à®«¨ ¬ âà¨æë H ¢ ¤ ­­®¬ á«ãç ¥ ¢ëáâã¯ ¥â
áª «ïà, ¡«¨§ª¨© ª ¥¤¨­¨æ¥, ¯®íâ®¬ã ¯®«®¦¨¬ H = 1 + h , £¤¥ h ¡«¨§ª®
ª 0 . � ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® (8.6) §¤¥áì ¯à¨®¡à¥â ¥â ¢¨¤

exp
t0+ϑ∫

t0

u(τ) sin τ dτ = 1 + h.

�®ª ¦¥¬, çâ® ¤«ï «î¡®£® t0 ∈ R ¨ «î¡®£® h ∈ R , |h|6 β − α

1 + β − α
,

­ ©¤¥âáï ã¯à ¢«¥­¨¥ u : [t0, t0 + 2π] → U , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥
à ¢¥­áâ¢ 

t0+2π∫

t0

u(τ) sin τ dτ = ln(1 + h). (8.9)

�â¨¬ ¡ã¤¥â ãáâ ­®¢«¥­  (2π)-à ¢­®¬¥à­ ï «®ª «ì­ ï ¤®áâ¨¦¨¬®áâì
ãà ¢­¥­¨ï (8.8) ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U .

�®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ t0 ∈ R ¨ à áá¬®âà¨¬ ¬­®¦¥áâ¢ 

A1 := {t ∈ [t0, t0 + 2π] : sin t > 0},
A2 := {t ∈ [t0, t0 + 2π] : sin t < 0}.

� ¦¤®¥ ¨§ ¬­®¦¥áâ¢ A1, A2 ¨§¬¥à¨¬® ¯® �¥¡¥£ã ¨

mes A1 = mes A2 = π,

¯à¨ íâ®¬
∫

A1

sin t dt =
π∫

0
sin t dt = 2,

∫

A2

sin t dt =
2π∫

π

sin t dt = −2.

�®§ì¬¥¬ á­ ç «  «î¡®¥ h ∈
[
0,

β − α

1 + β − α

]
. �ë¡¥à¥¬ ¢ ª ç¥áâ¢¥

ã¯à ¢«¥­¨ï u(·) ªãá®ç­® ¯®áâ®ï­­ãî äã­ªæ¨î

u(t) =





α + ln(1 + h) ¯à¨ t ∈ A1,

α + 1
2 ln(1 + h) ¯à¨ t ∈ A2.

�®áª®«ìªã
0 6 ln(1 + h) 6 h
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¯à¨ ¢á¥å h > 0 , ¨¬¥¥¬ ®æ¥­ª¨

α 6 u(t) 6 α + ln(1 + h) 6 α + h 6 α + β − α

1 + β − α
6 α + β − α = β,

â. ¥. u(t) ∈ U ¯à¨ ¢á¥å t ∈ [t0, t0 + 2π] . � «¥¥,
t0+2π∫

t0

u(t) sin t dt =
∫

A1

u(t) sin t dt +
∫

A2

u(t) sin t dt =

= (α + ln(1 + h))
∫

A1

sin t dt + (α + 1
2 ln(1 + h))

∫

A2

sin t dt =

= 2(α + ln(1 + h))− 2(α + 1
2 ln(1 + h)) = ln(1 + h),

â. ¥. (8.9) ¢ë¯®«­¥­®.
�®§ì¬¥¬ â¥¯¥àì «î¡®¥ h ∈

[
− β − α

1 + β − α
, 0

[
¨ ¯®«®¦¨¬

u(t) =





α− 1
2 ln(1 + h) ¯à¨ t ∈ A1,

α− ln(1 + h) ¯à¨ t ∈ A2.

�à¨ ¢ë¡à ­­®¬ h á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

0 > ln(1 + h) >
h

1 + h
,

¯®íâ®¬ã
α 6 u(t) 6 α− ln(1 + h) 6 α + −h

1 + h
6

6 α+ (β − α)/(1 + β − α)
1− (β − α)/(1 + β − α) = α+ β − α

1 + β − α− (β − α) = α+β−α = β,

¯®íâ®¬ã u(t) ∈ U , t ∈ [t0, t0 + ϑ] . �à®¬¥ â®£®,
t0+2π∫

t0

u(t) sin t dt = (α− 1
2 ln(1 + h))

∫

A1

sin t dt + (α− ln(1 + h))
∫

A2

sin t dt =

= 2(α− 1
2 ln(1 + h))− 2(α− ln(1 + h)) = ln(1 + h),

â. ¥. ¢ë¡à ­­®¥ u(·) £ à ­â¨àã¥â ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (8.9).
� ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ (8.8) (2π)-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨-

¦¨¬® ®â­®á¨â¥«ì­® «î¡®£® ®âà¥§ª  [α, β] , £¤¥ α < β . � ç áâ­®áâ¨, ¥á«¨
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α > 0 , ¯®«ãç ¥¬ ¬­®¦¥áâ¢® U , ­¥ á®¤¥à¦ é¥¥ ­ã«ì ¢ á¢®¥© ¢ë¯ãª«®©
®¡®«®çª¥.

�ç¥¢¨¤­®, çâ® ª®­áâàãªæ¨ï íâ®£® ¯à¨¬¥à  ®á­®¢ ­  ­  â®¬, çâ® ª®-
íää¨æ¨¥­â b(·) ¯à¨ ã¯à ¢«¥­¨¨ \å®à®è®" ¨ \ç áâ®" ¬¥­ï¥â §­ ª. �¨-
¦¥, ¢ ¯ à £à ä¥ 10, ¡ã¤¥â à áá¬®âà¥­ ¯à¨¬¥à 10.1, ¢ ª®â®à®¬ ª®íää¨-
æ¨¥­âë ¯à¨ ã¯à ¢«¥­¨¨ ­¥®âà¨æ â¥«ì­ë, ¨ ¢ â® ¦¥ ¢à¥¬ï ¯®áâà®¥­­ ï
¢ íâ®¬ ¯à¨¬¥à¥ á¨áâ¥¬  ï¢«ï¥âáï à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬®©
®â­®á¨â¥«ì­® ¬­®¦¥áâ¢ , ­¥ á®¤¥à¦ é¥£® ­ã«ì ¢® ¢­ãâà¥­­®áâ¨ ¢ë¯ã-
ª«®© ®¡®«®çª¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 8.2 [135]. �¨áâ¥¬  (8.5) ­ §ë¢ ¥âáï ϑ-à ¢­®¬¥à­®
«®ª «ì­® ¤®áâ¨¦¨¬®©, ¥á«¨ íâ  á¨áâ¥¬  ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨-
¦¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U = Bε(0) ⊂ Mmn ¯à¨ ª ¦¤®¬ ε > 0 .

�§ ®¯à¥¤¥«¥­¨ï áà §ã á«¥¤ã¥â, çâ® ϑ -à ¢­®¬¥à­ ï «®ª «ì­ ï ¤®-
áâ¨¦¨¬®áâì á¨áâ¥¬ë (8.5) íª¢¨¢ «¥­â­  á«¥¤ãîé¥¬ã á¢®©áâ¢ã:
¤«ï ª ¦¤®£® ε > 0 ­ ©¤¥âáï δ > 0 , ¯®§¢®«ïîé¥¥ ¤«ï ¢áïª®© ¬ âà¨-
æë H ∈ Bδ(E) ⊂ Mn ¨ «î¡®£® t0 ∈ R ­ ©â¨ ã¯à ¢«ïîéãî ¬ âà¨æã
U(·) ∈ KCmn([t0, t0 + ϑ]) , ‖U‖C 6 ε , ª®â®à ï ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«­¥­¨¥
à ¢¥­áâ¢  (8.6).

�¨¦¥ ¡ã¤¥â ¤®ª § ­  íª¢¨¢ «¥­â­®áâì à ¢­®¬¥à­®© ¯®«­®© ã¯à -
¢«ï¥¬®áâ¨ á¨áâ¥¬ë (8.1) ¨ à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á®®â-
¢¥âáâ¢ãîé¥© § ¬ª­ãâ®© á¨áâ¥¬ë (8.5) (â¥®à¥¬  8.2). �«ï ¤®ª § â¥«ì-
áâ¢  íâ®£® ãâ¢¥à¦¤¥­¨ï ­ ¬ ¯®­ ¤®¡ïâáï á«¥¤ãîé¨¥ ¤¢¥ «¥¬¬ë.

� ¥ ¬ ¬   8.2 [135]. �¨áâ¥¬  (8.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ 
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì­®¥
ç¨á«® β , çâ® ¤«ï ¯à®¨§¢®«ì­ëå t0 ∈ R ¨ η ∈ Rn ­ ©¤¥âáï ã¯à ¢«¥-
­¨¥ u ∈ KCm,1([t0, t0 + ϑ]) , ‖u‖C 6 β‖η‖ , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥
à ¢¥­áâ¢ 

t0+ϑ∫

t0

Q(t0, s)u(s) ds = η.

� ® ª   §   â ¥ « ì á â ¢ ®. �®á¯®«ì§ã¥¬áï ªà¨â¥à¨¥¬ à ¢­®¬¥à­®© ¯®«-
­®© ã¯à ¢«ï¥¬®áâ¨ �. �. �®­ª®¢  (â¥®à¥¬  1.1). �®§ì¬¥¬ «î¡ë¥ t0 ∈ R
¨ x0 ∈ Rn . �®£¤  ­ ©¤¥âáï ã¯à ¢«¥­¨¥ u(·) ∈ KCm,1([t0, t0 + ϑ]) , ã¤®-
¢«¥â¢®àïîé¥¥ ãá«®¢¨î ‖u‖C 6 β‖x0‖ ¨ â ª®¥, çâ® à¥è¥­¨¥ x(·) § ¤ ç¨
�®è¨ ¤«ï á¨áâ¥¬ë (8.1) á ã¯à ¢«¥­¨¥¬ u = u(·) ¨ ­ ç «ì­ë¬ ãá«®¢¨-
¥¬ x(t0) = x0 ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0 + ϑ ¯®¯ ¤ ¥â ¢ ­ ç «® ª®®à¤¨­ â.
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�¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ íâ®© § ¤ ç¨ �®è¨ ï¢«ï¥âáï äã­ªæ¨ï

x(t) = X(t, t0)
(
x0 +

t∫

t0

Q(t0, s)u(s) ds
)
.

�«ï ¢ë¯®«­¥­¨ï ãá«®¢¨ï x(t0 +ϑ) = 0 ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë
¨¬¥«® ¬¥áâ® à ¢¥­áâ¢®

t0+ϑ∫

t0

Q(t0, s)u(s) ds = −x0.

�®« £ ï η = −x0 , ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.
� ¥ ¬ ¬   8.3 [135]. �á«¨ á¨áâ¥¬  (8.5) ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®-

áâ¨¦¨¬ , â® ¤«ï «î¡®£® α > 0 áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï
¢áïª®£® ¢¥ªâ®à  ξ ∈ Bδ(0) ⊂ Rn ¨ ª ¦¤®£® t0 ∈ R ­ ©¤¥âáï ã¯à -
¢«¥­¨¥ v(·) ∈ KCm,1([t0, t0 + ϑ]) , ‖v‖C 6 α , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥
à ¢¥­áâ¢ 

t0+ϑ∫

t0

Q(t0, s)v(s) ds = ξ. (8.10)

� ® ª   §   â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (8.5) ϑ-à ¢­®¬¥à-
­® «®ª «ì­® ¤®áâ¨¦¨¬ . � ä¨ªá¨àã¥¬ ª ª®¥-«¨¡® ε0 > 0 ¨ ®¡®§­ ç¨¬

l = exp((a + bε0)ϑ), α0 = ε0l.

�®§ì¬¥¬ «î¡®¥ α ∈ ]0, α0] , ¯®«®¦¨¬ ε = α

l
∈ ]0, ε0] ¨ ¯® ¢¥«¨ç¨­¥ ε ¢

á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢®¬ à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ ­ ©-
¤¥¬ δ > 0 . �ãáâì ξ ∈ Bδ(0) ⊂ Rn ¨ t0 ∈ R | ¯à®¨§¢®«ì­ë. �®áª®«ìªã
¬ âà¨æ  H := E + [ξ, 0, . . . , 0] ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î

‖H − E‖ = ‖(H − E)e1‖ = ‖ξ‖6 δ,

­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmn([t0, t0 + ϑ]) , ‖U‖C 6 ε , ®¡¥á¯¥ç¨¢ î-
é¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (8.6) á ¢ë¡à ­­®© H . �¡®§­ ç¨¬

Z(t) = XU(t, t0), V (t) = U(t)Z(t).

�®£¤  V (·) ∈ KCmn([t0, t0 + ϑ]) ,

‖V ‖C 6 ‖U‖C‖Z‖C 6 ε exp((a + bε)ϑ) 6 ε exp((a + bε0)ϑ) = εl = α,

  ¬ âà¨ç­ ï äã­ªæ¨ï Z(·) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
_Z = (A(t) + B(t)U(t))Z = A(t)Z + B(t)V (t)
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¨ ­ ç «ì­®¬ã ãá«®¢¨î

Z(t0) = XU(t0, t0) = E.

�§ ä®à¬ã«ë �®è¨ á«¥¤ã¥â, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

Z(t0 + ϑ) = XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)
(
E +

t0+ϑ∫

t0

Q(t0, s)V (s) ds
)
,

ª®â®à®¥ ¢ á®¢®ªã¯­®áâ¨ á (8.6) ¤ ¥â á®®â­®è¥­¨¥

E +
t0+ϑ∫

t0

Q(t0, s)V (s) ds = H,

â. ¥.
t0+ϑ∫

t0

Q(t0, s)V (s) ds = H − E . �®§ì¬¥¬ v(t) = V (t)e1 . �®£¤ 

t0+ϑ∫

t0

Q(t0, s)v(s) ds =
( t0+ϑ∫

t0

Q(t0, s)V (s) ds
)
e1 = (H − E)e1 = ξ,

¯®íâ®¬ã à ¢¥­áâ¢® (8.10) ¢ë¯®«­¥­®. �«ï ‖v‖C ¨¬¥¥¬ âà¥¡ã¥¬ãî ®æ¥­-
ªã ‖v‖C = ‖V e1‖C 6 ‖V ‖C 6 α .

�à¨ α > α0 ¡¥à¥¬ δ = δ(ε0) . �¥¬¬  ¤®ª § ­ .
� ¥ ® à ¥ ¬   8.2 [135]. �¨áâ¥¬  (8.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï-

¥¬  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  á¨áâ¥¬  (8.5) ϑ-à ¢­®¬¥à­®
«®ª «ì­® ¤®áâ¨¦¨¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. � ® á â   â ® ç ­ ® á â ì. �ãáâì á¨áâ¥¬  (8.5)
ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ . �®«ì§ãïáì «¥¬¬®© 8.2, ¤®ª ¦¥¬
à ¢­®¬¥à­ãî ¯®«­ãî ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (8.1). �®§ì¬¥¬ ¢¥«¨ç¨-
­ã α = α0/2 (α0 | ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 8.3) ¨ ¯® ­¥© ­ ©¤¥¬
á®®â¢¥âáâ¢ãîé¥¥ δ > 0 . �ãáâì η ∈ Rn | ¯à®¨§¢®«ì­ë© ­¥­ã«¥¢®© ¢¥ª-
â®à, ξ ∈ Rn | á®­ ¯à ¢«¥­­ë© ¥¬ã ¢¥ªâ®à ¤«¨­ë δ/2 . �®£¤  ¨¬¥¥¬
¯à¥¤áâ ¢«¥­¨¥ η = γξ , £¤¥ γ = 2‖η‖/δ . � ª ª ª ξ ∈ Bδ/2(0) ⊂ Bδ(0) ,
â® ¢ á¨«ã «¥¬¬ë 8.3 ­ ©¤¥âáï ã¯à ¢«¥­¨¥ v(·) ∈ KCm,1([t0, t0 + ϑ]) ,
‖v‖C 6 α = α0/2 , ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (8.10) á ¢ë-
¡à ­­ë¬ ¢¥ªâ®à®¬ ξ . �®« £ ï u(t) = γv(t) , ¡ã¤¥¬ ¨¬¥âì á®®â­®è¥­¨ï

t0+ϑ∫

t0

Q(t0, s)u(s) ds = γ
t0+ϑ∫

t0

Q(t0, s)v(s) ds = γξ = η,
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  ¤«ï ‖u‖C | ®æ¥­ª¨

‖u‖C = γ‖v‖C = 2‖η‖ ‖v‖C/δ 6 ‖η‖α0/δ =: β‖η‖.
�á«¨ η = 0 , â® ¢ë¡¨à ¥¬ u(t) ≡ 0 . � ª¨¬ ®¡à §®¬, ¤«ï ¯à®¨§¢®«ì­®£®
¢¥ªâ®à  η ∈ Rn áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ u(·) ∈ KCm,1([t0, t0+ϑ]) , ã¤®¢«¥-
â¢®àïîé¥¥ ®æ¥­ª¥ ‖u‖C 6 β‖η‖ á ­¥ § ¢¨áïé¥© ®â η ¨ ®â t0 ¢¥«¨ç¨­®©
β ¨ ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

t0+ϑ∫

t0

Q(t0, s)u(s) ds = η.

�§ «¥¬¬ë 8.2 á«¥¤ã¥â, çâ® (8.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .
� ® á â   â ® ç ­ ® á â ì á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 8.1.
� ¥ ® à ¥ ¬   8.3 [135]. �«ï ϑ-à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨

á¨áâ¥¬ë (8.5) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨¥ â ª¨å γ > 0
¨ δ0 > 0 , çâ® ¤«ï «î¡ëå t0 ∈ R ¨ H ∈ Bδ0(E) ­ ©¤¥âáï ã¯à ¢«¥­¨¥
U ∈ KCmn([t0, t0 + ϑ]) , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖U‖C 6 γ‖H − E‖ ¨
®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (8.6).

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �á«¨ á¨áâ¥¬  (8.5) ï¢-
«ï¥âáï ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬®©, â® ¢ á¨«ã â¥®à¥¬ë 8.2 á®-
®â¢¥âáâ¢ãîé ï á¨áâ¥¬  (8.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ ,   ¨§
â¥®à¥¬ë 8.1 ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ á¢®©áâ¢®.

� ® á â   â ® ç ­ ® á â ì. �®«®¦¨¬ ε0 = γδ0 . �®§ì¬¥¬ «î¡®¥ ε ∈ ]0, ε0]
¨ ¯®áâ ¢¨¬ ¥¬ã ¢ á®®â¢¥âáâ¢¨¥ ¢¥«¨ç¨­ã δ := ε/γ . �ãáâì t0 ∈ R ¨
H ∈ Bδ(E) ¯à®¨§¢®«ì­ë. � ª ª ª Bδ(E) ⊂ Bδ0(E) , â® ¤«ï ¢ë¡à ­-
­®© H ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmn([t0, t0 + ϑ]) , £ à ­â¨àãîé¥¥
¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (8.6), ¯à¨ç¥¬

‖U‖C 6 γ‖H − E‖6 γδ = ε.

�§ ®¯à¥¤¥«¥­¨ï 8.1 ¢ëâ¥ª ¥â, çâ® á¨áâ¥¬  (8.5) ϑ-à ¢­®¬¥à­® «®ª «ì­®
¤®áâ¨¦¨¬ . �¥®à¥¬  ¤®ª § ­ .

�â ª, à ¢­®¬¥à­ ï «®ª «ì­ ï ¤®áâ¨¦¨¬®áâì á¨áâ¥¬ë (8.5) ( ¨
à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (8.1)) íª¢¨¢ «¥­â­  áã-
é¥áâ¢®¢ ­¨î ã¯à ¢«¥­¨ï U(·) , ®¡¥á¯¥ç¨¢ îé¥£® à ¢¥­áâ¢® (8.6) ¨
¨¬¥îé¥£® «¨¯è¨æ¥¢ã ®æ¥­ªã ‖U‖C ¢ § ¢¨á¨¬®áâ¨ ®â ‖H − E‖ .

� à ¨ ¬ ¥ à 8.1 (¯à®¤®«¦¥­¨¥). �­®¢ì à áá¬®âà¨¬ ãà ¢­¥­¨¥ (8.7).
�®ª ¦¥¬, çâ® ¤«ï «î¡®£® h ∈ R , |h|61/2 , ¨ «î¡®£® t0 ∈ R áãé¥áâ¢ã¥â
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ã¯à ¢«¥­¨¥ u : [t0, t0 + 2π] → R , ‖u‖C 6 |h| , ¤«ï ª®â®à®£®

Xu(t0 + 2π, t0) = 1 + h,

â. ¥. ¢ ®¡®§­ ç¥­¨ïå ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë 8.3 §¤¥áì γ = 1 , δ0 = 1/2 .
�¥©áâ¢¨â¥«ì­®, ¯à¨ ¯à®¨§¢®«ì­ëå t0 ∈ R ¨ |h| 6 1/2 ¢ë¡¥à¥¬ ¢

ª ç¥áâ¢¥ ã¯à ¢«¥­¨ï äã­ªæ¨î

u(t) =
{ ln(1 + h)/2 ¯à¨ t ∈ A1,

0 ¯à¨ t ∈ A2.
�®£¤ 

t0+2π∫

t0

u(t) sin t dt = 1
2 ln(1 + h)

∫

A1

sin t dt = ln(1 + h),

â. ¥. (8.9) ¢ë¯®«­¥­®, ¨

‖u(·)‖C 6 1
2 · | ln(1 + h)|6 1

2 ·
|h|

1− |h| 6 1
2 ·

|h|
1− 1/2 = |h|.

§ 9. �®ª «ì­ ï ¤®áâ¨¦¨¬®áâì ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢ 

�¤¥áì ¯®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï «®ª «ì­®© ¨ à ¢­®¬¥à­®©
«®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ § ¬ª­ãâ®© á¨áâ¥¬ë (8.5) ®â­®á¨â¥«ì­®
®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U .

� ä¨ªá¨àã¥¬ ­  ç¨á«®¢®© ¯àï¬®© ®âà¥§®ª [t0, t0 +ϑ] . �ãáâì § ¤ ­ 
¬ âà¨ç­ ï äã­ªæ¨ï U(·) ∈ KCmn([t0, t0 +ϑ]) . � áá¬®âà¨¬ á¨áâ¥¬ã (8.5)
¯à¨ U = U(·) ¨ ¯à¨¬¥­¨¬ ª ­¥© ¯à¥®¡à §®¢ ­¨¥ x = X(t, t0)z ¯à¨
t ∈ [t0, t0 + ϑ] . �¡®§­ ç¨¬

V (t) = U(t)X(t, t0),

â®£¤ 

_z = (X(t0, t)x)_= −X(t0, t) _X(t, t0)X(t0, t)x + X(t0, t) _x =

= −X(t0, t)A(t)x + X(t0, t)A(t)x + X(t0, t)B(t)U(t)x =
= Q(t0, t)U(t)x = Q(t0, t)V (t)z,
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â. ¥. z ã¤®¢«¥â¢®àï¥â «¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬¥

_z = Q(t0, t)V (t)z, t ∈ [t0, t0 + ϑ]. (9.1)

�ãáâì ZV (t, t0) | ¬ âà¨æ  �®è¨ á¨áâ¥¬ë (9.1), t ∈ [t0, t0 + ϑ] . �®£¤ 

XU(t, t0) = X(t, t0)ZV (t, t0). (9.2)

� ¥ ¬ ¬   9.1 [136]. �ãáâì U ⊂ Mmn | ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®.
�á«¨ á¨áâ¥¬  (8.5) «®ª «ì­® ¤®áâ¨¦¨¬  ®â­®á¨â¥«ì­® U ­  ®âà¥§-
ª¥ [t0, t0 + ϑ] , â® áãé¥áâ¢ãîâ â ª¨¥ ¢¥«¨ç¨­ë δ1 > 0 ¨ l > 0 ,
çâ® ¤«ï «î¡®© ¬ âà¨æë H ∈ Bδ1(E) ⊂ Mn ­ ©¤¥âáï ã¯à ¢«¥­¨¥
U ∈ KCmn([t0, t0 + ϑ]) , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖U‖C 6 l‖H − E‖ ¨
®¡¥á¯¥ç¨¢ îé¥¥ à ¢¥­áâ¢® (8.6).

� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª ¬­®¦¥áâ¢® U ®£à ­¨ç¥­®, â® áãé¥-
áâ¢ã¥â ν > 0 â ª®¥, çâ® ‖P‖6 ν ¤«ï ¢áïª®© P ∈ U . �ãáâì

δ1 := δ

2(1 + exp(bνϑe2aϑ)) ,

£¤¥ δ | ¢¥«¨ç¨­  ¨§ ®¯à¥¤¥«¥­¨ï «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨. �®§ì¬¥¬
¯à®¨§¢®«ì­ãî ¬ âà¨æã H ∈ Bδ1(E) ¨ ®¡®§­ ç¨¬ ε = ‖H −E‖/δ , â®£¤ 

ε 6 δ1
δ

= 1
2(1 + exp(bνϑe2aϑ)) .

�® ¢ë¡à ­­®© H ¯®áâà®¨¬ ¬ âà¨æã

G = E + 1
ε

(H − E),

(¥á«¨ H = E , â® ¯®«ãç ¥¬ ε = 0 , ¨ ¢ íâ®¬ á«ãç ¥ ¡¥à¥¬ G = E ). �®£¤ 
H = E + ε(G− E) . �à¨ H 6= E ¨¬¥¥¬ à ¢¥­áâ¢®

‖G− E‖ = 1
ε
‖H − E‖ = δ,

  ¯à¨ H = E | à ¢¥­áâ¢® ‖G−E‖ = 0 , â. ¥. ¢ «î¡®¬ á«ãç ¥ G ∈ Bδ(E) .
�§ «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (8.5) ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥
ã¯à ¢«¥­¨ï U1 : [t0, t0 + ϑ] → U â ª®£®, çâ®

XU1(t0 + ϑ, t0) = X(t0 + ϑ, t0)G.

�®«®¦¨¬
V1(t) = U1(t)X(t, t0).
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�§ (9.2) á«¥¤ã¥â, çâ® ¬ âà¨æ  �®è¨ ZV1(t, t0) á¨áâ¥¬ë

_z = Q(t0, t)V1(t)z

ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

ZV1(t, t0) = X(t0, t)XU1(t, t0),

¯®íâ®¬ã

ZV1(t0+ϑ, t0) = X(t0, t0+ϑ)XU1(t0+ϑ, t0) = X(t0, t0+ϑ)X(t0+ϑ, t0)G = G.

�¡®§­ ç¨¬
W1(t) = V1(t)ZV1(t, t0).

�â¬¥â¨¬, çâ®
_ZV1(t, t0) = Q(t0, t)V1(t)ZV1(t, t0) = Q(t0, t)W1(t),

á«¥¤®¢ â¥«ì­®,

ZV1(t, t0) = E +
t∫

t0

Q(t0, s)W1(s) ds.

�ãáâì W (t) := εW1(t) , Z(·) | à¥è¥­¨¥ ¬ âà¨ç­®© § ¤ ç¨ �®è¨
_Z = Q(t0, t)W (t), Z(t0) = E,

â. ¥.
Z(t) = E +

t∫

t0

Q(t0, s)W (s) ds.

�®£¤ 

Z(t)− E =
t∫

t0

Q(t0, s)W (s) ds =

= ε
t∫

t0

Q(t0, s)W1(s) ds = ε(ZV1(t, t0)− E).
(9.3)

�§ ®æ¥­ª¨ á¢¥àåã ­  ε , ­¥à ¢¥­áâ¢

‖ZV1(t, t0)− E‖6 1 + ‖ZV1(t, t0)‖6 1 + exp(ϑ‖Q(·, t0)‖C ‖V1‖C) 6

6 1 + exp(ϑb eaϑ ‖U1‖C eaϑ) 6 1 + exp(bνϑe2aϑ)
¨ á®®â­®è¥­¨ï (9.3) ¯®«ãç¨¬ ‖Z(t)−E‖6 1/2 , ®âªã¤  á«¥¤ã¥â ®¡à â¨-
¬®áâì ¬ âà¨æë Z(t) ¯à¨ ¢á¥å t ∈ [t0, t0 + ϑ] ¨ ®æ¥­ª  ‖Z−1(t)‖6 2 .
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�®§ì¬¥¬ V (t) = W (t)Z−1(t) . �®£¤  W (t) = V (t)Z(t) , ¯®íâ®¬ã Z(·)
ã¤®¢«¥â¢®àï¥â ®¤­®à®¤­®¬ã ¬ âà¨ç­®¬ã ãà ¢­¥­¨î

_Z = Q(t0, t)V (t)Z

¨ ­ ç «ì­®¬ã ãá«®¢¨î Z(t0) = E . �«¥¤®¢ â¥«ì­®, Z(t) = ZV (t, t0) |
¬ âà¨æ  �®è¨ á¨áâ¥¬ë (9.1) á ¢ë¡à ­­ë¬ V (·) . �§ (9.3) ¯®«ãç ¥¬

ZV (t0 + ϑ, t0) = E + ε(ZV1(t0 + ϑ, t0)− E) = E + ε(G− E) = H.

�ãáâì U(t) = V (t)X(t0, t) . �®£¤ 

‖U‖C 6 ‖X(t0, ·)‖C ‖V ‖C 6 eaϑ‖W‖C ‖Z−1‖C 6 2eaϑ‖W‖C =

= 2eaϑ‖W1‖C ε 6 2eaϑ‖V1‖C ‖ZV1(·, t0)‖ ε 6
6 2eaϑ‖U1‖C ‖X(·, t0)‖C exp(bνϑe2aϑ) ε 6 2ν exp(2aϑ + bνϑe2aϑ) ε =

= 2ν exp(2aϑ + bνϑe2aϑ)δ−1 ‖H − E‖=: l‖H − E‖.
� ª®­¥æ, ¨§ (9.2) ¢ëâ¥ª ¥â, çâ® ¤«ï ¬ âà¨æë �®è¨ XU(t, t0) á¨áâ¥-
¬ë (8.5) á ¢ë¡à ­­ë¬ ã¯à ¢«¥­¨¥¬ U(·) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)ZV (t0 + ϑ, t0) = X(t0 + ϑ, t0)H.

�¥¬¬  ¤®ª § ­ .
�®áª®«ìªã ­ ©¤¥­­ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë ¢¥«¨ç¨­ë l ¨ δ1

­¥ § ¢¨áïâ ®â ¢ë¡®à  t0 ∈ R , â® ¨¬¥¥â ¬¥áâ®
� ¥ ® à ¥ ¬   9.1 [136]. �ãáâì U ⊂ Mmn | ®£à ­¨ç¥­­®¥ ¬­®¦¥-

áâ¢®. �á«¨ á¨áâ¥¬  (8.5) ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬  ®â­®-
á¨â¥«ì­® U , â® áãé¥áâ¢ãîâ â ª¨¥ δ1 > 0 ¨ l > 0 , çâ® ¤«ï «î¡ëå
t0 ∈ R ¨ H ∈ Bδ1(E) ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U ∈ KCmn([t0, t0 + ϑ]) ,
‖U‖C 6 l‖H − E‖ , ®¡¥á¯¥ç¨¢ îé¥¥ à ¢¥­áâ¢® (8.6).

� ª¨¬ ®¡à §®¬, ¨§ ϑ-à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥-
¬ë (8.5) ®â­®á¨â¥«ì­® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U á«¥¤ã¥â áãé¥áâ¢®-
¢ ­¨¥ ã¯à ¢«ïîé¥© ¬ âà¨æë U(·) á «¨¯è¨æ¥¢®© ®æ¥­ª®© ‖U‖C ¢ § -
¢¨á¨¬®áâ¨ ®â ‖H − E‖ , ®¡¥á¯¥ç¨¢ îé¥© ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (8.6).

� ¥ ® à ¥ ¬   9.2 [136]. �«ï ϑ-à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨
á¨áâ¥¬ë (8.5) ®â­®á¨â¥«ì­® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U ⊂ Mmn ­¥-
®¡å®¤¨¬®, çâ®¡ë á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  (8.1) ¡ë«  ϑ-à ¢­®¬¥à­®
¢¯®«­¥ ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì U ⊂ Mmn | ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®,
¨ á¨áâ¥¬  (8.5) ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬  ®â­®á¨â¥«ì­® U . �§



90

â¥®à¥¬ë 9.1 ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ â ª¨å δ1 > 0 ¨ l > 0 , çâ® ¤«ï «î-
¡ëå t0 ∈ R ¨ H ∈ Bδ1(E) ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U ∈ KCmn([t0, t0 + ϑ]) ,
‖U‖C6l‖H−E‖ , ®¡¥á¯¥ç¨¢ îé¥¥ à ¢¥­áâ¢® (8.6). � á¨«ã â¥®à¥¬ë 8.3 ¨§
íâ®£® á¢®©áâ¢  á«¥¤ã¥â ϑ-à ¢­®¬¥à­ ï «®ª «ì­ ï ¤®áâ¨¦¨¬®áâì á¨áâ¥-
¬ë (8.5), ª®â®à ï ¯® â¥®à¥¬¥ 8.2 íª¢¨¢ «¥­â­  ϑ-à ¢­®¬¥à­®© ¯®«­®©
ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (8.1). �¥®à¥¬  ¤®ª § ­ .

�â¬¥â¨¬, çâ® ãá«®¢¨¥ ®£à ­¨ç¥­­®áâ¨ ¬­®¦¥áâ¢  U ¢ â¥®à¥¬ å 9.1
¨ 9.2 áãé¥áâ¢¥­­®.

� à ¨ ¬ ¥ à 9.1. � áá¬®âà¨¬ á¨áâ¥¬ã (8.1) ¯à¨ n = m = 1 , A(t) ≡ 0 ,

B(t) =: b(t) =
{ 1 ¯à¨ t 6 1,

1/t ¯à¨ t > 1.
�®£¤  X(t, s) ≡ 1 ,   á¨áâ¥¬  (8.1) ¯à¨­¨¬ ¥â ¢¨¤

_x = b(t)u, x ∈ R, u ∈ R. (9.4)

�ãáâì ϑ = 1 . �á«®¢¨¥ ϑ-à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥-
¬ë (9.4) ¨¬¥¥â ¢¨¤

W (t0, t0 + 1) =
t0+1∫

t0

b2(t) dt > α,

£¤¥ α > 0 ­¥ § ¢¨á¨â ®â t0 . �® ¯à¨ t0 > 1 ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®
t0+1∫

t0

b2(t) dt = 1
t0(t0 + 1) ,

â. ¥. W (t0, t0 + 1) → 0 ¯à¨ t0 → +∞ , ¯®íâ®¬ã á¨áâ¥¬  (9.4) ­¥ ï¢«ï¥âáï
ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©.

�ãáâì U = R . �¨áâ¥¬  (8.5) ¤«ï à áá¬ âà¨¢ ¥¬®£® á«ãç ï ¨¬¥¥â
¢¨¤

_x = b(t)u(t)x, (9.5)
¥¥ ¬ âà¨æ  �®è¨

Xu(t, s) = exp
t∫

s

b(τ)u(τ) dτ.

�®§ì¬¥¬ δ = 1/2 ¨ «î¡ãî H ∈ Bδ(1) ⊂ R , â. ¥. H = 1 +h , £¤¥ |h|61/2 .
�ë¡¥à¥¬ ­  ¯à®¨§¢®«ì­®¬ ®âà¥§ª¥ [t0, t0 + 1] ¢ ª ç¥áâ¢¥ ã¯à ¢«¥­¨ï
äã­ªæ¨î

u(t) = ln(1 + h)
b(t) ,
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â®£¤ 

exp
t0+1∫

t0

b(τ)u(τ) dτ = 1 + h, (9.6)

â. ¥. (8.6) ¢ë¯®«­¥­®.
�â ª, á¨áâ¥¬  (9.5) ï¢«ï¥âáï ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬®©

(®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U = R ). �«¥¤®¢ â¥«ì­®, ãá«®¢¨¥ ®£à ­¨ç¥­-
­®áâ¨ U ¢ â¥®à¥¬¥ 9.2 áãé¥áâ¢¥­­®.

�â®â ¦¥ ¯à¨¬¥à ¤®ª §ë¢ ¥â áãé¥áâ¢¥­­®áâì ®£à ­¨ç¥­­®áâ¨ U ¨
¢ â¥®à¥¬¥ 9.1, â ª ª ª ¥á«¨ ¡ë áãé¥áâ¢®¢ «® ã¯à ¢«¥­¨¥ u(·) , £ à ­-
â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ (9.6) ¨ ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖u‖C 6 l |h| á
­¥ § ¢¨áïé¥© ®â t0 ¨ ®â h ¢¥«¨ç¨­®© l , â® ¨§ (9.6) ¯à¨ ¯à®¨§¢®«ì­®¬
t0 > 1 ¢ëâ¥ª «® ¡ë ­¥à ¢¥­áâ¢®

| ln(1 + h)| =
∣∣∣∣
t0+1∫

t0

b(τ)u(τ) dτ
∣∣∣∣ 6 ‖u‖C max

t∈[t0,t0+1]
b(t) = ‖u‖C

t0
6 l |h|

t0
,

â. ¥.
l > t0| ln(1 + h)|

|h| ,

çâ® ­¥¢®§¬®¦­®.

§ 10. �®£« á®¢ ­­®áâì ¨ ¤®áâ¨¦¨¬®áâì

� íâ®¬ ¯ à £à ä¥ ¢¢¥¤¥­® ¯®­ïâ¨¥ à ¢­®¬¥à­®© «®ª «ì­®© ¤®-
áâ¨¦¨¬®áâ¨ ¤«ï «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë á ­ ¡«î¤ â¥«¥¬
(®¯à¥¤¥«¥­¨¥ 10.2) ¨ ãáâ ­®¢«¥­®, çâ® ¨§ à ¢­®¬¥à­®© á®£« á®-
¢ ­­®áâ¨ ¢ëâ¥ª ¥â à ¢­®¬¥à­ ï «®ª «ì­ ï ¤®áâ¨¦¨¬®áâì (â¥®à¥-
¬  10.1), ­® ãá«®¢¨¥ à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨ ­¥ ï¢«ï¥âáï
­¥®¡å®¤¨¬ë¬ ¤«ï à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨ á®®â¢¥â-
áâ¢ãîé¥© § ¬ª­ãâ®© á¨áâ¥¬ë (â¥®à¥¬  10.2).

�¤¥áì ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã á
­ ¡«î¤ â¥«¥¬

_x = A(t)x + B(t)u, y = C∗(t)x, (10.1)
£¤¥ x ∈ Rn , u ∈ Rm , y ∈ Rr , t ∈ R . � ¬ª­¥¬ á¨áâ¥¬ã (10.1) ã¯à ¢«¥­¨¥¬
u = Uy , «¨­¥©­ë¬ ¯® ­ ¡«î¤ ¥¬®© ¯¥à¥¬¥­­®© y , ¯®«ãç¨¬ á¨áâ¥¬ã

_x = (A(t) + B(t)UC∗(t))x. (10.2)
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� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 10.1 (�. �. � ©æ¥¢, �. �. �®­ª®¢ [48, 195]). �ãáâì
U ⊂ Mmr | ­¥ª®â®à®¥ ¬­®¦¥áâ¢®. �¨áâ¥¬  (10.2) ­ §ë¢ ¥âáï
 ) «®ª «ì­® ¤®áâ¨¦¨¬®© (®â­®á¨â¥«ì­® U ) ­  ®âà¥§ª¥ [t0, t0 + ϑ] , ¥á«¨
áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï «î¡®© ¬ âà¨æë H ∈ Bδ(E) ⊂ Mn

­ ©¤¥âáï ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U : [t0, t0 + ϑ] → U , £ -
à ­â¨àãîé¥¥ ¤«ï ¬ âà¨æë �®è¨ XU(t, s) á¨áâ¥¬ë (10.2) á U = U(·)
¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (8.6);
¡) ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬®© (®â­®á¨â¥«ì­® U ), ¥á«¨ (10.2) «®-
ª «ì­® ¤®áâ¨¦¨¬  (®â­®á¨â¥«ì­® U ) ­  ¢áïª®¬ ®âà¥§ª¥ [t0, t0 +ϑ] ¤«¨-
­ë ϑ , ¯à¨ç¥¬ δ ­¥ § ¢¨á¨â ®â t0 .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 10.2 [136]. �¨áâ¥¬  (10.2) ­ §ë¢ ¥âáï ϑ-à ¢­®¬¥à­®
«®ª «ì­® ¤®áâ¨¦¨¬®©, ¥á«¨ íâ  á¨áâ¥¬  ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨-
¦¨¬  (®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U = Bε(0) ⊂ Mmr ) ¯à¨ ª ¦¤®¬ ε > 0 .

�§ á«¥¤áâ¢¨ï 6.1 ¢ëâ¥ª ¥â á«¥¤ãîé ï â¥®à¥¬ .
� ¥ ® à ¥ ¬   10.1 [127]. �á«¨ á¨áâ¥¬  (10.1) ϑ-à ¢­®¬¥à­® á®£« á®-

¢ ­­ , â® á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  (10.2) ϑ-à ¢­®¬¥à­® «®ª «ì­®
¤®áâ¨¦¨¬ .

�®ª ¦¥¬, çâ® ¢ ®â«¨ç¨¥ ®â ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ¡¥§ ­ ¡«î¤ â¥-
«ï ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ á¢®©áâ¢® à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨
­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¤«ï á¢®©áâ¢  à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨-
¦¨¬®áâ¨.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

Q(t, s) := X(t, s)B(s), R(t, s) := X∗(s, t)C(s), t, s ∈ R.

�«ï á¨áâ¥¬ë (10.1) ­  [t0, t0 + ϑ] ¯®áâà®¨¬ á®¢®ªã¯­®áâì n2 äã­ªæ¨©

Uij(t) = Q∗(t0, t)eie
∗
jR(t0, t), i, j = 1, . . . , n.

� á¨«ã â¥®à¥¬ë 2.1 á¨áâ¥¬  (10.1) á®£« á®¢ ­­  ­  [t0, t0 + ϑ] ¢ â®¬ ¨
â®«ìª® â®¬ á«ãç ¥, ª®£¤  äã­ªæ¨¨ {Uij(·)}n

i,j=1 «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ 
[t0, t0 + ϑ] .

� áá¬®âà¨¬ á¨áâ¥¬ã (10.1) ¯à¨ n = 2 , m = r = 1 , A(t) ≡ 0 . �®£¤ 

X(t, s) ≡ E;

B(t) =: b(t) = (b1(t), b2(t))∗, C(t) =: c(t) = (c1(t), c2(t))∗

| ¢¥ªâ®à-áâ®«¡æë; Q(t0, t) = b(t) , R(t0, t) = c(t) ¨

Uij(t) = b∗(t)eie
∗
jc(t) = bi(t)cj(t), i, j = 1, 2.
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�¨áâ¥¬  (10.1) ¢ ¤ ­­®¬ á«ãç ¥ ¯à¨®¡à¥â ¥â ¢¨¤

_x = b(t)u, y = c∗(t)x, x ∈ R2, u ∈ R, y ∈ R, (10.3)

  ¥¥ á®£« á®¢ ­­®áâì ­  [t0, t0 + ϑ] íª¢¨¢ «¥­â­  «¨­¥©­®© ­¥§ ¢¨á¨¬®-
áâ¨ ­  íâ®¬ ®âà¥§ª¥ á®¢®ªã¯­®áâ¨ äã­ªæ¨© {bi(·)cj(·)}2

i,j=1 .
�áî¤ã ¤ «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® b(·) ¨ c(·) | ¯¥à¨®¤¨ç¥áª¨¥

á ¯¥à¨®¤®¬ 3 ¢¥ªâ®à-äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ­  [0, 3[ à ¢¥­áâ¢ ¬¨




b1(t) = c2(t) = 1, b2(t) = c1(t) = 0, ¯à¨ t ∈ [0, 1[,
b1(t) = c2(t) = b2(t) = 1, c1(t) = 0, ¯à¨ t ∈ [1, 2[,
b1(t) = c2(t) = 0, b2(t) = c1(t) = 1, ¯à¨ t ∈ [2, 3[.

�®£¤ 




b1(t)c2(t) = 1, b2(t)c1(t) = 0, b2(t)c2(t) = 0, ¯à¨ t ∈ [0, 1[,
b1(t)c2(t) = 1, b2(t)c1(t) = 0, b2(t)c2(t) = 1, ¯à¨ t ∈ [1, 2[,
b1(t)c2(t) = 0, b2(t)c1(t) = 1, b2(t)c2(t) = 0, ¯à¨ t ∈ [2, 3[,

¢ â® ¢à¥¬ï ª ª
b1(t)c1(t) ≡ 0, t ∈ R,

¯®íâ®¬ã á®¢®ªã¯­®áâì äã­ªæ¨© {bi(·)cj(·)}2
i,j=1 «¨­¥©­® § ¢¨á¨¬  ­ 

¢áïª®¬ ®âà¥§ª¥ [t0, t0 + ϑ] , á«¥¤®¢ â¥«ì­®, á¨áâ¥¬  (10.3) ­¥ ï¢«ï¥â-
áï á®£« á®¢ ­­®© ­¨ ­  ª ª®¬ ®âà¥§ª¥ [t0, t0 + ϑ] . �¨¦¥ ¬ë ¯®ª ¦¥¬,
çâ® (10.3) ï¢«ï¥âáï à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬®© ®â­®á¨â¥«ì­®
¬­®¦¥áâ¢  U = [−ε, ε] ­  ®âà¥§ª å ¤«¨­ë 12, £¤¥ ε > 0 | «î¡®¥.

�®áâà®¨¬ ¤«ï à áá¬ âà¨¢ ¥¬®£® á«ãç ï á¨áâ¥¬ã (10.2). �®áª®«ìªã
m = r = 1 , ã¯à ¢«ïîé ï ¬ âà¨æ  U(t) ∈ Mmr §¤¥áì ¯à¥¢à é ¥âáï ¢
áª «ïà u(t) , ¯®íâ®¬ã (10.2) ¯à¨­¨¬ ¥â ¢¨¤

_x = b(t)c∗(t)u(t)x =
(

b1(t)c1(t) b1(t)c2(t)
b2(t)c1(t) b2(t)c2(t)

)
u(t)x =

=
( 0 b1(t)c2(t)

b2(t)c1(t) b2(t)c2(t)

)
u(t)x. (10.4)

�¡®§­ ç¨¬ ç¥à¥§ Xu(t, s) ¬ âà¨æã �®è¨ íâ®© á¨áâ¥¬ë.
� ¥ ¬ ¬   10.1 [136]. �«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â m1 > 0 â ª®¥,

çâ® ¤«ï ¢áïª¨å α , β , γ ∈ Bm1(0) ⊂ R ¨ k ∈ Z ­ ©¤¥âáï ã¯à ¢«¥­¨¥
u : [3k, 3k + 3[→ R , ‖u‖C 6 ε , ¤«ï ª®â®à®£®

Xu(3k + 3, 3k) =
( 1 α

β 1 + γ

)
. (10.5)
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� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ε ∈ ]0, 1] | «î¡®¥. �®«®¦¨¬ m1(ε) =
= ε/3 , ¢ë¡¥à¥¬ ¯à®¨§¢®«ì­ë¥ α, β, γ ∈ Bm1(0) , k ∈ Z .

�®§ì¬¥¬ u(t) ≡ uj ¯à¨ t ∈ [3k + j − 1, 3k + j[ , j = 1, 2, 3 (¢ë¡®à uj

ãâ®ç­¨¬ ­¨¦¥) ¨ ®¡®§­ ç¨¬ v2 = exp(u2) − 1 . �®£¤  ¬ âà¨æ  ª®íää¨-
æ¨¥­â®¢ á¨áâ¥¬ë (10.4) ¨¬¥¥â ¢¨¤

b(t)c∗(t)u(t) =





( 0 u1
0 0

)
¯à¨ t ∈ [3k, 3k + 1[,

( 0 u2
0 u2

)
¯à¨ t ∈ [3k + 1, 3k + 2[,

( 0 0
u3 0

)
¯à¨ t ∈ [3k + 2, 3k + 3[,

¯®íâ®¬ã ¤«ï ¥¥ ¬ âà¨æë �®è¨ á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

Xu(3k + 3, 3k) = Xu3(3k + 3, 3k + 2)Xu2(3k + 2, 3k + 1)Xu1(3k + 1, 3k) =

= exp
( 0 0

u3 0

)
· exp

( 0 u2
0 u2

)
· exp

( 0 u1
0 0

)
=

=
( 1 0

u3 1

) ( 1 v2
0 1 + v2

) ( 1 u1
0 1

)
=

( 1 u1 + v2
u3 1 + v2 + u1u3 + v2u3

)
.

�«¥¤®¢ â¥«ì­®, ¤«ï ­ å®¦¤¥­¨ï ¢¥«¨ç¨­ uj ¯® § ¤ ­­ë¬ α , β , γ ¯®-
«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©





α = u1 + v2,
β = u3,
γ = v2 + u1u3 + v2u3.

�âáî¤  



u1 = α− γ + αβ,
u3 = β,

v2 = γ − αβ.
â. ¥.

u2 = ln(1 + γ − αβ).
�æ¥­¨¬ |uj| . �¬¥¥¬

|u1|6 |α|+ |γ|+ |α| |β|6 ε/3 + ε/3 + ε/3 · 1/3 < ε,

|u3| = |β|6 ε/3 < ε.

�«ï ®æ¥­ª¨ |u2| ¢®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢ ¬¨ 0 6 ln(1 + x) 6 x ¯à¨
x > 0 ¨ 0 > ln(1 + x) > x/(1 + x) ¯à¨ x ∈]− 1, 0[ . �«¥¤®¢ â¥«ì­®,

| ln(1 + x)|6 |x|
1− |x| ¯à¨ x ∈ ]− 1, 1[,
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¯®íâ®¬ã
|u2|6 |γ − αβ|

1− |γ − αβ| 6 |γ|+ |α| |β|
1− |γ| − |α| |β| 6

6 ε/3 + ε/3 · 1/3
1− 1/3− 1/9 < 2(ε/3 + ε/3 · 1/3) = 8ε/9 < ε.

�â ª, ­®à¬  ¯®áâà®¥­­®£® ã¯à ¢«¥­¨ï u(·) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­-
áâ¢ã ‖u‖C < ε .

�à¨ ε > 1 ¡¥à¥¬ m1(ε) = 1/3 . �¥¬¬  ¤®ª § ­ .
� ¥ ¬ ¬   10.2 [136]. �«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â m2 > 0 â ª®¥,

çâ® ¤«ï ¢áïª¨å λ ∈ Bm2(1) ⊂ R ¨ k ∈ Z ­ ©¤¥âáï ã¯à ¢«¥­¨¥ u :
[3k, 3k + 6[→ R , ‖u‖C 6 ε , ¤«ï ª®â®à®£® Xu(3k + 6, 3k) = λE .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ε ∈]0, 1] | «î¡®¥. �®«®¦¨¬ m2(ε) =
= ε2/36 , ¢ë¡¥à¥¬ ¯à®¨§¢®«ì­ë¥ k ∈ Z , λ ∈ Bm2(1) . �®£¤  ¨¬¥¥â ¬¥áâ®
¢ª«îç¥­¨¥ λ ∈ [1 − 1/36, 1 + 1/36] , ¨§ ª®â®à®£® 1/2 < λ < 2 . � á®®â-
¢¥âáâ¢¨¨ á «¥¬¬®© 10.1 ¯®áâà®¨¬ ­  [3k, 3k + 6[ ã¯à ¢«¥­¨¥ u(·) â ª,
çâ®¡ë ¢ë¯®«­ï«¨áì à ¢¥­áâ¢ 

Xu(3k + 3j, 3k + 3(j − 1)) = Hj, (10.6)

£¤¥
Hj =

( 1 αj

βj 1 + γj

)
, j = 1, 2,

¢ë¡®à αj, βj, γj ãâ®ç­¨¬ ­¨¦¥. �®£¤ 

Xu(3k + 6, 3k) = Xu(3k + 6, 3k + 3)Xu(3k + 3, 3k) =

= H2H1 =
( 1 + α2β1 α1 + α2(1 + γ1)

β2 + β1(1 + γ2) 1 + α1β2 + γ1 + γ2 + γ1γ2

)
.

�«¥¤®¢ â¥«ì­®, ¤«ï ­ å®¦¤¥­¨ï ¢¥«¨ç¨­ αj , βj , γj ¯® § ¤ ­­®¬ã λ
¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©





α2β1 = λ− 1,

α1 + α2(1 + γ1) = 0,

β2 + β1(1 + γ2) = 0,

α1β2 + γ1 + γ2 + γ1γ2 = λ− 1.

�®§ì¬¥¬

α2 =
√
|λ− 1|, β1 =

√
|λ− 1| sign(λ− 1),
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â®£¤  ¯¥à¢®¥ ãà ¢­¥­¨¥ íâ®© á¨áâ¥¬ë ¢ë¯®«­¥­®,   ¨§ ¢â®à®£® ¨ âà¥-
âì¥£® ãà ¢­¥­¨© ¯®«ãç ¥¬

α1 = −α2(1 + γ1) = −
√
|λ− 1|(1 + γ1),

β2 = −β1(1 + γ2) = −
√
|λ− 1|(1 + γ2) sign(λ− 1),

¯®íâ®¬ã

α1β2 = (λ− 1)(1 + γ1)(1 + γ2) = λ− 1 + (λ− 1)(γ1 + γ2 + γ1γ2).

�§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¢ë¯¨á ­­®© á¨áâ¥¬ë ¨¬¥¥¬

λ− 1 + (λ− 1)(γ1 + γ2 + γ1γ2) + (γ1 + γ2 + γ1γ2) = λ− 1,

â. ¥. λ(γ1 + γ2 + γ1γ2) = 0 . � ª ª ª λ 6= 0 , â®

γ1 + γ2 + γ1γ2 = 0.

�ë¡¥à¥¬
γ1 = λ− 1,

â®£¤ 
γ2 = −γ1/(1 + γ1) = (1− λ)/λ,

α1 = −λ
√
|λ− 1|, β2 = −

√
|λ− 1| sign(λ− 1)/λ.

�æ¥­¨¬ ¢¥«¨ç¨­ë |αj| , |βj| , |γj| . �®áª®«ìªã
√
|λ− 1|6 ε/6 , â®

|α1| = λ
√
|λ− 1| < 2ε/6 = ε/3, |α2| =

√
|λ− 1|6 ε/6,

|β1| =
√
|λ− 1|6 ε/6, |β2| =

√
|λ− 1|/λ < 2ε/6 = ε/3,

|γ1| = |λ− 1|6 ε2/36 6 ε/36, |γ2| = |λ− 1|/λ 6 2ε2/36 = ε2/18 6 ε/18.

�§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 10.1 á«¥¤ã¥â, çâ® ­®à¬  ã¯à ¢«¥­¨ï u(·) ,
®¡¥á¯¥ç¨¢ îé¥£® à ¢¥­áâ¢  (10.6) á ­ ©¤¥­­ë¬¨ αj , βj , γj , ã¤®¢«¥â¢®-
àï¥â ­¥à ¢¥­áâ¢ã ‖u‖C < 3 max{|αj|, |βj|, |γj| : j = 1, 2} , ¯®íâ®¬ã
‖u‖C < 3ε/3 = ε .

�à¨ ε > 1 ¡¥à¥¬ m2(ε) = 1/36 . �¥¬¬  ¤®ª § ­ .
� ¥ ® à ¥ ¬   10.2 [136]. �¢®©áâ¢® ϑ-à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨ á¨-

áâ¥¬ë (10.1) ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¤«ï ϑ-à ¢­®¬¥à­®© «®ª «ì­®©
¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (10.2).

� ® ª   §   â ¥ « ì á â ¢ ®. �ëè¥ ¡ë«® ®â¬¥ç¥­®, çâ® 3-¯¥à¨®¤¨ç¥áª ï
á¨áâ¥¬  (10.3) ­¥ ï¢«ï¥âáï ϑ-à ¢­®¬¥à­® á®£« á®¢ ­­®© ­¨ ¯à¨ ª ª®¬
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ϑ > 0 . �®ª ¦¥¬, çâ® (10.3) à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬  ®â­®á¨-
â¥«ì­® ¬­®¦¥áâ¢  U = [−ε, ε] ­  ®âà¥§ª å ¤«¨­ë 12 ¯à¨ «î¡®¬ ε > 0 .

� ¤® ¤®ª § âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥: ¤«ï «î¡®£® ε > 0 áãé¥-
áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï ¢áïª®© ¬ âà¨æë H ∈ Bδ(E) ⊂ M2 ¨ ¢áïª®£®
t0 ∈ R ­ ©¤¥âáï ã¯à ¢«¥­¨¥ u : [t0, t0 + 12] → R , ‖u‖C 6 ε , £ à ­â¨àã-
îé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  Xu(t0 + 12, t0) = H .

�ãáâì ε ∈ ]0, 1] | «î¡®¥. �¡®§­ ç¨¬ δ(ε) = ε2/(36
√

2) , ¢®§ì¬¥¬
¯à®¨§¢®«ì­ë¥ t0 ∈ R ¨

H =
( 1 + h1 h2

h3 1 + h4

)
∈ Bδ(E).

�æ¥­¨¬ ¢¥«¨ç¨­ë |hj| . �ãáâì

‖P‖1 = max{|p11|+ |p21|, |p12|+ |p22|}
| ¬ ªá¨¬ «ì­ ï áâ®«¡æ®¢ ï ­®à¬  [176, á. 356] ¬ âà¨æë P = {pij}2

i,j=1 .
�®£¤  [176, á. 366]

max
P 6=0

‖P‖1
‖P‖ =

√
2,

¯®íâ®¬ã ‖P‖16
√

2‖P‖ ¤«ï «î¡®© P ∈ M2 . �«¥¤®¢ â¥«ì­®, ¤«ï ª ¦¤®£®
j ∈ {1, 2, 3, 4} ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

|hj|6max{|h1|+|h3|, |h2|+|h4|} = ‖H−E‖16
√

2‖H−E‖6
√

2δ(ε) = ε2/36.

�ãáâì k ∈ Z â ª®¢®, çâ® 3k ∈ [t0, t0 + 3[ . �®£¤  á¯à ¢¥¤«¨¢ë ¢ª«î-
ç¥­¨ï

[3k, 3k + 9[⊂ [t0, t0 + 3 + 9[⊂ [t0, t0 + 12].
�®«®¦¨¬

u(t) ≡ 0, t ∈ [t0, t0 + 12] \ [3k, 3k + 9[.
� á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 10.1 ­  [3k, 3k + 3[ ¯®áâà®¨¬ ã¯à ¢«¥­¨¥ u(·)
â ª, çâ®¡ë ¡ë«® ¢ë¯®«­¥­® (10.5) á

α = h2
1 + h1

, β = h3
1 + h1

, γ = h4 − h1
1 + h1

.

�â¬¥â¨¬, çâ®
|α|6 |h2|

1− |h1| 6 2ε2

36 <
ε

3 ,

|β|6 |h3|
1− |h1| <

ε

3 ,
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|γ|6 |h1|+ |h4|
1− |h1| 6 4ε2

36 <
ε

3,

¯®íâ®¬ã ­  [3k, 3k + 3[ ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

‖u‖C < 3 max{|α|, |β|, |γ|} < ε.

�®«ì§ãïáì «¥¬¬®© 10.2, ­  [3k + 3, 3k + 9[ áâà®¨¬ u(·) â ª, çâ®¡ë

Xu(3k + 9, 3k + 3) = (1 + h1)E.

�§ ¤®ª § â¥«ìáâ¢  íâ®© «¥¬¬ë á«¥¤ã¥â, çâ®

‖u‖C < 3 · 2
√
|h1| = 6ε/6 = ε.

�â ª, ¯®áâà®¥­­®¥ ­  [t0, t0 + 12] ã¯à ¢«¥­¨¥ u(·) ã¤®¢«¥â¢®àï¥â
®æ¥­ª¥ ‖u‖C < ε ¨ £ à ­â¨àã¥â ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

Xu(t0 + 12, t0) = Xu(3k + 9, 3k) = Xu(3k + 9, 3k + 3)Xu(3k + 3, 3k) =

= (1 + h1)
( 1 h2/(1 + h1)

h3/(1 + h1) 1 + (h4 − h1)/(1 + h1)

)
=

=
( 1 + h1 h2

h3 1 + h1 + h4 − h1

)
= H.

�«ï ε > 1 ¯®« £ ¥¬ δ(ε) = 1/(36
√

2) . �¥®à¥¬  ¤®ª § ­ .
�   ¬ ¥ ç   ­ ¨ ¥ 10.1. � ª¨¬ ®¡à §®¬, á¢®©áâ¢® à ¢­®¬¥à­®© á®£« -

á®¢ ­­®áâ¨ á¨áâ¥¬ë (10.1) \á § ¯ á®¬" ®¡¥á¯¥ç¨¢ ¥â à ¢­®¬¥à­ãî «®-
ª «ì­ãî ¤®áâ¨¦¨¬®áâì § ¬ª­ãâ®© á¨áâ¥¬ë (10.2). � ¦¥âáï ¤®¢®«ì­®
®ç¥¢¨¤­ë¬, çâ® ª ª¨¥-«¨¡® ¤®áâ â®ç­ë¥ «¥£ª® ¯à®¢¥àï¥¬ë¥ ãá«®¢¨ï
á ¬�®© ¤®áâ¨¦¨¬®áâ¨ ¯®«ãç¨âì ¢¥áì¬  ­¥¯à®áâ®. � ¤àã£®© áâ®à®­ë, á
¤®áâ â®ç­ë¬¨ ãá«®¢¨ï¬¨ á®£« á®¢ ­­®áâ¨ â ª¨å ¯à®¡«¥¬ ­¥ ¢®§­¨ª -
¥â (¬®¦­®, ­ ¯à¨¬¥à, ¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ ¯ à £à ä®¢ 4, 5).
�âáî¤  á«¥¤ã¥â ¯à ªâ¨ç¥áª ï æ¥­­®áâì ¯®«ãç¥­­ëå ¢ £« ¢¥ I à¥§ã«ì-
â â®¢ ® à ¢­®¬¥à­®© á®£« á®¢ ­­®áâ¨ «¨­¥©­ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ á
­ ¡«î¤ â¥«¥¬.

�¥à­¥¬áï ª à áá¬®âà¥­¨î «¨­¥©­ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ¡¥§ ­ -
¡«î¤ â¥«ï. �à¨¢¥¤¥¬ ¯à¨¬¥à á¨áâ¥¬ë ¢¨¤  (8.5), ϑ-à ¢­®¬¥à­® «®-
ª «ì­® ¤®áâ¨¦¨¬®© ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U , ­¥ á®¤¥à¦ é¥£® ­ã«ì
¢® ¢­ãâà¥­­®áâ¨ ¢ë¯ãª«®© ®¡®«®çª¨ (á¬. § ¬¥ç ­¨¥ 8.1).

� à ¨ ¬ ¥ à 10.1. �ãáâì m = n = 2 , A(t) ≡ 0 . � áá¬®âà¨¬ á¨áâ¥¬ã

_x = B(t)u (10.7)
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á 3-¯¥à¨®¤¨ç¥áª®© ¬ âà¨æ¥© B(·) , ®¯à¥¤¥«¥­­®© ­  [0, 3[ à ¢¥­áâ¢ ¬¨

B(t) =





( 0 1
0 0

)
¯à¨ t ∈ [0, 1[,

( 0 1
0 1

)
¯à¨ t ∈ [1, 2[,

( 0 0
1 0

)
¯à¨ t ∈ [2, 3[.

�¤¥áì X(t, s) ≡ E , ¯®íâ®¬ã ¬ âà¨æ  � «¬ ­  ¤«ï (10.7) ¨¬¥¥â ¢¨¤

W (t0 + 3, t0) = W (3, 0) =
3∫

0
B(t)B∗(t) dt =

=
( 1 0

0 0

)
+

( 1 1
1 1

)
+

( 0 0
0 1

)
=

( 2 1
1 2

)
,

¯®íâ®¬ã ¤«ï «î¡®£® ¢¥ªâ®à  ξ = col(ξ1, ξ2) ∈ R2 ¨¬¥¥¬ á®®â­®è¥­¨ï

ξ∗W (t0 + 3, t0)ξ = 2(ξ2
1 + ξ1ξ2 + ξ2

2) = (ξ1 + ξ2)2 + ξ2
1 + ξ2

2 > ξ2
1 + ξ2

2 = ‖ξ‖2,

â. ¥. (10.7) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¯à¨ ϑ = 3 . � ª¨¬ ®¡à §®¬,
¢ë¯®«­¥­® ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ϑ-à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®-
áâ¨ § ¬ª­ãâ®© á¨áâ¥¬ë

_x = B(t)Ux (10.8)
®â­®á¨â¥«ì­® ¯à®¨§¢®«ì­®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U ⊂ M2 .

�®§ì¬¥¬ «î¡®¥ ε > 0 ¨ ¢ ª ç¥áâ¢¥ U = Uε à áá¬®âà¨¬ ¬­®¦¥áâ¢®
2× 2 ¬ âà¨æ ¢¨¤  (

α β

α β

)
,

£¤¥ |α|6 ε , |β|6 ε . �­®¦¥áâ¢® Uε ¢ë¯ãª«®, â ª ª ª ¤«ï ¢áïª¨å

Pi =
(

αi βi

αi βi

)
∈ Uε, i = 1, 2,

¨ ¤«ï «î¡®£® γ ∈ [0, 1] ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥

γP1 + (1− γ)P2 =
(

γα1 + (1− γ)α2 γβ1 + (1− γ)β2
γα1 + (1− γ)α2 γβ1 + (1− γ)β2

)
∈ Uε.

�ã«¥¢ ï ¬ âà¨æ  ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã Uε , ­® 0 /∈ intUε , â ª ª ª
rank P 6 1 ¤«ï ª ¦¤®© P ∈ Uε .

�®ª ¦¥¬, çâ® á¨áâ¥¬  (10.8) ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ 
®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  Uε ¯à¨ ϑ = 12 .
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�ãáâì k ∈ Z | ¯à®¨§¢®«ì­®. �ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ ã¯à ¢«¥­¨ï U(·)
ªãá®ç­® ¯®áâ®ï­­ãî ¬ âà¨ç­ãî äã­ªæ¨î

U(t) =





( 0 u1
0 u1

)
¯à¨ t ∈ [3k, 3k + 1[,

( 0 u2
0 u2

)
¯à¨ t ∈ [3k + 1, 3k + 2[,

(
u3 0
u3 0

)
¯à¨ t ∈ [3k + 2, 3k + 3[,

£¤¥ |uj|6 ε , j = 1, 2, 3 . �®£¤  U(t) ∈ Uε ¨

B(t)U(t) =





( 0 u1
0 0

)
¯à¨ t ∈ [3k, 3k + 1[,

( 0 u2
0 u2

)
¯à¨ t ∈ [3k + 1, 3k + 2[,

( 0 0
u3 0

)
¯à¨ t ∈ [3k + 2, 3k + 3[,

â. ¥. ¬ âà¨æ  ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë (10.8) á ¢ë¡à ­­ë¬ ã¯à ¢«¥­¨¥¬
U(·) á®¢¯ ¤ ¥â á ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë (10.4) á ã¯à ¢«¥­¨-
¥¬, ¯®áâà®¥­­ë¬ ¢ «¥¬¬¥ 10.1, ¯®íâ®¬ã ¬ âà¨æ  �®è¨ XU(3k+3, 3k) á¨-
áâ¥¬ë (10.8) á®¢¯ ¤ ¥â á ¬ âà¨æ¥© �®è¨ Xu(3k + 3, 3k) á¨áâ¥¬ë (10.4).
�§ «¥¬¬ë 10.1 á«¥¤ã¥â, çâ® ¤«ï ¢ë¡à ­­®£® ε > 0 áãé¥áâ¢ã¥â m1 > 0
â ª®¥, çâ® ¤«ï ¢áïª¨å α, β, γ ∈ Bm1(0) ⊂ R ¨ k ∈ Z ­ ©¤¥âáï ã¯à ¢«¥-
­¨¥ U : [3k, 3k + 3] → Uε , ¤«ï ª®â®à®£®

XU(3k + 3, 3k) =
( 1 α

β 1 + γ

)
.

� «¥¥, ¨§ «¥¬¬ë 10.2 ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ â ª®£® m2 > 0 , çâ® ¤«ï
¢áïª¨å λ ∈ Bm2(1) ⊂ R ¨ k ∈ Z ­ ©¤¥âáï U : [3k, 3k + 6] → Uε , ¯à¨
ª®â®à®¬

XU(3k + 6, 3k) = λE.

� ª®­¥æ, ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 10.2 ¢ëâ¥ª ¥â á«¥¤ãîé¥¥ á¢®©-
áâ¢®: ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï ¯à®¨§¢®«ì­®©
¬ âà¨æë H ∈ M2 , ‖H − E‖6 δ , ¨ «î¡®£® t0 ∈ R ­ ©¤¥âáï ã¯à ¢«¥­¨¥
U : [t0, t0 + 12] → Uε , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

XU(t0 + 12, t0) = H.

� ª¨¬ ®¡à §®¬, á¨áâ¥¬  (10.8) ϑ-à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ 
®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  Uε ¯à¨ ϑ = 12 .
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§ 11. �¥ª®â®àë¥ á«¥¤áâ¢¨ï ¨§ á¢®©áâ¢  ¤®áâ¨¦¨¬®áâ¨

� íâ®¬ ¯ à £à ä¥ ¯®ª § ­®, çâ® ¥á«¨ á¨áâ¥¬ 

_x = (A(t) + B(t)UC∗(t))x, x ∈ Rn,

à ¢­®¬¥à­® «®ª «ì­® ¤®áâ¨¦¨¬ , â® ¤«ï ª ¦¤®£® ε > 0 ­ ©¤¥âáï
δ > 0 â ª®¥, çâ® ¬­®¦¥áâ¢® Nε(A) § ¬ª­ãâëå á¨áâ¥¬ ¢¨¤  (10.2),
£¤¥ ‖U‖C 6 ε , ¨ ¬­®¦¥áâ¢® Mδ(A) ¢®§¬ãé¥­­ëå á¨áâ¥¬

_x = (A(t) + P (t)) x,

£¤¥ ‖P‖C 6 δ , ­¥®â«¨ç¨¬ë á â®çª¨ §à¥­¨ï  á¨¬¯â®â¨ç¥áª®£®
¯®¢¥¤¥­¨ï à¥è¥­¨© á¨áâ¥¬, ¢å®¤ïé¨å ¢ íâ¨ ¬­®¦¥áâ¢  (â¥®à¥-
¬ë 11.1, 11.5, á«¥¤áâ¢¨¥ 11.1). �«¨§ª¨¥ ¯® á¬ëá«ã ãâ¢¥à¦¤¥-
­¨ï ¡ë«¨ ãáâ ­®¢«¥­ë �. �. �®­ª®¢ë¬ ¢ [175, 195]. �  ®á­®-
¢ ­¨¨ íâ¨å à¥§ã«ìâ â®¢ ¤®ª § ­® ­¥áª®«ìª® â¥®à¥¬ ® «®ª «ì-
­ëå á¢®©áâ¢ å  á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢ á¢®¡®¤­®© á¨áâ¥¬ë
_x = A(t)x ®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨©, ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã
N(A) := ⋃

ε>0
Nε(A) .

�­®¢ì à áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm, (11.1)

á ­ ¡«î¤ â¥«¥¬
y = C∗(t)x, y ∈ Rr. (11.2)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¬ âà¨æë A(·), B(·), C(·) ªãá®ç­® ­¥¯à¥àë¢­ë
¨ ®£à ­¨ç¥­ë ­  R ; a := sup

t∈R
‖A(t)‖ , b := sup

t∈R
‖B(t)‖ , c := sup

t∈R
‖C(t)‖ .

�ä®à¬¨àã¥¬ ã¯à ¢«¥­¨¥ u ¢ á¨áâ¥¬¥ (11.1) «¨­¥©­ë¬ ¯® ­ ¡«î¤ ¥-
¬®¬ã ¢¥ªâ®àã y , â. ¥. ¢ ¢¨¤¥ u = U(t)y , ¢ ¨â®£¥ ¯®«ãç¨¬ § ¬ª­ãâãî
á¨áâ¥¬ã

_x = (A(t) + B(t)UC∗(t))x. (11.3)
�ãáâì ¬ âà¨ç­®¥ ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) ¢ á¨áâ¥¬¥ (11.3) ¢ë¡¨-
à ¥âáï ¤®áâ â®ç­® ¬ «ë¬ ¯® ­®à¬¥, ‖U‖C 6 ε . �­®¦¥áâ¢® ¢á¥å á¨áâ¥¬
¢¨¤  (11.3) á â ª¨¬¨ U(·) ®¡®§­ ç¨¬ Nε(A) . �áïªãî á¨áâ¥¬ã ¨§ íâ®-
£® ¬­®¦¥áâ¢  ¬®¦­® à áá¬ âà¨¢ âì ª ª ¢®§¬ãé¥­­ãî ¯® ®â­®è¥­¨î ª
á¢®¡®¤­®© á¨áâ¥¬¥

_x = A(t)x, x ∈ Rn, (11.4)
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­® ¢®§¬ãé¥­¨ï §¤¥áì ¢ë¡¨à îâáï ­¥ ¯à®¨§¢®«ì­ë¥,   ¨¬¥îé¨¥ ¢¨¤
B(t)U(t)C∗(t) , £¤¥ ‖U‖C 6 ε .

�ãáâì δ > bcε . � áá¬®âà¨¬ á¥¬¥©áâ¢® Mδ(A) ¯à®¨§¢®«ì­ëå ¢®§¬ã-
é¥­­ëå á¨áâ¥¬ ¢¨¤ 

_z = (A(t) + P (t))z, z ∈ Rn, (11.5)

£¤¥ P ∈ KCn(R) , ‖P‖C 6 δ . �ç¥¢¨¤­®, çâ® ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
Nε(A) ⊂ Mδ(A) , ¯à¨ç¥¬ \ç é¥ ¢á¥£®" ®­® áâà®£®¥ (¨áª«îç¥­¨¥ á®áâ -
¢«ï¥â, ­ ¯à¨¬¥à, á«ãç © n = m = r , B(t) = C(t) ≡ E , ε = δ ). �®
®ª §ë¢ ¥âáï, çâ® ¯à¨ ãá«®¢¨¨ à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨
á¨áâ¥¬ë (11.3) ¤«ï ª ¦¤®£® ε > 0 ­ ©¤¥âáï δ > 0 â ª®¥, çâ® íâ¨ ¤¢ 
¬­®¦¥áâ¢  ­¥®â«¨ç¨¬ë á â®çª¨ §à¥­¨ï  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï à¥-
è¥­¨© á¨áâ¥¬, ¢å®¤ïé¨å ¢ íâ¨ ¬­®¦¥áâ¢  (á«¥¤áâ¢¨¥ 11.1).

� ¯®¬­¨¬ (á¬. ®¯à¥¤¥«¥­¨¥ 0.5), çâ® ¤¢¥ á¨áâ¥¬ë ¨§ ¬­®¦¥áâ¢ 
Mn «¨­¥©­ëå ®¤­®à®¤­ëå á¨áâ¥¬ n-£® ¯®àï¤ª  á ªãá®ç­® ­¥¯à¥àë¢­ë-
¬¨ ¨ ®£à ­¨ç¥­ë¬¨ ­  R ª®íää¨æ¨¥­â ¬¨ ­ §ë¢ îâáï  á¨¬¯â®â¨ç¥áª¨
íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ áãé¥áâ¢ã¥â á¢ï§ë¢ îé¥¥ íâ¨ á¨áâ¥¬ë ¯à¥®¡à §®-
¢ ­¨¥ �ï¯ã­®¢ .

� ¥ ® à ¥ ¬   11.1 [140]. �á«¨ á¨áâ¥¬  (11.3) à ¢­®¬¥à­® «®ª «ì­® ¤®-
áâ¨¦¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U ⊂ Mmr , â® áãé¥áâ¢ã¥â δ > 0
â ª®¥, çâ® ¤«ï «î¡®© á¨áâ¥¬ë ¢¨¤  (11.5) ¨§ ¬­®¦¥áâ¢  Mδ(A) ­ ©-
¤¥âáï ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U : R → U , ®¡¥á¯¥ç¨¢ îé¥¥
 á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â­®áâì á¨áâ¥¬ë (11.5) ¨ á¨áâ¥¬ë (11.3)
á U = U(·) .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  (11.3) ϑ-à ¢­®¬¥à­® «®ª «ì­®
¤®áâ¨¦¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U . �®£« á­® ®¯à¥¤¥«¥­¨î 8.1, áã-
é¥áâ¢ã¥â δ0 > 0 â ª®¥, çâ® ¤«ï ª ¦¤®£® k ∈ Z ¨ «î¡®© H ∈ Bδ0(E) ⊂
Mn ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U : [(k − 1)ϑ, kϑ] → U , ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï
¬ âà¨æ �®è¨ XU(t, s) ¨ X(t, s) á¨áâ¥¬ (11.3) ¨ (11.4) ¢ë¯®«­¥­¨¥ à -
¢¥­áâ¢ 

XU(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)H.

�¯à¥¤¥«¨¬ δ > 0 ¨§ ãá«®¢¨ï

δeδϑ = δ0
ϑe2aϑ

.

� ª ª ª äã­ªæ¨ï δ 7→ δeδϑ ­¥¯à¥àë¢­  ¨ ¬®­®â®­­® ¢®§à áâ ¥â ­ 
[0, +∞[ ®â 0 ¤® +∞ , â® â ª®¥ §­ ç¥­¨¥ δ áãé¥áâ¢ã¥â. �®§ì¬¥¬ «î¡ãî
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ªãá®ç­® ­¥¯à¥àë¢­ãî äã­ªæ¨î P : R → Mn , â ªãî, çâ® ‖P‖C 6 δ , ¨
à áá¬®âà¨¬ á¨áâ¥¬ã (11.5) á äã­ªæ¨¥© P (·) . �«ï ¬ âà¨æë �®è¨ íâ®©
á¨áâ¥¬ë ¨¬¥¥¬ à ¢¥­áâ¢®

Z(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)×

×
(
E +

kϑ∫

(k−1)ϑ
X((k − 1)ϑ, s)P (s)Z(s, (k − 1)ϑ) ds

)
=: X(kϑ, (k − 1)ϑ)Hk,

¯à¨ íâ®¬

‖Hk − E‖6 ϑeaϑ‖P‖Ce(a+‖P‖C)ϑ 6 ϑeaϑδe(a+δ)ϑ = δ0.

�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª®¥ ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥
U : R→ U , çâ® ¯à¨ ª ¦¤®¬ k ∈ Z ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

XU(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)Hk = Z(kϑ, (k − 1)ϑ).

�âáî¤  ¢ëâ¥ª ¥â (�. �. � ª à®¢, [90])  á¨¬¯â®â¨ç¥áª ï íª¢¨¢ «¥­â-
­®áâì á¨áâ¥¬ (7.2) ¨ (8.5) ¯à¨ U = U(·) . �¥®à¥¬  ¤®ª § ­ .

�   ¬ ¥ ç   ­ ¨ ¥ 11.1. �â¢¥à¦¤¥­¨ï, ¡«¨§ª¨¥ ¯® á¬ëá«ã ª â¥®à¥-
¬¥ 11.1, ¡ë«¨ ¯®«ãç¥­ë �. �. �®­ª®¢ë¬ ¢ [175, 195].

� « ¥ ¤ á â ¢ ¨ ¥ 11.1 [140]. �á«¨ á¨áâ¥¬  (11.3) à ¢­®¬¥à­® «®ª «ì­®
¤®áâ¨¦¨¬ , â® ¤«ï ª ¦¤®£® ε > 0 áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï
«î¡®© á¨áâ¥¬ë ¢¨¤  (11.5) ¨§ ¬­®¦¥áâ¢  Mδ(A) ­ ©¤¥âáï ªãá®ç­®
­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) , ‖U‖C 6 ε , ®¡¥á¯¥ç¨¢ îé¥¥
 á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â­®áâì á¨áâ¥¬ë (11.5) ¨ á¨áâ¥¬ë (11.3)
á U = U(·) .

� ® ª   §   â ¥ « ì á â ¢ ® á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 11.1 ¨
®¯à¥¤¥«¥­¨ï 10.2 à ¢­®¬¥à­®© «®ª «ì­®© ¤®áâ¨¦¨¬®áâ¨.

�¡®§­ ç¨¬
N(A) = ⋃

ε>0
Nε(A).

�®«ì§ãïáì á«¥¤áâ¢¨¥¬ 11.1, ¤®ª ¦¥¬ ­¥áª®«ìª® ãâ¢¥à¦¤¥­¨© ® «®ª «ì-
­ëå á¢®©áâ¢ å  á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢ á¨áâ¥¬ë (11.4) ®â­®á¨-
â¥«ì­® ¢®§¬ãé¥­¨©, ¯à¨­ ¤«¥¦ é¨å ¬­®¦¥áâ¢ã N(A) .

� ¥ ® à ¥ ¬   11.2 [128]. �á«¨ á¨áâ¥¬  (11.3) à ¢­®¬¥à­® «®ª «ì­®
¤®áâ¨¦¨¬ , â® ¤«ï ª ¦¤®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥ ã¯à ¢«¥­¨¥
U(·) ∈ KCmr(R) , ‖U‖C 6 ε , çâ® á¨áâ¥¬  (11.3) ¯à¨ U = U(·) ï¢«ï¥âáï
á¨áâ¥¬®© á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî.
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� ® ª   §   â ¥ « ì á â ¢ ®. � á®®â¢¥âáâ¢¨¨ á® á«¥¤áâ¢¨¥¬ 11.1 ¤«ï ¯à®-
¨§¢®«ì­®£® ε > 0 ­ ©¤¥¬ ¢¥«¨ç¨­ã δ > 0 . �§ â¥®à¥¬ë �. �. �¨«-
«¨®­é¨ª®¢  [108] ® ¯«®â­®áâ¨ ¬­®¦¥áâ¢  á¨áâ¥¬ á ¨­â¥£à «ì­®© à §-
¤¥«¥­­®áâìî ¢® ¬­®¦¥áâ¢¥ ¢á¥å á¨áâ¥¬ Mn ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥
â ª®£® ¢®§¬ãé¥­¨ï P (·) ∈ KCn(R) , ‖P‖C 6 δ , çâ® á¨áâ¥¬  (11.5) ï¢«ï-
¥âáï á¨áâ¥¬®© á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî. �®áâà®¨¬ ã¯à ¢«¥­¨¥
U(·) ∈ KCmr(R) , ‖U‖C 6 ε , £ à ­â¨àãîé¥¥  á¨¬¯â®â¨ç¥áªãî íª¢¨¢ -
«¥­â­®áâì á¨áâ¥¬ë (11.3) ¯à¨ U = U(·) ¨ íâ®© á¨áâ¥¬ë (11.5). �¢®©áâ¢®
¨­â¥£à «ì­®© à §¤¥«¥­­®áâ¨ ï¢«ï¥âáï «ï¯ã­®¢áª¨¬ ¨­¢ à¨ ­â®¬, ¯®-
íâ®¬ã á¨áâ¥¬  (11.3) á ¯®áâà®¥­­ë¬ ã¯à ¢«¥­¨¥¬ U(·) ï¢«ï¥âáï á¨áâ¥-
¬®© á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî.

� ¥ ® à ¥ ¬   11.3 [127]. �á«¨ á¨áâ¥¬  (11.3) à ¢­®¬¥à­® «®ª «ì­® ¤®-
áâ¨¦¨¬ , â® ¤«ï ª ¦¤®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥ ã¯à ¢«¥­¨¥ U(·) ∈
KCmr(R) , ‖U‖C 6ε , çâ® áâ àè¨© ¯®ª § â¥«ì �ï¯ã­®¢  λn(A+BUC∗)
á¨áâ¥¬ë (11.3) ¯à¨ U = U(·) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

λn(A + BUC∗) > 
(A)− ε,

£¤¥ 
(A) | ¢¥àå­¨© æ¥­âà «ì­ë© ¯®ª § â¥«ì á¨áâ¥¬ë (11.4).
� ® ª   §   â ¥ « ì á â ¢ ®. �®«ì§ãïáì á«¥¤áâ¢¨¥¬ 11.1, ¤«ï ¯à®¨§¢®«ì-

­®£® ε > 0 ­ ©¤¥¬ ¢¥«¨ç¨­ã δ . �ãáâì δ1 := min{ε, δ} . �§ â¥®à¥¬ë
�. �. �¨««¨®­é¨ª®¢  [110] ® ¤®áâ¨¦¨¬®áâ¨ ¢¥àå­¥£® æ¥­âà «ì­®£® ¯®-
ª § â¥«ï á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ P (·) ∈ KCn(R) , ‖P‖C 6 δ1 , â ª®£®,
çâ® ¤«ï áâ àè¥£® ¯®ª § â¥«ï �ï¯ã­®¢  λn(A + P ) ¢®§¬ãé¥­­®© á¨-
áâ¥¬ë (11.5) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® λn(A + P ) > 
(A) − δ1. � ª ª ª
‖P‖C 6 δ1 6 δ , â® ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) , ‖U‖C 6 ε ,
£ à ­â¨àãîé¥¥  á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â­®áâì ¯®áâà®¥­­®© á¨áâ¥-
¬ë (11.5) ¨ á¨áâ¥¬ë (11.3) ¯à¨ U = U(·) . �«ï áâ àè¥£® ¯®ª § â¥«ï
�ï¯ã­®¢  íâ®© á¨áâ¥¬ë á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

λn(A + BUC∗) = λn(A + P ) > 
(A)− δ1 > 
(A)− ε.

�¥®à¥¬  ¤®ª § ­ .
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 11.1 (á¬., ­ ¯à¨¬¥à, [57, á. 72]). �®ª § â¥«¨ �ï-

¯ã­®¢  λ1(A) 6 . . . 6 λn(A) á¨áâ¥¬ë (11.4) ­ §ë¢ îâáï ãáâ®©ç¨¢ë¬¨,
¥á«¨ ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï â ª®¥ δ > 0 , çâ® ¯®ª § â¥«¨ �ï¯ã-
­®¢  λ1(A + P ) 6 . . . 6 λn(A + P ) ¯à®¨§¢®«ì­®© ¢®§¬ãé¥­­®© á¨áâ¥¬ë
¢¨¤  (11.5) ¨§ ¬­®¦¥áâ¢  Mδ(A) ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã

max
i=1,...,n

|λi(A + P )− λi(A)|6 ε.
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�®­ïâ¨¥ ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  ¯®ï¢¨«®áì ¨§ à ¡®âë
�. �¥àà®­  [193], ¢¯¥à¢ë¥ ãáâ ­®¢¨¢è¥£®, çâ® ¯®ª § â¥«¨ ¬®£ãâ ¡ëâì
­¥ãáâ®©ç¨¢ë¬¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 11.2 [128]. �®ª § â¥«¨ �ï¯ã­®¢  λ1(A)6. . .6λn(A)
á¨áâ¥¬ë (11.4) ­ §ë¢ îâáï ãáâ®©ç¨¢ë¬¨ ®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨© ¨§
ª« áá  N(A) , ¥á«¨ ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï â ª®¥ δ > 0 , çâ® ¯®-
ª § â¥«¨ �ï¯ã­®¢  λ1(A + BUC∗) 6 . . . 6 λn(A + BUC∗) ¯à®¨§¢®«ì­®©
¢®§¬ãé¥­­®© á¨áâ¥¬ë ¢¨¤  (11.3) ¨§ ¬­®¦¥áâ¢  Nδ(A) ã¤®¢«¥â¢®àïîâ
­¥à ¢¥­áâ¢ã max

i=1,...,n
|λi(A + BUC∗)− λi(A)|6 ε.

� ¥ ® à ¥ ¬   11.4 [127]. �á«¨ á¨áâ¥¬  (11.3) à ¢­®¬¥à­® «®ª «ì­® ¤®-
áâ¨¦¨¬ , â® ãáâ®©ç¨¢®áâì ¯®ª § â¥«¥© �ï¯ã­®¢  ®¤­®à®¤­®© á¨áâ¥-
¬ë (11.4) íª¢¨¢ «¥­â­  ¨å ãáâ®©ç¨¢®áâ¨ ®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨©
¨§ ª« áá  N(A) .

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì ®ç¥¢¨¤­ .
� ® á â   â ® ç ­ ® á â ì. �®§ì¬¥¬ «î¡®¥ α > 0 . � á¨«ã á¢®©áâ¢  ãáâ®©-

ç¨¢®áâ¨ ¯®ª § â¥«¥© á¨áâ¥¬ë (11.4) ®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨© ¨§ ª« á-
á  N(A) áãé¥áâ¢ã¥â ε > 0 â ª®¥, çâ® ¤«ï ¯à®¨§¢®«ì­®© á¨áâ¥¬ë ¢¨-
¤  (11.3) ¨§ ¬­®¦¥áâ¢  Nε(A) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

max
i=1,...,n

|λi(A + BUC∗)− λi(A)|6 α.

�® íâ®¬ã ε ¢ á®®â¢¥âáâ¢¨¨ á® á«¥¤áâ¢¨¥¬ 11.1 ­ ©¤¥¬ ¢¥«¨ç¨­ã δ > 0 .
�®§ì¬¥¬ ¯à®¨§¢®«ì­ãî ¢®§¬ãé¥­­ãî á¨áâ¥¬ã ¢¨¤  (11.5) ¨§ ¬­®¦¥áâ¢ 
Mδ(A) (â. ¥. ¯à®¨§¢®«ì­ãî ¬ âà¨æã P (·) ∈ KCn(R) , ‖P‖C 6δ ). �«ï ­¥¥
áãé¥áâ¢ã¥â  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ ï ¥© á¨áâ¥¬  ¨§ ª« áá  Nε(A)
(â. ¥. ¬ âà¨æ  U(·) ∈ KCmr(R) , ‖U‖C 6 ε ), â ª ï, çâ® ¢á¥ «ï¯ã­®¢áª¨¥
¨­¢ à¨ ­âë á¨áâ¥¬ë (11.5) ¨ á¨áâ¥¬ë (11.3) ¯à¨ U = U(·) á®¢¯ ¤ îâ.
� ç áâ­®áâ¨, λi(A + P ) = λi(A + BUC∗), i = 1, . . . , n. �«¥¤®¢ â¥«ì­®,
max

i=1,...,n
|λi(A + P ) − λi(A)| 6 α. �â® ®§­ ç ¥â ãáâ®©ç¨¢®áâì ¯®ª § â¥«¥©

�ï¯ã­®¢  á¨áâ¥¬ë (11.4). �¥®à¥¬  ¤®ª § ­ .
� áá¬®âà¨¬ â¥¯¥àì «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã (11.1) ¡¥§ ­ -

¡«î¤ â¥«ï. �¯à ¢«¥­¨¥ u ¢ íâ®© á¨áâ¥¬¥ ¢ë¡¨à ¥¬ «¨­¥©­ë¬ ¯® ä -
§®¢ë¬ ª®®à¤¨­ â ¬, u = U(t)x , £¤¥ U(·) ∈ KCmn(R) . � âà¨æã �®è¨
§ ¬ª­ãâ®© á¨áâ¥¬ë

_x = (A(t) + B(t)U)x, x ∈ Rn, (11.6)
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á ¢ë¡à ­­ë¬ ã¯à ¢«¥­¨¥¬ U(·) ¡ã¤¥¬ ®¡®§­ ç âì XU(t, s) .
�á­®, çâ® ¤«ï á¨áâ¥¬ë (11.1) ¨¬¥îâ ¬¥áâ® ¢á¥ ãâ¢¥à¦¤¥­¨ï íâ®-

£® ¯ à £à ä , ¤®ª § ­­ë¥ ¢ëè¥. �® ®ª §ë¢ ¥âáï, çâ® á«¥¤áâ¢¨¥ 11.1
¤«ï «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ¡¥§ ­ ¡«î¤ â¥«ï ¬®¦­® ¤®ª § âì
¢ ¡®«¥¥ á¨«ì­®© ä®à¬¥, á «¨¯è¨æ¥¢®© ®æ¥­ª®© ­®à¬ë ¬ âà¨ç­®£® ã¯à -
¢«¥­¨ï U(·) ®â­®á¨â¥«ì­® ­®à¬ë ¢®§¬ãé¥­¨ï P (·) .

� ¥ ® à ¥ ¬   11.5 [140]. �á«¨ á¨áâ¥¬  (11.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , â® áãé¥áâ¢ãîâ â ª¨¥ δ > 0 ¨ l > 0 , çâ® ¤«ï ¯à®¨§¢®«ì-
­®© á¨áâ¥¬ë ¢¨¤  (11.5) ¨§ ¬­®¦¥áâ¢  Mδ(A) ­ ©¤¥âáï ã¯à ¢«¥­¨¥
U(·) ∈ KCmn(R) , ‖U‖C 6 l‖P‖C , £ à ­â¨àãîé¥¥  á¨¬¯â®â¨ç¥áªãî
íª¢¨¢ «¥­â­®áâì á¨áâ¥¬ë (11.5) ¨ á¨áâ¥¬ë (11.6) ¯à¨ U = U(·) .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ϑ | ç¨á«®, ®¡¥á¯¥ç¨¢ îé¥¥ ϑ-à ¢­®-
¬¥à­ãî ¯®«­ãî ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (11.1). � á¨«ã â¥®à¥¬ë 8.1 áã-
é¥áâ¢ãîâ â ª¨¥ δ0 > 0 ¨ l0 > 0 , çâ® ¤«ï «î¡®£® k ∈ Z ¨ «î¡®© n× n

¬ âà¨æë H , ã¤®¢«¥â¢®àïîé¥© ®æ¥­ª¥ ‖H−E‖6δ0 , ­ ©¤¥âáï ã¯à ¢«¥-
­¨¥ U(·) ∈ KCmn([(k− 1)ϑ, kϑ]) , ‖U‖C 6 l0‖H−E‖ , £ à ­â¨àãîé¥¥ ¤«ï
¬ âà¨æë �®è¨ XU(t, s) á¨áâ¥¬ë (11.6) ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

XU(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)H.

�ãáâì ¯®«®¦¨â¥«ì­®¥ ç¨á«® δ â ª®¢®, çâ® δϑeδϑ = δ0e
−2aϑ . �®§ì¬¥¬

¯à®¨§¢®«ì­ãî ¬ âà¨æã P (·) ∈ KCn(R) , ‖P‖C 6 δ , ¨ ®¡®§­ ç¨¬ ç¥à¥§
Z(t, s) ¬ âà¨æã �®è¨ ¢®§¬ãé¥­­®© á¨áâ¥¬ë (11.5). �®£¤  â ª ¦¥, ª ª ¢
¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 11.1, ¯®«ãç¨¬ áãé¥áâ¢®¢ ­¨¥ â ª®£® ã¯à ¢«¥-
­¨ï U(·) ∈ KCmn(R) , çâ® ¯à¨ ª ¦¤®¬ k ∈ Z ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

XU(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)Hk = Z(kϑ, (k − 1)ϑ),

¯à¨ç¥¬

‖Hk − E‖6
kσ∫

(k−1)σ
‖X((k − 1)σ, s)‖ ‖P (s)‖ ‖Z(s, (k − 1)σ)‖ ds 6

6 σeaσe(a+δ)σ‖P‖C .

�âáî¤  ¢ëâ¥ª îâ ¤¢  ä ªâ : ¢®-¯¥à¢ëå,  á¨¬¯â®â¨ç¥áª ï íª¢¨¢ «¥­â-
­®áâì á¨áâ¥¬ (11.5) ¨ (11.6) á U = U(·) , ¢®-¢â®àëå, á¯à ¢¥¤«¨¢®áâì
®æ¥­ª¨ ­®à¬ë ã¯à ¢«¥­¨ï

‖U‖C 6 l0 sup{‖Hk − E‖ : k ∈ Z}6 l0ϑe(2a+δ)ϑ‖P‖C =: l‖P‖C .

�¥®à¥¬  ¤®ª § ­ .
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����� III. ��������� �������������
��������������� �����������

� íâ®© £« ¢¥ ¤®ª § ­ë ®á­®¢­ë¥ à¥§ã«ìâ âë ¤¨áá¥àâ æ¨¨, ª á î-
é¨¥áï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¨­¢ à¨ ­â®¢ «ï¯ã­®¢áª¨å ¯à¥®¡à §®-
¢ ­¨©. � ¯¥à¢®¬ ¯ à £à ä¥ £« ¢ë ¢¢¥¤¥­ë ª«îç¥¢ë¥ ¯®­ïâ¨ï à ¡®-
âë | «®ª «ì­®© ¨ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨  á¨¬¯â®â¨ç¥áª¨å ¨­¢ -
à¨ ­â®¢ § ¬ª­ãâ®© á¨áâ¥¬ë

_x = (A(t) + B(t)UC∗(t))x, x ∈ Rn, (III.1)
¨ ¢ëïá­¥­  ¢§ ¨¬®á¢ï§ì ¬¥¦¤ã íâ¨¬¨ ¯®­ïâ¨ï¬¨. � á«¥¤ãîé¥¬ ¯ -
à £à ä¥ ãáâ ­®¢«¥­®, çâ® ¥á«¨ á¨áâ¥¬  (III.1) à ¢­®¬¥à­® «®ª «ì­®
¤®áâ¨¦¨¬ , â® ¨§ ¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯à®-
¨§¢®«ì­®© ª®­¥ç­®© á®¢®ªã¯­®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ á¨áâ¥¬ë

_x = (A(t) + U)x, x ∈ Rn,

®â¢¥ç îé¥© á«ãç î n = m = r , B(t) = C(t) ≡ E , ¢ëâ¥ª ¥â ¨å «®ª «ì-
­ ï ã¯à ¢«ï¥¬®áâì ¤«ï á¨áâ¥¬ë (III.1). �  ®á­®¢ ­¨¨ íâ®£® à¥§ã«ìâ -
â  ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï «®ª «ì­®© ¨ ¯à®¯®àæ¨®­ «ì­®© «®-
ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥-
¬ë (III.1). � ¯®á«¥¤ãîé¨å ¯ à £à ä å £« ¢ë ¢¢¥¤¥­® ¨ ¨áá«¥¤®¢ ­®
¯®­ïâ¨¥ à áç«¥­¥­­®áâ¨ «¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë

_x = A(t)x, x ∈ Rn, (III.2)
ª®â®à®¥ ¨£à ¥â ¢¥¤ãéãî à®«ì ¢ ¯®«ãç¥­¨¨ ¤®áâ â®ç­ëå ãá«®¢¨© «®-
ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ . �
ç áâ­®áâ¨, ¢ § 17 ãáâ ­®¢«¥­®, çâ® à¥è¥­¨¥ á® áâ àè¨¬ ¯®ª § â¥«¥¬ �ï-
¯ã­®¢  ¢áïª®© ¤¢ã¬¥à­®© á¨áâ¥¬ë (III.2) á ­¥ªà â­ë¬¨ ¯®ª § â¥«ï¬¨
®âç«¥­¥­® ®â à¥è¥­¨ï á ¬« ¤è¨¬ ¯®ª § â¥«¥¬, ¨ ª ª á«¥¤áâ¢¨¥ íâ®-
£® à¥§ã«ìâ â  ¤®ª § ­  ¯à®¯®àæ¨®­ «ì­ ï «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì
¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë

_x = (A(t) + B(t)U)x, x ∈ R2,

¯à¨ ãá«®¢¨¨ ­¥ªà â­®áâ¨ ¯®«­®£® á¯¥ªâà  á®®â¢¥âáâ¢ãîé¥© á¢®¡®¤­®©
á¨áâ¥¬ë. �á¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ «ï¯ã­®¢-
áª¨å ¨­¢ à¨ ­â®¢ ¯®«ãç¥­ë ¯à¨ ãá«®¢¨¨ à ¢­®¬¥à­®© «®ª «ì­®© ¤®-
áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (III.1), «¨¡®, ¢ á«ãç ¥ r = n , C(t) ≡ E , ¯à¨ ãá«®-
¢¨¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm.
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� § 19 ¢ëïá­ï¥âáï ¢®¯à®á ® ­¥®¡å®¤¨¬®áâ¨ íâ®£® ãá«®¢¨ï ¤«ï «®ª «ì­®©
ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ .

§ 12. �®ª «ì­ ï ¨ £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì
 á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢

� íâ®¬ ¯ à £à ä¥ ¢¢¥¤¥­ë ¯®­ïâ¨ï «®ª «ì­®© ¨ £«®¡ «ì­®© ã¯à -
¢«ï¥¬®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ «¨­¥©­ëå á¨áâ¥¬.

� áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm, t ∈ R, (12.1)

á ­ ¡«î¤ â¥«¥¬
y = C∗(t)x, y ∈ Rr, t ∈ R, (12.2)

£¤¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ A(·), B(·), C(·) ¯à¥¤¯®« £ îâáï ªãá®ç­® ­¥¯à¥-
àë¢­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ­  R . �¨áâ¥¬ã (12.1), (12.2), ª ª ¨ ¯à¥¦¤¥,
¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á âà®©ª®© (A,B, C) .

�à¥¤¯®«®¦¨¬, çâ® ã¯à ¢«¥­¨¥ u ¢ á¨áâ¥¬¥ (12.1) (12.2) § ¤ ­® «¨-
­¥©­ë¬ ¯® ­ ¡«î¤ ¥¬ë¬ ¯ à ¬¥âà ¬, u = Uy , £¤¥ ¢ ª ç¥áâ¢¥ ¬ âà¨ç-
­®£® ã¯à ¢«¥­¨ï U(·) ¢ë¡¨à ¥âáï ªãá®ç­® ­¥¯à¥àë¢­ ï ¨ ®£à ­¨ç¥­-
­ ï äã­ªæ¨ï U : R → Mmr . �®£¤  á¨áâ¥¬  (12.1) (12.2) ¯¥à¥å®¤¨â ¢
á¨áâ¥¬ã

_x = (A(t) + B(t)UC∗(t))x, (12.3)
ª®â®à ï ¯à¨ ¢áïª®¬ U = U(·) ∈ KCmr(R) ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã
Mn . �«¥¤®¢ â¥«ì­®, ¤«ï á¨áâ¥¬ë (12.4) ¯à¨ ¢ë¡®à¥ ¯à®¨§¢®«ì­®£®
ã¯à ¢«¥­¨ï U(·) ∈ KCmr(R) ®¯à¥¤¥«¥­ë ¢á¥¢®§¬®¦­ë¥ ¨­¢ à¨ ­âë
¯à¥®¡à §®¢ ­¨© �ï¯ã­®¢ .

�ãáâì ι | ­¥ª®â®àë© «ï¯ã­®¢áª¨© ¨­¢ à¨ ­â, ι(Mn) | ¬­®¦¥-
áâ¢® §­ ç¥­¨© ¨­¢ à¨ ­â  ι , â. ¥.

ι(Mn) := {α| ∃D(·) ∈Mn : ι(D) = α}.
�¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ ϕι : KCmr(R) → ι(Mn) , ª®â®à®¥ áâ ¢¨â ¢ á®®â-
¢¥âáâ¢¨¥ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ U(·) ∈ KCmr(R) §­ ç¥­¨¥ ι(A+BUC∗)
¨­¢ à¨ ­â  ι á¨áâ¥¬ë (12.3) ¯à¨ U = U(·) .
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� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 12.1 [138,139]. �ï¯ã­®¢áª¨© ¨­¢ à¨ ­â ι ­ §ë¢ -
¥âáï £«®¡ «ì­® ã¯à ¢«ï¥¬ë¬ ®â­®á¨â¥«ì­® âà®©ª¨ (A,B, C) , ¥á«¨ ®â®-
¡à ¦¥­¨¥ ϕι : KCmr(R) → ι(Mn) áîàê¥ªâ¨¢­®.

�®¯ãáª ï ­¥ª®â®àãî ¢®«ì­®áâì à¥ç¨, ¡ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥-
¬  (12.3) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ «ï¯ã­®¢áª®£® ¨­-
¢ à¨ ­â  ι .

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ι(Mn) ⊂ X , £¤¥ (X, ρ) | ¬¥âà¨ç¥áª®¥
¯à®áâà ­áâ¢®.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 12.2 [138,139]. �ï¯ã­®¢áª¨© ¨­¢ à¨ ­â ι ­ §ë¢ -
¥âáï:
¯à®¯®àæ¨®­ «ì­® £«®¡ «ì­® ã¯à ¢«ï¥¬ë¬ ®â­®á¨â¥«ì­® âà®©ª¨ (A,B, C) ,
¥á«¨ ®â®¡à ¦¥­¨¥ ϕι : KCmr(R) → ι(Mn) áîàê¥ªâ¨¢­®, ¯à¨ç¥¬ áãé¥-
áâ¢ã¥â â ª®¥ ç¨á«® l > 0 , çâ® ¤«ï «î¡®£® §­ ç¥­¨ï α ∈ ι(Mn) ­ ©¤¥âáï
ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) , ‖U‖C 6 l · ρ(ι(A), α) , £ à ­â¨àãîé¥¥ ¢ë-
¯®«­¥­¨¥ à ¢¥­áâ¢  ϕι(U) = α ;
«®ª «ì­® ã¯à ¢«ï¥¬ë¬ ®â­®á¨â¥«ì­® âà®©ª¨ (A,B, C) , ¥á«¨ ®â®¡à ¦¥-
­¨¥ ϕι : KCmr(R) → ι(Mn) ®âªàëâ® ¯à¨ U(t) ≡ 0 , â. ¥. ¤«ï «î¡®£®
¯®«®¦¨â¥«ì­®£® ε ­ ©¤¥âáï δ > 0 â ª®¥, çâ® ¤«ï «î¡®£® α ∈ ι(Mn) ,
ã¤®¢«¥â¢®àïîé¥£® ­¥à ¢¥­áâ¢ã ρ(ι(A), α) 6 δ , áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥
U(·) ∈ KCmr(R) , ‖U‖C 6 ε , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 
ϕι(U) = α ;
¯à®¯®àæ¨®­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬ë¬ ®â­®á¨â¥«ì­® âà®©ª¨ (A,B,C) ,
¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ l > 0 ¨ δ > 0 , çâ® ¤«ï «î¡®£® α ∈ ι(Mn) ,
ã¤®¢«¥â¢®àïîé¥£® ­¥à ¢¥­áâ¢ã ρ(ι(A), α) 6 δ , áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥
U(·) ∈ KCmr(R) , ‖U‖C 6 l · ρ(ι(A), α) , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à -
¢¥­áâ¢  ϕι(U) = α .

�®¯ãáª ï ¢®«ì­®áâì à¥ç¨, ¢ íâ¨å á«ãç ïå ¡ã¤¥¬ £®¢®à¨âì, çâ® á¨-
áâ¥¬  (12.3) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®© (á®®â¢¥â-
áâ¢¥­­® «®ª «ì­®© ¨ ¯à®¯®àæ¨®­ «ì­®© «®ª «ì­®©) ã¯à ¢«ï¥¬®áâ¨ «ï¯ã-
­®¢áª®£® ¨­¢ à¨ ­â  ι .

� áá¬®âà¨¬ â¥¯¥àì ¯à®¨§¢®«ì­ë© ã¯®àï¤®ç¥­­ë© ª®­¥ç­ë© ­ ¡®à
(ι1, . . . , ιk) «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢. �ãáâì

(ι1, . . . , ιk)(Mn) := {(α1, . . . , αk)| ∃D(·) ∈Mn : ιj(D) = αj ∀j = 1, . . . , k}
| ¬­®¦¥áâ¢® §­ ç¥­¨© ­ ¡®à  ¨­¢ à¨ ­â®¢ (ι1, . . . , ιk) ,   ®â®¡à ¦¥­¨¥
ϕι1,...,ιk : KCmr(R) → (ι1, . . . , ιk)(Mn) ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬

ϕι1,...,ιk(U) = (ι1(A + BUC∗), . . . , ιk(A + BUC∗)).
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� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 12.3 [138,139]. �®¢®ªã¯­®áâì «ï¯ã­®¢áª¨å ¨­¢ à¨-
 ­â®¢ (ι1, . . . , ιk) ­ §ë¢ ¥âáï £«®¡ «ì­® ã¯à ¢«ï¥¬®© ®â­®á¨â¥«ì­® âà®©-
ª¨ (A,B,C) , ¥á«¨ ®â®¡à ¦¥­¨¥ ϕι1,...,ιk : KCmr(R) → (ι1, . . . , ιk)(Mn)
áîàê¥ªâ¨¢­®.

�®¯ãáâ¨¬ â¥¯¥àì, çâ® ¯à¨ ª ¦¤®¬ j ∈ {1, . . . , k} ¨¬¥¥â ¬¥áâ® ¢ª«î-
ç¥­¨¥ ιj(Mn) ⊂ Xj , £¤¥ (Xj, ρj) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 12.4 [138,139]. �®¢®ªã¯­®áâì «ï¯ã­®¢áª¨å ¨­¢ à¨-
 ­â®¢ (ι1, . . . , ιk) ­ §ë¢ ¥âáï
¯à®¯®àæ¨®­ «ì­® £«®¡ «ì­® ã¯à ¢«ï¥¬®© ®â­®á¨â¥«ì­® âà®©ª¨ (A,B,C) ,
¥á«¨ ®â®¡à ¦¥­¨¥ ϕι1,...,ιk : KCmr(R) → (ι1, . . . , ιk)(Mn) áîàê¥ªâ¨¢­®,
¯à¨ç¥¬ áãé¥áâ¢ã¥â â ª®¥ ç¨á«® l > 0 , çâ® ¤«ï «î¡®£® §­ ç¥­¨ï α =
= (α1, . . . , αk) ∈ (ι1, . . . , ιk)(Mn) ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) ,
ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖U‖C 6l · max

j=1,...,k
ρj(ιj(A)−αj) ¨ £ à ­â¨àãîé¥¥

¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  ϕι1,...,ιk(U) = α ;
«®ª «ì­® ã¯à ¢«ï¥¬®© ®â­®á¨â¥«ì­® âà®©ª¨ (A,B,C) , ¥á«¨ ®â®¡à ¦¥­¨¥
ϕι1,...,ιk : KCmr(R) → (ι1, . . . , ιk)(Mn) ®âªàëâ® ¯à¨ U(t) ≡ 0 , â. ¥. ¤«ï
«î¡®£® ε > 0 ­ ©¤¥âáï δ > 0 â ª®¥, çâ® ¤«ï «î¡®£® α = (α1, . . . , αk) ∈
∈ (ι1, . . . , ιk)(Mn) , ã¤®¢«¥â¢®àïîé¥£® ­¥à ¢¥­áâ¢ã

max
j=1,...,k

ρj(ιj(A)− αj) 6 δ,

áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) , ‖U‖C 6 ε , £ à ­â¨àãîé¥¥ ¢ë-
¯®«­¥­¨¥ à ¢¥­áâ¢  ϕι1,...,ιk(U) = α ;
¯à®¯®àæ¨®­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬®© ®â­®á¨â¥«ì­® âà®©ª¨ (A,B, C) ,
¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ l > 0 ¨ δ > 0 , çâ® ¤«ï «î¡®£® α = (α1, . . . , αk) ∈
∈ (ι1, . . . , ιk)(Mn) , ã¤®¢«¥â¢®àïîé¥£® ­¥à ¢¥­áâ¢ã

max
j=1,...,k

ρj(ιj(A)− αj) 6 δ,

áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) , ‖U‖C 6 l · max
j=1,...,k

ρj(ιj(A)−αj) ,
£ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  ϕι1,...,ιk(U) = α .

� ç áâ­®áâ¨, ¥á«¨ k = n ,   ιj = λj | j -© ¯®ª § â¥«ì �ï¯ã­®¢ ,
â® á®¢®ªã¯­®áâì ¨­¢ à¨ ­â®¢ (ι1, . . . , ιn) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«­ë©
á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢ . �®£¤ 

(λ1, . . . , λn)(Mn) =

= {(α1, . . . , αn) ∈ Rn∗| ∃D(·) ∈Mn : λj(D) = αj ∀j = 1, . . . , n} =
= {(α1, . . . , αn) ∈ Rn∗| α1 6 . . . 6 αn}.
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�à¨¬¥­ïï ª íâ®© á®¢®ªã¯­®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ ®¯à¥¤¥«¥-
­¨ï 12.3 ¨ 12.4, ¯®«ãç¨¬ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥­¨¥.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 12.5 [126, 138, 139]. �®«­ë© á¯¥ªâà ¯®ª § â¥«¥©
�ï¯ã­®¢  á¨áâ¥¬ë (12.3) ­ §ë¢ ¥âáï:
£«®¡ «ì­® ã¯à ¢«ï¥¬ë¬, ¥á«¨ ¤«ï «î¡®£® ­ ¡®à  ç¨á¥« α1 6 . . . 6 αn

áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) â ª®¥, çâ® λj(A+BUC∗) = αj ,
j = 1, . . . , n ;
¯à®¯®àæ¨®­ «ì­® £«®¡ «ì­® ã¯à ¢«ï¥¬ë¬, ¥á«¨ ¯à¨ ­¥ª®â®à®¬ l > 0
¤«ï ¢áïª®£® ­ ¡®à  ç¨á¥« α1 6 . . . 6 αn áãé¥áâ¢ã¥â ªãá®ç­® ­¥¯à¥-
àë¢­®¥ ®£à ­¨ç¥­­®¥ ã¯à ¢«¥­¨¥ U : R → Mmr â ª®¥, çâ® ‖U‖C 6
6 l · max

j=1,...,n
|λj(A)− αj| ¨ λj(A + BUC∗) = αj , j = 1, . . . , n ;

«®ª «ì­® ã¯à ¢«ï¥¬ë¬, ¥á«¨ ¤«ï ª ¦¤®£® ε > 0 áãé¥áâ¢ã¥â δ > 0 â -
ª®¥, çâ® ¤«ï «î¡®£® ­ ¡®à  ç¨á¥« α1 6 . . . 6 αn , ã¤®¢«¥â¢®àïîé¥£® ­¥-
à ¢¥­áâ¢ã max

j=1,...,n
|λj(A)−αj|6 δ , ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) ,

‖U‖C 6 ε , ¤«ï ª®â®à®£® λj(A + BUC∗) = αj , j = 1, . . . , n ;
¯à®¯®àæ¨®­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬ë¬, ¥á«¨ áãé¥áâ¢ãîâ δ > 0 ¨ l > 0
â ª¨¥, çâ® ¤«ï «î¡®£® ­ ¡®à  ç¨á¥« α16. . .6αn , ã¤®¢«¥â¢®àïîé¥£® ­¥-
à ¢¥­áâ¢ã max

j=1,...,n
|λj(A)−αj|6 δ , ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmr(R) ,

‖U‖C 6 l · max
j=1,...,n

|λj(A) − αj| , ¤«ï ª®â®à®£® λj(A + BUC∗) = αj , j =
1, . . . , n .

� á«ãç ¥ ®âáãâáâ¢¨ï ­ ¡«î¤ â¥«ï, â. ¥. ¢ á«ãç ¥ r = n , C(t) ≡ E ,
á¨áâ¥¬ã (12.1) ®â®¦¤¥áâ¢«ï¥¬ á ¯ à®© (A,B) ,   ã¯à ¢«¥­¨¥ ä®à¬¨àã¥¬
«¨­¥©­ë¬ ¯® ä §®¢ë¬ ¯¥à¥¬¥­­ë¬, u = U(t)x , £¤¥ ¬ âà¨ç­ ï äã­ªæ¨ï
U : R→ Mmn â ª¦¥ ¯à¥¤¯®« £ ¥âáï ªãá®ç­® ­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­-
­®©. � íâ®¬ á«ãç ¥ ¢¬¥áâ® á¨áâ¥¬ë (12.3) à áá¬ âà¨¢ ¥âáï § ¬ª­ãâ ï
á¨áâ¥¬ 

_x = (A(t) + B(t)U)x, (12.4)
¨ ¢á¥ ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ ®¯à¥¤¥«¥­¨ï ®áâ îâáï ¢ á¨«¥ (â®«ìª® ¢áî¤ã
¢¬¥áâ® äà §ë \®â­®á¨â¥«ì­® âà®©ª¨ (A,B,C) " £®¢®à¨¬ \®â­®á¨â¥«ì­®
¯ àë (A,B) ").

�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨© á«¥¤ã¥â, çâ® ¥á«¨ á¨áâ¥¬  (12.3)
®¡« ¤ ¥â á¢®©áâ¢®¬ ¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ á®-
¢®ªã¯­®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢, â® ¤«ï ­¥¥ ¢ë¯®«­¥­® ¨ á¢®©-
áâ¢® £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ íâ¨å ¨­¢ à¨ ­â®¢. �¥¨§¢¥áâ­®, ¢¥à­®
«¨ ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥. � £« ¢¥ IV ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ãáâ -
­®¢«¥­  £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì ­¥ª®â®àëå ¨­¢ à¨ ­â®¢ ¯à¥®¡à §®-



112

¢ ­¨© �ï¯ã­®¢  á¨áâ¥¬ë (12.4) | ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï-
¯ã­®¢  (â¥®à¥¬  27.4), ª®íää¨æ¨¥­â®¢ ­¥¯à ¢¨«ì­®áâ¨ (â¥®à¥¬  26.2),
®á®¡ëå ¯®ª § â¥«¥© �. �®«ï (â¥®à¥¬  27.1), æ¥­âà «ì­ëå ¯®ª § â¥«¥©
�. �. �¨­®£à ¤  ¨ �. �. �¨««¨®­é¨ª®¢  (â¥®à¥¬  27.2) ¨ íªá¯®­¥­æ¨-
 «ì­ëå ¯®ª § â¥«¥© �. �. �§®¡®¢  (â¥®à¥¬  27.3),   â ª¦¥ £«®¡ «ì­ ï
ã¯à ¢«ï¥¬®áâì «î¡®£® ª®­¥ç­®£® ­ ¡®à  ¨­¢ à¨ ­â®¢ ¤¢ã¬¥à­ëå (â¥-
®à¥¬  25.1) ¨ ¯¥à¨®¤¨ç¥áª¨å (â¥®à¥¬  24.1) á¨áâ¥¬. �® ¢® ¢á¥å íâ¨å
ãâ¢¥à¦¤¥­¨ïå áª®«ì ã£®¤­® ¬ «®¬ã ¨§¬¥­¥­¨î ¨­¢ à¨ ­â  ¬®¦¥â ®â-
¢¥ç âì ¤®áâ â®ç­® ¡®«ìè®¥ ¯® ­®à¬¥ ã¯à ¢«¥­¨¥ U(·) . �®íâ®¬ã ¨§ £«®-
¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ á¨áâ¥¬ë (12.3) ¨å
«®ª «ì­ ï ã¯à ¢«ï¥¬®áâì ­¥¯®áà¥¤áâ¢¥­­® ­¥ á«¥¤ã¥â. � á«ãç ¥ ¦¥
¯à®¯®àæ¨®­ «ì­®© ã¯à ¢«ï¥¬®áâ¨, ®ç¥¢¨¤­®, ¨¬¥¥â ¬¥áâ®

� ¥ ¬ ¬   12.1. �á«¨ á®¢®ªã¯­®áâì ¨­¢ à¨ ­â®¢ (ι1, . . . , ιk) ¯à®¯®à-
æ¨®­ «ì­® £«®¡ «ì­® ã¯à ¢«ï¥¬  ®â­®á¨â¥«ì­® âà®©ª¨ (A,B, C) , â®
íâ  á®¢®ªã¯­®áâì ¯à®¯®àæ¨®­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬  ®â­®á¨â¥«ì-
­® âà®©ª¨ (A,B, C) .

� á«¥¤ãîé¥¬ ¯ à £à ä¥ ãáâ ­®¢«¥­®, çâ® ¢ á«ãç ¥ à ¢­®¬¥à­®©
¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (12.1) ¢®¯à®á ® ¯à®¯®àæ¨®­ «ì­®© «®-
ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ á®¢®ªã¯­®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ ®â­®-
á¨â¥«ì­® ¯ àë (A,B) ¬®¦¥â ¡ëâì á¢¥¤¥­ ª ¢®¯à®áã ® ¯à®¯®àæ¨®­ «ì-
­®© £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ íâ®© á®¢®ªã¯­®áâ¨ ®â­®á¨â¥«ì­® ¯ àë
(A,E) (E | ¥¤¨­¨ç­ ï n× n ¬ âà¨æ ).

§ 13. �à®¯®àæ¨®­ «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®«­®£® á¯¥ªâà 
¯®ª § â¥«¥© �ï¯ã­®¢ 

�á­®¢­ë¥ à¥§ã«ìâ âë íâ®£® ¯ à £à ä  | â¥®à¥¬ë 13.4 ¨ 13.5, ¢
ª®â®àëå ãáâ ­®¢«¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï «®ª «ì­®© ¨ ¯à®¯®à-
æ¨®­ «ì­®© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥-
«¥© �ï¯ã­®¢ .

� àï¤ã á «¨­¥©­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬®© (12.1) à áá¬®âà¨¬ á¨-
áâ¥¬ã

_x = A(t)x + u, x ∈ Rn, u ∈ Rn, (13.1)
¨¬¥îéãî ¢¨¤ (12.1) ¯à¨ m = n , B(t) ≡ E ∈ Mn . �â®¦¤¥áâ¢«ï¥¬
á¨áâ¥¬ã (13.1) á ¯ à®© (A(·), E) . � ¯®¬­¨¬ (á¬. á«¥¤áâ¢¨¥ 7.1), çâ® á¨-
áâ¥¬  (13.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¯à¨ ª ¦¤®¬ ϑ > 0 .
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� ¥ ¬ ¬   13.1 [138]. �ãáâì á¨áâ¥¬  (12.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ . �á«¨ á®¢®ªã¯­®áâì «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ (ι1, . . . , ιk) ¯à®-
¯®àæ¨®­ «ì­® £«®¡ «ì­® ã¯à ¢«ï¥¬  ®â­®á¨â¥«ì­® ¯ àë (A,E) , â®
íâ  á®¢®ªã¯­®áâì ¯à®¯®àæ¨®­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬  ®â­®á¨â¥«ì-
­® ¯ àë (A,B) .

� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª á®¢®ªã¯­®áâì «ï¯ã­®¢áª¨å ¨­¢ à¨-
 ­â®¢ (ι1, . . . , ιk) ¯à®¯®àæ¨®­ «ì­® £«®¡ «ì­® ã¯à ¢«ï¥¬  ®â­®á¨â¥«ì-
­® ¯ àë (A,E) , â® áãé¥áâ¢ã¥â â ª®¥ ç¨á«® l > 0 , çâ® ¤«ï «î¡®-
£® ­ ¡®à  α = (α1, . . . , αk) ∈ (ι1, . . . , ιk)(Mn) ­ ©¤¥âáï ã¯à ¢«¥­¨¥
V (·) ∈ KCnn(R) , ‖V ‖C 6 l · max

j=1,...,k
ρj(ιj(A), αj) , ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«-

­¥­¨¥ à ¢¥­áâ¢
ιj(A + V ) = αj, j = 1, . . . , k. (13.2)

�¨áâ¥¬  (12.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , á«¥¤®¢ â¥«ì­® (â¥®à¥-
¬  11.5) ­ ©¤ãâáï â ª¨¥ l1 > 0 ¨ δ1 > 0 , çâ® ¤«ï «î¡®© ¬ âà¨ç-
­®© äã­ªæ¨¨ V (·) ∈ KCn(R) , ­®à¬  ª®â®à®© ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥
‖V ‖C 6 δ1 , áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) , ‖U‖C 6 l1 ‖V ‖C ,
â ª®¥, çâ® á¨áâ¥¬ë

_x = (A(t) + V (t))x (13.3)
¨ (12.4) á íâ¨¬ U(·)  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ë.

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë© ­ ¡®à ç¨á¥«
α = (α1, . . . , αk) ∈ (ι1, . . . , ιk)(Mn),

â ª®©, çâ®
max

j=1,...,n
ρj(ιj(A), αj) 6 δ1

l
.

� á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢®¬ ¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®© ã¯à ¢«ï¥-
¬®áâ¨ á®¢®ªã¯­®áâ¨ (ι1, . . . , ιk) ®â­®á¨â¥«ì­® ¯ àë (A,E) ­ ©¤¥¬ ã¯à -
¢«¥­¨¥ V (·) ,

‖V ‖C 6 l · max
j=1,...,k

ρj(ιj(A), αj) 6 δ1,

â ª®¥, çâ® ¢ë¯®«­¥­ë à ¢¥­áâ¢  (13.2). �«ï íâ®£® V (·) ¢ á¨«ã à ¢­®-
¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (12.1) ­ ©¤¥âáï U(·) ,

‖U‖C 6 l1‖V ‖C 6 l · l1 · max
j=1,...,k

ρj(ιj(A), αj),

®¡¥á¯¥ç¨¢ îé¥¥  á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â­®áâì á¨áâ¥¬ë (13.3) ¨
á¨áâ¥¬ë (12.4) á ­ ©¤¥­­ë¬ U(·) . �ï¯ã­®¢áª¨¥ ¨­¢ à¨ ­âë íâ¨å á¨-
áâ¥¬ á®¢¯ ¤ îâ, ¯®íâ®¬ã

ιj(A + BU) = αj, j = 1, . . . , n.
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�¥¬¬  ¤®ª § ­ .
� ¥ ¬ ¬   13.2 [138]. �á«¨ á¨áâ¥¬  (12.1), (12.2) à ¢­®¬¥à­® «®ª «ì­®

¤®áâ¨¦¨¬ ,   á®¢®ªã¯­®áâì «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ (ι1, . . . , ιk) ¯à®-
¯®àæ¨®­ «ì­® £«®¡ «ì­® ã¯à ¢«ï¥¬  ®â­®á¨â¥«ì­® âà®©ª¨ (A,E, E) ,
â® íâ  á®¢®ªã¯­®áâì «®ª «ì­® ã¯à ¢«ï¥¬  ®â­®á¨â¥«ì­® âà®©ª¨
(A,B,C) .

� ® ª   §   â ¥ « ì á â ¢ ®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 13.1, ­ã¦-
­® â®«ìª® § ¬¥­¨âì ááë«ªã ­  â¥®à¥¬ã 11.5 ááë«ª®© ­  á«¥¤áâ¢¨¥ 11.1.

�ëïá­¨¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï-
¯ã­®¢  á¨áâ¥¬ë (13.3) £«®¡ «ì­® ã¯à ¢«ï¥¬. �®ª ¦¥¬ ¯à¥¤¢ à¨â¥«ì­®
®¤­ã «¥¬¬ã, ª á îéãîáï á¨áâ¥¬ á ãáâ®©ç¨¢ë¬¨ ¯®ª § â¥«ï¬¨ �ï¯ã-
­®¢ .

� ¥ ¬ ¬   13.3 [138]. �ãáâì
_z = F (t)z, z ∈ Rk, (13.4)

| á¨áâ¥¬  á ­¨¦­¥© âà¥ã£®«ì­®© ¬ âà¨æ¥© F (·) , â ª ï, çâ®
ω(F ) = 
(F ) =: λ.

�®£¤  ¤«ï «î¡ëå µ1 > . . . > µk ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢ 
¢®§¬ãé¥­­®© á¨áâ¥¬ë

_z = (F (t) + diag(µ1, . . . , µk))z (13.5)
á®áâ®¨â ¨§ ç¨á¥« λ + µk, . . . , λ + µ1 .

�   ¬ ¥ ç   ­ ¨ ¥ 13.1. �§ ªà¨â¥à¨ï ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥© �ï¯ã-
­®¢  (�. �. �¨««¨®­é¨ª®¢ [109]; �. �. �ë«®¢, �. �. �§®¡®¢ [19]) ¢ëâ¥-
ª ¥â, çâ® ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (13.4) á®áâ®¨â
¨§ k ç¨á¥« λ , ¯à¨ç¥¬ ¯®ª § â¥«¨ íâ®© á¨áâ¥¬ë ãáâ®©ç¨¢ë.

� ® ª   §   â ¥ « ì á â ¢ ® «¥¬¬ë 13.3. �®áª®«ìªã æ¥­âà «ì­ë¥ ¯®ª § -
â¥«¨ ¯à®¨§¢®«ì­®© âà¥ã£®«ì­®© á¨áâ¥¬ë ¯®«­®áâìî ®¯à¥¤¥«ïîâáï ¥¥
¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨ ¨ á®¢¯ ¤ îâ á æ¥­âà «ì­ë¬¨ ¯®ª § â¥«ï-
¬¨ á¨áâ¥¬ë ¤¨ £®­ «ì­®£® ¯à¨¡«¨¦¥­¨ï [18, á. 120 { 121], ¤«ï á¨áâ¥-
¬ë (13.4) á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

ω(diag(f11, . . . , fkk)) = 
(diag(f11, . . . , fkk)) = λ.

�¥àå­¨¥ áà¥¤­¨¥ §­ ç¥­¨ï ª ¦¤®© ¨§ äã­ªæ¨© fii(·) § ª«îç¥­ë ¬¥¦¤ã
ω(diag(f11, . . . , fkk)) ¨ 
(diag(f11, . . . , fkk)) , ¯®íâ®¬ã

fii = λ, i = 1, . . . , k.
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� àï¤ã á á¨áâ¥¬®© (13.4) à áá¬®âà¨¬ á¨áâ¥¬ã

_ϕ = F̃ (t)ϕ, ϕ ∈ Rk, (13.6)

£¤¥

F̃ (t) =




f11(t) 0 . . . 0
1 f22(t) . . . 0
... ... . . . ...
1 1 . . . fkk(t)




.

�§ á®¢¯ ¤¥­¨ï ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ¬ âà¨æ F (·) ¨ F̃ (·) ¢ëâ¥ª ¥â
à ¢¥­áâ¢®

ω(F̃ ) = 
(F̃ ) = λ.

� ä¨ªá¨àã¥¬ ª ª®¥-«¨¡® j ∈ {1, . . . , k} ¨ à áá¬®âà¨¬ à¥è¥­¨¥

ϕ(·) = col(ϕ1(·), . . . , ϕk(·))
á¨áâ¥¬ë (13.6) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ ϕ(0) = ej ∈ Rk . � ª ª ª ¯®ª § -
â¥«ì �ï¯ã­®¢  ¢áïª®£® ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï á¨áâ¥¬ë (13.6) § ª«î-
ç¥­ ¬¥¦¤ã ω(F̃ ) ¨ 
(F̃ ) (�. �. �¨««¨®­é¨ª®¢, [110]), ¨¬¥¥¬ à ¢¥­áâ¢®
λ[ϕ] = λ . �®®à¤¨­ âë à¥è¥­¨ï ϕ(·) ã¤®¢«¥â¢®àïîâ áª «ïà­ë¬ ãà ¢-
­¥­¨ï¬

_ϕ1(t) = f11(t)ϕ1(t),

_ϕi(t) = fii(t)ϕi(t) +
i−1∑

m=1
ϕm(t), i = 2, . . . , k,

¨ ­ ç «ì­ë¬ ãá«®¢¨ï¬ ϕi(0) = δij , ¯®íâ®¬ã

ϕi(t) =





0 ¯à¨ i ∈ {1, . . . , j − 1},
hj(t) ¯à¨ i = j,

hi(t)
t∫

0
h−1

i (s)
i−1∑

m=j

ϕm(s) ds ¯à¨ i ∈ {j + 1, . . . , k},
(13.7)

£¤¥ hi(t) := exp
t∫

0
fii(τ) dτ .

�ãáâì
α := max{1; ‖fil(·)‖C : i, l = 1, . . . , k}.

�®ª ¦¥¬, çâ® ¤«ï à¥è¥­¨ï z(·) = col(z1(·), . . . , zk(·)) á¨áâ¥¬ë (13.5) á
­ ç «ì­ë¬ ãá«®¢¨¥¬ z(0) = ej ¯à¨ ¢á¥å i ∈ {1, . . . , k} á¯à ¢¥¤«¨¢ë
®æ¥­ª¨

|zi(t)|6 αi−jeµjtϕi(t), t > 0. (13.8)
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�¥©áâ¢¨â¥«ì­®, ¯à¨ i ∈ {1, . . . , j − 1} ¨¬¥¥¬ â®¦¤¥áâ¢  zi(t) ≡ 0 ,
â. ¥. (13.8) ¢ë¯®«­¥­®. �ã­ªæ¨ï zj(·) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ®¤­®-
à®¤­®¬ã ãà ¢­¥­¨î

_zj(t) = (fjj(t) + µj)zj(t)

¨ ­ ç «ì­®¬ã ãá«®¢¨î zj(0) = 1 , ¯®íâ®¬ã

zj(t) = eµjthj(t) = eµjtϕj(t),

â. ¥. ¯à¨ i = j ­¥à ¢¥­áâ¢® (13.8) ®¡à é ¥âáï ¢ áâà®£®¥ à ¢¥­áâ¢®.
�à¥¤¯®«®¦¨¬, çâ® (13.8) ¤®ª § ­® ¤«ï ¢á¥å i = j, . . . , l − 1 , £¤¥ l ∈
∈ {j + 1, . . . , k} . �®£¤ 

ϕi(t) > αj−ie−µjt|zi(t)|> 0, t > 0, i = j, . . . , l − 1.

�®ª ¦¥¬ (13.8) ¤«ï i = l . �®®à¤¨­ â  zl(·) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨
�®è¨

_zl(t) = (fll(t) + µl)zl(t) +
l−1∑

m=j

flm(t)zm(t), zl(0) = 0,

¯®íâ®¬ã

zl(t) = hl(t)eµlt
t∫

0
h−1

l (s)e−µls
l−1∑

m=j

flm(s)zm(s) ds,

á«¥¤®¢ â¥«ì­®, ¯à¨ t > 0

|zl(t)|6 hl(t)eµlt
t∫

0
h−1

l (s)e−µls
l−1∑

m=j

|flm(s)| |zm(s)| ds 6

6 hl(t)eµlt
t∫

0
h−1

l (s)e−µls
l−1∑

m=j

α · αm−jeµjsϕm(s) ds 6

6 hl(t)eµlt
t∫

0
h−1

l (s)e(µj−µl)sαl−j
l−1∑

m=j

ϕm(s) ds.

� ª ª ª µj > µl ,   ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï §¤¥áì ­¥®âà¨æ â¥«ì­ , á
ãç¥â®¬ (13.7) ¨¬¥¥¬ ®æ¥­ªã

|zl(t)|6 hl(t)eµlt
t∫

0
e(µj−µl)th−1

l (s)αl−j
l−1∑

m=j

ϕm(s) ds =

= αl−jeµjthl(t)
t∫

0
h−1

l (s)
l−1∑

m=j

ϕm(s) ds = αl−jeµjtϕl(t).
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� ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢  (13.8) ¤®ª § ­ë. �§ ­¨å á«¥¤ã¥â, çâ® ¯à¨
¢á¥å i ∈ {1, . . . , k}

λ[zi] 6 λ[αl−jeµjtϕi(t)] 6 µj + λ[ϕi] 6 µj + λ[ϕ] = µj + λ,

¯à¨ç¥¬ ¤«ï i = j ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

λ[zj] = λ[eµjthj(t)] = µj + λ[hj] = µj + fjj(·) = µj + λ.

�«¥¤®¢ â¥«ì­®,

λ[z] = max
i=j,...,k

λ[zi] = λ[zj] = λ + µj.

� áá¬®âà¨¬ ­®à¬¨à®¢ ­­ãî ¢ ­ã«¥ äã­¤ ¬¥­â «ì­ãî ¬ âà¨æã
Z(·) = [z(1)(·), . . . , z(k)(·)] á¨áâ¥¬ë (13.5). �«ï ¯®ª § â¥«¥© �ï¯ã­®¢ 
áâ®«¡æ®¢ Z(·) á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

λ[z(i)] = λ[z(i)
i ] = λ + µi, i = 1, . . . , k,

¯à¨ íâ®¬
λ[z(i)] > λ[z(i−1)], i = 2, . . . , k.

�®ª ¦¥¬, çâ® ��� {z(1), . . . , z(k)} ­®à¬ «ì­ . � íâ®© æ¥«ìî ¢®§ì¬¥¬
¯à®¨§¢®«ì­ë© ¢¥ªâ®à γ ∈ Rk , γ 6= 0 , ¨ ¢ëç¨á«¨¬ ¯®ª § â¥«ì �ï¯ã-
­®¢  à¥è¥­¨ï z(·) = Z(·)γ . �¡®§­ ç¨¬ j := min{i : γi 6= 0} . �®£¤ 
z(t) =

k∑

i=j

γiz
(i)(t) , ¯®íâ®¬ã

λ[z] 6 max{λ[z(i)] : i = j, . . . , k} = λ[z(j)] = λ + µj.

� ¤àã£®© áâ®à®­ë, ¨§ ­¨¦­¥© âà¥ã£®«ì­®áâ¨ ¬ âà¨æë ª®íää¨æ¨¥­â®¢
á¨áâ¥¬ë (13.5) ¢ëâ¥ª ¥â, çâ® äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  Z(t) ­¨¦­ïï
âà¥ã£®«ì­ ï, â. ¥. z

(i)
j (t) ≡ 0 ¯à¨ i > j , ¯®íâ®¬ã

zj(t) =
k∑

i=j

γiz
(i)
j (t) = γjz

(j)
j (t).

�âáî¤  á«¥¤ã¥â ­¥à ¢¥­áâ¢®

λ[z] > λ[zj] = λ[z(j)
j ] = λ + µj.

� ª¨¬ ®¡à §®¬,

λ[z] = λ + µj = max{λ[z(i)] : i = 1, . . . , k, γi 6= 0}.
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�â® ®§­ ç ¥â, çâ® ��� {z(1), . . . , z(k)} ­¥á¦¨¬ ¥¬  [39, á. 142] ¨, ¢ á¨«ã
â¥®à¥¬ë �ï¯ã­®¢  [39, á. 142 { 144], ­®à¬ «ì­ . �«¥¤®¢ â¥«ì­®, ¯®«-
­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (13.5) á®áâ®¨â ¨§ ç¨á¥«
λ + µk, . . . , λ + µ1 . �¥¬¬  ¤®ª § ­ .

� ¥ ® à ¥ ¬   13.1 [138]. �á«¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®ª § â¥«¨ �ï¯ã-
­®¢  ®¤­®à®¤­®© á¨áâ¥¬ë

_x = A(t)x, x ∈ Rn, (13.9)

ãáâ®©ç¨¢ë, â® ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  ¯à®¯®àæ¨®­ «ì-
­® £«®¡ «ì­® ã¯à ¢«ï¥¬ ®â­®á¨â¥«ì­® ¯ àë (A(·), E) .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì �1(A) < . . . < �q(A) | ¯®ª § â¥«¨
�ï¯ã­®¢  á¨áâ¥¬ë (13.9) ªà â­®áâ¥© n1, . . . , nq á®®â¢¥âáâ¢¥­­®,

n1 + . . . + nq = n.

�®«­ë© á¯¥ªâà á¨áâ¥¬ë (13.9) ®¡®§­ ç¨¬ λ1(A)6. . .6λn(A) . �à¨¬¥­¨¬
ª (13.9) ¯¥àà®­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ y = L(t)x , ¯à¨¢®¤ïé¥¥ (13.9) ª
¡«®ç­®-¤¨ £®­ «ì­®¬ã ¢¨¤ã

_y = diag(Ã1(t), . . . , Ãq(t))y, y ∈ Rn, (13.10)

â ª®¬ã, çâ®
1) Ãj(t) ∈ Mnj

| ­¨¦­ïï âà¥ã£®«ì­ ï ¬ âà¨æ ;
2) ¡«®ª¨ Ãj−1(·) , Ãj(·) ¯à¨ ª ¦¤®¬ j ∈ {2, . . . , q} ¨­â¥£à «ì­® ®â-

¤¥«¥­ë;
3) ω(Ãj) = 
(Ãj) = �j(A) , j = 1, . . . , q .

�ª § ­­®¥ ¯¥àà®­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ áãé¥áâ¢ã¥â ¢ á¨«ã ãáâ®©ç¨¢®-
áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (13.9) (�. �. �¨««¨®­é¨ª®¢ [109];
�. �. �ë«®¢, �. �. �§®¡®¢ [19]). �à¥®¡à §®¢ ­¨¥ y = L(t)x ¯à¨¢®¤¨â
á¨áâ¥¬ã (13.1) ª á¨áâ¥¬¥

_y = Ã(t)y + L(t)u. (13.11)

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë© ­ ¡®à ç¨á¥« ν1 6 . . . 6 νn ¨ ®¡®§­ ç¨¬
µj = νj − λj(A) , j = 1, . . . , n . � ä¨ªá¨àã¥¬ «î¡®¥ i ∈ {1, . . . , q} . �«ï
ª ¦¤®£® j ∈ ni á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® µj = νj − �i(A) , ¯®íâ®¬ã ç¨á« 
µj , j ∈ ni , ã¯®àï¤®ç¥­ë ¯® ¢®§à áâ ­¨î. �¯®àï¤®ç¨¬ ¨å ¯® ã¡ë¢ ­¨î
¨ ¯®«ãç¥­­ë© ­ ¡®à ç¨á¥« ®¡®§­ ç¨¬ ηj , j ∈ ni . �ãáâì Hi | ¤¨ £®-
­ «ì­ ï ni × ni ¬ âà¨æ , ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ª®â®à®© á®¢¯ ¤ îâ
á ηj , j ∈ ni .
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�®«®¦¨¬ U(t) = L−1(t) diag(H1, . . . , Hq) ¨ à áá¬®âà¨¬ (13.11) á
ã¯à ¢«¥­¨¥¬ u = U(t)y , ¯®«ãç¨¬ § ¬ª­ãâãî á¨áâ¥¬ã

_y = (Ã(t) + L(t)U(t))y (13.12)

á ¡«®ç­®-¤¨ £®­ «ì­®© ¬ âà¨æ¥©, ¤¨ £®­ «ì­ë¥ ¡«®ª¨ ª®â®à®© | íâ®
­¨¦­¨¥ âà¥ã£®«ì­ë¥ ¬ âà¨æë Ãi(t) + Hi , i = 1, . . . , q . �§ «¥¬¬ë 13.1
á«¥¤ã¥â, çâ® ¯®ª § â¥«¨ �ï¯ã­®¢  i-£® ¡«®ª  á¨áâ¥¬ë (13.12) á®¢¯ ¤ -
îâ á ç¨á« ¬¨ �i(A) + µj = νj , j ∈ ni . �«¥¤®¢ â¥«ì­®, ¯®«­ë© á¯¥ªâà
¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (13.12) á®áâ®¨â ¨§ ç¨á¥« ν1 6 . . . 6 νn .
�à¨¬¥­¨¬ ª (13.12) ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ y = L(t)x , ¯®«ãç¨¬ á¨-
áâ¥¬ã (13.3), £¤¥

V (t) = U(t)L(t) = L−1(t) diag(H1, . . . , Hq)L(t).

�«ï ‖V ‖C ¨¬¥¥¬ ®æ¥­ªã

‖V ‖C 6 ‖L‖C‖L−1‖C max
i=1,...,q

‖Hi‖6 ‖L‖C‖L−1‖C max
j=1,...,n

|µj| =

= ‖L‖C‖L−1‖C max
j=1,...,n

|λj(A)− νj|,
  ç¨á«  ν1 6 . . . 6 νn ®¡à §ãîâ ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢ 
á¨áâ¥¬ë (13.3) á ¯®áâà®¥­­ë¬ ã¯à ¢«¥­¨¥¬ V (·) . �¥®à¥¬  ¤®ª § ­ .

� ¥ ® à ¥ ¬   13.2 [138]. �á«¨ ®¤­®à®¤­ ï á¨áâ¥¬  (13.9) ¯à ¢¨«ì­ ,
â® á¨áâ¥¬  (13.3) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®©
ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ .

� ® ª   §   â ¥ « ì á â ¢ ®. �¥àà®­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ y = L(t)x
¯à¨¢¥¤¥¬ ¯à ¢¨«ì­ãî á¨áâ¥¬ã (13.9) ª á¨áâ¥¬¥

_y = F (t)y, y ∈ Rn, (13.13)

á ¢¥àå­¥© âà¥ã£®«ì­®© ¬ âà¨æ¥© F (·) , ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ª®â®à®©
fii(·) , i = 1, . . . , n , ¨¬¥îâ â®ç­ë¥ áà¥¤­¨¥ §­ ç¥­¨ï, à¥ «¨§ãîé¨¥ ¯®«-
­ë© á¯¥ªâà á¨áâ¥¬ë (13.13) ¨ á®¢¯ ¤ îé¨¥ á ¯®ª § â¥«ï¬¨ �ï¯ã­®¢ 
¨áå®¤­®© á¨áâ¥¬ë (13.9):

^
f ii= λi(F ) = λi(A), i = 1, . . . , n.

�â® ¯à¥®¡à §®¢ ­¨¥ ¯à¨¢®¤¨â á¨áâ¥¬ã (13.1) ª á¨áâ¥¬¥

_y = F (t)y + L(t)u. (13.14)



120

�ãáâì ν1 6 . . . 6 νn | ¯à®¨§¢®«ì­ë© ­ ¡®à ç¨á¥«. �ë¡¥à¥¬

U(t) = L−1(t) diag(ν1 − λ1(A), . . . , νn − λn(A)). (13.15)

� ¬ª­ãâ ï á¨áâ¥¬ 
_y = (F (t) + L(t)U(t))y (13.16)

á ¢ë¡à ­­ë¬ ã¯à ¢«¥­¨¥¬ U(·) ¨¬¥¥â ¢¥àå­îî âà¥ã£®«ì­ãî ¬ âà¨-
æã ª®íää¨æ¨¥­â®¢, ¤«ï ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ª®â®à®© áãé¥áâ¢ãîâ
â®ç­ë¥ áà¥¤­¨¥ §­ ç¥­¨ï, à ¢­ë¥

^
f ii +νi − λi(A) = νi, i = 1, . . . , n.

�§ ªà¨â¥à¨ï �ï¯ã­®¢  ¯à ¢¨«ì­®áâ¨ âà¥ã£®«ì­®© á¨áâ¥¬ë [18, á. 141]
á«¥¤ã¥â, çâ® á¨áâ¥¬  (13.16) ¯à ¢¨«ì­ , ¨ ¥¥ ¯®«­ë© á¯¥ªâà á®¢¯ ¤ ¥â
á ç¨á« ¬¨ ν1 6 . . . 6 νn . �à¥®¡à §®¢ ­¨¥ y = L(t)x ¯à¨¢®¤¨â á¨áâ¥-
¬ã (13.16) ª á¨áâ¥¬¥ (13.3), £¤¥

V (t) = U(t)L(t) = L−1(t) diag(ν1 − λ1(A), . . . , νn − λn(A))L(t).

�®«­ë© á¯¥ªâà (13.3) á®áâ®¨â ¨§ ç¨á¥« ν16. . .6νn ,   ­®à¬  ã¯à ¢«¥­¨ï
V (·) ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

‖V ‖C 6 ‖L‖C‖L−1‖C max
i=1,...,n

|νi − λi(A)|.

�¥®à¥¬  ¤®ª § ­ .
� ¥ ® à ¥ ¬   13.3 [138]. �á«¨ ®¤­®à®¤­ ï á¨áâ¥¬  (13.9) ¤¨ £®­ «¨§¨-

àã¥¬ , â® á¨áâ¥¬  (13.3) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯à®¯®àæ¨®­ «ì­®© £«®-
¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì y = L(t)x | ¯¥àà®­®¢áª®¥ ¯à¥®¡à §®-
¢ ­¨¥, ¯à¨¢®¤ïé¥¥ (13.9) ª á¨áâ¥¬¥ (13.13), ¬ âà¨æ  ª®â®à®©

F (t) = diag(f1(t), . . . , fn(t))

¤¨ £®­ «ì­  ¨ â ª®¢ , çâ®

f i = λi(F ) = λi(A), i = 1, . . . , n.

�â® ¯à¥®¡à §®¢ ­¨¥ ¯à¨¢®¤¨â á¨áâ¥¬ã (13.1) ª (13.14). �®§ì¬¥¬ «î¡®©
­ ¡®à ç¨á¥« ν16. . .6νn ¨ ¢ë¡¥à¥¬ ¬ âà¨ç­®¥ ã¯à ¢«¥­¨¥ ¢ ¢¨¤¥ (13.15).
�®£¤  § ¬ª­ãâ ï á¨áâ¥¬  (13.16) ¨¬¥¥â ¤¨ £®­ «ì­ãî ¬ âà¨æã ª®íää¨-
æ¨¥­â®¢

F (t) + L(t)U(t) = diag(f1(t) + ν1 − λ1(A), . . . , fn(t) + νn − λn(A)),
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¯à¨ç¥¬
fi + νi − λi(A) = f i + νi − λi(A) = νi, i = 1, . . . , n.

�«¥¤®¢ â¥«ì­®, ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (13.16)
á®áâ®¨â ¨§ ç¨á¥« ν1 6 . . . 6 νn . � «ì­¥©è¨¥ à ááã¦¤¥­¨ï  ­ «®£¨ç­ë
à ááã¦¤¥­¨ï¬, ¯à¨¢¥¤¥­­ë¬ ¢ ª®­æ¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 13.2. �¥-
®à¥¬  ¤®ª § ­ .

�¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ 13.1 { 13.3 ¨ «¥¬¬ 13.1, 13.2 ¢ëâ¥ª îâ
á«¥¤ãîé¨¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï «®ª «ì­®© ¨ ¯à®¯®àæ¨®­ «ì­®© «®-
ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢ .

� ¥ ® à ¥ ¬   13.4 [138]. �á«¨ á¨áâ¥¬  (12.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬  ¨ ¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§ âà¥å ãá«®¢¨©:
 ) á¨áâ¥¬  (13.9) ¨¬¥¥â ãáâ®©ç¨¢ë¥ ¯®ª § â¥«¨ �ï¯ã­®¢ ,
¡) á¨áâ¥¬  (13.9) ¯à ¢¨«ì­ ,
¢) á¨áâ¥¬  (13.9) ¤¨ £®­ «¨§¨àã¥¬ ,
â® ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (12.4) ¯à®¯®àæ¨®-
­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬.

� ¥ ® à ¥ ¬   13.5 [138]. �á«¨ á¨áâ¥¬  (12.3) à ¢­®¬¥à­® «®ª «ì­® ¤®-
áâ¨¦¨¬  ¨ ¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§ âà¥å ãá«®¢¨©:
 ) á¨áâ¥¬  (13.9) ¨¬¥¥â ãáâ®©ç¨¢ë¥ ¯®ª § â¥«¨ �ï¯ã­®¢ ,
¡) á¨áâ¥¬  (13.9) ¯à ¢¨«ì­ ,
¢) á¨áâ¥¬  (13.9) ¤¨ £®­ «¨§¨àã¥¬ ,
â® ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (12.3) «®ª «ì­®
ã¯à ¢«ï¥¬.

§ 14. �¤­®¢à¥¬¥­­ ï «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì
á¯¥ªâà  ¨ ª®íää¨æ¨¥­â  ­¥¯à ¢¨«ì­®áâ¨ �ï¯ã­®¢ 
¯à ¢¨«ì­ëå á¨áâ¥¬

�¤¥áì ãáâ ­®¢«¥­  ®¤­®¢à¥¬¥­­ ï ¯à®¯®àæ¨®­ «ì­ ï «®ª «ì­ ï
ã¯à ¢«ï¥¬®áâì ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢  ¨ ª®íää¨-
æ¨¥­â  ­¥¯à ¢¨«ì­®áâ¨ �ï¯ã­®¢  á¨áâ¥¬ë (12.4) ¯à¨ ãá«®¢¨¨ à ¢-
­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (12.1) ¨ ¯à ¢¨«ì­®áâ¨
®¤­®à®¤­®© á¨áâ¥¬ë (13.9).

�®ª ¦¥¬, çâ® ¢ á«ãç ¥ ¯à ¢¨«ì­®áâ¨ ®¤­®à®¤­®© á¨áâ¥¬ë (13.9) ¢
¤¥©áâ¢¨â¥«ì­®áâ¨ ¬®¦­® «®ª «ì­® ã¯à ¢«ïâì ­¥ â®«ìª® ¯®«­ë¬ á¯¥ª-
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âà®¬ ¯®ª § â¥«¥© �ï¯ã­®¢ , ­® o¤­®¢à¥¬¥­­® á ­¨¬ ¨ ª®íää¨æ¨¥­â®¬
­¥¯à ¢¨«ì­®áâ¨ �ï¯ã­®¢ .

� ¥ ® à ¥ ¬   14.1 [141]. �á«¨ á¨áâ¥¬  (12.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ ,   ®¤­®à®¤­ ï á¨áâ¥¬  (13.9) ¯à ¢¨«ì­ , â® (12.4) ®¡« ¤ ¥â
á¢®©áâ¢®¬ ®¤­®¢à¥¬¥­­®© ¯à®¯®àæ¨®­ «ì­®© «®ª «ì­®© ã¯à ¢«ï¥¬®-
áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢  ¨ ª®íää¨æ¨¥­â  ­¥¯à -
¢¨«ì­®áâ¨ �ï¯ã­®¢ , â. ¥. ­ ©¤ãâáï â ª¨¥ β > 0 ¨ l0 > 0 , çâ® ¤«ï
«î¡®£® ­ ¡®à  ç¨á¥« µ1 6 . . . 6 µn , ã¤®¢«¥â¢®àïîé¥£® ­¥à ¢¥­áâ¢ã

max
i=1,...,n

|µi − λi(A)| 6 β,

¨ «î¡®£® ç¨á«  σ ∈ [0, β] áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) ,

‖U‖C 6 l0 max{σ, |µi − λi(A)| : i = 1, . . . , n},
â ª®¥, çâ®

λi(A + BU) = µi, i = 1, . . . , n, σ�(A + BU) = σ.

� ® ª   §   â ¥ « ì á â ¢ ®. �à¨¢¥¤¥¬ ¯à ¢¨«ì­ãî ®¤­®à®¤­ãî á¨áâ¥-
¬ã (12.1) ¯¥àà®­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ y = L(t)x ª á¨áâ¥¬¥

_y = F (t)y, y ∈ Rn, (14.1)

á ¢¥àå­¥© âà¥ã£®«ì­®© ¬ âà¨æ¥© F (·) = {fij(·)}n
i,j=1 . �¨áâ¥¬  (14.1) ¯à -

¢¨«ì­ , ¯®íâ®¬ã ¢ á¨«ã ªà¨â¥à¨ï �ï¯ã­®¢  ¯à ¢¨«ì­®áâ¨ âà¥ã£®«ì­®©
á¨áâ¥¬ë [18, á. 141] ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë F (·) ¨¬¥îâ â®ç-
­ë¥ áà¥¤­¨¥ §­ ç¥­¨ï

^
fii , i = 1, . . . , n , à¥ «¨§ãîé¨¥ ¯®«­ë© á¯¥ªâà

¯®ª § â¥«¥© �ï¯ã­®¢  λ1(A) 6 . . .6λn(A) á¨áâ¥¬ë (14.1). �ë¡¥à¥¬ ¬ -
âà¨æã ¯¥àà®­®¢áª®£® ¯à¥®¡à §®¢ ­¨ï L(·) â ª, çâ®¡ë ¢ë¯®«­ï«¨áì à -
¢¥­áâ¢ 

λi(A) =
^
fii, i = 1, . . . , n.

�à¥®¡à §®¢ ­¨¥ y = L(t)x ¯à¨¢®¤¨â á¨áâ¥¬ã (12.1) ª á¨áâ¥¬¥

_y = F (t)y + L(t)B(t)u,

ª®â®à ï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  á®£« á­® â¥®à¥¬¥ 1.3. �à¨¬¥-
­ïï ª íâ®© á¨áâ¥¬¥ â¥®à¥¬ã 11.5, ­ ©¤¥¬ ¢¥«¨ç¨­ë δ > 0 , l > 0 ¨
¯®«®¦¨¬ β = δ/2 . �®§ì¬¥¬ «î¡®© ­ ¡®à ç¨á¥« µ1 6 . . .6µn , â ª®©, çâ®

|µi − λi(A)|6 β, i = 1, . . . , n,
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¨ ¯à®¨§¢®«ì­®¥ ç¨á«® σ ∈ [0, β] . �®«®¦¨¬

P (t) = diag(µ1 − λ1(A), . . . , µn−1 − λn−1(A), p(t)− λn(A)),

£¤¥
p(t) = µn − σ + σ

2 (sin ln(|t|+ 1) + cos ln(|t|+ 1) + 1).

�®£¤  [18, á. 77{78] p = µn − σ , p = µn ¨ µn − σ 6 p(t) 6 µn ¯à¨ ¢á¥å
t ∈ R . �«¥¤®¢ â¥«ì­®,

‖p− λn(A)‖C 6 |µn − λn(A)|+ σ 6 2 max{σ, |µn − λn(A)|},
¯®íâ®¬ã

‖P‖C = max{‖p− λn(A)‖C , |µi − λi(A)| : i = 1, . . . , n− 1}6

6 2 max{σ, |µi − λi(A)| : i = 1, . . . , n}6 2β = δ.

�§ â¥®à¥¬ë 11.5 á«¥¤ã¥â, çâ® ­ ©¤¥âáï ã¯à ¢«¥­¨¥ V (·) ∈ KCmn(R) ,
‖V ‖C 6 l‖P‖C , ®¡¥á¯¥ç¨¢ îé¥¥  á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â­®áâì § ¬-
ª­ãâ®© á¨áâ¥¬ë

_y = (F (t) + L(t)B(t)V (t))y (14.2)
¨ ¢®§¬ãé¥­­®© á¨áâ¥¬ë

_z = G(t)z, z ∈ Rn, (14.3)

£¤¥ G(·) := F (·) + P (·) , G(·) = {gij(·)}n
i,j=1 . � á¨áâ¥¬¥ (14.2) ¯à¨¬¥­¨¬

®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ y = L(t)x , ¯®«ãç¨¬ á¨áâ¥¬ã

_x = (A(t) + B(t)V (t)L(t))x.

�®«®¦¨¬ U(t) = V (t)L(t) . �®£¤ 

‖U‖C 6 ‖V ‖C‖L‖C = ‖V ‖C 6 l‖P‖C 6

6 2l max{σ, |µi − λi(A)| : i = 1, . . . , n} =
=: l0 max{σ, |µi − λi(A)| : i = 1, . . . , n},

  ¤«ï ¯®ª § â¥«¥© �ï¯ã­®¢  ¨ ª®íää¨æ¨¥­â  ­¥¯à ¢¨«ì­®áâ¨ �ï¯ã-
­®¢  á¨áâ¥¬ë (12.4) á U = U(·) á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

λi(A + BU) = λi(G), i = 1, . . . , n, σ�(A + BU) = σ�(G).

�®ª ¦¥¬, çâ®

λi(G) = µi, i = 1, . . . , n, σ�(G) = σ.
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� íâ®© æ¥«ìî à áá¬®âà¨¬ ãá¥ç¥­­ãî á¨áâ¥¬ã

_η = G̃(t)η, η ∈ Rn−1, (14.4)

¬ âà¨æ  G̃(t) = {gij(t)}n−1
i,j=1 ª®â®à®© ¯®«ãç ¥âáï ¨§ G(t) ¢ëç¥àª¨¢ ­¨-

¥¬ ¯®á«¥¤­¥© áâà®ª¨ ¨ ¯®á«¥¤­¥£® áâ®«¡æ . �®áª®«ìªã G̃(·) ¢¥àå­ïï
âà¥ã£®«ì­ ï,   ¥¥ ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ¨¬¥îâ â®ç­ë¥ áà¥¤­¨¥ §­ -
ç¥­¨ï

^
gii=

^
fii +µi − λi(A) = µi, i = 1, . . . , n− 1,

¢ á¨«ã ¢ëè¥ã¯®¬ï­ãâ®£® ªà¨â¥à¨ï ¯à ¢¨«ì­®áâ¨ á¨áâ¥¬  (14.4) ¯à -
¢¨«ì­ ,   ¥¥ ¯®«­ë© á¯¥ªâà á®áâ®¨â ¨§ ç¨á¥«

λi(G̃) = µi, i = 1, . . . , n− 1.

�ãáâì η(1)(·), . . . , η(n−1)(·) | ­®à¬ «ì­ ï äã­¤ ¬¥­â «ì­ ï á¨áâ¥¬ 
à¥è¥­¨© á¨áâ¥¬ë (14.4), â ª ï, çâ®

λ[η(i)] = µi, i = 1, . . . , n− 1.

�«ï ª ¦¤ëå t ∈ R ¨ i ∈ {1, . . . , n−1} ç¥à¥§ z(i)(t) ∈ Rn ®¡®§­ ç¨¬ ¢¥ª-
â®à, ¯¥à¢ë¥ (n−1) ª®®à¤¨­ â ª®â®à®£® á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨
ª®®à¤¨­ â ¬¨ ¢¥ªâ®à  η(i)(t) ,   ¯®á«¥¤­ïï ª®®à¤¨­ â  à ¢­  ­ã«î. �®-
£¤  z(1)(·), . . . , z(n−1)(·) | «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï á¨áâ¥¬ë (14.3),
â ª¨¥, çâ® λ[z(i)] = µi , i = 1, . . . , n− 1 .

� ©¤¥¬ ¯®ª § â¥«ì �ï¯ã­®¢  à¥è¥­¨ï z(n)(·) á¨áâ¥¬ë (14.3), ã¤®-
¢«¥â¢®àïîé¥£® ­ ç «ì­®¬ã ãá«®¢¨î z(n)(0) = en . �«ï ¥£® ª®®à¤¨­ â
á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

z(n)
n (t) = hn(t),

z
(n)
k (t) =

n∑

j=k+1
hk(t)

t∫

0
h−1

k (s)fkj(s)z(n)
j (s) ds, k = n− 1, . . . , 1,

£¤¥ hi(t) := exp
t∫

0
gii(s) ds , i = 1, . . . , n . �®ª ¦¥¬, çâ® ¯à¨ ª ¦¤®¬ l ∈

∈ {1, . . . , n} ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

λ[z(n)
l ] 6 µn. (14.5)

�¥©áâ¢¨â¥«ì­®, ¯à¨ l = n ¢ë¯®«­¥­® áâà®£®¥ à ¢¥­áâ¢®

λ[z(n)
n ] = λ[hn] = gnn = (fnn + p− λn(A)) = p+

^
fnn −λn(A) = p = µn.
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�à¥¤¯®«®¦¨¬, çâ® (14.5) ãáâ ­®¢«¥­® ¯à¨ ¢á¥å l ∈ {n, . . . , k + 1} , £¤¥
k ∈ {n−1, . . . , 1} . �à®¢¥à¨¬ ­¥à ¢¥­áâ¢® (14.5) ¤«ï l = k . �«ï ª ¦¤®£®
l ∈ {k + 1, . . . , n} ¨¬¥¥¬ á®®â­®è¥­¨ï

λ[fkl(t)h−1
k (t)z(n)

l (t)] 6 λ[h−1
k ] + λ[z(n)

l ] 6 (−gkk) + µn = µn− ^
gkk= µn − µk,

¯à¨ç¥¬ à §­®áâì µn − µk ­¥®âà¨æ â¥«ì­ . �«¥¤®¢ â¥«ì­® [39, á. 132],

λ[
t∫

0
fkl(s)h−1

k (s)z(n)
l (s) ds] 6 µn − µk,

¯®íâ®¬ã

λ[z(n)
k ] 6 max

l=k+1,...,n
λ[hk(t)

t∫

0
fkl(s)h−1

k (s)z(n)
l (s) ds] 6 λ[hk] + µn − µk = µn.

� ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢® (14.5) ¤®ª § ­®. �§ ­¥£® ¢ëâ¥ª ¥â, çâ®

λ[z(n)] = max
k=1,...,n

{λ[z(n)
k ]} = λ[z(n)

n ] = µn.

�®¢®ªã¯­®áâì äã­ªæ¨© z(1)(·), . . . , z(n)(·) «¨­¥©­® ­¥§ ¢¨á¨¬  ­  R ,
â ª ª ª z(n)

n (t) 6= 0 ¯à¨ ª ¦¤®¬ t ∈ R ,  

z(1)
n (t) = . . . = z(n−1)

n (t) ≡ 0, t ∈ R.

�«¥¤®¢ â¥«ì­®, á®¢®ªã¯­®áâì äã­ªæ¨© z(1)(·), . . . , z(n)(·) ®¡à §ã¥â ���
á¨áâ¥¬ë (14.3). �®ª ¦¥¬ ¥¥ ­®à¬ «ì­®áâì. � íâ®© æ¥«ìî ¢®§ì¬¥¬ ¯à®-
¨§¢®«ì­ë© ­¥­ã«¥¢®© ¢¥ªâ®à ξ = col(ξ1, . . . , ξn) ∈ Rn ¨ ¢ëç¨á«¨¬ ¯®ª -
§ â¥«ì �ï¯ã­®¢  à¥è¥­¨ï

z(·) =
n∑

i=1
ξiz

(i)(·).

�ãáâì j := max{i : ξi 6= 0} . �á«¨ j = n , â®

zn(t) =
n∑

i=1
ξiz

(i)
n (t) = ξnz

(n)
n (t),

¯®íâ®¬ã
λ[z] > λ[zn] = λ[z(n)

n ] = µn.

� ¤àã£®© áâ®à®­ë,

λ[z] = λ[
n∑

i=1
ξiz

(i)] 6 max{λ[z(i)] : i = 1, . . . , n} = µn.
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� ª¨¬ ®¡à §®¬, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥

λ[z] = µn = max{λ[z(i)] : ξi 6= 0}.
�á«¨ ¦¥ j < n , â® ¯®á«¥¤­ïï ª®®à¤¨­ â  ¢¥ªâ®à  z(t) â®¦¤¥áâ¢¥­­®
à ¢­  ­ã«î ­  R , ¯®íâ®¬ã ¢ á¨«ã ­®à¬ «ì­®áâ¨ ��� η(1), . . . , η(n−1)

á¨áâ¥¬ë (14.4) ¨¬¥¥¬ à ¢¥­áâ¢ 

λ[z] = λ[
j∑

i=1
ξiη

(i)] = λ[η(j)] = µj = max{λ[z(i)] : ξi 6= 0}.

�â® ®§­ ç ¥â, çâ® ��� z(1)(·), . . . , z(n)(·) ­¥á¦¨¬ ¥¬  [39, á. 142] ¨ ¢ á¨-
«ã â¥®à¥¬ë �ï¯ã­®¢  [39, á. 142{144] ­®à¬ «ì­ . �â ª, ¯®«­ë© á¯¥ªâà
¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (14.3) á®áâ®¨â ¨§ ç¨á¥« µ1 6 . . . 6 µn .
�«ï ª®íää¨æ¨¥­â  ­¥¯à ¢¨«ì­®áâ¨ �ï¯ã­®¢  íâ®© á¨áâ¥¬ë ¨¬¥¥¬ à -
¢¥­áâ¢  [57, á. 77]

σ�(G) =
n∑

i=1
λi(G)− lim

t→+∞
t−1

t∫

0
SpG(s) ds =

=
n∑

i=1
µi − lim

t→+∞
t−1

t∫

0
(
n−1∑

i=1
(fii(s) + µi − λi(A)) + fnn(s) + p(s)− λn(A)) ds =

= µn +
n∑

i=1
λi(A)−

n∑

i=1

^
fii −p = µn − p = µn − (µn − σ) = σ.

�¥®à¥¬  ¤®ª § ­ .

§ 15. � áç«¥­¥­­ë¥ «¨­¥©­ë¥ ®¤­®à®¤­ë¥ á¨áâ¥¬ë

� íâ®¬ ¯ à £à ä¥ ¢¢¥¤¥­® ¨ ¨§ãç¥­® ¯®­ïâ¨¥ à áç«¥­¥­­®áâ¨ «¨-
­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë. �â® ¯®­ïâ¨¥ ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥â
¨£à âì ¢¥¤ãéãî à®«ì ¢ ä®à¬ã«¨à®¢ª å ¤®áâ â®ç­ëå ãá«®¢¨© «®-
ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢ . � â¥à¬¨­ å à á-
ç«¥­¥­­®áâ¨ ¢ ¯ à £à ä¥ 18 ¡ã¤¥â áä®à¬ã«¨à®¢ ­® â ª¦¥ ­¥®¡-
å®¤¨¬®¥ ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  «¨­¥©­®©
®¤­®à®¤­®© á¨áâ¥¬ë.

� áá¬®âà¨¬ «¨­¥©­ãî ®¤­®à®¤­ãî ¤¨ää¥à¥­æ¨ «ì­ãî á¨áâ¥¬ã

_x = A(t)x, x ∈ Rn, t ∈ R, (15.1)
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á ®£à ­¨ç¥­­ë¬¨ ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ­  R ª®íää¨æ¨¥­â ¬¨ ¨ ¬ -
âà¨æ¥© �®è¨ X(t, s) ; a := sup

t∈R
‖A(t)‖ .

�ãáâì x1(·), . . . , xn(·) | äã­¤ ¬¥­â «ì­ ï á¨áâ¥¬  à¥è¥­¨© (���)
á¨áâ¥¬ë (15.1). �«ï ª ¦¤ëå i ∈ {1, . . . , n} ¨ t ∈ R ®¡®§­ ç¨¬ ç¥à¥§
Vi(t) «¨­¥©­ãî ®¡®«®çªã ¢¥ªâ®à®¢ xj(t) , j = 1, . . . , n , j 6= i ,   ç¥à¥§
ϕi(t) :=^(xi(t), Vi(t)) | ã£®« ¬¥¦¤ã ¢¥ªâ®à®¬ xi(t) ¨ ¯®¤¯à®áâà ­áâ¢®¬
Vi(t) .

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ϑ > 0 . �«ï ¢áïª¨å γ ∈ ]0, π/2] , k ∈ N
¨ i ∈ {1, . . . , n} ¯®«®¦¨¬

�γ
i (ϑ) := {j ∈ N : ϕi(jϑ) > γ}, �γ

i (k; ϑ) := �γ
i (ϑ) ∩ {1, . . . , k}.

�ãáâì N γ
i (k; ϑ) | ç¨á«® í«¥¬¥­â®¢ ¬­®¦¥áâ¢  �γ

i (k; ϑ) , â. ¥.

N γ
i (k; ϑ) := ∑

j∈�γ
i (k;ϑ)

1.

�¢¥¤¥¬ â ª¦¥ ®¡®§­ ç¥­¨ï

gγ
i (k; ϑ) := N γ

i (k; ϑ)
k

, fi(k; ϑ) := ln ‖xi(kϑ)‖
kϑ

.

� â¥å á«ãç ïå, ª®£¤  ç¨á«  γ ¨ ϑ § à ­¥¥ ä¨ªá¨à®¢ ­ë, á®®â¢¥âáâ¢ã-
îé¨¥ á¨¬¢®«ë ¢® ¢¢¥¤¥­­ëå ®¡®§­ ç¥­¨ïå ¡ã¤¥¬ ®¯ãáª âì.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 15.1 [101]. �ãáâì x(·) | ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥
«¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë (13.9). �âà®£® ¢®§à áâ îéãî ª +∞ ¯®-
á«¥¤®¢ â¥«ì­®áâì {tk}∞k=1 ­ §®¢¥¬ à¥ «¨§ãîé¥© ¯®á«¥¤®¢ â¥«ì­®áâìî
à¥è¥­¨ï x(·) , ¥á«¨

λ[x] = lim
k→∞

t−1
k ln ‖x(tk)‖.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 15.2 [101]. �ã¤¥¬ £®¢®à¨âì, çâ® à¥è¥­¨¥ xi(·) , ¢å®-
¤ïé¥¥ ¢ ��� x1(·), . . . , xn(·) , ϑ-®âç«¥­¥­® (®â ®áâ «ì­ëå à¥è¥­¨© ���),
¥á«¨ ¯à¨ § ¤ ­­®¬ ϑ > 0 ­ ©¤ãâáï â ª®¥ γ ∈ ]0, π/2] ¨ â ª ï à¥ «¨§ã-
îé ï ¯®á«¥¤®¢ â¥«ì­®áâì {kjϑ}∞j=1 à¥è¥­¨ï xi(·) , £¤¥ kj ∈ N , çâ®

lim
j→∞ gγ

i (kj; ϑ) > 0.

��� x1, . . . , xn ­ §®¢¥¬ ϑ-à áç«¥­¥­­®©, ¥á«¨ ª ¦¤®¥ ¢å®¤ïé¥¥ ¢ ­¥¥
à¥è¥­¨¥ ϑ-®âç«¥­¥­®.

�§ãç¨¬ ®á­®¢­ë¥ á¢®©áâ¢  ¢¢¥¤¥­­ëå ¯®­ïâ¨©.
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� ¥ ¬ ¬   15.1 [101]. �ãáâì V | ¢¥ªâ®à­®¥ ¯®¤¯à®áâà ­áâ¢® Rn ,
dim V = n − 1 ¨ p ∈ Rn \ V | ¯à®¨§¢®«ì­ë© ­¥­ã«¥¢®© ¢¥ªâ®à. �á«¨
S ∈ Mn | ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ , â®

^(Sp, SV ) > 2^(p, V )(κ(S))1−n

π
,

£¤¥ κ(S) = ‖S‖ ‖S−1‖ | á¯¥ªâà «ì­®¥ ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨-
æë S .

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¢ ¯®¤¯à®áâà ­áâ¢¥ V ¯à®¨§¢®«ì­ë©
®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á v1, . . . , vn−1 . �®£¤  ®¡ê¥¬ n-¬¥à­®£® ¯ à «-
«¥«¥¯¨¯¥¤ , ¯®áâà®¥­­®£® ­  ¢¥ªâ®à å p, v1, . . . , vn−1 , à ¢¥­ ‖p‖ sin ϕ ,
£¤¥ ϕ | ã£®« ¬¥¦¤ã p ¨ V . �®íâ®¬ã [177, á. 280] ®¡ê¥¬ n-¬¥à­®£®
¯ à ««¥«¥¯¨¯¥¤ , ¯®áâà®¥­­®£® ­  ¢¥ªâ®à å Sp, Sv1, . . . , Svn−1 , à ¢¥­
|det S| ‖p‖ sin ϕ . � ¤àã£®© áâ®à®­ë, íâ®â ®¡ê¥¬ ®æ¥­¨¢ ¥âáï á¢¥àåã ¢¥-
«¨ç¨­®©

‖Sp‖ ‖Sv1‖ . . . ‖Svn−1‖ sin ψ 6 ‖S‖n‖p‖ sin ψ,

£¤¥ ψ = ^(Sp, SV ) . �âáî¤ 

sin ψ > | det S| sin ϕ

‖S‖n
.

� ª ª ª ã£«ë ϕ ¨ ψ «¥¦ â ¢ ¯à¥¤¥« å ]0, π/2] , ¯®«ãç ¥¬ ®æ¥­ª¨

ψ > sin ψ > | det S| sin ϕ

‖S‖n
> 2ϕ|det S|

π‖S‖n
.

�ãáâì 0 < s1 6 . . . 6 sn | á¨­£ã«ïà­ë¥ ç¨á«  [176, á. 493] ¬ âà¨æë S .
�®£¤  [176, á. 519 { 525] ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢  ‖S−1‖ = s−1

1 , ‖S‖ = sn ,
|det S| = s1s2 . . . sn , ¯®íâ®¬ã κ(S) = sns

−1
1 ¨

|det S|
‖S‖n

= s1s2 . . . s1−n
n > (s1s

−1
n )n−1 = (κ(S))1−n,

®âªã¤  ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.
� ¥ ® à ¥ ¬   15.1 [101]. �á«¨ ¢å®¤ïé¥¥ ¢ ��� x1(·), . . . , xn(·) à¥è¥­¨¥

xi(·) ϑ0-®âç«¥­¥­® ¯à¨ ­¥ª®â®à®¬ ϑ0 > 0 , â® ®­® ï¢«ï¥âáï ϑ-®âç«¥-
­¥­­ë¬ ¯à¨ ¢áïª®¬ ϑ > 0 .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ç¨á«® γ ∈]0, π/2] ¨ áâà®£® ¢®§à áâ î-
é ï ¯®á«¥¤®¢ â¥«ì­®áâì {kj}∞j=1 ¢ë¡à ­ë â ª, çâ® ®¡¥á¯¥ç¨¢ ¥âáï ¢ë-
¯®«­¥­¨¥ ãá«®¢¨©

lim
j→∞ fi(kj; ϑ0) = λ[xi], lim

j→∞ gγ
i (kj; ϑ0) > 0.
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� ¦¤®¬ã j ∈ N ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ æ¥«®¥ ­¥®âà¨æ â¥«ì­®¥ ç¨á«®
lj â ª®¥, çâ®

kjϑ0 ∈ [ljϑ, (lj + 1)ϑ[. (15.2)
� ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì {kj} áâà®£® ¢®§à áâ ¥â, â® {lj} ï¢«ï¥âáï
­¥ã¡ë¢ îé¥©, ¯à¨ íâ®¬ lim

j→∞ lj = ∞ . �§ ­¥à ¢¥­áâ¢ 

0 6 kjϑ0 − ljϑ < ϑ

á«¥¤ã¥â
lim
j→∞

kjϑ0
ljϑ

= lim
j→∞

(
1 + kjϑ0 − ljϑ

ljϑ

)
= 1

¨
‖X±1(ljϑ, kjϑ0)‖6 exp(aϑ).

�âáî¤  ¯®«ãç ¥¬

fi(lj; ϑ) = 1
ljϑ

ln ‖X(ljϑ, kjϑ0)xi(kjϑ0)‖6

6 1
ljϑ

ln(‖X(ljϑ, kjϑ0)‖ ‖xi(kjϑ0)‖) 6 1
ljϑ

(aϑ + ln ‖xi(kjϑ0)‖),
¨, á ¤àã£®© áâ®à®­ë,

fi(lj; ϑ) > 1
ljϑ

ln(‖X(kjϑ0, ljϑ)‖−1‖xi(kjϑ0)‖) > 1
ljϑ

(−aϑ + ln ‖xi(kjϑ0)‖).

�¥¯¥àì, ãç¨âë¢ ï à ¢¥­áâ¢ 

lim
j→∞

1
ljϑ

(±aϑ + ln ‖xi(kjϑ0)‖) = lim
j→∞

1
ljϑ

ln ‖xi(kjϑ0)‖ =

= lim
j→∞

1
kjϑ0

ln ‖xi(kjϑ0)‖ · lim
j→∞

kjϑ0
ljϑ

= λ[xi],

¡ã¤¥¬ ¨¬¥âì á®®â­®è¥­¨¥ lim
j→∞ fi(lj; ϑ) = λ[xi] .

�ãáâì ϑ1 = max{ϑ0, ϑ}/2 . �à¨ «î¡ëå t, τ ∈ R «¨­¥©­®¥ ¯®¤¯à®-
áâà ­áâ¢® Vi(t) à¥è¥­¨© xj(t) , j 6= i , ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

Vi(t) = X(t, τ)Vi(τ),

¯®íâ®¬ã ¢ á¨«ã «¥¬¬ë 15.1 ¯à¨ «î¡ëå |t− τ |6 ϑ1 ¨¬¥¥¬ ®æ¥­ª¨

ϕi(t) = ^(xi(t), Vi(t)) = ^(X(t, τ)xi(τ), X(t, τ)Vi(τ)) >

> 2κ1−n(X(t, τ))ϕi(τ)/π > 2 exp(−2a(n− 1)ϑ1)ϕi(τ)/π =: cϕi(τ).
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�®§¬®¦­ë 2 á«ãç ï.
1) ϑ < ϑ0 . �ãáâì p := [ϑ0/ϑ] | æ¥« ï ç áâì ç¨á«  ϑ0/ϑ . �®§ì¬¥¬

j ∈ N â ª®¥, çâ® kj > 2 . �§ (15.2) ¯®«ãç ¥¬
lj 6 kjϑ0/ϑ < kj([ϑ0/ϑ] + 1) = kj(p + 1),

â. ¥. kj/lj > 1/(p + 1) .
�ãáâì m ¯à®¡¥£ ¥â ¬­®¦¥áâ¢® â®ç¥ª �γ

i (kj − 2; ϑ0) . �®«ã¨­â¥à¢ «
[(m − 1/2)ϑ0, (m + 1/2)ϑ0[ ¯à¨ ª ¦¤®¬ â ª®¬ m á®¤¥à¦¨â ­¥ ¬¥­¥¥ p

â®ç¥ª, ªà â­ëå ϑ . �® ¢á¥å íâ¨å â®çª å ã£®« ϕi ­¥ ¬¥­ìè¥ cγ . �à®¬¥
â®£®, ¢á¥ íâ¨ â®çª¨ ­  ç¨á«®¢®© ¯àï¬®© ­ å®¤ïâáï «¥¢¥¥

(kj − 2 + 1/2)ϑ0 < kjϑ0 − ϑ0 < ljϑ + ϑ− ϑ0 < ljϑ,

â. ¥. «¥¢¥¥ ljϑ . �­ ç¨â, ¢á¥ ®­¨ ¯à¨­ ¤«¥¦ â ¬­®¦¥áâ¢ã �cγ
i (lj; ϑ) . �®-

íâ®¬ã ®¡é¥¥ ª®«¨ç¥áâ¢® í«¥¬¥­â®¢ ¬­®¦¥áâ¢  �cγ
i (lj; ϑ) ­¥ ¬¥­ìè¥

pN γ
i (kj − 2; ϑ0) > p(N γ

i (kj; ϑ0)− 2).
� ª¨¬ ®¡à §®¬,

N cγ
i (lj; ϑ) > p(N γ

i (kj; ϑ0)− 2)
¨

gcγ
i (lj; ϑ) = N cγ

i (lj; ϑ)
lj

> p(N γ
i (kj; ϑ0)− 2)

lj
=

= pN γ
i (kj; ϑ0)

kj
· kj

lj
− 2p

lj
>

pgγ
i (kj; ϑ0)
p + 1 − 2p

lj
.

�«¥¤®¢ â¥«ì­®,

lim
j→∞ gcγ

i (lj, ϑ) > lim
j→∞

(pgγ
i (kj, ϑ0)
p + 1 − 2p

lj

)
= p

p + 1 · lim
j→∞ gγ

i (kj, ϑ0) > 0.

2) ϑ > ϑ0 . �¡®§­ ç¨¬ q = [ϑ/ϑ0] . �ãáâì j ∈ N â ª®¢®, çâ® lj > 1 .
�§ (15.2) ¨¬¥¥¬ ­¥à ¢¥­áâ¢ 

kj/lj > ϑ/ϑ0 > [ϑ/ϑ0] = q.

�®§ì¬¥¬ ª ª®¥-«¨¡® ­ âãà «ì­®¥ l < lj . �®£¤ 
(l + 1/2)ϑ < (l + 1)ϑ 6 ljϑ 6 kjϑ0.

� ¯®«ã¨­â¥à¢ «¥ [(l−1/2)ϑ, (l+1/2)ϑ[ á®¤¥à¦¨âáï ­¥ ¡®«¥¥ q+1 â®ç¥ª,
ªà â­ëå ϑ0 . �á«¨ å®âï ¡ë ®¤­  ¨§ íâ¨å â®ç¥ª ¯à¨­ ¤«¥¦¨â �γ

i (kj; ϑ0) ,
â® l ∈ �cγ

i (lj; ϑ) . �«¥¤®¢ â¥«ì­®,
N γ

i (kj; ϑ0) 6 (q + 1)N cγ
i (lj; ϑ)
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¨

gcγ
i (lj; ϑ) = N cγ

i (lj; ϑ)
lj

> N γ
i (kj; ϑ0)

(q + 1)lj
= N γ

i (kj; ϑ0)
kj

· kj

(q + 1)lj
> gγ

i (kj; ϑ0)q
q + 1 .

�®íâ®¬ã
lim
j→∞ gcγ

i (lj, ϑ) > q · lim
j→∞

gγ
i (kj, ϑ0)
q + 1 > 0.

�ë¡¥à¥¬ â¥¯¥àì ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {lj} áâà®£® ¢®§à áâ îéãî
¯®¤¯®á«¥¤®¢ â¥«ì­®áâì {ljm}∞m=1 , ­  ª®â®à®© à¥ «¨§ã¥âáï lim

j→∞ gcγ
i (lj; ϑ) .

�«ï íâ®© ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

lim
m→∞ fi(ljm; ϑ) = λ[xi], lim

m→∞ gcγ
i (ljm; ϑ) > 0,

â. ¥. à¥è¥­¨¥ xi(·) ϑ-®âç«¥­¥­®. �¥®à¥¬  ¤®ª § ­ .
� « ¥ ¤ á â ¢ ¨ ¥ 15.1 [101]. �á«¨ ��� x1(·), . . . , xn(·) á¨áâ¥¬ë (15.1)

ϑ0-à áç«¥­¥­  ¯à¨ ­¥ª®â®à®¬ ϑ0 > 0 , â® ®­  ï¢«ï¥âáï ϑ-à áç«¥­¥­­®©
¯à¨ ¢áïª®¬ ϑ > 0 .

�á­®¢ë¢ ïáì ­  â¥®à¥¬¥ 15.1 ¨ á«¥¤áâ¢¨¨ 15.1, ¡ã¤¥¬ ­ §ë¢ âì
¢å®¤ïé¥¥ ¢ ��� x1(·), . . . , xn(·) à¥è¥­¨¥ xi(·) ®âç«¥­¥­­ë¬, ¥á«¨ ®­®
ϑ-®âç«¥­¥­® ¯à¨ ­¥ª®â®à®¬ ϑ > 0 . �®®â¢¥âáâ¢¥­­®, ��� á¨áâ¥¬ë (15.1)
­ §ë¢ ¥¬ à áç«¥­¥­­®©, ¥á«¨ ¢á¥ ¥¥ à¥è¥­¨ï ®âç«¥­¥­ë.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 15.3 [101]. �¨áâ¥¬ã (15.1), ®¡« ¤ îéãî à áç«¥­¥­-
­®© ­®à¬ «ì­®© ���, ¡ã¤¥¬ ­ §ë¢ âì à áç«¥­¥­­®©.

�   ¬ ¥ ç   ­ ¨ ¥ 15.1. �ãé¥áâ¢ãîâ ­¥à áç«¥­¥­­ë¥ á¨áâ¥¬ë, ¢ â®¬
ç¨á«¥ ¨ â ª¨¥, ã ª®â®àëå ­¥â ­¨ ®¤­®© à áç«¥­¥­­®© ���. � ¯à¨¬¥à,
«î¡ ï ��� áâ æ¨®­ à­®© á¨áâ¥¬ë

_x =

 0 1

0 0


 x, x ∈ R2,

­¥ ï¢«ï¥âáï à áç«¥­¥­­®©, ¯®áª®«ìªã ã£®« ϕ(t) ¬¥¦¤ã «î¡ë¬¨ ¤¢ã¬ï
à¥è¥­¨ï¬¨ x1(t) ¨ x2(t) íâ®© á¨áâ¥¬ë ¯à¨ t → +∞ ¬®­®â®­­® áâà¥-
¬¨âáï «¨¡® ª 0 , «¨¡® ª π .

�«ï ¯à®¨§¢®«ì­ëå T > 1 , α ∈ ]0, π/2] ¨ i ∈ {1, . . . , n} ®¡®§­ ç¨¬

Gα
i (T ) = {t ∈ [0, T ] : ϕi(t) > α}.

� ª ª ª äã­ªæ¨ï t 7→ ϕi(t) ­¥¯à¥àë¢­  ­  R+ , â® ¬­®¦¥áâ¢® Gα
i (T )

¨§¬¥à¨¬® ¯® �¥¡¥£ã.
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� ¥ ® à ¥ ¬   15.2 [100]. �¥è¥­¨¥ xi(·) ®âç«¥­¥­¥­® ¢ â®¬ ¨ â®«ìª®
â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ãîâ â ª®¥ α ∈ ]0, π/2] ¨ â ª ï à¥ «¨§ãî-
é ï ¯®á«¥¤®¢ â¥«ì­®áâì {tj}∞j=1 íâ®£® à¥è¥­¨ï, çâ®

lim
j→∞

mes Gα
i (tj)

tj
> 0.

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �ãáâì à¥è¥­¨¥ xi(·) ®â-
ç«¥­¥­® ®â ®áâ «ì­ëå à¥è¥­¨© ��� x1(·), . . . , xn(·) . �®§ì¬¥¬ ϑ = 1 ¨
â ªãî à¥ «¨§ãîéãî ¯®á«¥¤®¢ â¥«ì­®áâì {kj}∞j=1 ⊂ N à¥è¥­¨ï xi , çâ®
lim
j→∞ gγ

i (kj; 1) > 0 ¯à¨ ­¥ª®â®à®¬ γ ∈ ]0, π/2] .
�á«¨ t ∈ [l − 1, l[ , £¤¥ l ∈ N , â® ¢ á¨«ã «¥¬¬ë 15.1

ϕi(t) > 2 exp(−2a(n− 1))ϕi(l)/π =: cϕi(l),
á«¥¤®¢ â¥«ì­®, ¥á«¨ l ∈ �γ

i (kj; 1) , â® [l−1, l[⊂ Gcγ
i (kj) . �âáî¤  ¢ëâ¥ª îâ

­¥à ¢¥­áâ¢®
mes Gcγ

i (kj) > N γ
i (kj; 1)

¨ ®æ¥­ª¨

lim
j→∞

mes Gcγ
i (kj)

kj
> lim

j→∞
N γ

i (kj; 1)
kj

= lim
j→∞ gγ

i (kj; 1) > 0.

�®«®¦¨¢ α = cγ ¨ ¢ë¡à ¢ ¢ ª ç¥áâ¢¥ {tj}∞j=1 áâà®£® ¢®§à áâ îéãî
¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ {kj}∞j=1 , ­  ª®â®à®© à¥ «¨-

§ã¥âáï lim
j→∞

mes Gcγ
i (kj)

kj
, ¯®«ãç¨¬ ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

� ® á â   â ® ç ­ ® á â ì. �ãáâì ¯à¨ ­¥ª®â®à®¬ α ∈ ]0, π/2] áãé¥áâ¢ã¥â
à¥ «¨§ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì {tj}∞j=1 à¥è¥­¨ï xi(·) , â ª ï, çâ®

lim
j→∞

mes Gα
i (tj)

tj
> 0.

�®«®¦¨¬ kj = [tj] , j ∈ N , ¨ ¢ë¡¥à¥¬ ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {kj}∞j=1
áâà®£® ¢®§à áâ îéãî ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì, ª®â®àãî á­®¢  ¡ã¤¥¬
®¡®§­ ç âì {kj} . �­  ï¢«ï¥âáï à¥ «¨§ãîé¥© ¤«ï à¥è¥­¨ï xi , â ª ª ª

‖xi(kj)‖ = ‖X(kj, tj)xi(tj)‖6 ea‖xi(tj)‖,
‖xi(kj)‖> e−a‖xi(tj)‖

¨

lim
j→∞

ln ‖xi(kj)‖
kj

6 lim
j→∞

(a + ln ‖xi(tj)‖
tj

· tj
kj

)
= lim

j→∞
ln ‖xi(tj)‖

tj
= λ[xi],
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lim
j→∞

ln ‖xi(kj)‖
kj

> lim
j→∞

(−a + ln ‖xi(tj)‖
tj

· tj
kj

)
= lim

j→∞
ln ‖xi(tj)‖

tj
= λ[xi],

â. ¥. áãé¥áâ¢ã¥â â®ç­ë©

lim
j→∞

ln ‖xi(kj)‖
kj

= λ[xi].

�ãáâì t ∈ Gα
i (tj) . �®£¤  ¤«ï l = [t] ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

ϕi(l) > 2 exp(−2a(n− 1))ϕi(t)/π = cϕi(t) > cα =: γ

¨ l 6 [tj] = kj , ¯®íâ®¬ã l ∈ �γ
i (kj; 1) ∪ {0} . �«¥¤®¢ â¥«ì­®,

N γ
i (kj; 1) + 1 > mes Gα

i (tj)

¨

lim
j→∞ gγ

i (kj; 1) = lim
j→∞

N γ
i (kj; 1)

kj
> lim

j→∞
mes Gα

i (tj)− 1
kj

= lim
j→∞

mes Gα
i (tj)

tj
> 0.

�ë¡¨à ï ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {kj} ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì, ­  ª®â®-
à®© à¥ «¨§ã¥âáï lim

j→∞ gγ
i (kj; 1) , ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

� ¥ ® à ¥ ¬   15.3 [101]. �ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ á®åà ­ï¥â á¢®©-
áâ¢® ®âç«¥­¥­­®áâ¨ à¥è¥­¨ï.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ¢å®¤ïé¥¥ ¢ ��� x1(·), . . . , xn(·) á¨áâ¥-
¬ë (15.1) à¥è¥­¨¥ xi(·) ®âç«¥­¥­®. �à¨¬¥­¨¬ ª (15.1) ¯à¥®¡à §®¢ -
­¨¥ �ï¯ã­®¢  y = L(t)x ¨ ¯®ª ¦¥¬, çâ® ¢ ��� yj(t) = L(t)xj(t) ,
j = 1, . . . , n , ¯à¥®¡à §®¢ ­­®© á¨áâ¥¬ë à¥è¥­¨¥ yi(·) ï¢«ï¥âáï ®âç«¥-
­¥­­ë¬.

� ä¨ªá¨àã¥¬ «î¡®¥ ϑ > 0 . �¡®§­ ç¨¬ ç¥à¥§ ψi(t) ã£®« ¬¥¦¤ã yi(t)
¨ «¨­¥©­®© ®¡®«®çª®© L(t)Vi(t) ¢¥ªâ®à®¢ yk(t) , k 6= i . �§ «¥¬¬ë 15.1
¨¬¥¥¬ ­¥à ¢¥­áâ¢®

ψi(t) > 2ϕi(t)κ1−n(L(t))/π = 2ϕi(t)‖L(t)‖1−n‖L−1(t)‖1−n/π.

� ª ª ª L(t) | ¬ âà¨æ  �ï¯ã­®¢ , áãé¥áâ¢ã¥â c > 0 â ª®¥, çâ®

2‖L(t)‖1−n‖L−1(t)‖1−n/π > c

¯à¨ ¢á¥å t ∈ R . �«¥¤®¢ â¥«ì­®,

ψi(t) > cϕi(t), t ∈ R.
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�«ï α ∈ ]0, π/2] ®¡®§­ ç¨¬

L�α
i :={j ∈ N : ψi(jϑ)>α}, L�α

i (k):=L�α
i ∩{1, . . . , k}, Lgα

i (k):=1
k

∑

j∈L�α
i (k)

1.

�á«¨ j ∈ �α
i , â® ψi(jϑ) > cϕi(jϑ) > cα , â. ¥. j ∈ L�cα

i . �«¥¤®¢ â¥«ì­®,
�α

i (k) ⊂ L�cα
i (k) ¨ gα

i (k) 6 Lgcα
i (k) ¯à¨ ¢áïª®¬ k ∈ N .

�ãáâì γ ∈ ]0, π/2] ¨ {kj}∞j=1 â ª®¢ë, çâ®

lim
j→∞

ln ‖xi(kjϑ)‖
kjϑ

= λ[xi], lim
j→∞ gγ

i (kj) > 0.

�®£¤ 

lim
j→∞

ln ‖yi(kjϑ)‖
kjϑ

= λ[yi], lim
j→∞Lgcγ

i (kj) > lim
j→∞ gγ

i (kj) > 0.

�®§ì¬¥¬ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì {kjm}∞m=1 ¯®á«¥¤®¢ â¥«ì­®áâ¨ {kj}∞j=1 ,
­  ª®â®à®© à¥ «¨§ã¥âáï lim

j→∞Lgcγ
i (kj) . �®£¤ 

lim
m→∞

ln ‖yi(kjmϑ)‖
kjmϑ

= λ[yi], lim
m→∞Lgcγ

i (kjm) > 0.

�â¨ á®®â­®è¥­¨ï ®§­ ç îâ ϑ-®âç«¥­¥­­®áâì à¥è¥­¨ï yi(·) . �¥®à¥¬ 
¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 15.2 [101]. �¢®©áâ¢® à áç«¥­¥­­®áâ¨ á¨áâ¥¬ë á®åà -
­ï¥âáï ¯à¨ ¢áïª®¬ «ï¯ã­®¢áª®¬ ¯à¥®¡à §®¢ ­¨¨, ¯à¨ íâ®¬ à áç«¥­¥­-
­ ï ��� ¯¥à¥å®¤¨â ¢ à áç«¥­¥­­ãî.

� ® ª   §   â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (15.1) à áç«¥­¥-
­ , ¨ x1, . . . , xn | à áç«¥­¥­­ ï ­®à¬ «ì­ ï ��� íâ®© á¨áâ¥¬ë. �à¨-
¬¥­¨¬ ª (15.1) «ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ y = L(t)x . �®£¤  ���
yj(t) = L(t)xj(t) , j = 1, . . . , n , ¯à¥®¡à §®¢ ­­®© á¨áâ¥¬ë ­®à¬ «ì­ ,
  ¥¥ à áç«¥­¥­­®áâì á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 15.3.

� à ¨ ¬ ¥ à 15.1 [101]. �áïª ï ¤¨ £®­ «¨§¨àã¥¬ ï «¨­¥©­ ï ®¤­®-
à®¤­ ï á¨áâ¥¬  ï¢«ï¥âáï à áç«¥­¥­­®©, ¯®áª®«ìªã ­®à¬¨à®¢ ­­ ï ¯à¨
ª ª®¬-«¨¡® t0 ∈ R ��� ¤¨ £®­ «ì­®© á¨áâ¥¬ë ­®à¬ «ì­ ,   ¢å®¤ïé¨¥
¢ íâã ��� à¥è¥­¨ï á®åà ­ïîâ ¬¥¦¤ã á®¡®© ¯®áâ®ï­­ë¥ ã£«ë (à ¢­ë¥
π/2 ).
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§ 16. �®ª «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®ª § â¥«¥© �ï¯ã­®¢ 
à áç«¥­¥­­ëå á¨áâ¥¬

� íâ®¬ ¯ à £à ä¥ ¤®ª § ­  «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®«­®£®
á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (12.4) ¯à¨ ãá«®¢¨¨ à ¢­®-
¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (12.1) ¨ à áç«¥­¥­­®áâ¨
á¢®¡®¤­®© á¨áâ¥¬ë (15.1) (â¥®à¥¬  16.1, á«¥¤áâ¢¨ï 16.2 ¨ 16.3).

�«ï ¤®ª § â¥«ìáâ¢  ®á­®¢­ëå ãâ¢¥à¦¤¥­¨© íâ®£® ¯ à £à ä  ­ ¬
¯®­ ¤®¡ïâáï ¤¢¥ «¥¬¬ë.

� ¥ ¬ ¬   16.1 [101]. �ãáâì a : N → R ¨ b : N → R+ | ¯à®¨§-
¢®«ì­ë¥ ®£à ­¨ç¥­­ë¥ ®â®¡à ¦¥­¨ï ¨ ψ(µ) := lim

k→∞
(a(k)+µb(k)) . �®£¤ 

á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.
1) �ã­ªæ¨ï ψ : R→ R ¢ë¯ãª«  ¨ «¨¯è¨æ¥¢  ­  R .
2) �á«¨ áãé¥áâ¢ã¥â áâà®£® ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì

­ âãà «ì­ëå ç¨á¥« {kj}∞j=1 â ª ï, çâ®

lim
j→∞ a(kj) = ψ(0), ρ := lim

j→∞ b(kj) > 0,

â® äã­ªæ¨ï ψ (áâà®£®) ¬®­®â®­­® ¢®§à áâ ¥â ­  ¯®«ã®á¨ [0, +∞[ , ¨
¯à¨ ¢á¥å µ > 0 ¢ë¯®«­¥­  ®æ¥­ª  ψ(µ)− ψ(0) > ρµ .

� ® ª   §   â ¥ « ì á â ¢ ®. 1) �¬¥¥¬ à ¢¥­áâ¢®

ψ(µ) = lim
k→∞

sup
m>k

(a(m) + µb(m)).

�à¨ «î¡®¬ k ∈ N äã­ªæ¨ï

ψk(µ) := sup
m>k

(a(m) + µb(m))

¢ë¯ãª«  ª ª ¯®â®ç¥ç­ ï ¢¥àå­ïï £à ­ì á¥¬¥©áâ¢  ¢ë¯ãª«ëå ( ää¨­-
­ëå) äã­ªæ¨© á®£« á­® â¥®à¥¬¥ 5.5 ¨§ [152, á. 52] ¨ ã¤®¢«¥â¢®àï¥â ¤¢ã-
áâ®à®­­¥© ®æ¥­ª¥

−∞ < inf
k∈N

a(k)−|µ| sup
k∈N

b(k)6ψk(µ)6sup
k∈N

a(k)+|µ| sup
k∈N

b(k) < +∞. (16.1)

� á¨«ã ®£à ­¨ç¥­­®áâ¨ äã­ªæ¨© a(k) ¨ b(k) ¯à¥¤¥« ¬®­®â®­­® ã¡ë-
¢ îé¥© ¯® k ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ë¯ãª«ëå äã­ªæ¨© ψk(µ) áãé¥áâ¢ã-
¥â ¨ ª®­¥ç¥­, ¯®íâ®¬ã á®£« á­® â¥®à¥¬¥ 10.8 ¨§ [152, á. 107] äã­ªæ¨ï
ψ(µ) = lim

k→∞
ψk(µ) ï¢«ï¥âáï ¢ë¯ãª«®© ­  R . � ª ª ª ®æ¥­ª¨ (16.1) á®-

åà ­ïîâáï ¯à¨ ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥, ®âáî¤  ¢ á¨«ã á«¥¤áâ¢¨ï 10.5.2 ¨§
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[152, á. 104] ¯®«ãç ¥¬, çâ® äã­ªæ¨ï ψ «¨¯è¨æ¥¢  á ª®­áâ ­â®© �¨¯-
è¨æ  L 6 sup{b(k) : k ∈ N} .

2) �«ï «î¡®£® µ > 0 ¨¬¥¥¬ ®æ¥­ªã

ψ(µ) > lim
j→∞(a(kj) + µb(kj)) = ψ(0) + µ lim

j→∞ b(kj) = ψ(0) + ρµ.

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ µ2 > µ1 > 0 . �®£¤ 

ψ(µ2) > ψ(0) + ρµ2 > ψ(0)

¨ ¯®íâ®¬ã ¨§ ®¯à¥¤¥«¥­¨ï ¢ë¯ãª«®áâ¨ ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

ψ(µ1) 6 (1− µ1/µ2)ψ(0) + (µ1/µ2)ψ(µ2) <

< (1− µ1/µ2)ψ(µ2) + (µ1/µ2)ψ(µ2) = ψ(µ2).
�¥¬¬  ¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 16.1 [101]. � ãá«®¢¨ïå ¯ã­ªâ  2 «¥¬¬ë 16.1 ¤«ï «î-
¡®£® s > 0 áãé¥áâ¢ã¥â µs , 0 6 µs 6 ρ−1s , â ª®¥, çâ® ψ(µs) = ψ(0) + s .

� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã «¥¬¬ë ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

ψ(ρ−1s) > ψ(0) + s.

� ª ª ª äã­ªæ¨ï ψ «¨¯è¨æ¥¢ , ®­  ­¥¯à¥àë¢­ , ¯®íâ®¬ã ­ ©¤¥âáï
µs ∈ [0, ρ−1s] â ª®¥, çâ® ψ(µs) = ψ(0) + s .

� ¥ ¬ ¬   16.2 [101]. �ãáâì V | ­¥ª®â®à®¥ ¢¥ªâ®à­®¥ ¯®¤¯à®áâà ­-
áâ¢® Rn , dim V = n− 1 ¨ p ∈ Rn \ V | ¯à®¨§¢®«ì­ë© ­¥­ã«¥¢®© ¢¥ª-
â®à. �á«¨ «¨­¥©­ë© ®¯¥à â®à H ∈ End(Rn) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
Hp = p ¨ Hx = 0 ¯à¨ x ∈ V , â® ¥£® ­®à¬  ¬®¦¥â ¡ëâì ¢ëç¨á«¥­ 
¯® ä®à¬ã«¥ ‖H‖ = 1/ sin α , £¤¥ α | ã£®« ¬¥¦¤ã ¯®¤¯à®áâà ­áâ¢®¬
V ¨ ¢¥ªâ®à®¬ p .

� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª dim V = n−1 , ª ¦¤ë© ¢¥ªâ®à x ∈ Rn

¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ x = y + tp , £¤¥ y ∈ V , t ∈ R . �à¨¬¥-
­ïï ª ®¡¥¨¬ ç áâï¬ íâ®£® à ¢¥­áâ¢  ®¯¥à â®à H , ¯®«ãç¨¬ á®®â­®è¥­¨¥
Hx = Hy + tHp = tp . �®§ì¬¥¬ ¯à®¨§¢®«ì­ë© ¢¥ªâ®à q, ‖q‖ = 1 , ®àâ®-
£®­ «ì­ë© ¯®¤¯à®áâà ­áâ¢ã V . �ç¨âë¢ ï à ¢¥­áâ¢  (q, x) = t(q, p) ¨
(q, p) = ‖p‖ sin α , á¯à ¢¥¤«¨¢ë¥ ¯® ¯®áâà®¥­¨î, ¡ã¤¥¬ ¨¬¥âì ¯à¥¤áâ -
¢«¥­¨¥

Hx = (‖p‖ sin α)−1(q, x)p.

�âáî¤  á«¥¤ãîâ ®æ¥­ª  ‖H‖ 6 (sin α)−1 ¤«ï ­®à¬ë H ¨ à ¢¥­áâ¢®
‖Hq‖ = 1/ sin α , ®§­ ç îé¥¥ ¥¥ ¤®áâ¨¦¨¬®áâì.
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� ¥ ® à ¥ ¬   16.1 [101]. �ãáâì á¨áâ¥¬  (12.1) ϑ-à ¢­®¬¥à­® ¢¯®«-
­¥ ã¯à ¢«ï¥¬ , x1(·), . . . , xn(·) | ¯à®¨§¢®«ì­ ï ��� á®®â¢¥âáâ¢ãî-
é¥© á¢®¡®¤­®© á¨áâ¥¬ë (15.1). �ãáâì I ⊂ {1, . . . , n} | á®¢®ªã¯­®áâì
¨­¤¥ªá®¢ i , ¤«ï ª ¦¤®£® ¨§ ª®â®àëå à¥è¥­¨¥ xi(·) ï¢«ï¥âáï ®âç«¥-
­¥­­ë¬. �®£¤  áãé¥áâ¢ãîâ â ª¨¥ β > 0 ¨ δ > 0 , çâ® ¤«ï «î-
¡ëå ξi ∈ [0, δ] , i ∈ I , ¨ «î¡®£® η ∈ [−δ, δ] ­ ©¤¥âáï ã¯à ¢«¥­¨¥
U ∈ KCmn(R+) , ‖U‖C 6 β max{|η|; |η + ξi| : i ∈ I} , ®¡¥á¯¥ç¨¢ îé¥¥
¤«ï à¥è¥­¨© �x1(·), . . . , �xn(·) ¢®§¬ãé¥­­®© á¨áâ¥¬ë (12.4) á ­ ç «ì­ë-
¬¨ ãá«®¢¨ï¬¨ �xj(0) = xj(0) , j = 1, . . . , n , à ¢¥­áâ¢ 

λ[�xi] = λ[xi] + η + ξi ¯à¨ i ∈ I,

λ[�xi] = λ[xi] + η ¯à¨ i /∈ I.

� ® ª   §   â ¥ « ì á â ¢ ®. �§ ®âç«¥­¥­­®áâ¨ à¥è¥­¨© xi , i ∈ I , á«¥¤ã¥â
áãé¥áâ¢®¢ ­¨¥ â ª®£® ç¨á«  γ ∈ ]0, π/2] ¨ â ª¨å à¥ «¨§ãîé¨å ¯®á«¥-
¤®¢ â¥«ì­®áâ¥© {kj(i)ϑ}∞j=1 , kj(i) ∈ N , à¥è¥­¨© xi , i ∈ I , çâ®

ρi := lim
j→∞ gγ

i (kj(i)) > 0

¤«ï ¢áïª®£® i ∈ I . � ¬¥â¨¬, çâ® ¯à¨ íâ®¬ ¢á¥£¤  ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
ρi 6 1, i ∈ I , ¯®áª®«ìªã

sup{gi(k) : k ∈ N, i ∈ I}6 1.

�âáî¤  ¢ á¨«ã «¥¬¬ë 16.1 ¨ á«¥¤áâ¢¨ï 16.1 ¢ëâ¥ª ¥â, çâ® ª ¦¤ ï ¨§
äã­ªæ¨©

�γ
i (µ) := lim

k→∞
(fi(k) + µgγ

i (k))
ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

λ[xi] + µ > �γ
i (µ) > λ[xi] + ρµ,

£¤¥ ρ := min{ρi : i ∈ I} , ¨ ¤«ï «î¡®£® s > 0 áãé¥áâ¢ã¥â µi
s ∈ [0, ρ−1s]

â ª®¥, çâ®
�γ

i (µi
s) = λ[xi] + s.

� ª ª ª ¤® ª®­æ  ¤®ª § â¥«ìáâ¢  ç¨á«® γ ¡ã¤¥â ¯à¥¤¯®« £ âìáï ä¨ª-
á¨à®¢ ­­ë¬, ¢¥àå­¨© ¨­¤¥ªá γ ¤ «¥¥ ¡ã¤¥¬ ®¯ãáª âì.

�®áª®«ìªã á¨áâ¥¬  (12.1) ï¢«ï¥âáï ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï-
¥¬®©, ¢ á¨«ã â¥®à¥¬ë 8.1 ­ ©¤ãâáï â ª¨¥ α > 0 ¨ r > 0 , çâ® ¤«ï
«î¡ëå t0 ∈ R ¨ H ∈ Br(E) áãé¥áâ¢ã¥â ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥-
­¨¥ U(·) , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖U‖C 6α‖H−E‖ ¨ ®¡¥á¯¥ç¨¢ îé¥¥
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¤«ï ¬ âà¨æë �®è¨ XU(t, s) § ¬ª­ãâ®© á¨áâ¥¬ë (8.5) ¯à¨ U = U(·) ¢ë-
¯®«­¥­¨¥ à ¢¥­áâ¢ 

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)H.

�¯à¥¤¥«¨¬ ¯®«®¦¨â¥«ì­ãî ¢¥«¨ç¨­ã δ1 ¨§ ãá«®¢¨ï

|e±ϑδ1 − 1| < L1 := r sin γ

n

¨ ¯®«®¦¨¬ L := max{ϑ, L1/δ1} . �®£¤  ¤«ï ¢á¥å s ∈ ] −∞, δ1] á¯à ¢¥¤-
«¨¢® ­¥à ¢¥­áâ¢® |eϑs − 1| 6 L|s| . �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ¢ë¯ãª«®áâ¨
íªá¯®­¥­æ¨ «ì­®© äã­ªæ¨¨ ¯à¨ s 6 0 ¢ë¯®«­¥­® á®®â­®è¥­¨¥

|eϑs − 1| = 1− eϑs 6−ϑs = ϑ|s|,
  ¯à¨ 0 < s 6 δ1 | á®®â­®è¥­¨¥

|eϑs − 1|6 |eϑδ1 − 1|s/δ1 < L1s/δ1.

�®«®¦¨¬ δ = δ1ρ/6 . �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ ¢¥«¨ç¨­ë η ∈ [−δ, δ]
¨ ξi ∈ [0, δ] , i ∈ I . �ãáâì

ε := max{|η|; |η + ξi| : i ∈ I}.
�®£¤ 

ε 6 2δ, |η|6 ε, 0 6 ξi = ξi + η − η 6 |ξi + η|+ |η|6 2ε

¯à¨ ¢á¥å i ∈ I . �ãáâì ¢¥«¨ç¨­ë µi , i ∈ I , ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨©
�i(µi) = λ[xi] + ξi . �®áª®«ìªã ξi > 0 , ç¨á«  µi ®¯à¥¤¥«¥­ë ª®àà¥ªâ­® ¨
¯à¨ ¢á¥å i ∈ I ¨¬¥¥¬ ®æ¥­ª¨

µi > �(µi)− λ[xi] = ξi > ρµi > 0.

�à¨ ª ¦¤®¬ k ∈ N ®¯à¥¤¥«¨¬ «¨­¥©­ë© ®¯¥à â®à Hk ∈ End(Rn)
à ¢¥­áâ¢ ¬¨

Hkxi(kϑ) = xi(kϑ) exp si(k)ϑ, i = 1, . . . , n, (16.2)

£¤¥ si(k) = η + µi ¯à¨ i ∈ I , k ∈ �i ¨ si(k) = η ¢® ¢á¥å ®áâ «ì­ëå
á«ãç ïå. �®£¤  ¨¬¥¥¬ ®æ¥­ª¨

|si(k)| = |η|6 ε 6 2δ < δ1

¯à¨ i /∈ I , k ∈ N , ¨

|si(k)|6 |η|+ µi 6 |η|+ ρ−1ξi 6 (1 + 2ρ−1)ε6 2(1 + 2ρ−1)δ = 2(ρ + 2)δ1/6 6 δ1
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¯à¨ i ∈ I , k ∈ N . �® ¢ë¡®àã δ1 ®âáî¤  á«¥¤ã¥â, çâ®

|eϑsi(k) − 1|6 L1,

|eϑsi(k) − 1|6 L|si(k)|6 (2ρ−1 + 1)Lε.

�¥ªâ®àë x1(kϑ), . . . , xn(kϑ) ¯à¨ ª ¦¤®¬ k ∈ N «¨­¥©­® ­¥§ ¢¨á¨¬ë
¯® ®¯à¥¤¥«¥­¨î ��� ¨ ¢ á¨«ã (16.2) ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨ ¢¥ªâ®à ¬¨
®¯¥à â®à  Hk . �â® ®§­ ç ¥â, çâ® Hk | ®¯¥à â®à ¯à®áâ®© áâàãªâãàë, ¨
¯®íâ®¬ã á®£« á­® â¥®à¥¬¥ 2.5.1 ¨§ [80, á. 64] ®­ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­
¢ ¢¨¤¥ áã¬¬ë

Hk =
n∑

i=1
P i

k exp ϑsi(k),

¢ ª®â®à®© ª®à­¥¢ë¥ ¯à®¥ªâ®àë P i
k ®¯à¥¤¥«ïîâáï ãá«®¢¨ï¬¨

P i
kxj(kϑ) =

{
xi(kϑ) ¯à¨ j = i,
0 ¯à¨ j 6= i,

¯à¨ç¥¬
n∑

i=1
P i

k = E ¯à¨ ¢á¥å k ∈ N . � á¨«ã «¥¬¬ë 16.2 ¨¬¥¥¬ ®æ¥­ªã
‖P i

k‖6 1/ sin γ ¨, á«¥¤®¢ â¥«ì­®, ­¥à ¢¥­áâ¢ 

‖Hk − E‖ = ‖
n∑

i=1
(exp ϑsi(k)− 1)P i

k‖6
n∑

i=1
| exp ϑsi(k)− 1| ‖P i

k‖6

6 n| exp ϑδ1 − 1|/ sin γ < nL1/ sin γ = r

¨, ªà®¬¥ â®£®,

‖Hk − E‖6 n| exp ϑδ1 − 1|/ sin γ 6 (n/ sin γ)(2ρ−1 + 1)Lε.

�§ â¥®à¥¬ë 8.1 â¥¯¥àì ¯®«ãç ¥¬ áãé¥áâ¢®¢ ­¨¥ â ª®£® ã¯à ¢«¥­¨ï
U(·) ∈ KCmn(R+) , çâ® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

‖U‖C < α sup
k∈N

‖Hk − E‖6 βε,

£¤¥
β = nα(2ρ−1 + 1)L

sin γ
,

¨ ¯à¨ ¢á¥å k ∈ N ¢ë¯®«­¥­® à ¢¥­áâ¢®

XU(kϑ + ϑ, kϑ) = X(kϑ + ϑ, kϑ)Hk.
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�«ï á¨áâ¥¬ë (12.4) á â ª¨¬ ã¯à ¢«¥­¨¥¬ à áá¬®âà¨¬ ��� �x1, . . . , �xn ,
á®áâ®ïéãî ¨§ à¥è¥­¨© á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ �xj(0) = xj(0) . �«ï ¯®-
ª § â¥«¥© íâ®© ��� á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

λ[�xi] = lim
k→∞

1
kϑ

ln ‖�xi(kϑ)‖ = lim
k→∞

1
kϑ

(
ln ‖xi(kϑ)‖+ ϑ

k∑

j=1
si(j)

)
=

= lim
k→∞

(fi(k) + µiNi(k)/k + η) = lim
k→∞

(fi(k) + µigi(k)) + η =
= �i(µi) + η = λ[xi] + η + ξi

¯à¨ i ∈ I ¨

λ[�xi] = lim
k→∞

1
kϑ

(
ln ‖xi(kϑ)‖+ ϑ

k∑

j=1
si(j)

)
= lim

k→∞
(fi(k) + η) = λ[xi] + η

¯à¨ i /∈ I . �¥®à¥¬  ¤®ª § ­ .
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 16.1 [101]. �ã¤¥¬ £®¢®à¨âì, çâ® ¯®ª § â¥«¨ á¨áâ¥-

¬ë (12.4) ­¥ªà â­® ¯à®¯®àæ¨®­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬ë, ¥á«¨ ¯à¨ ­¥-
ª®â®àëå β > 0 ¨ δ > 0 ¤«ï «î¡®£® ­ ¡®à  ç¨á¥« ν = (ν1, . . . , νn) ∈ Rn∗ ,
â ª®£®, çâ® ν1 < . . . < νn ¨ |νi− λi|6 δ , i = 1, . . . , n , ­ ©¤¥âáï ã¯à ¢«¥-
­¨¥ U ∈ KCmn(R+) , ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥ ‖U‖C 6 β max

i
|νi − λi| ¨

®¡¥á¯¥ç¨¢ îé¥¥ à ¢¥­áâ¢® λ(U) = ν .
� « ¥ ¤ á â ¢ ¨ ¥ 16.2 [101]. �ãáâì á¨áâ¥¬  (12.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥

ã¯à ¢«ï¥¬ . �á«¨ á¢®¡®¤­ ï á¨áâ¥¬  (15.1) à áç«¥­¥­ , â® ¯®ª § â¥«¨
á¨áâ¥¬ë (12.4) ­¥ªà â­® ¯à®¯®àæ¨®­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬ë.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì x1(·), . . . , xn(·) | ­®à¬ «ì­ ï à áç«¥-
­¥­­ ï ��� á¨áâ¥¬ë (15.1), λ[xi] = λi , i = 1, . . . , n . �«ï íâ®© ���
á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 16.1 ¯à¨ I = {1, . . . , n} . �®§ì¬¥¬
¯à®¨§¢®«ì­ë© ­ ¡®à ç¨á¥« ν1 < . . . < νn , â ª®© çâ® |νi − λi| 6 δ/2 , £¤¥
δ | ¨§ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë 16.1. �®«®¦¨¬

η = min{νi − λi : i = 1, . . . , n}, ξi = νi − λi − η, i = 1, . . . , n.

�®£¤  η + ξi = νi − λi ; |η| 6 δ/2 < δ ; 0 6 ξi 6 |νi − λi| + |η| 6 2δ/2 = δ .
�§ â¥®à¥¬ë 16.1 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ã¯à ¢«¥­¨ï U ∈ KCmn(R+) ,
ã¤®¢«¥â¢®àïîé¥£® ®æ¥­ª¥
‖U‖C 6 β max{|η|; |η + ξi| : i = 1, . . . , n} = β max{|νi − λi| : i = 1, . . . , n}
¨ ®¡¥á¯¥ç¨¢ îé¥£® ¤«ï ��� �x1, . . . , �xn á¨áâ¥¬ë (12.4) á íâ¨¬ U(·) à -
¢¥­áâ¢ 

λ[�xi] = λ[xi] + η + ξi = λi + νi − λi = νi.
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�®áª®«ìªã ¢á¥ νi à §«¨ç­ë, ��� �x1, . . . , �xn ï¢«ï¥âáï ­®à¬ «ì­®©,  
ç¨á«  ν1 < . . . < νn ¯à¥¤áâ ¢«ïîâ á®¡®© ¯®ª § â¥«¨ á¨áâ¥¬ë (12.4).
�«¥¤áâ¢¨¥ ¤®ª § ­®.

� à ¥ ¤ « ® ¦ ¥ ­ ¨ ¥ 16.1 [101]. �á«¨ ¢á¥ ¯®ª § â¥«¨ λi , i = 1, . . . , n ,
á¨áâ¥¬ë (15.1) à §«¨ç­ë, â® ­¥ªà â­ ï ¯à®¯®àæ¨®­ «ì­ ï «®ª «ì­ ï
ã¯à ¢«ï¥¬®áâì ¯®ª § â¥«¥© á¨áâ¥¬ë (12.4) íª¢¨¢ «¥­â­  ¨å ¯à®¯®à-
æ¨®­ «ì­®© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì δ0 := min{λi+1 − λi : i = 1, . . . , n− 1} .
�®£¤  ¤«ï «î¡®£® ν ∈ Rn , â ª®£® çâ® |νi−λi|6δ0/3 , ¨¬¥¥¬ ­¥à ¢¥­áâ¢ 

νi+1 − νi = λi+1 − λi + (νi+1 − λi+1)− (νi − λi) > λi+1 − λi − 2δ0/3 > 0,

á¯à ¢¥¤«¨¢ë¥ ¯à¨ ¢á¥å i = 1, . . . , n− 1 . �®« £ ï ¢ ®¯à¥¤¥«¥­¨¨ ¯à®¯®à-
æ¨®­ «ì­®© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© δ < δ0/3 , ¯®«ãç¨¬
âà¥¡ã¥¬®¥.

� « ¥ ¤ á â ¢ ¨ ¥ 16.3 [101]. �ãáâì á¨áâ¥¬  (12.1) ϑ-à ¢­®¬¥à­® ¢¯®«-
­¥ ã¯à ¢«ï¥¬ . �á«¨ á¨áâ¥¬  (15.1) à áç«¥­¥­  ¨ ¢á¥ ¥¥ ¯®ª § â¥«¨
λi, i = 1, . . . , n , à §«¨ç­ë, â® ¯®ª § â¥«¨ á¨áâ¥¬ë (12.4) ¯à®¯®àæ¨®-
­ «ì­® «®ª «ì­® ã¯à ¢«ï¥¬ë.

§ 17. �à®¯®àæ¨®­ «ì­ ï «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì
¯®ª § â¥«¥© �ï¯ã­®¢  ¤¢ã¬¥à­ëå á¨áâ¥¬

�á­®¢­®© à¥§ã«ìâ â íâ®£® ¯ à £à ä  | â¥®à¥¬  17.2, ¢ ª®â®à®©
ãáâ ­®¢«¥­  ¯à®¯®àæ¨®­ «ì­ ï «®ª «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®ª § -
â¥«¥© �ï¯ã­®¢  ¤¢ã¬¥à­®© á¨áâ¥¬ë ¯à¨ ãá«®¢¨¨ ­¥ªà â­®áâ¨ ¯®-
ª § â¥«¥© á¢®¡®¤­®© á¨áâ¥¬ë.

� ¥ ¬ ¬   17.1 [101]. �ãáâì S ∈ Mn | ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ .
�®£¤  ¤«ï «î¡ëå x, y ∈ Rn \ {0} ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

‖Sx‖
‖x‖ 6 κ(S)‖Sy‖

‖y‖ .

�á«¨ ¦¥ ã£®« ¬¥¦¤ã ¯àï¬ë¬¨, ­  ª®â®àëå «¥¦ â ¢¥ªâ®àë x ¨ y ,
­¥ ¯à¥¢®áå®¤¨â ­¥ª®â®à®£® γ ∈ [0, π/2] , â® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

‖Sx‖
‖x‖ 6 (1 + γκ(S))‖Sy‖

‖y‖ .
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� ® ª   §   â ¥ « ì á â ¢ ®. �«ï «î¡ëå x, y ∈ Rn ¨¬¥¥¬ ®æ¥­ª¨

‖Sx‖6 ‖S‖ ‖x‖, ‖y‖6 ‖S−1‖ ‖Sy‖,
¨§ ª®â®àëå ¯à¨ x 6= 0 , y 6= 0 á«¥¤ã¥â ¯¥à¢®¥ ­¥à ¢¥­áâ¢®. �á«¨ ¦¥ ã£®«
¬¥¦¤ã ¢¥ªâ®à ¬¨ x ¨ y ­¥ ¯à¥¢®áå®¤¨â γ ∈ [0, π/2] , â®, ¯®« £ ï

z = ‖x‖−1x− ‖y‖−1y,

¡ã¤¥¬ ¨¬¥âì á®®â­®è¥­¨ï

x = ‖x‖z + ‖x‖ ‖y‖−1y

¨
‖z‖2 6 2(1− cos γ) 6 γ2.

�âáî¤  á«¥¤ãîâ ­¥à ¢¥­áâ¢ 
‖Sx‖
‖x‖ 6 ‖Sz‖+ ‖y‖−1‖Sy‖6 ‖Sy‖

‖y‖
(
1 + γ

‖Sz‖ ‖y‖
‖Sy‖ ‖z‖

)
6 ‖Sy‖
‖y‖ (1 + γκ(S)),

¤ îé¨¥ âà¥¡ã¥¬®¥. � ª®­¥æ, ¥á«¨ ã£®« ¬¥¦¤ã x ¨ y ­ å®¤¨âáï ¢ ¯à¥¤¥-
« å [π/2 + γ, π] , £¤¥ γ ∈ [0, π/2] , â®, ¯®áª®«ìªã ¢¥«¨ç¨­  ‖Sx‖/‖x‖ ­¥
¬¥­ï¥âáï ¯à¨ § ¬¥­¥ x ­  −x , âà¥¡ã¥¬ ï ®æ¥­ª  ¯®«ãç ¥âáï ¨§ à áá¬®-
âà¥­¨ï ¯ àë ¢¥ªâ®à®¢ −x ¨ y , ã£®« ¬¥¦¤ã ª®â®àë¬¨ ­¥ ¯à¥¢®áå®¤¨â
γ ∈ [0, π/2] . �¥¬¬  ¤®ª § ­ .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 17.1 (�. �. �¥à£¥¥¢, [156]). �ãáâì [α, β] ⊂ R | ¯à®-
¨§¢®«ì­ë© ®âà¥§®ª, x(·) | «î¡®¥ ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ ¯à®¨§¢®«ì-
­®© «¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë ¢¨¤  (15.1) á ®£à ­¨ç¥­­®© ªãá®ç­®
­¥¯à¥àë¢­®© ­  R ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢. �®áâ®¬ à¥è¥­¨ï x(·) ­ 
®âà¥§ª¥ [α, β] ¡ã¤¥¬ ­ §ë¢ âì ¢¥«¨ç¨­ã

h(x; [α, β]) = ln(‖x(β)‖/‖x(α)‖)
β − α

.

�â¬¥â¨¬, çâ® ¤«ï «î¡®£® γ ∈ R ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

h(x; [α, β])(β − α) = h(x; [α, γ])(γ − α) + h(x; [γ, β])(β − γ).

�«¥¤®¢ â¥«ì­®, ¤«ï «î¡ëå ç¨á«®¢ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© {τk} , {ξk}
á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

h(x; [0, τk]) = h(x; [0, ξk])ξk/τk + h(x; [ξk, τk])(1− ξk/τk).



143

� ç áâ­®áâ¨, ¥á«¨ lim
k→∞

ξk/τk = 0 , â® ¥áâì ®âà¥§ª¨ [ξk, τk] | \¤«¨­­ë¥",
â®

lim
k→∞

h(x; [0, τk]) = lim
k→∞

h(x; [ξk, τk]).

�á«¨, ªà®¬¥ â®£®, ¯®á«¥¤®¢ â¥«ì­®áâì {τk} | à¥ «¨§ãîé ï ¤«ï à¥è¥-
­¨ï x , â® áãé¥áâ¢ã¥â â®ç­ë© ¯à¥¤¥«

lim
k→∞

h(x; [ξk, τk]) = lim
k→∞

h(x; [0, τk]) = λ[x].

� « ¥ ¤ á â ¢ ¨ ¥ 17.1 [101]. �ãáâì x1, x2 | «î¡ë¥ ­¥âà¨¢¨ «ì­ë¥ à¥-
è¥­¨ï á¨áâ¥¬ë (15.1), ϑ > 0 | ­¥ª®â®à®¥ ç¨á«®. �á«¨ ¬­®¦¥áâ¢®
� ⊂ N ∪ {0} â ª®¢®, çâ® ¯à¨ ¢áïª®¬ i /∈ � ã£®« ¬¥¦¤ã ¯àï¬ë¬¨, ­ 
ª®â®àëå «¥¦ â ¢¥ªâ®àë x1(iϑ) ¨ x2(iϑ) , ­¥ ¯à¥¢®áå®¤¨â γ ∈ [0, π/2] ,
â® ¯à¨ «î¡ëå m, k ∈ N ∪ {0} ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

h(x2; [mϑ, kϑ])6h(x1; [mϑ, kϑ])+ 2a�(m, k) + γe2aϑϑ−1(k −m−�(m, k))
k −m

,

£¤¥ �(m, k) | ç¨á«® í«¥¬¥­â®¢ ¬­®¦¥áâ¢  � ∩ [m, k[ .
� ® ª   §   â ¥ « ì á â ¢ ®. �® ®¯à¥¤¥«¥­¨î ¬ âà¨æë �®è¨ ¨¬¥¥¬ à ¢¥­-

áâ¢  xj(iϑ + ϑ) = X(iϑ + ϑ, iϑ)xj(iϑ) , j = 1, 2 , ¨§ ª®â®àëå ¢ á¨«ã «¥¬-
¬ë 17.1 á«¥¤ãîâ ­¥à ¢¥­áâ¢ 

‖x2(iϑ + ϑ)‖
‖x2(iϑ)‖ 6 di

‖x1(iϑ + ϑ)‖
‖x1(iϑ)‖

¯à¨ ¢á¥å i ∈ N ∪ {0} ¨
‖x2(iϑ + ϑ)‖
‖x2(iϑ)‖ 6 (1 + γdi)

‖x1(iϑ + ϑ)‖
‖x1(iϑ)‖

¯à¨ i 6∈ � , £¤¥
di := κ(X(iϑ, iϑ + ϑ)) 6 e2aϑ.

�¥à¥¬­®¦ ï íâ¨ ­¥à ¢¥­áâ¢ , ¯à¨ ¢á¥å i ∈ N∩[m, k[ ¡ã¤¥¬ ¨¬¥âì ®æ¥­ªã
‖x2(kϑ)‖
‖x2(mϑ)‖ 6 ‖x1(kϑ)‖

‖x1(mϑ)‖e
2aϑ�(m,k)(1 + γe2aϑ)k−m−�(m,k).

�¥à¥å®¤ï §¤¥áì ª h(xj; [mϑ, kϑ]) , j = 1, 2 , ¨ ãç¨âë¢ ï á®®â­®è¥­¨¥

ln(1 + γe2aϑ) 6 γe2aϑ,

¯®«ãç¨¬ âà¥¡ã¥¬®¥.
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� ¥ ® à ¥ ¬   17.1 [101]. �ãáâì n = 2. �á«¨ x1(·), x2(·) | ¯à®¨§-
¢®«ì­ ï ã¯®àï¤®ç¥­­ ï ­®à¬ «ì­ ï ��� á¨áâ¥¬ë (15.1), ¨ ¯®ª § â¥«¨
íâ®© á¨áâ¥¬ë λ[x1] = λ1 < λ2 = λ[x2] à §«¨ç­ë, â® à¥è¥­¨¥ x2(·)
®âç«¥­¥­® ®â à¥è¥­¨ï x1(·) .

� ® ª   §   â ¥ « ì á â ¢ ®. �ë¡¥à¥¬ ¯à®¨§¢®«ì­ë¥ ç¨á«  γ ∈ ]0, π/2] ¨
ϑ > 0 , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î

γ < ϑ(λ2 − λ1)e−2aϑ,

¨ ¢®§ì¬¥¬ ¬­®¦¥áâ¢® � = �γ
2 ∪ {0} . �à¥¤¯®«®¦¨¬, çâ® à¥è¥­¨¥ x2(·)

­¥ ï¢«ï¥âáï ϑ-®âç«¥­¥­­ë¬ ®â à¥è¥­¨ï x1(·) . �®£¤  ¤«ï «î¡®© à¥ -
«¨§ãîé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {kjϑ}∞j=1 , kj ∈ N , à¥è¥­¨ï x2(·) ¡ã¤¥â
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
j→∞ g2(kj) = lim

j→∞
N2(kj)

kj
= 0.

�®áª®«ìªã
�(1, kj) = N2(kj − 1) 6 N2(kj),

íâ® ®§­ ç ¥â, çâ® ¢ á¨«ã á«¥¤áâ¢¨ï 17.1 ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

λ2 = lim
j→∞h(x2; [1, kjϑ]) 6

6 lim
j→∞

(
h(x1; [1, kjϑ]) + 2aN2(kj − 1) + γe2aϑϑ−1(kj −N2(kj − 1))

kj

)
6

6 lim
j→∞h(x1; [1, kjϑ]) + γe2aϑϑ−1 6 λ1 + γe2aϑϑ−1 < λ1 + (λ2 − λ1) < λ2.

�®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â â¥®à¥¬ã.
� ¥ ® à ¥ ¬   17.2 [94, 101]. �ãáâì n = 2. �á«¨ á¨áâ¥¬  (12.1) ϑ-à ¢-

­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ ,   ¯®ª § â¥«¨ á¨áâ¥¬ë (15.1) λ1 < λ2 à §-
«¨ç­ë, â® ¯®ª § â¥«¨ á¨áâ¥¬ë (12.4) ¯à®¯®àæ¨®­ «ì­® «®ª «ì­® ã¯à -
¢«ï¥¬ë.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì x1(·), x2(·) | ¯à®¨§¢®«ì­ ï ­®à¬ «ì-
­ ï ã¯®àï¤®ç¥­­ ï ��� á¨áâ¥¬ë (15.1). �á«¨ à¥è¥­¨¥ x1(·) ®âç«¥­¥­®
®â à¥è¥­¨ï x2(·) , â® á®£« á­® â¥®à¥¬¥ 16.1 ��� x1, x2 ï¢«ï¥âáï à á-
ç«¥­¥­­®©, ¨ ¢ á¨«ã á«¥¤áâ¢¨ï 16.3 ¤®ª §ë¢ ¥¬®¥ á¢®©áâ¢® ¢ë¯®«­¥­®.

� áá¬®âà¨¬ á«ãç ©, ª®£¤  à¥è¥­¨¥ x1(·) ­¥ ®âç«¥­¥­® ®â à¥è¥­¨ï
x2(·) . �®§ì¬¥¬ «î¡ë¥ ç¨á«  ν1 < ν2 , â ª¨¥, çâ® |νj − λj|6 δ0 , j = 1, 2 ,
£¤¥ ¢ë¡®à ¯®«®¦¨â¥«ì­®© ¢¥«¨ç¨­ë δ0 < (λ2 − λ1)/2 ¡ã¤¥â ãâ®ç­¥­ ¢
å®¤¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë.
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�á«¨
ν1 − λ1 6 ν2 − λ2,

â® ¤®ª §ë¢ ¥¬®¥ á¢®©áâ¢® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 16.1 ¯à¨

I = {2}, η = ν1 − λ1, ξ2 = ν2 − λ2 − η.

�®áª®«ìªã

|η| = |ν1 − λ1|6 δ0, |η + ξ2| = |ν2 − λ2|6 δ0,

¯à¨¬¥­¨¬®áâì â¥®à¥¬ë 16.1 ®¡¥á¯¥ç¨¢ ¥âáï ­¥à ¢¥­áâ¢®¬ δ0 6 δ .
�ãáâì â¥¯¥àì ¢ë¯®«­¥­® ¯à®â¨¢®¯®«®¦­®¥ ­¥à ¢¥­áâ¢®

ν1 − λ1 > ν2 − λ2.

�®§ì¬¥¬
γ = ϑe−2aϑ(λ2 − λ1)/2.

� ª ª ª à¥è¥­¨¥ x1(·) ­¥ ®âç«¥­¥­® ®â à¥è¥­¨ï x2(·) , â® ¤«ï «î¡®©
à¥ «¨§ãîé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {siϑ}∞i=1 à¥è¥­¨ï x1(·) ¨¬¥¥â ¬¥áâ®
à ¢¥­áâ¢® lim

i→∞ g2(si) = 0 . � ¤àã£®© áâ®à®­ë, ¢ á¨«ã â¥®à¥¬ë 17.1 à¥è¥-
­¨¥ x2(·) ¨¬¥¥â à¥ «¨§ãîéãî ¯®á«¥¤®¢ â¥«ì­®áâì {tiϑ}∞i=1 , ¤«ï ª®â®-
à®© lim

i→∞ g2(ti) > 0 . �®íâ®¬ã ¢á¥£¤  ¬®¦­® ãª § âì â ª¨¥ à¥ «¨§ãîé¨¥
¯®á«¥¤®¢ â¥«ì­®áâ¨ {siϑ} ¨ {tiϑ} à¥è¥­¨© x1(·) ¨ x2(·) á®®â¢¥âáâ¢¥­-
­®, çâ® ¯à¨ ¢á¥å i ∈ N ¡ã¤ãâ ¢ë¯®«­¥­ë ãá«®¢¨ï ti < si < ti+1 ¨
g2(ti) > ρ á ­¥ª®â®àë¬ ρ > 0 . �®£¤  á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

N2(ti) 6 N2(si) 6 N2(ti+1)

¨
ρ 6 g2(ti) = N2(ti)

ti
6 N2(si)

ti
= g2(si)si

ti
.

�®íâ®¬ã ¨¬¥¥â ¬¥áâ® áâà¥¬«¥­¨¥

0 6 ti
si

6 g2(si)
ρ

→ 0

¨
0 6 ti

siτi
6 g2(si)

ρτi
6 τi

ρ
→ 0

¯à¨ i → ∞ , £¤¥ τi :=
√

g2(si) . �âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ¯à¨
¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å i ∈ N ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  ti < τisi < si .
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�¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® ®­¨ ¢ë¯®«­¥­ë ¯à¨ ¢á¥å
i ∈ N .

�«ï ¢áïª®£® k ∈ N ®¯à¥¤¥«¨¬ ¨­¤¥ªá i = i(k) ∈ N â ª¨¬ ®¡à §®¬,
çâ® k ∈ [τisi, τi+1si+1[ . �æ¥­¨¬ ¢á¯®¬®£ â¥«ì­ãî ¢¥«¨ç¨­ã

R(ti, k) := h(x2; [tiϑ, kϑ])− h(x1; [tiϑ, kϑ]),

¨á¯®«ì§ãï á«¥¤áâ¢¨¥ 17.1. �à¨ k 6 si , ¯®« £ ï � = �2 ∪ {0} , ¡ã¤¥¬
¨¬¥âì á®®â­®è¥­¨ï

�(ti, k) = N2(k − 1)−N2(ti − 1) 6 N2(k)

¨ ®æ¥­ªã

R(ti, k) 6 2a�(ti, k) + γe2aϑϑ−1(k − ti −�(ti, k))
k − ti

6 2aN2(k) + γe2aϑϑ−1k

k − ti
.

�á«¨ ¦¥ k > si , â®, ¯®« £ ï � = �2 ∪ [si, k]∪{0} , ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

R(ti, k) 6 R(ti, si)(si − ti) + 2a(k − si)
k − ti

,

ª®â®à®¥ ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨ k < csi , £¤¥

1 < c <
τi+1si+1

si
,

¤ ¥â ®æ¥­ªã

R(ti, k) 6 2aN2(si) + γe2aϑϑ−1k + 2a(c− 1)si

si − ti
.

� ª ª ª ti/si → 0 ¨ g2(si) → 0 ¯à¨ i →∞ , â® áãé¥áâ¢ãîâ â®ç­ë¥
¯à¥¤¥«ë

lim
i→∞

si

si − ti
= 1

¨
lim
i→∞

N2(si)
si − ti

= lim
i→∞ g2(si) = 0.

�à®¬¥ â®£®, ¯®áª®«ìªã k>τisi ¨ i(k) →∞ ¯à¨ k →∞ , â® ¨¬¥îâ ¬¥áâ®
á®®â­®è¥­¨ï

0 6 lim
k→∞

ti
k

6 lim
i→∞

ti
τisi

= 0, lim
k→∞

k − ti
k

= 1,

0 6 lim
k→∞

N2(si)
k − ti

= lim
k→∞

N2(si)
k

6 lim
i→∞

N2(si)
τisi

= lim
i→∞ τi = 0,
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£¤¥ ¢áî¤ã i = i(k) .
�â® ®§­ ç ¥â, çâ® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {kj} , ã¤®¢«¥â¢®-

àïîé¥© ãá«®¢¨î kj 6 csi , £¤¥ i = i(kj) ¨

1 < c < lim
i→∞

τi+1si+1
si

= +∞,

¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

lim
j→∞R(ti, kj) 6 γe2aϑϑ−1 + 2a(c− 1).

�ãáâì N | á®¢®ªã¯­®áâì ¢á¥å ­ âãà «ì­ëå ç¨á¥«, ¯à¨­ ¤«¥¦ -
é¨å

∞⋃

j=1
[τjsj, sj − 1] . �«ï ª ¦¤®£® k ∈ N ®¡®§­ ç¨¬ ç¥à¥§ N (k) ª®«¨-

ç¥áâ¢® í«¥¬¥­â®¢ ¬­®¦¥áâ¢  N , ­¥ ¯à¥¢®áå®¤ïé¨å k , ¨ ¯®«®¦¨¬

b(k) := N (k)
k

.

�®£¤ , ®ç¥¢¨¤­®, 0 6 b(k) 6 1 .
�ãáâì

ψ(µ) := lim
k→∞

(f2(k) + µb(k)).
�®£¤ 

ψ(µ) > ψ(0) = lim
k→∞

f2(k) = λ2,

ψ(µ) 6 lim
k→∞

(f2(k) + µ) 6 λ2 + µ.

�æ¥­¨¬ äã­ªæ¨î ψ á¢¥àåã ¡®«¥¥ â®ç­®. �«ï íâ®£® ¢®§ì¬¥¬ ¯à®-
¨§¢®«ì­ãî à¥ «¨§ãîéãî ¯®á«¥¤®¢ â¥«ì­®áâì {kjϑ}∞j=1 à¥è¥­¨ï x2(·) .
�®£¤  ¯à¨ ¢á¥å µ > 0 ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

ψ(µ) > lim
j→∞ f2(kj) + µ lim

j→∞ b(kj).

�á«¨ lim
j→∞ b(kj) = 1 , â® ¢ á¨«ã ¯à¥¤ë¤ãé¨å ®æ¥­®ª ψ(µ) ≡ λ2 + µ .

�®ª ¦¥¬, çâ® ¢ ­ è¨å ¯à¥¤¯®«®¦¥­¨ïå íâ®â á«ãç © ­¥¢®§¬®¦¥­. �¥§
®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® áãé¥áâ¢ã¥â â®ç­ë© ¯à¥-
¤¥« lim

j→∞ b(kj) = 1 ¨, á«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® ε ∈ ]0, 1[ áãé¥áâ¢ã-
¥â ­®¬¥à m(ε) â ª®©, çâ® ¯à¨ ¢á¥å j > m(ε) ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 
1 > b(k) > 1− ε .

�«ï ¢áïª®£® ­ âãà «ì­®£® k ¨¬¥¥¬ ®æ¥­ªã N (k)6N (si(k)) , ¯®íâ®¬ã
¯à¨ ε ∈ ]0, 1[ ¨§ ­¥à ¢¥­áâ¢  b(k) > 1− ε ¢ëâ¥ª ¥â á®®â­®è¥­¨¥

k = N (k)
b(k) 6 N (si(k))

1− ε
6 si(k)

1− ε
.
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� ª¨¬ ®¡à §®¬, ¯à¨ ª ¦¤®¬ ε ∈ ]0, 1[ ¯®á«¥¤®¢ â¥«ì­®áâì {kj}∞j=1 ã¤®-
¢«¥â¢®àï¥â ãá«®¢¨î kj 6 csi (£¤¥ i = i(kj) ) ¯à¨ ¢á¥å j > m(ε) á ¢¥«¨-
ç¨­®© c = (1− ε)−1 . �âáî¤  ¯® ¤®ª § ­­®¬ã ¢ëè¥ ¨¬¥¥¬

λ2 = lim
j→∞ f2(kj) = lim

j→∞h(x2; [0, kjϑ]) = lim
j→∞h(x2; [tiϑ, kjϑ])6

6 lim
j→∞h(x1; [tiϑ, kϑ]) + lim

j→∞R(ti, kj) 6 λ1 + γe2aϑϑ−1 + 2a((1− ε)−1 − 1),

£¤¥ ¢áî¤ã i = i(kj) . �® ¢ë¡®àã γ ¨ ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ ε ¨¬¥¥¬
¯à®â¨¢®à¥ç¨¥

λ2 6 λ1 + (λ2 − λ1)/2 = (λ1 + λ2)/2 < λ2,

®§­ ç îé¥¥, çâ® ψ(µ) 6≡ λ2 + µ , â. ¥. áãé¥áâ¢ã¥â µ0 > 0 â ª®¥, çâ®

ψ(µ0) < λ2 + µ0.

�®«®¦¨¬ ψ(µ0) = λ2+qµ0 , £¤¥ 0 < q < 1 . �®£« á­® «¥¬¬¥ 16.1 äã­ªæ¨ï
ψ ¢ë¯ãª« , ¯®íâ®¬ã ­  ®âà¥§ª¥ [0, µ0] á¯à ¢¥¤«¨¢  ®æ¥­ª 

ψ(µ) 6 ψ(0) + (ψ(µ0)− ψ(0))µ/µ0 = λ2 + qµ.

�  [0, µ0] à áá¬®âà¨¬ äã­ªæ¨î

ζ(µ) := µ + λ2 − ψ(µ).

�§ «¥¬¬ë 16.1 á«¥¤ã¥â, çâ® äã­ªæ¨ï ζ(µ) ­¥¯à¥àë¢­  ­  [0, µ0] , ¯à¨ç¥¬
ζ(0) = 0 , ¨ ¯® ¤®ª § ­­®¬ã ¢ëè¥ ζ(µ) > (1 − q)µ ¯à¨ ¢á¥å µ ∈ [0, µ0] .
�«¥¤®¢ â¥«ì­®, ¤«ï ª ¦¤®£® ξ ∈ [0, (1 − q)µ0] áãé¥áâ¢ã¥â µ ∈ [0, µ0]
â ª®¥, çâ® ζ(µ) = ξ .

�®«®¦¨¬ η = ν2−λ2 , ξ = ν1−λ1−η . �ãáâì ε :=max
j=1,2

|νj−λj| . �®£¤ 

ε 6 δ0, |η| = |ν2 − λ2|6 ε 6 δ0, |ξ + η| = |ν1 − λ1|6 ε 6 δ0,

0 6 ξ 6 |ν1 − λ1|+ |η|6 2ε 6 2δ0.

�®âà¥¡ã¥¬ δ0 < (1 − q)µ0/2 , â®£¤  ξ ∈ [0, (1 − q)µ0] , ¯®íâ®¬ã ­ ©¤¥âáï
µ ∈ [0, µ0] â ª®¥, çâ® ζ(µ) = ξ , ¯à¨ç¥¬ ξ = ζ(µ) > (1− q)µ , â. ¥.

0 6 µ 6 (1− q)−1ξ 6 2(1− q)−1ε.

�«ï ª ¦¤®£® k ∈ N ®¯à¥¤¥«¨¬ n× n ¬ âà¨æë Hk à ¢¥­áâ¢ ¬¨

Hk =




e(ξ+η)ϑE ¯à¨ k ∈ N ,
e(ξ+η−µ)ϑE ¯à¨ k /∈ N .
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�à¨ «î¡ëå v > 0 , u ∈ ]−∞, v] ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

|eu − 1|6 (ev − 1)|u|/v.

�®áª®«ìªã

|ξ + η − µ|6 |ξ + η|+ µ 6 ε(1 + 2(1− q)−1) =: εL 6 Lδ0,

¯à¨ ¢á¥å k ∈ N ¨¬¥¥¬ ®æ¥­ªã

‖Hk − E‖6 |e|ξ+η|+µ − 1|6 (eLδ0 − 1)δ−1
0 ε 6 eLδ0 − 1.

�¯à¥¤¥«¨¢ r ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 8.1 ¨ ¯®âà¥¡®¢ ¢

δ0 6 L−1 ln(1 + r),

¯®«ãç¨¬
‖Hk − E‖6 rδ−1

0 ε 6 r

¯à¨ ¢á¥å k ∈ N , ®âªã¤  ¢ á¨«ã â®© ¦¥ â¥®à¥¬ë á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥
ã¯à ¢«¥­¨ï U ∈ KCm2(R+) , ®¡¥á¯¥ç¨¢ îé¥£® à ¢¥­áâ¢ 

XU((k + 1)ϑ, kϑ) = X((k + 1)ϑ, kϑ)Hk, k ∈ N,

¨ ã¤®¢«¥â¢®àïîé¥£® ®æ¥­ª¥

‖U‖C 6 α max{‖Hk − E‖ : k ∈ N}6 αrδ−1
0 ε =

= β0 max{|νj − λj| : j = 1, 2},
£¤¥ β0 := αrδ−1

0 .
�ëç¨á«¨¬ ¯®ª § â¥«¨ �ï¯ã­®¢  à¥è¥­¨© �x1, �x2 á¨áâ¥¬ë (12.4) á

¯®áâà®¥­­ë¬ U(·) ¨ á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ �xj(0) = xj(0) , j = 1, 2 .
�«ï à¥è¥­¨ï �x1(·) ¨¬¥¥¬ à ¢¥­áâ¢®

h(�x1; [τkskϑ, skϑ]) = h(x1; [τkskϑ, skϑ]) + ξ + η.

� ª ª ª {skϑ}∞k=1 | à¥ «¨§ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì à¥è¥­¨ï x1(·) ,
  lim

k→∞
(τkskϑ)/(skϑ) = 0 , áãé¥áâ¢ã¥â

lim
k→∞

h(x1; [τkskϑ, skϑ]) = lim
k→∞

h(x1; [0, skϑ]) = λ1,

¯®íâ®¬ã
lim
k→∞

h(�x1; [τkskϑ, skϑ]) = lim
k→∞

h(�x1; [0, skϑ]) =

= lim
k→∞

h(�x1; [τkskϑ, skϑ]) = λ1 + ξ + η = ν1,
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â. ¥. λ[�x1] > ν1 . � ¤àã£®© áâ®à®­ë, ¯à¨ ¢áïª®¬ k ∈ N ¨¬¥¥â ¬¥áâ® ­¥à -
¢¥­áâ¢®

‖�x1(kϑ)‖6 ek(ξ+ν)ϑ‖x1(kϑ)‖,
¯®íâ®¬ã

λ[�x1] 6 ξ + η + λ[x1] = ν1.

�â ª, λ[�x1] = ν1 .
�«ï à¥è¥­¨ï �x2(·) ¯à¨ ª ¦¤®¬ k ∈ N ¨¬¥¥¬ à ¢¥­áâ¢®

�x2(kϑ) = ek(ξ+η−µ)ϑeµN (k)ϑx2(kϑ),

á«¥¤®¢ â¥«ì­®,
λ[�x2] = lim

k→∞
h(�x2; [0, kϑ]) =

= lim
k→∞

(h(x2; [0, kϑ])+µb(k))+ξ +η−µ = ψ(µ)+ζ(µ)+η−µ = λ2 +η = ν2.

�®áª®«ìªã ν1 < ν2 , ��� �x1(·), �x2(·) á¨áâ¥¬ë (12.4) ­®à¬ «ì­ , ¨
¯®íâ®¬ã λi(A + BU) = νi , i = 1, 2 . �¥®à¥¬  ¤®ª § ­ .

§ 18. �¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥©
«¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë

�¤¥áì ¯®«ãç¥­® ­®¢®¥ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ¯®ª -
§ â¥«¥© �ï¯ã­®¢  «¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë (â¥®à¥¬  18.1,
á«¥¤áâ¢¨¥ 18.1), ¢ëà ¦¥­­®¥ ¢ â¥à¬¨­ å à áç«¥­¥­­®áâ¨ äã­¤ -
¬¥­â «ì­ëå á¨áâ¥¬ à¥è¥­¨©.

�®ª ¦¥¬ ­  ¯à¨¬¥à¥, çâ® cãé¥áâ¢ãîâ á¨áâ¥¬ë, ®¡« ¤ îé¨¥ à á-
ç«¥­¥­­®© ­¥ ­®à¬ «ì­®© ���.

� à ¨ ¬ ¥ à 18.1 [100]. � áá¬®âà¨¬ á¨áâ¥¬ã

_x = A(t)x, x ∈ R2, t > 1, (18.1)

£¤¥
A(t) =

(−(sin ln t + cos ln t) 0
0 2(sin ln t + cos ln t)

)
.

�®à¬ «ì­ ï äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  á¨áâ¥¬ë (18.1) ¨¬¥¥â ¢¨¤
( exp(−t sin ln t) 0

0 exp(2t sin ln t)

)
,
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  ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á®áâ®¨â ¨§ ç¨á¥« 1 ¨ 2.
� áá¬®âà¨¬ ��� á¨áâ¥¬ë (18.1), á®áâ®ïéãî ¨§ à¥è¥­¨©

x1(t) =
( exp(−t sin ln t)

exp(2t sin ln t)

)
, x2(t) =

( 0
exp(2t sin ln t)

)
.

�®áª®«ìªã λ[x1] = λ[x2] = 2 , ¢ë¡à ­­ ï ��� ­¥ ï¢«ï¥âáï ­®à¬ «ì­®©.
�®ª ¦¥¬, çâ® íâ  ��� à áç«¥­¥­ .

�¡®§­ ç¨¬ ç¥à¥§ ϕ(t) ã£®« ¬¥¦¤ã x1(t) ¨ x2(t) . � ª ª ª ¢¥ªâ®àë
x1(t) ¨ x2(t) ­¥ ¯®ª¨¤ îâ ¯¥à¢®© ç¥â¢¥àâ¨, ϕ(t) ®¤­®¢à¥¬¥­­® ï¢«ï¥âáï
¨ ã£«®¬ ¬¥¦¤ã «¨­¥©­ë¬¨ ¯®¤¯à®áâà ­áâ¢ ¬¨ à¥è¥­¨© x1(t) ¨ x2(t) .
�¬¥¥¬ à ¢¥­áâ¢ 

cos ϕ(t) = (x1(t), x2(t))
‖x1(t)‖ ‖x2(t)‖ =

= exp(4t sin ln t)
exp(2t sin ln t)(exp(4t sin ln t) + exp(−2t sin ln t))1/2 =

= (1 + exp(−6t sin ln t))−1/2.

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ç¨á«®

c ∈ ]
√

2/2, 1[. (18.2)

�ãáâì γ := arccos c , â®£¤  γ ∈ ]0, π/4[ . �¡®§­ ç¨¬

Gγ(T ) = {t ∈ [1, T ] : ϕ(t) > γ}.
�â¬¥â¨¬, çâ® t ∈ Gγ(T ) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  t ∈ [1, T ] ¨
cos2 ϕ(t) 6 c2 , â. ¥.

1 + exp(−6t sin ln t) > 1
c2 .

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® íª¢¨¢ «¥­â­® â®¬ã, çâ®

6t sin ln t 6 ln
( c2

1− c2

)
. (18.3)

�§ (18.2) ¢ëâ¥ª ¥â, çâ® c2/(1− c2) > 1 , ¯®íâ®¬ã

ln
( c2

1− c2

)
> 0.

�«¥¤®¢ â¥«ì­®, ¢á¥ â¥ §­ ç¥­¨ï t , ¤«ï ª®â®àëå sin ln t 6 0 , § ¢¥¤®¬®
ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã (18.3). �â® ®§­ ç ¥â, çâ®

Gγ(T ) ⊃ {t ∈ [1, T ] : sin ln t 6 0}
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¨
mes Gγ(T ) > mes{t ∈ [1, T ] : sin ln t 6 0}.

�®§ì¬¥¬ tk = exp(π/2+2kπ) , k ∈ N . �®£¤  {tk}∞k=1 | à¥ «¨§ãîé ï
¯®á«¥¤®¢ â¥«ì­®áâì à¥è¥­¨© x1(·) ¨ x2(·) . �®ª ¦¥¬, çâ®

lim
k→∞

t−1
k mes Gγ(tk) > 0.

� á¨«ã â¥®à¥¬ë 15.2 íâ® ¡ã¤¥â ®§­ ç âì à áç«¥­¥­­®áâì ��� x1, x2 .
�¥©áâ¢¨â¥«ì­®, ¯ãáâì k > 1 | ¯à®¨§¢®«ì­®. �®£¤  ¯à¨ ª ¦¤®¬

t ∈ [e(2k−1)π, e2kπ] =: Jk ¨¬¥¥¬ ­¥à ¢¥­áâ¢  sin ln t 6 0 ¨ 1 < t < tk ,
¯®íâ®¬ã Jk ⊂ Gγ(tk) ¨

lim
k→∞

t−1
k mes Gγ(tk) > lim

k→∞
t−1
k mes Jk =

= lim
k→∞

exp 2kπ − exp(2k − 1)π
exp(π/2 + 2kπ) = 1− exp(−π)

exp(π/2) > 0,

çâ® ¨ âà¥¡®¢ «®áì.
� ¥ ® à ¥ ¬   18.1 [100]. �á«¨ á¨áâ¥¬  (15.1) ¨¬¥¥â ­¥ ­®à¬ «ì­ãî

à áç«¥­¥­­ãî ���, â® ¥¥ ¯®ª § â¥«¨ �ï¯ã­®¢  ­¥ãáâ®©ç¨¢ë.
� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì x1(·), . . . , xn(·) | à áç«¥­¥­­ ï ­¥ ­®à-

¬ «ì­ ï ��� á¨áâ¥¬ë (15.1), λ[xi] = µi , i = 1, . . . , n . �¡®§­ ç¨¬ ç¥à¥§
λ1, . . . , λn ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (12.4). �®£¤ 
å®âï ¡ë ®¤¨­ ¨§ íâ¨å ¯®ª § â¥«¥© ­¥ ¢å®¤¨â ¢ ­ ¡®à ç¨á¥« {µ1, . . . , µn} .
�ãáâì íâ® ¯®ª § â¥«ì λi0 . �¡®§­ ç¨¬ α = min{|λi0 − µi| : i = 1, . . . , n} ,
α > 0 .

�à¨¬¥­¨¢ â¥®à¥¬ã 16.1 ª à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬¥

_x = A(t)x + u, x ∈ Rn, u ∈ Rn,

ª ��� x1(·), . . . , xn(·) á¨áâ¥¬ë (15.1) ¨ ª á®¢®ªã¯­®áâ¨ ¨­¤¥ªá®¢ I = {1,

2, . . . , n} , ­ ©¤¥¬ ¢¥«¨ç¨­ë β ¨ δ . �®§ì¬¥¬ «î¡®¥ ε > 0 ¨ ¯à®¨§¢®«ì-
­ë© ­ ¡®à ç¨á¥« ν1 < . . . < νn , â ª®©, çâ®

η := max{|νi − µi| : i = 1, . . . , n}6 1
2 min

{
α,

ε

β
, δ

}
.

�®£¤  ¢ á¨«ã â¥®à¥¬ë 16.1 áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCn(R+) ,
‖U‖C 6 βη < ε , ®¡¥á¯¥ç¨¢ îé¥¥ ¯à¨ ª ¦¤®¬ j ∈ {1, . . . , n} ¤«ï à¥è¥­¨ï
�xj ¢®§¬ãé¥­­®© á¨áâ¥¬ë

_x = (A(t) + U(t))x (18.4)
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á ­ ç «ì­ë¬ ãá«®¢¨¥¬ �xj(0) = xj(0) à ¢¥­áâ¢® λ[�xj] = νj . �á¥ ç¨-
á«  νj à §«¨ç­ë, ¯®íâ®¬ã ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á¨-
áâ¥¬ë (18.4) á®áâ®¨â ¨§ ç¨á¥« ν1, . . . , νn , ¯à¨ íâ®¬

|λi0−νi| = |λi0−µi+µi−νi| > |λi0−µi|−|µi−νi| > α−α

2 = α

2 , i = 1, . . . , n.

�«¥¤®¢ â¥«ì­®, ¯®ª § â¥«ì λi0 á¨áâ¥¬ë (15.1) ­¥ãáâ®©ç¨¢. �¥®à¥¬  ¤®-
ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 18.1 [100]. �á«¨ ¯®ª § â¥«¨ �ï¯ã­®¢  á¨áâ¥¬ë (15.1)
ãáâ®©ç¨¢ë, â® ¢áïª ï ¥¥ à áç«¥­¥­­ ï ��� ­®à¬ «ì­ .

� à ¨ ¬ ¥ à 18.1 (¯à®¤®«¦¥­¨¥). �®áª®«ìªã á¨áâ¥¬  (18.1) ¨¬¥¥â à á-
ç«¥­¥­­ãî ­¥ ­®à¬ «ì­ãî ���, ¥¥ ¯®ª § â¥«¨ �ï¯ã­®¢  ­¥ãáâ®©ç¨¢ë.

§ 19. �¥®¡å®¤¨¬®áâì ãá«®¢¨ï à ¢­®¬¥à­®© ¯®«­®©
ã¯à ¢«ï¥¬®áâ¨ ¤«ï «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨
¯®ª § â¥«¥© �ï¯ã­®¢ 

�¤¥áì ¢¢¥¤¥­® ¯®­ïâ¨¥ à ¢­®¬¥à­®© (®â­®á¨â¥«ì­® σ ∈ γ+(σ0) )
«®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë

_x = (A(f tσ0) + B(f tσ0)UC∗(f tσ0))x

¨ ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï â ª®© ã¯à ¢«ï¥¬®áâ¨ (â¥®à¥-
¬ë 19.1 ¨ 19.2). � á«ãç ¥ C(σ) ≡ E ¨§ãç¥­ ¢®¯à®á ® ­¥®¡å®¤¨¬®-
áâ¨ ãá«®¢¨ï à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ ¤«ï à ¢­®¬¥à­®©
«®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  (â¥®à¥¬  19.3).

�¥à­¥¬áï ª à áá¬®âà¥­¨î á¥¬¥©áâ¢  «¨­¥©­ëå ã¯à ¢«ï¥¬ëå á¨-
áâ¥¬ á ­ ¡«î¤ â¥«¥¬

_x = A(f tσ)x + B(f tσ)u, y = C∗(f tσ)x, (19.1)

§ ¤ ­­ëå ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬®© (�, f t) ¨ äã­ªæ¨¥© ϕ := (A,B,C) :
� → Mn,n+m+r . �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï ª ¦¤®£® σ0 ∈ � äã­ªæ¨ï
t 7→ ‖ϕ(f tσ0)‖ ¨§¬¥à¨¬  ¯® �¥¡¥£ã, ®£à ­¨ç¥­  ­  R ¨ ¤«ï «î¡ëå ε > 0
¨ N > 0 ­ ©¤¥âáï â ª®¥ δ > 0 , çâ® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

max
|t|6N

t+1∫

t

‖ϕ(f sσ)− ϕ(f sσ0)‖ ds < ε, (19.2)
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ª ª â®«ìª® ρ(σ, σ0) < δ (ρ | ¬¥âà¨ª  ¢ � ). �¨áâ¥¬ã (19.1) ¡ã¤¥¬
®â®¦¤¥áâ¢«ïâì á ¯ à®© (ϕ, σ) .

�ãáâì U : R+ × � → Mmr | ®£à ­¨ç¥­­ ï ¨§¬¥à¨¬ ï äã­ªæ¨ï.
�¡®§­ ç¨¬ ç¥à¥§ λ1(σ,U) 6 λ2(σ,U) 6 . . . 6 λn(σ,U) ¯®«­ë© á¯¥ªâà ¯®-
ª § â¥«¥© �ï¯ã­®¢  § ¬ª­ãâ®© á¨áâ¥¬ë

_x = (A(f tσ) + B(f tσ)UC∗(f tσ))x. (19.3)

�®«­ë© á¯¥ªâà á¢®¡®¤­®© á¨áâ¥¬ë

_x = A(f tσ)x, x ∈ Rn, (19.4)

®â¢¥ç îé¥© U(t, σ) ≡ 0 , ¡ã¤¥¬ ®¡®§­ ç âì λ1(σ) 6 λ2(σ) 6 . . . 6 λn(σ) .
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 19.1 [132]. �¨áâ¥¬  (ϕ, σ0) ®¡« ¤ ¥â á¢®©áâ¢®¬ à ¢-

­®¬¥à­®© (®â­®á¨â¥«ì­® σ ) «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã-
­®¢ , ¥á«¨ ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï ª ¦¤®©
â®çª¨ σ ∈ γ+(σ0) ¨ ª ¦¤®£® ¢¥ªâ®à  µ = (µ1, . . . , µn) ∈ Bδ(0) ⊂ Rn ,
ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬

λi+1(σ) + µi+1 > λi(σ) + µi, i = 1, . . . , n− 1,

­ ©¤¥âáï ã¯à ¢«¥­¨¥ U : R+ × γ+(σ0) → Bε(0) ⊂ Mmr , ®¡¥á¯¥ç¨¢ îé¥¥
à ¢¥­áâ¢ 

λi(σ,U) = λi(σ) + µi, i = 1, . . . , n.

�«ï ä®à¬ã«¨à®¢ª¨ ¨ ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­ëå ãá«®¢¨© à ¢­®-
¬¥à­®© (®â­®á¨â¥«ì­® σ ) «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï-
¯ã­®¢  ­ ¬ ¯®­ ¤®¡¨âáï àï¤ ãâ¢¥à¦¤¥­¨© ® á¥¬¥©áâ¢¥ ®¤­®à®¤­ëå á¨-
áâ¥¬ (19.4). �à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ σ ∈ � ¢áïª ï á¨áâ¥¬  ¢¨-
¤  (19.4) | íâ® ®¡ëç­ ï «¨­¥©­ ï ®¤­®à®¤­ ï ¤¨ää¥à¥­æ¨ «ì­ ï á¨-
áâ¥¬ , ¯®íâ®¬ã ¤«ï ­¥¥ ¬®¦­® áä®à¬ã«¨à®¢ âì ®¡ëç­ë¥ ®¯à¥¤¥«¥­¨ï
â¥®à¨¨ «¨­¥©­ëå á¨áâ¥¬.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 19.2 (�. �. �ë«®¢, [16]). �¨áâ¥¬  (19.4), ®â®¦¤¥áâ-
¢«ï¥¬ ï á σ ∈ �, ­ §ë¢ ¥âáï á¨áâ¥¬®© á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî,
¥á«¨ ®­  ¨¬¥¥â ��� x1(·, σ) , x2(·, σ), . . . , xn(·, σ) , ®¡« ¤ îéãî á¢®©-
áâ¢®¬: áãé¥áâ¢ãîâ â ª¨¥ c > 0 ¨ d > 0 , çâ® ¤«ï ¢á¥å 0 6 s 6 t ¨
j ∈ {1, 2, . . . , n− 1} á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

‖xj+1(t, σ)‖
‖xj+1(s, σ)‖ > dec(t−s) ‖xj(t, σ)‖

‖xj(s, σ)‖. (19.5)
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�   ¬ ¥ ç   ­ ¨ ¥ 19.1. �. �. �ë«®¢ ¨ �. �. �§®¡®¢ ¢ [19] ¤®ª § «¨,
çâ® (19.4) | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî ¢ â®¬ ¨ â®«ìª® â®¬
á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â «ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ x = L(t, σ)y ,
¯à¨¢®¤ïé¥¥ (19.4) ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã

_y = P (t, σ)y, P (t, σ) = diag(p1(t, σ), . . . , pn(t, σ)), (19.6)

£¤¥ äã­ªæ¨¨ pi(·, σ), pi+1(·, σ) , i = 1, 2, . . . , n−1 , ¨­â¥£à «ì­® ®â¤¥«¥­ë,
â. ¥. áãé¥áâ¢ãîâ α > 0 ¨ β â ª¨¥, çâ® ¯à¨ ¢á¥å 0 6 s 6 t ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢®

t∫

s

(pi+1(τ, σ)− pi(τ, σ)) dτ > α(t− s) + β.

� à ¥ ¤ « ® ¦ ¥ ­ ¨ ¥ 19.1 [132]. �á«¨ (19.4) | á¨áâ¥¬  á ¨­â¥£à «ì­®©
à §¤¥«¥­­®áâìî, â® á®¯àï¦¥­­ ï ª (19.4) á¨áâ¥¬ 

_ξ = −ξA(f tσ), ξ ∈ Rn∗, (19.7)

â ª¦¥ ï¢«ï¥âáï á¨áâ¥¬®© á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî.
� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì x = L(t, σ)y | «ï¯ã­®¢áª®¥ ¯à¥®¡à -

§®¢ ­¨¥, ¯à¨¢®¤ïé¥¥ (19.4) ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã (19.6) á ¨­â¥£à «ì­®
®â¤¥«¥­­ë¬¨ äã­ªæ¨ï¬¨ pi(·, σ), pi+1(·, σ) , i = 1, . . . , n− 1 . �®£¤ 

A(f tσ) = _L(t, σ)L−1(t, σ) + L(t, σ)P (t, σ)L−1(t, σ),

£¤¥ _L(t, σ) := d

dt
L(t, σ) , ¯®íâ®¬ã

_L(t, σ) = A(f tσ)L(t, σ)− L(t, σ)P (t, σ).

�à¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥ η = ξL(t, σ) ª á¨áâ¥¬¥ (19.7), ¯®«ãç¨¬

_η = _ξL(t, σ) + ξ _L(t, σ) = −ξA(f tσ)L(t, σ)+

+ξ(A(f tσ)L(t, σ)− L(t, σ)P (t, σ)) = −ξL(t, σ)P (t, σ) = −ηP (t, σ).
� ª¨¬ ®¡à §®¬, ¯à¥®¡à §®¢ ­¨¥ η = ξL(t, σ) ¯à¨¢®¤¨â á¨áâ¥¬ã (19.7) ª
¤¨ £®­ «ì­®© á¨áâ¥¬¥

_η = ηH(t, σ), η ∈ Rn∗,

£¤¥
H(t, σ) = diag(h1(t, σ), . . . , hn(t, σ)) = −P (t, σ),
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á«¥¤®¢ â¥«ì­®,
hi(t, σ) = −pi(t, σ), i = 1, . . . , n.

�à¨ ¢á¥å i ∈ {1, . . . , n− 1} ¨ 0 6 s 6 t á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 
t∫

s

(hi(τ, σ)− hi+1(τ, σ)) dτ > α(t− s) + β,

â. ¥. äã­ªæ¨¨ hi+1(·, σ), hi(·, σ) , i = 1, 2, . . . , n − 1 , ¨­â¥£à «ì­® ®â¤¥«¥-
­ë. �à¥¤«®¦¥­¨¥ ¤®ª § ­®.

� ¥ ¬ ¬   19.1 [132]. �á«¨ σ0 ∈ � | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥-
«¥­­®áâìî, â® ¢áïª ï σ ∈ γ(σ0) â ª¦¥ ï¢«ï¥âáï á¨áâ¥¬®© á ¨­â¥-
£à «ì­®© à §¤¥«¥­­®áâìî.

� ® ª   §   â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ ä ªâ®à-®â®¡à ¦¥­¨¥ � , ª®â®à®¥
ª ¦¤®© á¨áâ¥¬¥ σ ∈ � áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ äã­ªæ¨î t 7→ F (t) =
= A(f tσ) , ®â®¦¤¥áâ¢«ï¥¬ãî á á¨áâ¥¬®©

_x = F (t)x. (19.8)

�¡®§­ ç¨¬
R = {F : R→ Mn| ∃σ ∈ � : F (·) = �σ}.

�â¬¥â¨¬, çâ® ¢ á¨«ã ãá«®¢¨ï (19.2) ®â®¡à ¦¥­¨¥ � : � → R ­¥¯à¥àë¢­®
¢ ¬¥âà¨ª¥

ρ0(F, F̂ ) = sup
t∈R

min
{ t+1∫

t

|F (s)− F̂ (s)| ds,
1
|t|

}
.

�ç¥¢¨¤­®, çâ® ¥á«¨ σ ∈ � | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥«¥­­®-
áâìî, â® ¨ �σ ∈ R ®¡« ¤ ¥â â¥¬ ¦¥ á¢®©áâ¢®¬; ®¡à â­®, ¥á«¨ ¤«ï σ ∈ �
­¥ ¢ë¯®«­¥­® (19.5), â® �σ ∈ R ­¥ ï¢«ï¥âáï á¨áâ¥¬®© á ¨­â¥£à «ì­®©
à §¤¥«¥­­®áâìî.

�  R ¢¢¥¤¥¬ ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã á¤¢¨£®¢: ¤«ï ª ¦¤®© F ∈ R

¯®«®¦¨¬ gτF (·) = F (·+ τ) .
�ãáâì σ0 ∈ � | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî. �¡®§­ -

ç¨¬ F0 = �σ0 ¨ R0 = cl {gτF0| τ ∈ R}, £¤¥ cl M | § ¬ëª ­¨¥ ¬­®¦¥áâ¢ 
M ¢ ¬¥âà¨ª¥ ρ0 . �®ª ¦¥¬, çâ® ¢áïª ï á¨áâ¥¬  F ∈ R0 ï¢«ï¥âáï á¨-
áâ¥¬®© á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî.

�ãáâì L0 : R→ Mn | ¬ âà¨æ  �ï¯ã­®¢ , â ª ï, çâ® ¯à¥®¡à §®¢ -
­¨¥ y = L0(t)x ¯à¨¢®¤¨â á¨áâ¥¬ã

_x = F0(t)x
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ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã
_y = D0(t)y, D0(t) = diag(d0

1(t), . . . , d0
n(t)),

¯à¨ç¥¬ äã­ªæ¨¨ d0
i (·), d0

i+1(·), i = 1, . . . , n − 1 , ¨­â¥£à «ì­® ®â¤¥«¥­ë,
â. ¥. áãé¥áâ¢ãîâ â ª¨¥ α > 0 ¨ β , çâ® ¯à¨ ¢á¥å 0 6 s 6 t ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢®

t∫

s

(d0
i+1(τ)− d0

i (τ)) dτ > α(t− s) + β. (19.9)

�®§ì¬¥¬ ¯à®¨§¢®«ì­ãî äã­ªæ¨î F ∈ R0 . �ãáâì {τi}∞i=1 | â ª ï
¯®á«¥¤®¢ â¥«ì­®áâì, çâ® gτiF0 := Fτi

→ F ¯à¨ i → ∞ ¢ ¬¥âà¨ª¥ ρ0 .
�®£¤  [172] áãé¥áâ¢ãîâ «ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ L ∈ R(L0) ¨ ¯®¤-
¯®á«¥¤®¢ â¥«ì­®áâì {τi}∞i=1 , â ª¨¥, çâ® Lτi

→ L , L−1
τi
→ L−1 (¢ ¬¥âà¨ª¥

ρ0 ), _Lτi
áå®¤¨âáï á« ¡® ª _L , ¯®á«¥¤®¢ â¥«ì­®áâì

Dτi
:= _Lτi

L−1
τi

+ Lτi
Fτi

L−1
τi

áå®¤¨âáï á« ¡® ª ­¥ª®â®à®© ¨§¬¥à¨¬®© ¨ ®£à ­¨ç¥­­®© äã­ªæ¨¨ D :
R → Mn , â. ¥. ¤«ï «î¡®£® ε > 0 ¨ «î¡®© «®ª «ì­® ¨­â¥£à¨àã¥¬®©
äã­ªæ¨¨ t 7→ Q(t) ∈ Mn áãé¥áâ¢ã¥â i0 ∈ N â ª®¥, çâ®

∥∥∥∥
∫

|t|6ε−1

Q(t)(Dτi
(t)−D(t)) dt

∥∥∥∥ < ε, i > i0. (19.10)

�®ª ¦¥¬, çâ® D(t) = {dkl(t)}n
k,l=1 | ¤¨ £®­ «ì­ ï ¬ âà¨æ . �â¬¥â¨¬,

çâ® Dτi
(t) = {di

kl(t)}n
k,l=1 | ¤¨ £®­ «ì­ . � (19.10) ¯®«®¦¨¬

Q(t) = q(t)E,

£¤¥ q : R → R | ¯à®¨§¢®«ì­ ï «®ª «ì­® ¨­â¥£à¨àã¥¬ ï äã­ªæ¨ï.
�®£¤  ¨§ (19.10) ¢ëâ¥ª îâ ­¥à ¢¥­áâ¢ 

∣∣∣∣
∫

|t|6ε−1

q(t)(di
kl − dkl) dt

∣∣∣∣ < ε

¤«ï ¢á¥å k, l ∈ {1, . . . , n} , ε > 0 ¨ i > i0(ε, q(·)) . � ç áâ­®áâ¨, ¯à¨ ¢á¥å
k 6= l ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

∣∣∣∣
∫

|t|6ε−1

q(t)dkl(t) dt
∣∣∣∣ < ε.

�®§ì¬¥¬ q(t) = dkl(t) , ¯®«ãç¨¬ á®®â­®è¥­¨¥
∫

|t|6ε−1

d2
kl(t) dt < ε.
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� ª ª ª ¤«ï «î¡®£® ®âà¥§ª  [t0, t1] ¯à¨ ¤®áâ â®ç­® ¬ «ëå ε > 0 ¨¬¥¥â
¬¥áâ® ¢ª«îç¥­¨¥ [t0, t1] ⊂ [−ε−1, ε−1] , â®

∫

t∈[t0,t1]
d2

kl(t) dt <
∫

|t|6ε−1

d2
kl(t) dt < ε.

�áâà¥¬«ïï §¤¥áì ε ª ­ã«î, ¯®«ãç¨¬ dkl(t) ≡ 0 ­  [t0, t1] , ¨, á«¥¤®¢ -
â¥«ì­®, dkl(t) ≡ 0 ­  R ¯à¨ ¢á¥å k 6= l , â. ¥. D(t) | ¤¨ £®­ «ì­ ï
¬ âà¨æ .

�®ª ¦¥¬ â¥¯¥àì, çâ® ¤«ï ¬ âà¨æë D(t) = diag(d1(t), . . . , dn(t))
á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï (19.9). �¥©áâ¢¨â¥«ì­®, ¤«ï ¢á¥å ¬ âà¨æ

Dτi
(t) := diag(di

1(t), . . . , di
n(t))

®­¨ ¢ë¯®«­¥­ë. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë¥ 0 6 s 6 t ¨ ¢®§ì¬¥¬ «î¡®¥
ε > 0 , â ª®¥, çâ® [s, t] ⊂ [−ε−1, ε−1]. �®£¤ 

α(t− s) + β 6
t∫

s

(di
k+1(τ)− di

k(τ)) dτ 6
t∫

s

|di
k+1(τ)− dk+1(τ)| dτ+

+
t∫

s

|dk(τ)− di
k(τ)| dτ +

t∫

s

(dk+1(τ)− dk(τ)) dτ 6

6
∫

|t|6ε−1

|di
k+1(t)− dk+1(t)| dt +

∫

|t|6ε−1

|dk(t)− di
k(t)| dt+

+
t∫

s

(dk+1(τ)− dk(τ)) dτ 6 2ε +
t∫

s

(dk+1(τ)− dk(τ)) dτ.

�áâà¥¬«ïï ε ª ­ã«î ¢ ¤®ª § ­­®¬ ­¥à ¢¥­áâ¢¥

α(t− s) + β 6 2ε +
t∫

s

(dk+1(τ)− dk(τ)) dτ,

¯®«ãç¨¬, çâ® ¤¨ £®­ «ì­ ï ¬ âà¨æ  D(·) ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨-
ï¬ (19.9), ¯®íâ®¬ã (19.8) | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî.

�®ª ¦¥¬, çâ® ¥á«¨ σ ∈ γ(σ0) , â® �σ ∈ R0 . �¥©áâ¢¨â¥«ì­®, ¨§ ¢ª«î-
ç¥­¨ï σ ∈ γ(σ0) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {τi}∞i=1 â -
ª®©, çâ®

lim
i→∞ ρ(σ, f τiσ0) = 0.

� ¤àã£®© áâ®à®­ë, ®â®¡à ¦¥­¨¥ � : � → R ­¥¯à¥àë¢­®, ¯®íâ®¬ã

lim
i→∞ ρ0(�σ, �(f τiσ0)) = 0,
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á«¥¤®¢ â¥«ì­®,

lim
i→∞ ρ0(�σ, gτi(�σ0)) = lim

i→∞ ρ0(�σ, gτiF0) = 0,

  íâ® ®§­ ç ¥â, çâ® �σ ∈ R0 .
� á¨«ã ¤®ª § ­­®£®, ¢áïª ï á¨áâ¥¬  σ ¨§ γ(σ0) ¥áâì á¨áâ¥¬  á

¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî. �â® á«¥¤ã¥â ¨§ ¢ª«îç¥­¨ï

�(γ(σ0)) ⊂ R0

¨ ¨­â¥£à «ì­®© à §¤¥«¥­­®áâ¨ ¢á¥å á¨áâ¥¬, à á¯®«®¦¥­­ëå ¢ R0 . �¥¬-
¬  ¤®ª § ­ .

� ¥ ¬ ¬   19.2 [132]. �á«¨ (19.8) | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §-
¤¥«¥­­®áâìî, â® ¤«ï ¢áïª®© ­®à¬ «ì­®© ��� x1(·), . . . , xn(·) á¨áâ¥-
¬ë (19.8), ã¯®àï¤®ç¥­­®© ¯® ¢®§à áâ ­¨î ¯®ª § â¥«¥© �ï¯ã­®¢ , ¢ë-
¯®«­¥­® á¢®©áâ¢®: áãé¥áâ¢ãîâ T > 0 , c > 0 , d > 0 , â ª¨¥, çâ® ¤«ï
¢á¥å t > T , s ∈ [0, t] ¨ j ∈ {1, . . . , n− 1} ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

‖xj+1(t)‖
‖xj+1(s)‖ > dec(t−s) ‖xj(t)‖

‖xj(s)‖ . (19.11)

� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª (19.8) | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §-
¤¥«¥­­®áâìî, â® ®­  ¨¬¥¥â ��� y1(·), . . . , yn(·) , â ªãî, çâ® ­ ©¤ãâáï
c > 0 ¨ d > 0 , ®¡¥á¯¥ç¨¢ îé¨¥ ¯à¨ ¢á¥å 0 6 s 6 t ¨ j ∈ {1, . . . , n − 1}
­¥à ¢¥­áâ¢ 

‖yj+1(t)‖
‖yj+1(s)‖ > dec(t−s) ‖yj(t)‖

‖yj(s)‖ .

� ä¨ªá¨àã¥¬ k ∈ {1, . . . , n} ¨ à áá¬®âà¨¬ à §«®¦¥­¨¥ à¥è¥­¨ï xk(·)
¯® ¡ §¨áã y1(·), . . . , yn(·) :

xk(t) =
k∑

j=1
αjyj(t), αk 6= 0.

�®, çâ® áã¬¬¨à®¢ ­¨¥ §¤¥áì ¯à®¨§¢®¤¨âáï â®«ìª® ¤® k , á«¥¤ã¥â ¨§ ­®à-
¬ «ì­®áâ¨ äã­¤ ¬¥­â «ì­ëå á¨áâ¥¬ x1(·), . . . , xn(·) ¨ y1(·), . . . , yn(·) ¨
¨§ ã¯®àï¤®ç¥­­®áâ¨ íâ¨å ��� ¯® ¢®§à áâ ­¨î ¯®ª § â¥«¥©. �§ [16] ¢ë-
â¥ª ¥â áãé¥áâ¢®¢ ­¨¥ â ª®£® Bk > 0 , çâ® ¤«ï ¢á¥å 0 6 s 6 t ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢®

‖xk(t)‖
‖xk(s)‖ 6 Bk

‖yk(t)‖
‖yk(s)‖,
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¯®íâ®¬ã
‖yk+1(t)‖
‖yk+1(s)‖ : ‖xk(t)‖

‖xk(s)‖ > ‖yk+1(t)‖
‖yk+1(s)‖ : Bk

‖yk(t)‖
‖yk(s)‖ > ec(t−s) d

Bk
.

� «¥¥,
‖xk(t)‖6 Bk

‖xk(0)‖
‖yk(0)‖‖yk(t)‖=: Ck‖yk(t)‖,

á«¥¤®¢ â¥«ì­®,

‖xk(t)‖
‖xk(s)‖ >

∥∥∥∥
k∑

j=1
αjyj(t)

∥∥∥∥

Ck‖yk(s)‖ > ‖yk(t)‖
Ck‖yk(s)‖

∣∣∣∣ |αk| −
k−1∑

j=1

|αj| ‖yj(t)‖
‖yk(t)‖

∣∣∣∣ > dk
‖yk(t)‖
‖yk(s)‖ ,

§¤¥áì dk > 0 ­¥ § ¢¨á¨â ®â t ¨ s ,   ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ë¯®«­¥­®
¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å t . �â® á«¥¤ã¥â ¨§ á®®â­®è¥­¨ï λ[yj] < λ[yk]
¯à¨ j = 1, . . . , k − 1 , ª®â®à®¥ ¢«¥ç¥â à ¢¥­áâ¢®

lim
t→∞

k−1∑

j=1

|αj| ‖yj(t)‖
‖yk(t)‖ = 0.

�®íâ®¬ã
‖xk(t)‖
‖xk(s)‖ : ‖yk−1(t)‖

‖yk−1(s)‖ > dk
‖yk(t)‖
‖yk(s)‖ : ‖yk−1(t)‖

‖yk−1(s)‖ > dkdec(t−s)

¤«ï ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å t ¨ ¢á¥å s ∈ [0, t] .
�®¢â®àïï ¤®ª § â¥«ìáâ¢® ¤«ï j 6= k , £¤¥ ¢¬¥áâ® y1(·), . . . , yn(·) à á-

á¬ âà¨¢ ¥âáï ¡ §¨á y1(·), . . . , yk−1(·), xk(·), yk+1(·), . . . , yn(·) , ¨ ¯à®¤®«¦ ï
íâ®â ¯à®æ¥áá ¯à¥®¡à §®¢ ­¨ï ¡ §¨á , ¬®¦­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®-
áâ¨ á®®â­®è¥­¨© (19.11). �¥¬¬  ¤®ª § ­ .

�   ¬ ¥ ç   ­ ¨ ¥ 19.2 [132]. �á¯®«ì§ãï ¬¥â®¤ ¤®ª § â¥«ìáâ¢  ¤¨ £®-
­ «¨§¨àã¥¬®áâ¨ á¨áâ¥¬ á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî (�. �. �ë«®¢,
[16]), ¬®¦­® ¯à®¢¥à¨âì, çâ® ¤«ï ¢áïª®£® ­®à¬ «ì­®© ��� x1(·), . . . , xn(·)
á¨áâ¥¬ë (19.8) ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

βij(t) := ^(xi(t), xj(t)) > β

á ­¥ª®â®à®© ª®­áâ ­â®© β > 0 ¯à¨ ¢á¥å i 6= j ¨ t ∈ R+ .
� ¥ ® à ¥ ¬   19.1 [132]. �á«¨ á¨áâ¥¬  (ϕ, σ) à ¢­®¬¥à­® á®£« á®¢ ­-

­ , á¢®¡®¤­ ï á¨áâ¥¬  (19.4) ¤¨ £®­ «¨§¨àã¥¬  ¨ γ+(σ) | ª®¬¯ ªâ,
â® á¨áâ¥¬  (ϕ, σ) ®¡« ¤ ¥â á¢®©áâ¢®¬ à ¢­®¬¥à­®© «®ª «ì­®© ã¯à -
¢«ï¥¬®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢ .
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� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª (19.4) ¤¨ £®­ «¨§¨àã¥¬ , â® ª ¦¤ ï
¨§ á¨áâ¥¬ σ0 ∈ γ+(σ) â ª¦¥ ­¥ª®â®àë¬ «ï¯ã­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬
¯à¨¢®¤¨âáï ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã (íâ® ¬®¦­® ¯à®¢¥à¨âì, ¨á¯®«ì§ãï
¬¥â®¤ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 19.2).

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ σ0 ∈ γ+(σ) . �§ â¥®à¥¬ë 13.5 ¢ëâ¥ª -
¥â, çâ® á¨áâ¥¬  (ϕ, σ0) ®¡« ¤ ¥â á¢®©áâ¢®¬ «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨
¯®ª § â¥«¥© �ï¯ã­®¢ , â® ¥áâì ¤«ï «î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥
δ = δ(ε, σ0) > 0 , çâ® ¤«ï ª ¦¤®£® ¢¥ªâ®à  µ = (µ1, . . . , µn) ∈ Bδ(0) ⊂ Rn ,
ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬

λi+1(σ) + µi+1 > λi(σ) + µi, i = 1, . . . , n− 1,

­ ©¤¥âáï ã¯à ¢«¥­¨¥ U : R+ → Bε(0) ⊂ Mmr , ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«-
­¥­¨¥ à ¢¥­áâ¢

λi(σ0, U) = λi(σ0) + µi, i = 1, . . . , n.

�® ¢á¥ á¨áâ¥¬ë (ϕ, σ0) , σ0 ∈ γ+(σ) à ¢­®¬¥à­® á®£« á®¢ ­­ë á ®¤­¨¬¨
¨ â¥¬¨ ¦¥ ª®­áâ ­â ¬¨ ϑ ¨ l (á¬. ®¯à¥¤¥«¥­¨¥ 2.2), ¯®íâ®¬ã ¢¥«¨ç¨­ 
δ(ε, σ0) ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨ ®â σ0 ­¥ § ¢¨á¨â ¨ ¬®¦¥â ¡ëâì ¢ë¡à ­ 
®¤­®© ¨ â®© ¦¥ ¤«ï ¢á¥å σ0 ∈ γ+(σ) . �«¥¤®¢ â¥«ì­®, á¨áâ¥¬  (ϕ, σ)
®¡« ¤ ¥â á¢®©áâ¢®¬ à ¢­®¬¥à­®© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥-
«¥© �ï¯ã­®¢ . �¥®à¥¬  ¤®ª § ­ .

�§ â¥®à¥¬ë 13.5 ¢ëâ¥ª ¥â â ª¦¥ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.
� ¥ ® à ¥ ¬   19.2 [132]. �ãáâì ¬­®¦¥áâ¢® γ+(σ) ª®¬¯ ªâ­®, á¨áâ¥-

¬  (ϕ, σ) à ¢­®¬¥à­® á®£« á®¢ ­­  ¨ ¤«ï ª ¦¤®£® σ0 ∈ γ+(σ) ¯®ª -
§ â¥«¨ �ï¯ã­®¢  á¨áâ¥¬ë _x = A(f tσ0)x ãáâ®©ç¨¢ë. �®£¤  á¨áâ¥¬ 
(ϕ, σ) ®¡« ¤ ¥â á¢®©áâ¢®¬ à ¢­®¬¥à­®© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®-
ª § â¥«¥© �ï¯ã­®¢ .

�¥à¥©¤¥¬ â¥¯¥àì ª ¨§ãç¥­¨î á¥¬¥©áâ¢  (19.1), £¤¥ r = n ¨

C(f tσ) ≡ E ∈ Mn.

�®«®¦¨¬ ϕ(σ) = (A(σ), B(σ)) ¨ ª ¦¤ãî ¨§ á¨áâ¥¬

_x = A(f tσ)x + B(f tσ)u (19.12)

¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á ¯ à®© (ϕ, σ) . �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ϕ(f tσ)
ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (19.2). �§ â¥®à¥¬ë 3.1 ¢ëâ¥ª ¥â, çâ® (ϕ, σ)
à ¢­®¬¥à­® á®£« á®¢ ­­  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  (ϕ, σ) à ¢-
­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .
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�ãáâì E | ª®¬¯ ªâ­®¥ ¨­¢ à¨ ­â­®¥ ¬­®¦¥áâ¢® ¢ � . �ã¤¥¬ ­ -
§ë¢ âì äã­ªæ¨î L : R× E → Mn ¯¥àà®­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ á¨áâ¥-
¬ë (19.4), ¥á«¨ ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ σ ∈ E äã­ªæ¨ï t 7→ L(t, σ)
áãâì ¯¥àà®­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ [18, á. 263] á¨áâ¥¬ë (19.4). �â® ®§­ -
ç ¥â, çâ® ¬ âà¨æ 

− P (t, σ) = _L(t, σ)L∗(t, σ) + L(t, σ)A(f tσ)L∗(t, σ), (19.13)

| ­¨¦­ïï âà¥ã£®«ì­ ï, ¨ L(t, σ) ®àâ®£®­ «ì­  ¯à¨ ¢á¥å (t, σ) ∈ R×E .
� à ¡®â¥ �. �. �¨««¨®­é¨ª®¢  [105] ¯®ª § ­®, çâ® ¥á«¨ E ¬¨­¨¬ «ì­®,
â® ¯¥àà®­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ à¥ªãàà¥­â­® ¯® t (à ¢­®¬¥à­® ®â­®-
á¨â¥«ì­® σ ∈ E ), â. ¥. ¤«ï «î¡®£® ε > 0 ¬­®¦¥áâ¢® â¥å τ ∈ R , ¤«ï
ª®â®àëå ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

max{‖L(t + τ, σ)− L(t, σ)‖ : |t|6 ε−1, σ ∈ E} < ε,

®â­®á¨â¥«ì­® ¯«®â­® ­  R . �â¬¥â¨¬, ªà®¬¥ â®£®, çâ®

L(t + τ, σ) = L(t, f τσ), (t, τ) ∈ R× R.

� ¥ ¬ ¬   19.3 [132]. �ãáâì E | ª®¬¯ ªâ­®¥ ¨­¢ à¨ ­â­®¥ ¬­®-
¦¥áâ¢® ¨ á¨áâ¥¬  (19.12) ­¥ ï¢«ï¥âáï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥-
¬®© ¯à¨ ­¥ª®â®à®¬ σ ∈ E . �®£¤  ­ ©¤ãâáï ¬¨­¨¬ «ì­®¥ ¬­®¦¥áâ¢®
Eα ⊂ E , ­ âãà «ì­®¥ p ¨ ¯¥àà®­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ L : R×Eα → Mn ,
â ª¨¥, çâ® ¤«ï «î¡®£® σ ∈ Eα ¯à¥®¡à §®¢ ­¨¥ x = L(t, σ)w ¯à¨¢®¤¨â
á¨áâ¥¬ã (19.12) ª ¢¨¤ã

_w = F̂ (t, σ)w + Ĝ(t, σ)v, w ∈ Rn, v ∈ Rm, (19.14)

£¤¥
F̂ =

(
F̂11 0
F̂21 F̂22

)
, Ĝ =

( 0
Ĝ2

)
,

¬ âà¨æë F̂11(t, σ) ∈ Mpp ¨ F̂22(t, σ) ∈ Mn−p,n−p | ­¨¦­¨¥ âà¥ã£®«ì­ë¥
¯à¨ ª ¦¤ëå (t, σ) ∈ R× Eα ,   Ĝ2(t, σ) ¨¬¥¥â à §¬¥àë (n− p)×m .

� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã â¥®à¥¬ë 1 à ¡®âë �. �. �¢ ­®¢  ¨
�. �. �®­ª®¢  [54] ­ ©¤¥âáï ¬¨­¨¬ «ì­®¥ ¬­®¦¥áâ¢® Eα ¢ E â ª®¥, çâ®
¤«ï ª ¦¤®© â®çª¨ σ ∈ Eα á¨áâ¥¬  (19.4) ­¥ ï¢«ï¥âáï ¢¯®«­¥ ã¯à -
¢«ï¥¬®© ­  [0, ϑ] ¯à¨ ª ¦¤®¬ ϑ > 0 . �®íâ®¬ã [76, á. 138] áãé¥áâ¢ã¥â
­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ ψ(t, σ) á®¯àï¦¥­­®© á¨áâ¥¬ë

_ψ = −ψA(f tσ), ψ ∈ Rn∗, (19.15)
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ã¤®¢«¥â¢®àïîé¥¥ à ¢¥­áâ¢ã

ψ(t, σ)B(f tσ) ≡ 0 t ∈ R+.

�ãáâì ψi(t, σ) , i = 1, . . . , n , | ��� á¨áâ¥¬ë (19.15), ¯¥à¢ë¥ p ¢¥ªâ®à®¢
ª®â®à®© ã¤®¢«¥â¢®àïîâ íâ®¬ã à ¢¥­áâ¢ã,   ψp+1(t, σ) | ­¥ ã¤®¢«¥â¢®-
àï¥â. �à¨¬¥­¨¬ ¯à®æ¥áá ®àâ®£®­ «¨§ æ¨¨ �¬¨¤â :

ξ1 = ψ1, ν1 = ξ1
‖ξ1‖ ,

ξk = ψk −
k−1∑

j=1
ψkν

∗
j νj, νk = ξk

‖ξk‖ , k = 2, . . . , n.

�®£¤ 
νj(t, σ)B(f tσ) = 0, t ∈ R+, j = 1, . . . , p. (19.16)

�®áâà®¨¬ ¬ âà¨æã L(t, σ) , áâà®ª ¬¨ ª®â®à®© á«ã¦ â ¢¥ªâ®àë ν1(t, σ) ,
ν2(t, σ), . . . , νn(t, σ) . �®£¤  L | ®àâ®£®­ «ì­ ï ¬ âà¨æ ,   ¯à¥®¡à §®¢ -
­¨¥ ψ = ηL(t, σ) ¯à¨¢®¤¨â á¨áâ¥¬ã (19.15) ª á¨áâ¥¬¥

_η = ηP (t, σ)

á ­¨¦­¥© âà¥ã£®«ì­®© ¬ âà¨æ¥©. �®íâ®¬ã ¯à¥®¡à §®¢ ­¨¥

x = L−1(t, σ)w

¯à¨¢®¤¨â (19.4) ª ­¨¦­¥¬ã âà¥ã£®«ì­®¬ã ¢¨¤ã

_w = −P (t, σ)w.

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï L : R × Eα → Mn ï¢«ï¥âáï ¯¥àà®­®¢áª¨¬
¯à¥®¡à §®¢ ­¨¥¬ á¨áâ¥¬ë (19.15),   ¨§ (19.13) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì
á®®â­®è¥­¨ï −P (t, σ) = F̂ (t, σ) . �âà®ª¨ ¬ âà¨æë L(t, σ) ®¡à §®¢ ­ë
¢¥ªâ®à ¬¨ νj(t, σ) , ¯à¨ç¥¬ ¢ë¯®«­¥­® (19.16), ¯®íâ®¬ã ¯¥à¢ë¥ p áâà®ª
¬ âà¨æë

Ĝ(t, σ) := L(t, σ)B(f tσ)
­ã«¥¢ë¥. �¥¬¬  ¤®ª § ­ .

�   ¬ ¥ ç   ­ ¨ ¥ 19.3. �§ à ¡®âë �. �. �¨««¨®­é¨ª®¢  [105] á«¥¤ã¥â,
çâ® äã­ªæ¨ï t 7→ L(t, σ) à¥ªãàà¥­â­  (¨, ¢ á¨«ã ¬¨­¨¬ «ì­®áâ¨ Eα ,
à ¢­®¬¥à­® à¥ªãàà¥­â­  ¯® σ ∈ Eα ).
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� ¥ ® à ¥ ¬   19.3 [130, 132]. �à¥¤¯®«®¦¨¬, çâ® ¬­®¦¥áâ¢® γ+(σ)
ª®¬¯ ªâ­® ¨ (19.4) | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî. �¨-
áâ¥¬  (ϕ, σ) ®¡« ¤ ¥â á¢®©áâ¢®¬ à ¢­®¬¥à­®© «®ª «ì­®© ã¯à ¢«ï¥¬®-
áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  (ϕ, σ)
à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. � ® á â   â ® ç ­ ® á â ì á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­®
¨§ â¥®à¥¬ë 19.1 (¢áïª ï á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî ¤¨ -
£®­ «¨§¨àã¥¬ ).

� ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì á¨áâ¥¬  (ϕ, σ)
­¥ ï¢«ï¥âáï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©. �§ «¥¬¬ë 19.3 á«¥¤ã¥â
áãé¥áâ¢®¢ ­¨¥ â ª®© â®çª¨ σ0 ∈ γ+(σ) , çâ® á¨áâ¥¬ 

_x = A0(t)x + B0(t)u, (19.17)
£¤¥ A0(t):=A(f tσ0) , B0(t):=B(f tσ0) , ®¡« ¤ ¥â á¢®©áâ¢®¬: á®¯àï¦¥­­ ï
á¨áâ¥¬ 

_ξ = −ξA0(t) (19.18)
¨¬¥¥â à¥è¥­¨¥ ξ1(·) , â ª®¥, çâ®

ξ1(t)B0(t) ≡ 0, t ∈ R. (19.19)
� ª ª ª (19.4) | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî, â® ¨§

¯à¥¤«®¦¥­¨ï 19.1 ¨ «¥¬¬ë 19.1 á«¥¤ã¥â, çâ® á¨áâ¥¬ë
_x = A0(t)x

¨ (19.18) â ª¦¥ ï¢«ïîâáï á¨áâ¥¬ ¬¨ á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî.
� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ãî ��� ξ1(·), . . . , ξn(·) á¨áâ¥¬ë (19.18), £¤¥
äã­ªæ¨ï ξ1(·) ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã (19.19). �®«®¦¨¬

νj(t) = ξj(t)
‖ξj(t)‖ , L(t) = col(ν1(t), . . . , νn(t)) ∈ Mn.

�§ § ¬¥ç ­¨ï 19.2 á«¥¤ã¥â, çâ® ã£«ë ¬¥¦¤ã ¢¥ªâ®à ¬¨ ξi(t) ¨ ξj(t) ¯à¨
¢á¥å i 6= j áâà®£® ®â¤¥«¥­ë ®â ­ã«ï ­  R+ . �. �. �ë«®¢ ¢ [17] ¯®ª § «,
çâ® ¯à¥®¡à §®¢ ­¨¥ ξ = ηL(t) ï¢«ï¥âáï «ï¯ã­®¢áª¨¬ ¨ ¯à¨¢®¤¨â á¨áâ¥-
¬ã (19.18) ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã. � (19.17) ¯à¨¬¥­¨¬ ¯à¥®¡à §®¢ ­¨¥
y = L(t)x , ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬ á¨áâ¥¬ã

_y = P0(t)y + G0(t)u,

 ­ «®£¨ç­ãî (19.14), ­® á ¤¨ £®­ «ì­®© ¬ âà¨æ¥©
P0(t) .= diag(p1(t), . . . , pn(t)),
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í«¥¬¥­âë ª®â®à®© ¨­â¥£à «ì­® ®â¤¥«¥­ë, ¨ ¬ âà¨æ¥©

G0(t) := L(t)B(t),

¯¥à¢ ï áâà®ª  ª®â®à®© ­ã«¥¢ ï. �¡®§­ ç¨¬ ç¥à¥§ λ1(P0) < . . . < λn(P0)
¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  ®¤­®à®¤­®© á¨áâ¥¬ë

_y = P0(t)y. (19.20)

�®áª®«ìªã (19.20) | á¨áâ¥¬  á ¨­â¥£à «ì­®© à §¤¥«¥­­®áâìî, ¥¥ ¯®-
ª § â¥«¨ �ï¯ã­®¢  ãáâ®©ç¨¢ë, á«¥¤®¢ â¥«ì­®, ­ ©¤¥âáï â ª®¥ δ1 > 0 ,
çâ® ¢áïª®¥ ¨§¬¥à¨¬®¥ ã¯à ¢«¥­¨¥ U : R+ → Bδ1(0) ⊂ Mmn ¯®à®¦¤ ¥â
á¨áâ¥¬ã

_y = (P0(t) + G0(t)U(t))y, (19.21)
¯®ª § â¥«¨ �ï¯ã­®¢  ª®â®à®© ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬

|λj(P0)− λj(P0 + G0U)| < ε0,

£¤¥
ε0 = min

i=1,...,n−1
(λi+1(P0)− λi(P0))/4.

�â® ®§­ ç ¥â, çâ® ¯®«­ë© á¯¥ªâà á¨áâ¥¬ë (19.21) á®áâ®¨â ¨§ ¯®¯ à­®
à §«¨ç­ëå ç¨á¥«.

� àï¤ã á (19.21) à áá¬®âà¨¬ ãá¥ç¥­­ãî á¨áâ¥¬ã

_z = (P1(t) + G1(t)U1(t))z, z ∈ Rn−1, (19.22)

¬ âà¨æ  P1 + G1U1 ª®â®à®© ¯®«ãç ¥âáï ¨§ P0 + G0U ¢ëç¥àª¨¢ ­¨¥¬
¯¥à¢®© áâà®ª¨ ¨ ¯¥à¢®£® áâ®«¡æ ,

P1(t) = diag(p2(t), . . . , pn(t)),

G1(t) | íâ® (n− 1)×m ¬ âà¨æ , ®¡à §®¢ ­­ ï ¨§ G0(t) ®â¡à áë¢ ­¨-
¥¬ ¯¥à¢®© áâà®ª¨,   U1(t) | íâ® m× (n− 1) ¬ âà¨æ , ®¡à §®¢ ­­ ï ¨§
U(t) ®â¡à áë¢ ­¨¥¬ ¯¥à¢®£® áâ®«¡æ . �¨áâ¥¬  (19.22) ï¢«ï¥âáï ¢®§¬ã-
é¥­­®© ¯® ®â­®è¥­¨î ª ¤¨ £®­ «ì­®© á¨áâ¥¬¥

_z = P1(t)z, z ∈ Rn−1, (19.23)

¤¨ £®­ «ì ª®â®à®© ¨­â¥£à «ì­® à §¤¥«¥­ . � ª ª ª ¯®«­ë¥ á¯¥ªâàë ¯®-
ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ (19.20) ¨ (19.23) á®áâ®ïâ ¨§ ­ ¡®à®¢ ¢¥àå­¨å
áà¥¤­¨å §­ ç¥­¨© äã­ªæ¨© p1(·), p2(·) . . . , pn(·) ¨ p2(·), . . . , pn(·) á®®â¢¥â-
áâ¢¥­­®, â® ¤«ï ª ¦¤®£® j ∈ {1, . . . , n − 1} áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥
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i ∈ {1, . . . , n} â ª®¥, çâ® λj(P1) = λi(P0) , ¯à¨ç¥¬ à §­ë¬ §­ ç¥­¨ï¬
j ®â¢¥ç îâ à §­ë¥ §­ ç¥­¨ï i . �¥à¥§ k ∈ {1, . . . , n} ®¡®§­ ç¨¬ â ª®©
¨­¤¥ªá, çâ® λk(P0) = p1 . �§ ¨­â¥£à «ì­®© à §¤¥«¥­­®áâ¨ ¤¨ £®­ «¨ ¬ -
âà¨æë P1(·) ¢ëâ¥ª ¥â ãáâ®©ç¨¢®áâì ¯®ª § â¥«¥© á¨áâ¥¬ë (19.23), ¯®íâ®-
¬ã áãé¥áâ¢ã¥â δ2 > 0 â ª®¥, çâ® ¨§ ãá«®¢¨ï sup

t
‖U1(t)‖ < δ2 á«¥¤ãîâ

­¥à ¢¥­áâ¢ 
|λj(P1)− λj(P1 + G1U1)| < ε0, j = 1, . . . , n− 1.

�®§ì¬¥¬ δ0 = min{δ1, δ2} ¨ § ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ãî ¨§¬¥à¨¬ãî
äã­ªæ¨î U : R+ → Bδ0(0) ⊂ Mmn . �¡®§­ ç¨¬

λ̂i = λi(P0 + G0U), i = 1 . . . , n.

�ãáâì U1(t) | m× (n− 1) -¬ âà¨æ , ¯®«ãç¥­­ ï ¨§ U(t) ¢ëç¥àª¨-
¢ ­¨¥¬ ¯¥à¢®£® áâ®«¡æ . �®£¤  U1 : R+ → Bδ0(0) ⊂ Mm,n−1 | ¨§¬¥à¨¬ .

� áá¬®âà¨¬ ­®à¬ «ì­ãî ��� z(1)(·), . . . , z(n−1)(·) á¨áâ¥¬ë (19.22),
â ªãî, çâ® λ[z(i)] = λi(P1 + G1U) ;

z(i)(t) = col(z(i)
1 (t), . . . , z(i)

n−1(t)), i = 1, . . . , n− 1.

�®«®¦¨¬ y(i)(t) = col(0, z
(i)
1 (t), . . . , z(i)

n−1(t)) . �ã­ªæ¨¨ y(1)(·), . . . , y(n−1)(·)
ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ à¥è¥­¨ï¬¨ á¨áâ¥¬ë (19.21), ¨å ¯®ª -
§ â¥«¨ ¯®¯ à­® à §«¨ç­ë ¨ «¥¦ â ¢ ε0 -®ªà¥áâ­®áâïå ç¨á¥« λj(P0) ¯à¨
j 6= k . �«¥¤®¢ â¥«ì­®, ­ ¡®à ¯®ª § â¥«¥© íâ¨å à¥è¥­¨© á®¢¯ ¤ ¥â á
­ ¡®à®¬ ç¨á¥« λ̂j , j = 1, . . . , n , j 6= k .

�ãáâì y(n)(·) | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (19.21), ¯®ª § â¥«ì
ª®â®à®£® à ¢¥­ λ̂k . � ª ª ª ç¨á«  λ̂1, . . . , λ̂n ¯®¯ à­® à §«¨ç­ë, â®
äã­ªæ¨¨ y(1)(·), . . . , y(n)(·) «¨­¥©­® ­¥§ ¢¨á¨¬ë,   íâ® ®§­ ç ¥â, çâ® ¯¥à-
¢ ï ª®®à¤¨­ â  y

(n)
1 (·) à¥è¥­¨ï y(n)(·) ­¥ à ¢­  â®¦¤¥áâ¢¥­­® ­ã«î (¢

¯à®â¨¢­®¬ á«ãç ¥ äã­ªæ¨ï z(n)(t) = col(y(n)
2 (t), . . . , y(n)

n (t)) | à¥è¥­¨¥
á¨áâ¥¬ë (n − 1) -£® ¯®àï¤ª  (19.22), «¨­¥©­® § ¢¨á¨¬®¥ á à¥è¥­¨ï¬¨
z(1)(·), . . . , z(n−1)(·) , çâ® ¢«¥ç¥â «¨­¥©­ãî § ¢¨á¨¬®áâì y(1)(·), . . . , y(n)(·) ).
�®

_y(n)
1 (t) = p1(t)y(n)

1 (t),
¯®íâ®¬ã

y
(n)
1 (t) = c · exp

t∫

0
p1(τ) dτ,

£¤¥ c 6= 0 . �«¥¤®¢ â¥«ì­®,
λ̂k = λ[y(n)] > λ[y(n)

1 ] = p1 = λk(P0).
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�â ª, äã­ªæ¨¨ y(1)(·), . . . , y(n)(·) ®¡à §ãîâ ­®à¬ «ì­ãî ��� á¨áâ¥-
¬ë (19.21), ¯à¨ íâ®¬ ­¨ ®¤¨­ ¯®ª § â¥«ì λi(P0 + G0U) ­¥ ¯®¯ ¤ ¥â ¢
«¥¢ãî ε0 -¯®«ã®ªà¥áâ­®áâì ¢¥«¨ç¨­ë λk(P0), ¨ íâ® ¢¥à­® ¤«ï «î¡®©
¨§¬¥à¨¬®© äã­ªæ¨¨ U : R+ → Bδ0(0) ⊂ Mnm . �®íâ®¬ã ¢®§¬ãé¥­¨ï¬¨
G0(t)U(t) , sup

t
‖U(t)‖ < δ0 , ­¥¢®§¬®¦­® ¤®¡¨âìáï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢ 

λk(P0 + G0U) = λk(P0) + µk

¯à¨ ¬ «ëå ®âà¨æ â¥«ì­ëå µk . �â® ®§­ ç ¥â, çâ® ¯®ª § â¥«¥¬ λk(σ0)
á¨áâ¥¬ë _x = A(f tσ0)x ã¯à ¢«ïâì ­¥«ì§ï. �¥®à¥¬  ¤®ª § ­ .

§ 20. �¯à ¢«¥­¨¥ ¯®ª § â¥«ï¬¨ �ï¯ã­®¢ 
¯®çâ¨ ¯¥à¨®¤¨ç¥áª®£® ãà ¢­¥­¨ï

� íâ®¬ ¯ à £à ä¥ ¤«ï áª «ïà­®£® ãà ¢­¥­¨ï n-£® ¯®àï¤ª 
z(n) + uσ1(t)z(n−1) + . . . + uσn(t)z = 0

á ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨¬¨ ¯® �®àã ¨ «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ ­ 
R ª®íää¨æ¨¥­â ¬¨ σ1(·), . . . , σn(·) ãáâ ­®¢«¥­  à ¢­®¬¥à­ ï «®-
ª «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®ª § â¥«¥© �ï¯ã­®¢ .

� áá¬®âà¨¬ ãà ¢­¥­¨¥
z(n) + uσ1(t)z(n−1) + . . . + uσn(t)z = 0, z ∈ R, (20.1)

£¤¥ u = u(t) | ¢á¥¢®§¬®¦­ë¥ ¨§¬¥à¨¬ë¥ ¨ ®£à ­¨ç¥­­ë¥ ­  R áª -
«ïà­ë¥ ã¯à ¢«¥­¨ï,   ª®íää¨æ¨¥­âë t → σi(t) ¯®çâ¨ ¯¥à¨®¤¨ç­ë ¢
á¬ëá«¥ �®à  (®¯à¥¤¥«¥­¨¥ ¯®çâ¨ ¯¥à¨®¤¨ç­®áâ¨ ¯® �®àã á¬., ­ ¯à¨-
¬¥à, ¢ [39, á. 368]). �¡®§­ ç¨¬

σ(t) = (σ1(t), . . . , σn(t))
¨ ¯® ãà ¢­¥­¨î (20.1) ¯®áâà®¨¬ ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã á¤¢¨£®¢ (�, f t) ,
£¤¥ � | § ¬ëª ­¨¥ (¢ â®¯®«®£¨¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ­  R ) ¬­®-
¦¥áâ¢  á¤¢¨£®¢ äã­ªæ¨¨ σ(·) ,   f τσ = στ(·) . � ª¨¬ ®¡à §®¬, ¢áïª®©
äã­ªæ¨¨ σ̂(·) ∈ � ®â¢¥ç ¥â ãà ¢­¥­¨¥ ¢¨¤  (20.1), ª®â®à®¥ ¬ë ®â®-
¦¤¥áâ¢«ï¥¬ á σ̂(·) .

�®§ì¬¥¬ ª ª®¥-«¨¡® ãà ¢­¥­¨¥ σ̂(·) ∈ � ¨ § ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì-
­®¥ ¨§¬¥à¨¬®¥ ¨ ®£à ­¨ç¥­­®¥ ­  R ã¯à ¢«¥­¨¥ u(·) . �â®¦¤¥áâ¢¨¬
¯®«ãç¥­­®¥ ãà ¢­¥­¨¥ á á¨áâ¥¬®©

_x = (A + bĉ∗(t)u(t))x, (20.2)
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£¤¥

A =




0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0
0 0 0 . . . 0 1
0 0 0 . . . 0 0




, b =




0
0
. .
0
0
1




, ĉ(t) =




σ̂n(t)
σ̂n−1(t)
. . . . . .
σ̂3(t)
σ̂2(t)
σ̂1(t)




.

�ãáâì λ1(A + bĉ∗u) 6 . . . 6 λn(A + bĉ∗u) | ¯®«­ë© á¯¥ªâà ¯®ª § â¥-
«¥© �ï¯ã­®¢  á¨áâ¥¬ë (20.2). �ã¤¥¬ £®¢®à¨âì, çâ® ­ ¡®à íâ¨å ç¨á¥«
®¡à §ã¥â ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© ãà ¢­¥­¨ï (20.1), ¨ ¡ã¤¥¬ ®¡®-
§­ ç âì ¥£® λ1(σ̂, u) 6 λ2(σ̂, u) 6 . . . 6 λn(σ̂, u) . �â¬¥â¨¬, çâ® ¤«ï «î-
¡®© á¨áâ¥¬ë σ̂ ∈ � ã¯à ¢«¥­¨î u(t) ≡ 0 ®â¢¥ç ¥â ¯®«­ë© á¯¥ªâà
λ1(σ̂, 0) = . . . = λn(σ̂, 0) = 0 .

� ¥ ® à ¥ ¬   20.1 [132]. �ãáâì äã­ªæ¨¨ σ1(·), . . . , σn(·) ¯®çâ¨ ¯¥à¨-
®¤¨ç­ë ¢ á¬ëá«¥ �®à  ¨ «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  R . �®£¤  ¤«ï ¢áï-
ª®£® ε > 0 áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ® ¤«ï «î¡®£® ¢¥ªâ®à 
µ = col(µ1, . . . , µn) ∈ Rn á ª®®à¤¨­ â ¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ ­¥à ¢¥­-
áâ¢ ¬ −δ < µ16µ26. . .6µn < δ , ¨ «î¡®£® ãà ¢­¥­¨ï σ̂(·) ∈ � ­ ©¤¥âáï
¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ û(t) = u(t, σ̂(·), µ) , |û(t)| < ε , ®¡¥á¯¥ç¨¢ îé¥¥
¤«ï ¯®ª § â¥«¥© �ï¯ã­®¢  λ1(σ̂, û), λ2(σ̂, û), . . . , λn(σ̂, û) ãà ¢­¥­¨ï σ̂(·)
¯à¨ ã¯à ¢«¥­¨¨ û(·) à ¢¥­áâ¢ 

λi(σ̂, û) = µi, i = 1, . . . , n.

� ® ª   §   â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã
á ­ ¡«î¤ â¥«¥¬

_x = Ax + bu, y = c∗(t)x,

£¤¥ x ∈ Rn , y ∈ R , u ∈ R , ¯®áâ®ï­­ë¥ ¬ âà¨æ  A ¨ ¢¥ªâ®à b ®¯à¥¤¥-
«¥­ë ¢ëè¥,  

c(t) = col(σn(t), σn−1(t), . . . , σ1(t)).
�ã¤¥¬ ®â®¦¤¥áâ¢«ïâì íâã á¨áâ¥¬ã á âà®©ª®© (A, b, c(·)) . �«ï ¤®ª § -
â¥«ìáâ¢  â¥®à¥¬ë ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 19.2. �â¬¥â¨¬, çâ® ã á¨áâ¥-
¬ë _x = Ax ¯®ª § â¥«¨ ãáâ®©ç¨¢ë,   ¢ á¨«ã ¯®çâ¨ ¯¥à¨®¤¨ç­®áâ¨ c(·)
¬­®¦¥áâ¢® γ+(σ) ¬¨­¨¬ «ì­®, ª®¬¯ ªâ­® ¨ á®¢¯ ¤ ¥â á � . �®íâ®¬ã,
¢ á¨«ã â¥®à¥¬ë 2.3, ¨§ á®£« á®¢ ­­®áâ¨ âà®©ª¨ (A, b, c(·)) á«¥¤ã¥â ¥¥
à ¢­®¬¥à­ ï á®£« á®¢ ­­®áâì.
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�®ª ¦¥¬, çâ® âà®©ª  (A, b, c(·)) á®£« á®¢ ­­ . � áá¬®âà¨¬ á­ ç « 
á«ãç © n = 2 . �®áâà®¨¬ äã­ªæ¨¨

Uij(t) = b∗X∗(0, t)eie
∗
jX

∗(t, 0)c(t), i, j = 1, 2,

£¤¥
X(t, s) =

( 1 t

0 1

)

| ¬ âà¨æ  �®è¨ á¨áâ¥¬ë _x = Ax . �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

U11(t) = −tσ1(t), U12(t) = −t2σ1(t)− tσ2(t),

U21(t) = σ1(t), U22(t) = tσ1(t) + σ2(t).
� á¨«ã â¥®à¥¬ë 2.1 âà®©ª  (A, b, c(·)) á®£« á®¢ ­­  ¢ â®¬ ¨ â®«ìª® â®¬
á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â ϑ > 0 â ª®¥, çâ® äã­ªæ¨¨ Uij(·) «¨­¥©­®
­¥§ ¢¨á¨¬ë ­  [0, ϑ] . �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì äã­ªæ¨¨ Uij(·)
«¨­¥©­® § ¢¨á¨¬ë ­  R+ . �®£¤  áãé¥áâ¢ãîâ α, β, γ, δ , ­¥ ¢á¥ à ¢­ë¥
­ã«î, â ª¨¥, çâ®

ασ1(t)t + βσ1(t)t2 + βσ2(t)t + γσ1(t) + δσ1(t)t + δσ2(t) ≡ 0, t > 0. (20.3)

�«¥¤®¢ â¥«ì­®,
ασ1(t)

t
+ βσ1(t) + βσ2(t)

t
+ γσ1(t)

t2 + δσ1(t)
t

+ δσ2(t)
t2 ≡ 0, t > 0.

�¥à¥©¤¥¬ ¢ íâ®¬ â®¦¤¥áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ t → +∞ , ¯®«ãç¨¬ à ¢¥­áâ¢®

lim
t→∞βσ1(t) = 0.

� ª ª ª σ1(·) | ­¥âà¨¢¨ «ì­ ï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï, â®

lim
t→∞σ1(t) 6= 0,

¯®íâ®¬ã β = 0 . �«¥¤®¢ â¥«ì­®, (20.3) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

(α + δ)σ1(t) + γσ1(t) + δσ2(t)
t

≡ 0, t > 0.

�âáî¤  α + δ = 0 , ¯®íâ®¬ã (20.3) ¯à¨®¡à¥â ¥â ¢¨¤

γσ1(t) + δσ2(t) ≡ 0,

¨ ¨§ «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ σ1(t) ¨ σ2(t) á«¥¤ã¥â, çâ® γ = δ = 0 ,  
¯®â®¬ã ¨ α = 0 . �â® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î α2+β2+γ2+δ2 > 0 .
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�«ï ¯à®¨§¢®«ì­®£® n ∈ N ¨¬¥¥¬ à ¢¥­áâ¢ 

Uij(t) = (−1)n−i tn−i

(n− i)!
j∑

k=1

tj−k

(j − k)!σk(t), i, j = 1, . . . , n,

¨ â®¦¤¥áâ¢® (20.3) ¯à¨­¨¬ ¥â ¢¨¤
n∑

i,j=1
αij

tn−i

(n− i)!
j∑

k=1

tj−k

(j − k)!σk(t) ≡ 0.

�®¤¥«¨¢ íâ® â®¦¤¥áâ¢® ­  t ¢ ¬ ªá¨¬ «ì­®© áâ¥¯¥­¨ (â. ¥. ­  t2n−2) ,
¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã α1n = 0 . �à®¤®«¦ ï íâ®â ¯à®æ¥áá ¤¥«¥­¨ï ­ 
trk , £¤¥ rk | ¬ ªá¨¬ «ì­ ï áâ¥¯¥­ì ­  k -¬ è £¥, ¯à¨å®¤¨¬ ª á¨áâ¥¬¥

m∑

k=l

αk,n−m+k = 0, l = 1, . . . , n, m = 1, . . . , n.

�â  á¨áâ¥¬  ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥, çâ® ¤®ª §ë¢ ¥â á®£« -
á®¢ ­­®áâì âà®©ª¨ (A, b, c(·)) ,   ¢¬¥áâ¥ á â¥¬ ¨ â¥®à¥¬ã 20.1.
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����� IV. ���������� �������������
��������������� �����������

� íâ®© £« ¢¥ à áá¬®âà¥­ë ¢®¯à®áë ® £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨,
£«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ¨ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨
­¥ª®â®àëå  á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢ § ¬ª­ãâ®© á¨áâ¥¬ë

_x = (A(t) + B(t)U)x, x ∈ Rn.

�á­®¢­ë¥ à¥§ã«ìâ âë ¯®«ãç¥­ë ¢ ¯à¥¤¯®«®¦¥­¨¨ à ¢­®¬¥à­®© ¯®«­®©
ã¯à ¢«ï¥¬®áâ¨ á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬ë

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm.

�®ª § ­  £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï-
¯ã­®¢  (â¥®à¥¬  27.4), ª®íää¨æ¨¥­â®¢ ­¥¯à ¢¨«ì­®áâ¨ (â¥®à¥¬  26.2),
®á®¡ëå ¯®ª § â¥«¥© �. �®«ï (â¥®à¥¬  27.1), æ¥­âà «ì­ëå ¯®ª § â¥«¥©
�. �. �¨­®£à ¤  ¨ �. �. �¨««¨®­é¨ª®¢  (â¥®à¥¬  27.2) ¨ íªá¯®­¥­æ¨-
 «ì­ëå ¯®ª § â¥«¥© �. �. �§®¡®¢  (â¥®à¥¬  27.3), á¢®©áâ¢  ¯à ¢¨«ì-
­®áâ¨ (á«¥¤áâ¢¨¥ 26.2), ¯à¨¢®¤¨¬®áâ¨ (á«¥¤áâ¢¨¥ 26.3) ¨ ãáâ®©ç¨¢®áâ¨
¯®ª § â¥«¥© �ï¯ã­®¢  (â¥®à¥¬  26.3). �áâ ­®¢«¥­  £«®¡ «ì­ ï ¤®áâ¨-
¦¨¬®áâì ¤¢ã¬¥à­ëå á¨áâ¥¬ (â¥®à¥¬  25.1) ¨ £«®¡ «ì­ ï «ï¯ã­®¢áª ï
¯à¨¢®¤¨¬®áâì ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ (â¥®à¥¬  24.1).
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§ 21. �«®¡ «ì­ ï ¤®áâ¨¦¨¬®áâì,
£«®¡ «ì­ ï «ï¯ã­®¢áª ï ¯à¨¢®¤¨¬®áâì ¨
£«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì  á¨¬¯â®â¨ç¥áª¨å ¨­¢ à¨ ­â®¢

� íâ®¬ ¯ à £à ä¥ ¢¢¥¤¥­ë ¯®­ïâ¨ï £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ ¨
£«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ § ¬ª­ãâ®© á¨áâ¥¬ë

_x = (A(t) + B(t)U)x.

�ëïá­¥­  ¢§ ¨¬®á¢ï§ì ¬¥¦¤ã íâ¨¬¨ ¯®­ïâ¨ï¬¨ ¨ ¨å á¢ï§ì á ®¯à¥-
¤¥«¥­¨¥¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢.

� áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm, t ∈ R, (21.1)

á ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ­  R ¬ âà¨ç­ë¬¨ ª®íää¨-
æ¨¥­â ¬¨ A(·), B(·) . � ª ¨ ¯à¥¦¤¥, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ã¯à ¢«¥-
­¨¥ u(·) ¢ á¨áâ¥¬¥ (21.1) ¢ë¡¨à ¥âáï «¨­¥©­ë¬ ¯® ä §®¢ë¬ ª®®à¤¨­ -
â ¬, u = U(t)x , £¤¥ äã­ªæ¨ï U(·) ∈ KCmn(R) ¨£à ¥â à®«ì ¬ âà¨ç­®£®
ã¯à ¢«¥­¨ï ¢ § ¬ª­ãâ®© á¨áâ¥¬¥

_x = (A(t) + B(t)U)x. (21.2)

�¡®§­ ç¨¬ ç¥à¥§ X(t, s) ¬ âà¨æã �®è¨ á¢®¡®¤­®© á¨áâ¥¬ë

_x = A(t)x, (21.3)

Q(t, s) := X(t, s)B(s) , a := sup
t∈R

‖A(t)‖ .
�ãáâì § ¤ ­  ­¥ª®â®à ï n × n ¬ âà¨æ  H . �®áâ ¢¨¬ § ¤ çã ¯®-

áâà®¥­¨ï ­  ¯à®¨§¢®«ì­®¬ ®âà¥§ª¥ [t0, t0 + ϑ] â ª®£® ã¯à ¢«¥­¨ï U(·) ,
çâ® ¤«ï ¬ âà¨æë �®è¨ XU(t, s) § ¬ª­ãâ®© á¨áâ¥¬ë (21.2) ¯à¨ U = U(·)
¢ë¯®«­¥­® à ¢¥­áâ¢®

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)H. (21.4)

� ®â«¨ç¨¥ ®â à áá¬®âà¥­­®£® ¢ £« ¢¥ II ¢®¯à®á  ® «®ª «ì­®© ¤®áâ¨¦¨-
¬®áâ¨ á¨áâ¥¬ë (21.1), §¤¥áì ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® H ∈ Mn |
­¥ ®¡ï§ â¥«ì­® ¡«¨§ª ï ª ¥¤¨­¨ç­®© ¬ âà¨æ .

�à¥¤¯®«®¦¨¬, çâ® âà¥¡ã¥¬®¥ ã¯à ¢«¥­¨¥ U(·) ã¦¥ ¯®áâà®¥­®. � ª
ª ª

H = X(t0, t0 + ϑ)XU(t0 + ϑ, t0),
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¨ ¢ á¨«ã ä®à¬ã«ë �áâà®£à ¤áª®£®{�¨ã¢¨««ï [39, á. 73] ¤«ï ¬ âà¨æë
�®è¨ Z(t, s) ¯à®¨§¢®«ì­®© «¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë _z = C(t)z
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

det Z(t, s) = exp
t∫

s

Sp C(τ) dτ,

â®
det H = exp

t0∫

t0+ϑ

SpA(t) dt · exp
t0+ϑ∫

t0

Sp(A(t) + B(t)U(t)) dt =

= exp
t0+ϑ∫

t0

Sp(B(t)U(t)) dt > 0.

� ª¨¬ ®¡à §®¬, ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï ã¯à ¢«¥­¨ï
U(·) , ¤«ï ª®â®à®£® ¢ë¯®«­¥­® (21.4), ï¢«ï¥âáï ­¥à ¢¥­áâ¢® det H > 0 .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 21.1. �ãáâì U ⊂ Mmn | ­¥®£à ­¨ç¥­­®¥ ¬­®¦¥-
áâ¢®. �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (21.2) ®¡« ¤ ¥â á¢®©áâ¢®¬
£«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ ­  ®âà¥§ª¥ [t0, t0 + ϑ] ®â­®á¨â¥«ì­® ¬­®¦¥-
áâ¢  U , ¥á«¨ ¤«ï «î¡®© ¬ âà¨æë H ∈ Mn , det H > 0 , áãé¥áâ¢ã¥â
®£à ­¨ç¥­­®¥ ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U : [t0, t0 + ϑ] → U ,
â ª®¥, çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢® (21.4);
à ¢­®¬¥à­®© £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U , ¥á«¨
¯à¨ ­¥ª®â®à®¬ ϑ > 0 ¤«ï ¯à®¨§¢®«ì­ëå α > 0 ¨ β > 0 ­ ©¤¥âáï â ª®¥
¯®«®¦¨â¥«ì­®¥ ç¨á«® l , çâ® ¤«ï «î¡®© ¬ âà¨æë H ∈ Mn , ã¤®¢«¥â¢®-
àïîé¥© ­¥à ¢¥­áâ¢ ¬ ‖H‖6α ¨ det H >β , ¨ ¤«ï «î¡®£® t0 ∈ R áãé¥-
áâ¢ã¥â ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U : [t0, t0 + ϑ] → U , ‖U‖C 6 l ,
£ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (21.4);
ϑ-à ¢­®¬¥à­®© £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U ,
¥á«¨ (21.2) à ¢­®¬¥à­® £«®¡ «ì­® ¤®áâ¨¦¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢ 
U ­  ®âà¥§ª å ¤«¨­ë ϑ .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 21.2. �¨áâ¥¬  (21.2) ­ §ë¢ ¥âáï
£«®¡ «ì­® ¤®áâ¨¦¨¬®© ­  ®âà¥§ª¥ [t0, t0 +ϑ] , ¥á«¨ íâ  á¨áâ¥¬  £«®¡ «ì­®
¤®áâ¨¦¨¬  ­  [t0, t0 + ϑ] ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U = Mmn ;
à ¢­®¬¥à­® £«®¡ «ì­® ¤®áâ¨¦¨¬®©, ¥á«¨ (21.2) à ¢­®¬¥à­® £«®¡ «ì­®
¤®áâ¨¦¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U = Mmn ;
ϑ-à ¢­®¬¥à­® £«®¡ «ì­® ¤®áâ¨¦¨¬®©, ¥á«¨ (21.2) à ¢­®¬¥à­® £«®¡ «ì­®
¤®áâ¨¦¨¬  ­  ®âà¥§ª å ¤«¨­ë ϑ .
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� ¥ ® à ¥ ¬   21.1. �ãáâì U ⊂ Mmn | ­¥®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®.
�á«¨ á¨áâ¥¬  (21.2) £«®¡ «ì­® ¤®áâ¨¦¨¬  ­  ®âà¥§ª¥ [t0, t0+ϑ] ®â­®-
á¨â¥«ì­® ¬­®¦¥áâ¢  U , â® á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  (21.1) ¢¯®«­¥
ã¯à ¢«ï¥¬  ­  íâ®¬ ®âà¥§ª¥.

� ® ª   §   â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (21.1) ­¥ ï¢«ï¥âáï
¢¯®«­¥ ã¯à ¢«ï¥¬®© ­  [t0, t0 + ϑ] . �®£¤  (á¬. á. 31) áâà®ª¨ ¬ âà¨æë
Q(t0, t) «¨­¥©­® § ¢¨á¨¬ë ­  [t0, t0 +ϑ] , â. ¥. áãé¥áâ¢ã¥â ¢¥ªâ®à ξ ∈ Rn ,
‖ξ‖ = 1 , â ª®©, çâ® ξ∗Q(t0, t) ≡ 0 ­  [t0, t0 + ϑ] .

�®§ì¬¥¬ ¯à®¨§¢®«ì­ãî ¬ âà¨æã H ∈ Mn á ¯®«®¦¨â¥«ì­ë¬ ®¯à¥¤¥-
«¨â¥«¥¬ ¨ ¢ á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢®¬ £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ ¯®-
áâà®¨¬ ã¯à ¢«¥­¨¥ U : [t0, t0 + ϑ] → U , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥
à ¢¥­áâ¢  (21.4). �® ä®à¬ã«¥ �®è¨

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)
(
E +

t0+ϑ∫

t0

Q(t0, s)U(s)XU(s, t0) ds
)
,

¯®íâ®¬ã
t0+ϑ∫

t0

Q(t0, s)U(s)XU(s, t0) ds = H − E.

�¬­®¦¨¬ íâ® à ¢¥­áâ¢® á«¥¢  ­  ξ∗ , ¯®«ãç¨¬

ξ∗(H − E) = ξ∗(
t0+ϑ∫

t0

Q(t0, s)U(s)XU(s, t0) ds) =

=
t0+ϑ∫

t0

(ξ∗Q(t0, s))U(s)XU(s, t0) ds = 0.

�«¥¤®¢ â¥«ì­®, ξ∗H = ξ∗ , â. ¥. H ¨¬¥¥â á®¡áâ¢¥­­®¥ §­ ç¥­¨¥, à ¢­®¥ 1.
�â® ¯à®â¨¢®à¥ç¨â ¯à®¨§¢®«ì­®áâ¨ H . �¥®à¥¬  ¤®ª § ­ .

�   ¬ ¥ ç   ­ ¨ ¥ 21.1. �§ ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (21.1) ­ 
[t0, t0 + ϑ] ­¥ á«¥¤ã¥â £«®¡ «ì­ ï ¤®áâ¨¦¨¬®áâì á¨áâ¥¬ë (21.2) ­  íâ®¬
®âà¥§ª¥.

� à ¨ ¬ ¥ à 21.1. � áá¬®âà¨¬ á¨áâ¥¬ã

_x =

 b1(t)

b2(t)


 u, x = col(x1, x2) ∈ R2, u ∈ R, (21.5)

£¤¥
b1(t) =

{ 1 ¯à¨ t ∈ [2k, 2k + 1[,
0 ¯à¨ t ∈ [2k + 1, 2(k + 1)[,
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b2(t) =
{ 0 ¯à¨ t ∈ [2k, 2k + 1[,

1 ¯à¨ t ∈ [2k + 1, 2(k + 1)[,
k ∈ Z . �®£¤  X(t, s) ≡ E ,   ¬ âà¨æ  � «¬ ­  á¨áâ¥¬ë (21.5) ¨¬¥¥â
¢¨¤

W (t0, t0 + ϑ) = diag
( t0+ϑ∫

t0

b2
1(t) dt,

t0+ϑ∫

t0

b2
2(t) dt

)
.

�®áª®«ìªã ¯à¨ ª ¦¤®¬ t0 ∈ R ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
t0+1+ε∫

t0

b2
i (t) dt > min{ε, 1}=: ε0, i = 1, 2,

â® ¤«ï «î¡®£® ¢¥ªâ®à  ξ = col(ξ1, ξ2) ∈ R2 , ‖ξ‖ = 1 , ¯®«ãç ¥¬ ®æ¥­ªã

ξ∗W (t0, t0 + 1 + ε)ξ = ξ2
1

t0+1+ε∫

t0

b2
1(t) dt + ξ2

2

t0+1+ε∫

t0

b2
2(t) dt > ε0(ξ2

1 + ξ2
2) = ε0.

�â® ®§­ ç ¥â, çâ® á¨áâ¥¬  (21.5) ï¢«ï¥âáï (1 + ε)-à ¢­®¬¥à­® ¢¯®«­¥
ã¯à ¢«ï¥¬®© ¯à¨ «î¡®¬ ε > 0 . �®§ì¬¥¬ ε = 1 , â. ¥. ϑ = 2 , ¨ à á-
á¬®âà¨¬ á¨áâ¥¬ã (21.5) ­  [0, 2] . �§ ¢ëè¥¯à¨¢¥¤¥­­ëå à ááã¦¤¥­¨©
¢ëâ¥ª ¥â, çâ® (21.5) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [0, 2] . �®ª ¦¥¬, çâ® á¨áâ¥-
¬  (21.5) ­¥ ï¢«ï¥âáï £«®¡ «ì­® ¤®áâ¨¦¨¬®© ­  [0, 2] .

�ãáâì u1(·) ¨ u2(·) | ¯à®¨§¢®«ì­ë¥ ªãá®ç­® ­¥¯à¥àë¢­ë¥ ¨ ®£à -
­¨ç¥­­ë¥ ­  [0, 2] áª «ïà­ë¥ äã­ªæ¨¨. � ¬ª­¥¬ á¨áâ¥¬ã (21.5) ®¡à â-
­®© á¢ï§ìî u = U(t)x , £¤¥ U(t) = (u1(t), u2(t)) , ¯®«ãç¨¬ á¨áâ¥¬ã

_x =

 b1(t)u1(t) b1(t)u2(t)

b2(t)u1(t) b2(t)u2(t)


 x. (21.6)

�¡®§­ ç¨¬

ϕi(t, s) = exp
t∫

s

ui(τ) dτ, t, s ∈ [0, 2], i = 1, 2.

�à¨ t ∈ [0, 1[ á¨áâ¥¬  (21.6) ¯à¨­¨¬ ¥â ¢¨¤




_x1 = u1(t)x1 + u2(t)x2,
_x2 = 0,

¯®íâ®¬ã ¤«ï ¬ âà¨æë �®è¨ XU(t, s) á¨áâ¥¬ë (21.6) ¨¬¥¥â ¬¥áâ® à ¢¥­-
áâ¢®

XU(1, 0) =




ϕ1(1, 0)
1∫

0
u2(t)ϕ1(1, t) dt

0 1


 ,
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  ¯à¨ t ∈ [1, 2[ ¨§ (21.6) ¯®«ãç ¥¬




_x1 = 0,
_x2 = u1(t)x1 + u2(t)x2,

á«¥¤®¢ â¥«ì­®,

XU(2, 1) =




1 0
2∫

1
u1(t)ϕ2(2, t) dt ϕ2(2, 1)


 .

�¥à¥¬­®¦ ï ­ ©¤¥­­ë¥ ¬ âà¨æë �®è¨, ¯®«ãç¨¬

XU(2, 0) = XU(2, 1)XU(1, 0) =

=




ϕ1(1, 0)
1∫

0
u2(t)ϕ1(1, t)dt

ϕ1(1, 0)
2∫

1
u1(t)ϕ2(2, t)dt ϕ2(2, 1) +

1∫

0
u2(t)ϕ1(1, t)dt ·

2∫

1
u1(t)ϕ2(2, t)dt




.

�®§ì¬¥¬ ¯à®¨§¢®«ì­ãî ¬ âà¨æã H = {hij}2
i,j=1 ∈ M2 , ®¯à¥¤¥«¨â¥«ì ª®-

â®à®© ¡®«ìè¥ ­ã«ï, â ªãî, çâ® h11 60 . �®áª®«ìªã ¤«ï «î¡®© äã­ªæ¨¨
u1(·) ¢¥«¨ç¨­ 

ϕ1(1, 0) = exp
1∫

0
u1(t) dt

¯®«®¦¨â¥«ì­ , ­¥¢®§¬®¦­® ¤®¡¨âìáï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢ 

XU(2, 0) = X(2, 0)H = H,

â. ¥. á¨áâ¥¬  (21.5) ­¥ ï¢«ï¥âáï £«®¡ «ì­® ¤®áâ¨¦¨¬®© ­  [0, 2] .
�ëïá­¨¬ â¥¯¥àì, ª ª á®®â­®áïâáï ¯®­ïâ¨ï à ¢­®¬¥à­®© £«®¡ «ì­®©

¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ë (21.2) ¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨-
áâ¥¬ë (21.1).

� ¥ ® à ¥ ¬   21.2. �ãáâì U ⊂ Mmn | ­¥®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®.
�á«¨ á¨áâ¥¬  (21.2) ϑ-à ¢­®¬¥à­® £«®¡ «ì­® ¤®áâ¨¦¨¬  ®â­®á¨â¥«ì-
­® ¬­®¦¥áâ¢  U , â® á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­®
¢¯®«­¥ ã¯à ¢«ï¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (21.1) ­¥ ï¢«ï¥â-
áï ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©. �®£¤  (á¬. ®¯à¥¤¥«¥­¨¥ 1.3) ¤«ï
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ª ¦¤®£® k ∈ N ­ ©¤ãâáï ¬®¬¥­â ¢à¥¬¥­¨ tk ¨ ¢¥ªâ®à ξk ∈ Rn , ‖ξk‖ = 1 ,
â ª¨¥, çâ®

tk+ϑ∫

tk

‖ξ∗kQ(tk, s)‖2 ds 6 1
k
.

�ãáâì ξ̂ | ¯à¥¤¥«ì­ ï â®çª  ¯®á«¥¤®¢ â¥«ì­®áâ¨ {ξk} . �¥§ ®£à ­¨ç¥-
­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {ξk} ¨¬¥¥â ¯à¥-

¤¥« ξ̂ . � á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ ξ 7→
t+ϑ∫

t

‖ξ∗Q(t, s)‖2 ds , à ¢­®-

¬¥à­®© ¯® t ∈ R , ¤«ï ª ¦¤®£® ε > 0 ­ ©¤¥âáï ­®¬¥à K = K(ε) ,
­ ç¨­ ï á ª®â®à®£® ¡ã¤¥â ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

tk+ϑ∫

tk

‖ξ̂∗Q(tk, s)‖2 ds 6 ε.

�®§ì¬¥¬ Hk = H = 2E . � á¨«ã á¢®©áâ¢  ϑ-à ¢­®¬¥à­®© £«®¡ «ì­®©
¤®áâ¨¦¨¬®áâ¨ ­ ©¤¥âáï â ª®¥ l > 0 , çâ® ¯à¨ ª ¦¤®¬ k ∈ N áãé¥áâ¢ã¥â
ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U : [tk, tk +ϑ] → U , ã¤®¢«¥â¢®àïîé¥¥
®æ¥­ª¥ ‖U‖C 6 l ¨ ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

XU(tk + ϑ, tk) = X(tk + ϑ, tk)H.

� ª ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 21.1, ®âáî¤  ¯®«ãç ¥¬ à ¢¥­áâ¢®
tk+ϑ∫

tk

Q(tk, s)U(s)XU(s, tk) ds = H − E = E.

�¬­®¦ ï ¥£® á«¥¢  ­  ξ̂∗ ¨ ¯¥à¥å®¤ï ª ­®à¬ ¬, ¯à¨ ¢á¥å k > K(ε) ¯®-
«ãç¨¬

1 = ‖ξ̂∗E‖ =
∥∥∥∥

tk+ϑ∫

tk

ξ̂∗Q(tk, s)U(s)XU(s, tk) ds
∥∥∥∥ 6

6
tk+ϑ∫

tk

‖ξ̂∗Q(tk, s)‖ ‖U(s)‖ ‖XU(s, tk)‖ ds 6 e(a+l)ϑl
tk+ϑ∫

tk

‖ξ̂∗Q(tk, s)‖ ds 6

6 e(a+l)ϑl
√

ϑ
( tk+ϑ∫

tk

‖ξ̂∗Q(tk, s)‖2 ds
)1/2

6 e(a+l)ϑl
√

ϑ
√

ε.

�à¨ ε <
1

e2(a+l)ϑl2ϑ
¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥. �¥®à¥¬  ¤®ª § ­ .

�à¨¬¥à 21.1 ¯®ª §ë¢ ¥â, çâ® á¢®©áâ¢® ϑ-à ¢­®¬¥à­®© ¯®«­®© ã¯à -
¢«ï¥¬®áâ¨ á¨áâ¥¬ë (21.1) ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï ϑ-à ¢­®¬¥à­®©
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£«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¥© § ¬ª­ãâ®© á¨áâ¥¬ë (21.2).
�® ®ª §ë¢ ¥âáï (á¬. â¥®à¥¬ã 25.1), çâ® ¤«ï «î¡®© ¤¢ã¬¥à­®© ϑ-à ¢­®-
¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ¢¨¤  (21.1) á ªãá®ç­® à ¢­®¬¥à­®
­¥¯à¥àë¢­®© B(·) á®®â¢¥âáâ¢ãîé ï § ¬ª­ãâ ï á¨áâ¥¬  (21.2) ®¡« -
¤ ¥â á¢®©áâ¢®¬ 4ϑ-à ¢­®¬¥à­®© £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 21.3. �ãáâì U ⊂ Mmn | ­¥®£à ­¨ç¥­­®¥ ¬­®¦¥-
áâ¢®. �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (21.2) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®©
«ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U , ¥á«¨ ¤«ï «î¡®©
¬ âà¨æë C(·) ∈ KCn(R) ­ ©¤¥âáï ªãá®ç­® ­¥¯à¥àë¢­®¥ ®£à ­¨ç¥­­®¥
ã¯à ¢«¥­¨¥ U : R→ U , ®¡¥á¯¥ç¨¢ îé¥¥  á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â-
­®áâì á¨áâ¥¬ë

_z = C(t)z, z ∈ Rn, (21.7)
¨ á¨áâ¥¬ë (21.2) ¯à¨ U = U(·) , â. ¥. áãé¥áâ¢ã¥â ¯à¥®¡à §®¢ ­¨¥ �ï¯ã-
­®¢ , á¢ï§ë¢ îé¥¥ íâ¨ á¨áâ¥¬ë.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 21.4 [97]. �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (21.2) ®¡« -
¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨, ¥á«¨ ®­  ®¡« -
¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ®â­®á¨â¥«ì­®
¬­®¦¥áâ¢  U = Mmn .

�ëïá­¨¬ á¢ï§ì ¬¥¦¤ã á¢®©áâ¢ ¬¨ £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ ¨ £«®-
¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ á¨áâ¥¬ë (21.2).

� ¥ ® à ¥ ¬   21.3. �á«¨ á¨áâ¥¬  (21.2) à ¢­®¬¥à­® £«®¡ «ì­® ¤®áâ¨-
¦¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U , â® (21.2) ®¡« ¤ ¥â á¢®©áâ¢®¬
£«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ®â­®á¨â¥«ì­® U .

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî á¨áâ¥¬ã (21.7) á ªã-
á®ç­® ­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­­®© ­  R ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢ C(·)
¨ ¬ âà¨æ¥© �®è¨ Z(t, s) ; c := sup

t∈R
‖C(t)‖ . �ãáâì ϑ > 0 | ç¨á«®, ®¡¥á-

¯¥ç¨¢ îé¥¥ ϑ-à ¢­®¬¥à­ãî £«®¡ «ì­ãî ¤®áâ¨¦¨¬®áâì á¨áâ¥¬ë (21.2)
®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U . �«ï ª ¦¤®£® k ∈ Z ®¡®§­ ç¨¬

Hk = X(kϑ, (k + 1)ϑ)Z((k + 1)ϑ, kϑ).

�®£¤  ¨¬¥îâ ¬¥áâ® à ¢­®¬¥à­ë¥ ¯® k ∈ Z ®æ¥­ª¨

‖Hk‖6 e(a+c)ϑ,

det Hk = exp
(k+1)ϑ∫

kϑ

Sp(C(t)−A(t)) dt > e−n(a+c)ϑ.
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� á¨«ã á¢®©áâ¢  ϑ-à ¢­®¬¥à­®© £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥-
¬ë (21.2) ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U áãé¥áâ¢ã¥â l > 0 â ª®¥, çâ® ¯à¨
ª ¦¤®¬ k ∈ Z ¬®¦­® ¯®áâà®¨âì ã¯à ¢«¥­¨¥ Uk : [kϑ, (k + 1)ϑ] → U ,
‖Uk‖C 6 l , ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï ¬ âà¨æë �®è¨ á¨áâ¥¬ë (21.2) ¯à¨
U = Uk(·) à ¢¥­áâ¢®

XUk
((k + 1)ϑ, kϑ) = X((k + 1)ϑ, kϑ)Hk = Z((k + 1)ϑ, kϑ).

�®«®¦¨¬
U(t) ≡ Uk(t) ¯à¨ t ∈ [kϑ, (k + 1)ϑ[.

�®£¤  U(t) ∈ U ¯à¨ ª ¦¤®¬ t ∈ R , ‖U‖C(R) 6 l ¨

XU((k + 1)ϑ, kϑ) = XUk
((k + 1)ϑ, kϑ) = Z((k + 1)ϑ, kϑ), k ∈ Z.

�âáî¤  ¢ëâ¥ª ¥â (�. �. � ª à®¢, [90])  á¨¬¯â®â¨ç¥áª ï íª¢¨¢ «¥­â-
­®áâì á¨áâ¥¬ë (21.7) ¨ á¨áâ¥¬ë (21.2) á ¯®áâà®¥­­ë¬ U(·) . �«¥¤®-
¢ â¥«ì­®, á¨áâ¥¬  (21.2) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© «ï¯ã­®¢áª®©
¯à¨¢®¤¨¬®áâ¨ ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U .

�   ¬ ¥ ç   ­ ¨ ¥ 21.2. �§ á¢®©áâ¢  £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨-
¬®áâ¨ á¨áâ¥¬ë (21.1) ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U ¢ ®¡é¥¬ á«ãç ¥ ­¥ á«¥-
¤ã¥â ¥¥ à ¢­®¬¥à­ ï £«®¡ «ì­ ï ¤®áâ¨¦¨¬®áâì ®â­®á¨â¥«ì­® U .

� à ¨ ¬ ¥ à 21.2. � áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã (21.1)
¯à¨ m = n = 2 , A(t) ≡ 0 , B(t) ≡ E . � íâ®¬ á«ãç ¥ § ¬ª­ãâ ï á¨áâ¥-
¬  (21.2) ¨¬¥¥â ¢¨¤

_x = U(t)x, x ∈ R2. (21.8)
�à¥¤¯®«®¦¨¬, çâ® ã¯à ¢«¥­¨¥ U(t) ¢ á¨áâ¥¬¥ (21.8) ¯à¨ ª ¦¤®¬ t ∈ R
¯à¨­¨¬ ¥â §­ ç¥­¨¥ ¢® ¬­®¦¥áâ¢¥ U ¢¥àå­¨å âà¥ã£®«ì­ëå 2 × 2 ¬ -
âà¨æ. �®£¤  ¯à¨ ¢á¥å t, s ∈ R ¬ âà¨æ  �®è¨ XU(t, s) á¨áâ¥¬ë (21.8) |
¢¥àå­ïï âà¥ã£®«ì­ ï á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨

exp
t∫

s

uii(τ) dτ, i = 1, 2.

�«¥¤®¢ â¥«ì­®, à ¢¥­áâ¢® (21.4), ª®â®à®¥ ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥
¨¬¥¥â ¢¨¤

XU(t0 + ϑ, t0) = H,

­¥ ¬®¦¥â ¡ëâì ¢ë¯®«­¥­® ­¨ ¯à¨ ª ª¨å t0 ∈ R ¨ ϑ > 0 , ¥á«¨ H ­¥ ï¢«ï-
¥âáï ¢¥àå­¥© âà¥ã£®«ì­®© ¬ âà¨æ¥© á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨
í«¥¬¥­â ¬¨. � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (21.8) ­¥ ï¢«ï¥âáï £«®¡ «ì­® ¤®-
áâ¨¦¨¬®© ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U ­¨ ­  ª ª®¬ ®âà¥§ª¥ [t0, t0 + ϑ] .
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� â® ¦¥ ¢à¥¬ï á¨áâ¥¬  (21.8) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© «ï-
¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U . �¥©áâ¢¨â¥«ì­®,
à áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî ¤¢ã¬¥à­ãî á¨áâ¥¬ã (21.7) á ªãá®ç­® ­¥¯à¥-
àë¢­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ­  R ª®íää¨æ¨¥­â ¬¨. �¥àà®­®¢áª¨¬ ¯à¥-
®¡à §®¢ ­¨¥¬ ¯à¨¢¥¤¥¬ ¥¥ ª ¢¥àå­¥¬ã âà¥ã£®«ì­®¬ã ¢¨¤ã

_y = Ĉ(t)y, y ∈ R2, (21.9)

£¤¥ Ĉ(t) = {ĉij(t)}2
i,j=1 , ‖Ĉ‖C 6 ĉ . �à¨ ¢áïª¨å t, s ∈ R ¬ âà¨æ  �®è¨

Y (t, s) á¨áâ¥¬ë (21.9) | ¢¥àå­ïï âà¥ã£®«ì­ ï á ¯®«®¦¨â¥«ì­®© ¤¨ £®-
­ «ìî. �«ï ª ¦¤®£® k ∈ Z ®¡®§­ ç¨¬

Hk = Y (k + 1, k); Hk = {h(k)
ij }2

i,j=1.

�®£¤ 
‖Hk‖6 eĉ, ‖H−1

k ‖6 eĉ,

á«¥¤®¢ â¥«ì­®, ¤«ï |h(k)
ij | ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

|h(k)
ij |6 ‖Hk‖1 6

√
2‖Hk‖6

√
2eĉ, (21.10)

£¤¥ ‖Hk‖1 | ¬ ªá¨¬ «ì­ ï áâ®«¡æ®¢ ï ­®à¬  [176, á. 356] ¬ âà¨æë Hk .
�«ï ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ¬ âà¨æë Hk , ªà®¬¥ â®£®, á¯à ¢¥¤«¨¢ë
®æ¥­ª¨

1
h

(k)
ii

6 ‖H−1
k ‖1 6

√
2‖H−1

k ‖6
√

2eĉ,

â. ¥.
|h(k)

ii |>
1√
2eĉ

, i = 1, 2. (21.11)

�ë¡¥à¥¬ ¬ âà¨ç­®¥ ã¯à ¢«¥­¨¥ U(·) ¢ á¨áâ¥¬¥ (21.8) ªãá®ç­® ¯®-
áâ®ï­­ë¬,

U(t) ≡ Uk =

 αk βk

0 γk


 , t ∈ [k, k + 1[,

§­ ç¥­¨ï αk, βk, γk ãâ®ç­¨¬ ­¨¦¥. �®£¤  ¯à¨ ª ¦¤®¬ k ∈ Z á¯à ¢¥¤-
«¨¢® à ¢¥­áâ¢®

XU(k + 1, k) = exp Uk.

�á«¨ αk 6= γk , â® ¯à¨ ª ¦¤®¬ j ∈ N ¤«ï j-© áâ¥¯¥­¨ ¬ âà¨æë Uk

¨¬¥¥¬ à ¢¥­áâ¢®

U j
k =




αj
k

βk(αj
k − γj

k)
αk − γk

0 γj
k


 ,
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¯®íâ®¬ã

exp Uk =
∞∑

j=0

U j
k

j! =




eαk
βk(eαk − eγk)

αk − γk

0 eγk


 . (21.12)

�á«¨ ¦¥ αk = γk , â®
U j

k =

 αj

k jβkα
j−1
k

0 αj
k


 ,

¯®íâ®¬ã

exp Uk =
∞∑

j=0

U j
k

j! =

 eαk βke

αk

0 eαk


 . (21.13)

�ãáâì h
(k)
11 6= h

(k)
22 . � íâ®¬ á«ãç ¥ ¯®«®¦¨¬

αk = ln h
(k)
11 , γk = ln h

(k)
22 ,

βk = h
(k)
12 (αk − γk)
eαk − eγk

= h
(k)
12 ln(h(k)

11 /h
(k)
22 )

h
(k)
11 − h

(k)
22

.

�®£¤  ¨§ (21.12) á«¥¤ã¥â, çâ®

exp Uk = Hk.

�æ¥­¨¬ ‖Uk‖ . �«ï |αk| ¨ |γk| ¨§ (21.10) ¨¬¥¥¬ ­¥à ¢¥­áâ¢ 

|αk|6 ln(
√

2eĉ) 6 1 + ĉ, |γk|6 1 + ĉ.

�æ¥­¨¬ â¥¯¥àì |βk| . � ª ª ª ¯à¨ ¯à®¨§¢®«ì­ëå α < γ á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢®

γ − α 6 eγ−α − 1 = e−α(eγ − eα),
â®

γ − α

eγ − eα
6 e−α,

¯®íâ®¬ã ¨§ (21.11)
∣∣∣∣∣
αk − γk

eαk − eγk

∣∣∣∣∣ 6 max{e−αk, e−γk} = 1
min{h(k)

11 , h
(k)
22 }

6
√

2eĉ.

�âáî¤  ¨ ¨§ (21.10) ¤«ï |βk| ¯®«ãç ¥¬ ®æ¥­ªã

|βk|6 |h(k)
12 | ·

∣∣∣∣∣
αk − γk

eαk − eγk

∣∣∣∣∣ 6 2e2ĉ.

�«¥¤®¢ â¥«ì­®,

‖Uk‖6
√

2‖Uk‖1 =
√

2 max{|αk|; |βk|+ |γk|}6
√

2(1 + ĉ + 2e2ĉ).
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�ãáâì â¥¯¥àì h
(k)
11 = h

(k)
22 . � íâ®¬ á«ãç ¥ ¯®«®¦¨¬

αk = γk = ln h
(k)
11 , βk = h

(k)
12

eαk
= h

(k)
12

h
(k)
11

.

�§ (21.13) á«¥¤ã¥â à ¢¥­áâ¢®

exp Uk = Hk,

  ¨§ (21.10) ¨ ¨§ (21.11) | ®æ¥­ª 

‖Uk‖6
√

2‖Uk‖1 =
√

2(|αk|+ |βk|)6
6
√

2(ĉ + |h(k)
12 |/|h(k)

11 |) 6
√

2(1 + ĉ + 2e2ĉ).
�â ª, ¯®áâà®¥­­®¥ ªãá®ç­® ¯®áâ®ï­­®¥ ã¯à ¢«¥­¨¥ U(·) ¯à¨­¨¬ ¥â

§­ ç¥­¨ï ¢® ¬­®¦¥áâ¢¥ U , ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

‖U‖C 6
√

2(1 + ĉ + 2e2ĉ)

¨ ¯à¨ ª ¦¤®¬ k ∈ Z ®¡¥á¯¥ç¨¢ ¥â ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢

XU(k + 1, k) = exp Uk = Hk = Y (k + 1, k),

á«¥¤®¢ â¥«ì­®, á¨áâ¥¬  (21.9) ¨ á¨áâ¥¬  (21.8) á ¢ë¡à ­­ë¬ U(·)  á¨¬¯-
â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ë. �® (21.7) ¨ (21.9) á¢ï§ ­ë ¯¥àà®­®¢áª¨¬ ¯à¥-
®¡à §®¢ ­¨¥¬, ¯®íâ®¬ã (21.7) ¨ (21.8) ¯à¨ U = U(·)  á¨¬¯â®â¨ç¥áª¨
íª¢¨¢ «¥­â­ë. � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (21.8) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®-
¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢  U .

� § ª«îç¥­¨¥ íâ®£® ¯ à £à ä  ¢ëïá­¨¬ á¢ï§ì ¬¥¦¤ã á¢®©áâ¢ ¬¨
£«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ¨ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨
«ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢.

� ¥ ® à ¥ ¬   21.4. �á«¨ á¨áâ¥¬  (21.2) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì-
­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨, â® ¢áïª ï á®¢®ªã¯­®áâì «ï¯ã­®¢áª¨å
¨­¢ à¨ ­â®¢ (ι1, . . . , ιk) ¯à¨ «î¡®¬ k ∈ N £«®¡ «ì­® ã¯à ¢«ï¥¬  ®â­®-
á¨â¥«ì­® ¯ àë (A, B) .

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ «î¡®¥ k ∈ N ¨ § ä¨ªá¨àã¥¬ ¯à®-
¨§¢®«ì­ãî á®¢®ªã¯­®áâì «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢ (ι1, . . . , ιk) . �ãáâì
α = (α1, . . . , αk) ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã (ι1, . . . , ιk)(Mn) . �®£¤ , ¢ á¨-
«ã ®¯à¥¤¥«¥­¨ï íâ®£® ¬­®¦¥áâ¢ , ­ ©¤¥âáï á¨áâ¥¬  C(·) ∈ Mn , ¤«ï
ª®â®à®© ¢ë¯®«­¥­ë à ¢¥­áâ¢  ιj(C) = αj ¯à¨ ¢á¥å j ∈ {1, . . . , k} . �
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á®®â¢¥âáâ¢¨¨ á® á¢®©áâ¢®¬ £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ á¨-
áâ¥¬ë (21.2) ¯®áâà®¨¬ ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) , £ à ­â¨àãîé¥¥
 á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â­®áâì á¨áâ¥¬ë C(·) ¨ á¨áâ¥¬ë (21.2) ¯à¨
U = U(·) . �à¥®¡à §®¢ ­¨ï �ï¯ã­®¢  ­¥ ¨§¬¥­ïîâ «ï¯ã­®¢áª¨¥ ¨­¢ -
à¨ ­âë, ¯®íâ®¬ã

ιj(A + BU) = ιj(C) = αj, j = 1, . . . , k.

�¥®à¥¬  ¤®ª § ­ .

§ 22. �à¨â¥à¨¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨

�¤¥áì ¯®«ãç¥­ë ªà¨â¥à¨¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨-
áâ¥¬ë (21.1) ¢ ¯à¥¤¯®«®¦¥­¨¨ ªãá®ç­®© à ¢­®¬¥à­®© ­¥¯à¥àë¢-
­®áâ¨ ¬ âà¨æë B(·) . �á­®¢­ãî à®«ì ¢ ¯®áâà®¥­¨ïå íâ®© £« ¢ë
¨£à ¥â â¥®à¥¬  22.2. �  ®á­®¢ ­¨¨ íâ®© â¥®à¥¬ë ¢ ª®­æ¥ ¯ à -
£à ä  ¢¢®¤¨âáï ¨ ®¡áã¦¤ ¥âáï ¯®­ïâ¨¥ ¡ §¨á  ç¨áâëå ¤¢¨¦¥­¨©
á¨áâ¥¬ë (21.1).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 22.1 [139]. �ã¤¥¬ £®¢®à¨âì, çâ® ¬ âà¨ç­ ï äã­ª-
æ¨ï B : R → Mnm ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  R , ¥á«¨ B ∈
∈ KCnm(R) ; áãé¥áâ¢ã¥â â ª®¥ �0 > 0 , çâ® ¤«¨­  ª ¦¤®£® ¨­â¥à¢ -
«  ­¥¯à¥àë¢­®áâ¨ Ii , i ∈ I , äã­ªæ¨¨ B(·) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã
|Ii| > �0 ; ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï â ª®¥ � = �(ε) > 0 , çâ® ¤«ï ª -
¦¤®£® i ∈ I ¨ ¢á¥å t, s ∈ Ii , ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã |t− s| 6 � ,
¢ë¯®«­¥­® á®®â­®è¥­¨¥ ‖B(t)−B(s)‖6 ε .

� áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã (21.1) á ®£à ­¨ç¥­­ë-
¬¨ ¨ ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �à¨ ª ¦¤ëå t, s ∈ R
®¯à¥¤¥«¨¬ ¬ âà¨æã Q(t, s) ∈ Mnm à ¢¥­áâ¢®¬

Q(t, s) = X(t, s)B(s),

£¤¥ X(t, s) | ¬ âà¨æ  �®è¨ ®¤­®à®¤­®© á¨áâ¥¬ë (21.3).
� à ¥ ¤ « ® ¦ ¥ ­ ¨ ¥ 22.1. �á«¨ ¬ âà¨æ  B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥-

¯à¥àë¢­  ­  R , â® ¤«ï «î¡ëå ε > 0 ¨ T > 0 áãé¥áâ¢ã¥â â ª®¥
¯®«®¦¨â¥«ì­®¥ ç¨á«® δ = δ(ε, T ) , çâ® ¯à¨ ª ¦¤®¬ t0 ∈ R ¨ ¢á¥å
t, s ∈ [t0, t0 + T ] , ¯à¨­ ¤«¥¦ é¨å ®¤­®¬ã ¨ â®¬ã ¦¥ ¨­â¥à¢ «ã ­¥¯à¥-
àë¢­®áâ¨ Ii , i ∈ I , äã­ªæ¨¨ B(·) ¨ ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã
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|t− s|6 δ , ¢ë¯®«­¥­® á®®â­®è¥­¨¥

‖Q(t0, t)−Q(t0, s)‖6 ε.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì t0 ∈ R ¨ T > 0 | ¯à®¨§¢®«ì­ë. � -
âà¨ç­ ï äã­ªæ¨ï X(t0, ·) ï¢«ï¥âáï ­®à¬¨à®¢ ­­®© ¯à¨ t = t0 äã­¤ -
¬¥­â «ì­®© ¬ âà¨æ¥© á¨áâ¥¬ë

_ξ = −ξA(t), ξ ∈ Rn∗,

¯®íâ®¬ã ¯® ä®à¬ã«¥ �®è¨

X(t0, t) = E −
t∫

t0

X(t0, s)A(s) ds, t ∈ R.

�§ «¥¬¬ë �à®­ã®«« {�¥««¬ ­  [39, á. 108] ¢ëâ¥ª ¥â, çâ® ‖X(t0, t)‖6eaT

¯à¨ ¢á¥å t ∈ [t0, t0 + T ] ,   ¤«ï ‖X(t0, t2)−X(t0, t1)‖ ¯à¨ ¯à®¨§¢®«ì­ëå
t1, t2 ∈ [t0, t0 + T ] á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖X(t0, t2)−X(t0, t1)‖ = ‖E −
t2∫

t0

X(t0, s)A(s) ds−

−E +
t1∫

t0

X(t0, s)A(s) ds‖ = ‖
t2∫

t1

X(t0, s)A(s) ds‖6

6 |t2 − t1| sup
s∈[t0,t0+T ]

‖X(t0, s)‖ sup
s∈[t0,t0+T ]

‖A(s)‖6 aeaT |t2 − t1|.

�«ï ¯à®¨§¢®«ì­ëå ε > 0 ¨ T > 0 ¯®«®¦¨¬

δ(ε, T ) = min{�(e−aTε/2); e−aTε/(2ab)},
£¤¥ �(·) | ¨§ ®¯à¥¤¥«¥­¨ï 22.1. �ãáâì s, t ∈ [t0, t0 +T ] ∩ Ii ¯à¨ ­¥ª®â®-
à®¬ ä¨ªá¨à®¢ ­­®¬ i ∈ I , ¨ |s− t|6 δ(ε, T ) . �®£¤  |t− s|6 �(e−aTε/2) ,
¯®íâ®¬ã ‖B(t)−B(s)‖6 e−aTε/2 . �«¥¤®¢ â¥«ì­®,

‖Q(t0, t)−Q(t0, s)‖ = ‖X(t0, t)B(t)−X(t0, s)B(s)‖6

6 ‖X(t0, t)‖ ‖B(t)−B(s)‖+ ‖B(s)‖ ‖X(t0, t)−X(t0, s)‖6
6 eaTe−aTε/2 + baeaT |t− s|6 ε/2 + ε/2 = ε.

�à¥¤«®¦¥­¨¥ ¤®ª § ­®.
� ¥ ¬ ¬   22.1 [97]. �¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥-

¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª®¥ α > 0 , çâ® ¤«ï
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ª ¦¤®£® t0 ∈ R ¨ ª ¦¤®£® ξ ∈ Rn, ‖ξ‖ = 1 , ­ ©¤¥âáï ν ∈ Rm, ‖ν‖ = 1 ,
®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢ 

t0+ϑ∫

t0

(ξ∗Q(t0, s)ν)2ds > α. (22.1)

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �à¥¤¯®«®¦¨¬, çâ® á¨-
áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ . �®£¤ , á®£« á­® ®¯à¥¤¥-
«¥­¨î, ­ ©¤¥âáï â ª®¥ β > 0 , çâ® ¯à¨ ª ¦¤®¬ t0 ∈ R ¤«ï ¬ âà¨æë
� «¬ ­ 

W (t0, t0 + ϑ) =
t0+ϑ∫

t0

Q(t0, s)Q∗(t0, s) ds

á¨áâ¥¬ë (21.1) ¯à¨ ¢á¥å ξ ∈ Rn, ‖ξ‖ = 1 , á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥
ξ∗W (t0, t0 + ϑ)ξ > β , ª®â®à®¥ íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ã

t0+ϑ∫

t0

‖ξ∗Q(t0, s)‖2ds > β. (22.2)

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ξ ∈ Rn, ‖ξ‖ = 1 , ¨ ¢®§ì¬¥¬ ¢ ª ç¥áâ¢¥
ν â®â ¨§ ¢¥ªâ®à®¢ ei ∈ Rm , i = 1, . . . , m , ­  ª®â®à®¬ ¤®áâ¨£ ¥âáï

max
i=1,...,m

t0+ϑ∫

t0

(ξ∗Q(t0, s)ei)2ds.

�®£¤  ¨¬¥¥¬ ®æ¥­ª¨

m
t0+ϑ∫

t0

(ξ∗Q(t0, s)ν)2ds >
m∑

i=1

t0+ϑ∫

t0

(ξ∗Q(t0, s)ei)2ds =
t0+ϑ∫

t0

‖ξ∗Q(t0, s)‖2ds > β,

â. ¥. ¯à¨ ¢ë¡à ­­®¬ ν ∈ Rm, ‖ν‖ = 1 , ­¥à ¢¥­áâ¢® (22.1) ¢ë¯®«­¥­® á
α = β/m .

� ® á â   â ® ç ­ ® á â ì. �ãáâì ¯à¨ ­¥ª®â®à®¬ α > 0 ¤«ï ¢á¥å ξ ∈ Rn ,
‖ξ‖ = 1 , ¨ t0 ∈ R áãé¥áâ¢ã¥â ν ∈ Rm, ‖ν‖ = 1 , â ª®¥, çâ® ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢® (22.1). �®£¤ , ¯®áª®«ìªã

(ξ∗Q(t0, s)ν)2 6 ‖ξ∗Q(t0, s)‖2‖ν‖2 = ‖ξ∗Q(t0, s)‖2,

¡ã¤¥â á¯à ¢¥¤«¨¢® ¨ á®®â­®è¥­¨¥ (22.2) ¯à¨ β = α . �¥¬¬  ¤®ª § ­ .
� « ¥ ¤ á â ¢ ¨ ¥ 22.1 [97]. �á«¨ á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥

ã¯à ¢«ï¥¬ , â® áãé¥áâ¢ã¥â β > 0 , ¯®§¢®«ïîé¥¥ ¯à¨ ¢áïª®¬ t0 ∈ R
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¤«ï «î¡®£® ξ ∈ Rn, ‖ξ‖ = 1 , ®âëáª âì â ª¨¥ ν ∈ Rm, ‖ν‖ = 1 , ¨
tν ∈ [t0, t0 + ϑ] , çâ® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

|ξ∗Q(t0, tν)ν|> β. (22.3)

� ® ª   §   â ¥ « ì á â ¢ ®. �®«ì§ãïáì «¥¬¬®© 22.1, ­ ©¤¥¬ ¢¥«¨ç¨­ã α .
�ãáâì t0 ∈ R ¨ ξ ∈ Rn, ‖ξ‖ = 1 , | ¯à®¨§¢®«ì­ë. �®áâà®¨¬ ¢¥ªâ®à ¥¤¨-
­¨ç­®© ¤«¨­ë ν ∈ Rn , £ à ­â¨àãîé¨© ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  (22.1).
�ã­ªæ¨ï t 7→ Q(t0, t) ®£à ­¨ç¥­  ­  [t0, t0 + ϑ] , ¯®íâ®¬ã áãé¥áâ¢ã¥â
tν ∈ [t0, t0 + ϑ] â ª®¥, çâ®

2(ξ∗Q(t0, tν)ν)2 > sup{(ξ∗Q(t0, t)ν)2: t ∈ [t0, t0 + ϑ]}.
�«¥¤®¢ â¥«ì­®,

2ϑ(ξ∗Q(t0, tν)ν)2 >
t0+ϑ∫

t0

(ξ∗Q(t0, t)ν)2 dt > α,

â. ¥. |ξ∗Q(t0, tν)ν|>
√

α/(2ϑ) =: β .
� ¥ ® à ¥ ¬   22.1 [97]. �ãáâì B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ .

�®£¤  á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬ ¨ â®«ìª®
â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ãîâ β > 0 ¨ δ > 0 â ª¨¥, çâ® ¤«ï «î¡ëå
t0 ∈ R ¨ ξ ∈ Rn, ‖ξ‖ = 1 , ­ ©¤ãâáï ¢¥ªâ®àë ν ∈ Rm, ‖ν‖ = 1 , ¨
¬®¬¥­âë ¢à¥¬¥­¨ tν ∈ ]t0 + δ, t0 + ϑ− δ[ , ¤«ï ª®â®àëå äã­ªæ¨ï Q(t0, ·)
­¥¯à¥àë¢­  ­  [tν − δ, tν + δ] ¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (22.3).

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �à¥¤¯®«®¦¨¬, çâ® á¨-
áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ . �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥
t0 ∈ R ¨ ξ ∈ Rn, ‖ξ‖ = 1 , ¨ ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 22.1 ­ ©¤¥¬
ν ∈ Rm, ‖ν‖ = 1 , ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  (22.1) á ¯®¤-
å®¤ïé¨¬ α > 0 .

�¡®§­ ç¨¬ ç¥à¥§ I0 ⊂ N á®¢®ªã¯­®áâì ¨­¤¥ªá®¢ i ∈ I , ¤«ï ª®â®àëå
¬­®¦¥áâ¢® Ji := Ii ∩ ]t0, t0 +ϑ[ ­¥¯ãáâ®. �®áª®«ìªã |Ii|>�0 ¯à¨ ª ¦¤®¬
i ∈ I , ª®«¨ç¥áâ¢® í«¥¬¥­â®¢ ¬­®¦¥áâ¢  I0 ­¥ ¯à¥¢®áå®¤¨â [ϑ/�0]+2=:k .
�§ (22.1) á«¥¤ã¥â, çâ®

α 6
t0+ϑ∫

t0

(ξ∗Q(t0, t)ν)2 dt = ∑

i∈I0

∫

J i

(ξ∗Q(t0, t)ν)2 dt 6 k max
i∈I0

∫

J i

(ξ∗Q(t0, t)ν)2 dt,

¯®íâ®¬ã ¯à¨ ­¥ª®â®à®¬ i0 ∈ I0 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
∫

J i0

(ξ∗Q(t0, t)ν)2 dt > α

k
.
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� ª ª ª ∫

J i0

(ξ∗Q(t0, t)ν)2 dt 6 |Ji0| max
t∈[t0,t0+ϑ]

(ξ∗Q(t0, t)ν)2 6

6 |Ji0| max
t∈[t0,t0+ϑ]

‖Q(t0, t)‖2 6 |Ji0|b2e2aϑ,

â® ¤«¨­  ¨­â¥à¢ «  Ji0 ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

|Ji0|>
α

kb2e2aϑ
.

�§ ®£à ­¨ç¥­­®áâ¨ ­  Ji0 äã­ªæ¨¨ t 7→ Q(t0, t) ¢ëâ¥ª ¥â áãé¥áâ¢®-
¢ ­¨¥ s ∈ Ji0 â ª®£®, çâ®

2(ξ∗Q(t0, s)ν)2 > sup
t∈Ji0

(ξ∗Q(t0, t)ν)2,

¯®íâ®¬ã ¨¬¥¥¬ á®®â­®è¥­¨ï

2ϑ(ξ∗Q(t0, s)ν)2 > 2|Ji0| (ξ∗Q(t0, s)ν)2 >

> |Ji0| sup
t∈Ji0

(ξ∗Q(t0, t)ν)2 >
∫

J i0

(ξ∗Q(t0, t)ν)2 dt > α

k
,

¨§ ª®â®àëå (ξ∗Q(t0, s)ν)2 > α

2kϑ
.

� ª ª ª ¯à¨ ¢á¥å t, τ ∈ [t0, t0 +ϑ] ; ξ ∈ Rn, ‖ξ‖ = 1 ; ν ∈ Rm, ‖ν‖ = 1 ,
á¯à ¢¥¤«¨¢  ®æ¥­ª 

|(ξ∗Q(t0, t)ν)2 − (ξ∗Q(t0, τ)ν)2| =

= |ξ∗(Q(t0, t) + Q(t0, τ))ν| |ξ∗(Q(t0, t)−Q(t0, τ))ν|6
6 ‖Q(t0, t) + Q(t0, s)‖ ‖Q(t0, t)−Q(t0, τ)‖6

6 2beaϑ‖Q(t0, t)−Q(t0, τ)‖.

(22.4)

â® ¨§ ¯à¥¤«®¦¥­¨ï 22.1 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª®£® ¯®«®¦¨â¥«ì­®£®
ç¨á« 

δ <
α

2kb2e2aϑ
6 |Ji0|

2 ,

çâ® ¯à¨ ¢á¥å τ ∈ Ji0 , ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã |s− τ |6 2δ , ¨¬¥îâ
¬¥áâ® á®®â­®è¥­¨ï

(ξ∗Q(t0, τ)ν)2 = (ξ∗Q(t0, s)ν)2 + ((ξ∗Q(t0, τ)ν)2 − (ξ∗Q(t0, τ)ν)2) >

> (ξ∗Q(t0, s)ν)2 − |(ξ∗Q(t0, τ)ν)2 − (ξ∗Q(t0, τ)ν)2|>
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> α

2kϑ
− 2beaϑ α

8kϑbeaϑ
= α

4kϑ
.

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë© ®âà¥§®ª ¤«¨­ë 2δ , ¯à¨­ ¤«¥¦ é¨© Ji0 ¨
á®¤¥à¦ é¨© ¢ á¥¡¥ â®çªã s . �ãáâì tν | á¥à¥¤¨­  íâ®£® ®âà¥§ª . �®£¤ 
[tν−δ, tν +δ] ⊂ Ji0 ⊂ ]t0, t0 +ϑ[ , ¯®íâ®¬ã tν ∈ ]t0 +δ, t0 +ϑ−δ[ ,   äã­ªæ¨ï
t 7→ Q(t0, t) ­¥¯à¥àë¢­  ­  [tν − δ, tν + δ] . �®áª®«ìªã |s − tν| 6 2δ , â®
¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

(ξ∗Q(t0, tν)ν)2 > α

4kϑ
.

�®« £ ï β =
√

α

4kϑ
, ¯®«ãç¨¬ âà¥¡ã¥¬ãî ®æ¥­ªã (22.3).

� ® á â   â ® ç ­ ® á â ì. �®§ì¬¥¬ «î¡ë¥ t0 ∈ R , ξ ∈ Rn, ‖ξ‖ = 1 , ¨
­ ©¤¥¬ â ª¨¥ ν ∈ Rm, ‖ν‖ = 1 , ¨ tν ∈ [t0 + δ, t0 + ϑ − δ] , çâ® äã­ªæ¨ï
t 7→ Q(t0, t) ­¥¯à¥àë¢­  ­  [tν− δ, tν + δ] ¨ ¢ë¯®«­¥­® (22.3). �ë¡¥à¥¬ ¢
á®®â¢¥âáâ¢¨¨ á ¯à¥¤«®¦¥­¨¥¬ 22.1 ¢¥«¨ç¨­ã δ1 ∈]0, δ] ­ áâ®«ìª® ¬ «®©,
çâ®¡ë ¯à¨ ¢á¥å t ∈ [tν − δ1, tν + δ1] ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

‖Q(t0, tν)−Q(t0, t)‖6 β2

4beaϑ
.

�®£¤  ¤«ï ª ¦¤®£® t ∈ [tν − δ1, tν + δ1] ¨§ (22.4) á«¥¤ã¥â

|(ξ∗Q(t0, tν)ν)2 − (ξ∗Q(t0, t)ν)2|6 β2

2 . (22.5)

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë© ®âà¥§®ª [p, q] , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬
q − p = δ1 ¨ tν ∈ [p, q] . �®£¤ 

[p, q] ⊂ [tν − δ1, tν + δ1] ⊂ [tν − δ, tν + δ] ⊂ [t0, t0 + ϑ],

¨ ¤«ï ¢á¥å t ∈ [p, q] á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (22.5). �¬¥¥¬ ®æ¥­ªã
t0+ϑ∫

t0

(ξ∗Q(t0, t)ν)2 dt >
q∫

p

(ξ∗Q(t0, t)ν)2 dt >

> (q − p)((ξ∗Q(t0, tν)ν)2 − β2/2) > (q − p)β2/2 = δ1β
2/2.

�®£« á­® «¥¬¬¥ 22.1 ®âáî¤  ¢ëâ¥ª ¥â ϑ-à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï-
¥¬®áâì á¨áâ¥¬ë (21.1). �¥®à¥¬  ¤®ª § ­ .

� ¥ ¬ ¬   22.2 (á¬., ­ ¯à¨¬¥à, [97]). �á«¨ á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à-
­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® áãé¥áâ¢ã¥â â ª®¥ α > 0 , çâ® ¤«ï «î¡®£®
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t0 ∈ R ­ ©¤ãâáï ¬®¬¥­âë ¢à¥¬¥­¨ ti ∈ [t0, t0 + ϑ] ¨ ¢¥ªâ®àë νi ∈ Rm ,
‖νi‖ = 1 , i = 1, . . . , n , â ª¨¥, çâ® ¬ âà¨æ 

F (t0) := [Q(t0, t1)ν1, . . . , Q(t0, tn)νn]

®¡à â¨¬  ¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® ‖F−1(t0)‖6 α .
� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  (21.1) ϑ -à ¢­®¬¥à­® ¢¯®«­¥

ã¯à ¢«ï¥¬ , â®£¤  ¢ á¨«ã á«¥¤áâ¢¨ï 22.1 ¯à¨ ­¥ª®â®à®¬ β > 0 ¨ ¢áï-
ª®¬ t0 ∈ R ¤«ï «î¡®£® ξ ∈ Rn, ‖ξ‖ = 1 , ­ ©¤ãâáï ν ∈ Rm, ‖ν‖ = 1 ,
¨ tν ∈ [t0, t0 + ϑ] â ª¨¥, çâ® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (22.3). � ä¨ªá¨-
àã¥¬ íâ® β ¨ ¢®§ì¬¥¬ «î¡®¥ t0 ∈ R . � «ì­¥©è¨¥ ¯®áâà®¥­¨ï ¯à®-
¢¥¤¥¬ ¨­¤ãªâ¨¢­®. �  ¯¥à¢®¬ è £¥ ¢ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥ ξ1 ∈ Rn ,
‖ξ1‖ = 1 , ¨ ¯® ­¥¬ã ­ ©¤¥¬ ν1 ∈ Rm , ‖ν1‖ = 1 , ¨ t1 ∈ [t0, t0 + ϑ] , â -
ª¨¥, çâ® |ξ∗1Q(t0, t1)ν1| > β . �ãáâì ¯®á«¥ k -£® è £  ¯®áâà®¥­ë ¢¥ªâ®àë
ξi ∈ Rn , νi ∈ Rm , ‖ξi‖ = ‖νi‖ = 1 , i = 1, . . . , k , ¨ ¬®¬¥­âë ¢à¥¬¥­¨
ti ∈ [t0, t0 + ϑ] , i = 1, . . . , k . �¡®§­ ç¨¬ ç¥à¥§ Mk ®àâ®£®­ «ì­®¥ ¤®-
¯®«­¥­¨¥ ¢ Rn ª «¨­¥©­®© ®¡®«®çª¥ ¢¥ªâ®à®¢ Q(t0, ti)νi , i = 1, . . . , k .
�ç¥¢¨¤­®, çâ® Mk 6= ∅ ¯à¨ k < n , ¯®áª®«ìªã dim Mk > n− k . �  è £¥
á ­®¬¥à®¬ k + 1 ¢®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ ξk+1 ∈ Mk , ‖ξk+1‖ = 1 ¨ ¯®
­¥¬ã ®¯à¥¤¥«¨¬ νk+1 ∈ Rm , ‖νk+1‖ = 1 ¨ tk+1 ∈ [t0, t0 + ϑ] , â ª¨¥, çâ®
¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® |ξ∗k+1Q(t0, tk+1)νk+1|> β .

� ª¨¬ ®¡à §®¬, ¯®á«¥ ¢ë¯®«­¥­¨ï n -£® è £  ¡ã¤¥¬ ¨¬¥âì ¢¥ª-
â®àë ξi ∈ Rn , νi ∈ Rm , ‖ξi‖ = ‖νi‖ = 1 , ¨ ¬®¬¥­âë ¢à¥¬¥­¨
ti ∈ [t0, t0 + ϑ] , i = 1, . . . , n , â ª¨¥, çâ® |ξ∗i Q(t0, ti)νi| > β ¯à¨ ¢á¥å
i = 1, . . . , n ¨ ξ∗i Q(t0, tj)νj = 0 ¯à¨ i > j . �¡®§­ ç¨¬ S := [ξ1, . . . , ξn] , â®-
£¤  ¨§ ãª § ­­ëå á¢®©áâ¢ ¯®áâà®¥­­ëå ¢¥ªâ®à®¢ ¢ëâ¥ª ¥â, çâ® ¬ âà¨æ 
P := S∗F (t0) ¢¥àå­ïï âà¥ã£®«ì­ ï,   ¤«ï ¥¥ ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢
á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  |pii|>β , â. ¥. |det P |>βn > 0 ¨, á«¥¤®¢ â¥«ì-
­®, det S 6= 0 . �à®¬¥ â®£®, ¤«ï ®¯à¥¤¥«¨â¥«ï ¬ âà¨æë S ­¥à ¢¥­áâ¢®
�¤ ¬ à  [176, á. 565] ¤ ¥â ®æ¥­ªã

|det S|6 ‖ξ1‖ ‖ξ2‖ . . . ‖ξn‖ = 1,

¯®íâ®¬ã ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

| det F (t0)| = |det P |/|det S|> βn

¨ ®æ¥­ªã
‖F−1(t0)‖6 ‖F (t0)‖n−1

|det F (t0)| 6 (√nbeaϑ)n−1

βn
=: α,

§ ¢¥àè îéãî ¤®ª § â¥«ìáâ¢® «¥¬¬ë.
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� ¥ ® à ¥ ¬   22.2 [97]. �á«¨ ¬ âà¨æ  B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥-
¯à¥àë¢­ , â® á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬
¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ãîâ â ª¨¥ α > 0 ¨ δ0 > 0 , çâ®
¤«ï ª ¦¤®£® t0 ∈ R ­ ©¤ãâáï ¢¥ªâ®àë ¥¤¨­¨ç­®© ¤«¨­ë νi ∈ Rm ¨ ¬®-
¬¥­âë ¢à¥¬¥­¨ ti ∈ [t0 +δ0, t0 +ϑ−δ0] , ti−ti−1 >δ0 , i = 1, . . . , n , â ª¨¥,
çâ® Q(t0, ·) ­¥¯à¥àë¢­  ­  ª ¦¤®¬ ¨§ ¨­â¥à¢ «®¢ ]ti−δ0/2, ti+δ0/2[ ,  
¬ âà¨æ  F (t0) = [Q(t0, t1)ν1, . . . , Q(t0, tn)νn] ®¡à â¨¬  ¨ ‖F−1(t0)‖6 α .

� ® ª   §   â ¥ « ì á â ¢ ®. � ® á â   â ® ç ­ ® á â ì. �ãáâì ¢ë¯®«­¥­® ­¥à -
¢¥­áâ¢® ‖F−1(t0)‖ 6 α . �®§ì¬¥¬ ¯à®¨§¢®«ì­ë© ¢¥ªâ®à ξ ∈ Rn, ‖ξ‖ = 1 ,
¯®«®¦¨¬ w = ξ∗F (t0) , w = (w1, . . . , wn) , ¨ ¢ë¡¥à¥¬ l ∈ {1, . . . , n} ¨§
ãá«®¢¨ï |wl| = max

i=1,...,n
|wi| . �®£¤  ¨¬¥¥¬ á®®â­®è¥­¨ï

1 = ‖ξ‖ = ‖ξ∗‖ = ‖wF−1(t0)‖6 α‖w‖6
√

nα|wl|,
¯®íâ®¬ã

|ξ∗Q(t0, tl)νl| = |ξ∗F (t0)el| = |wl|> (
√

nα)−1.

� ª ª ª tl ∈ [t0 + δ0, t0 + ϑ − δ0] ⊂ ]t0 + δ0/2, t0 + ϑ − δ0/2[ ,   äã­ªæ¨ï
t 7→ Q(t0, t) ­¥¯à¥àë¢­  ­  [tl − δ0/2, tl + δ0/2] , â®, ¯®« £ ï δ = δ0/2 ,
β = (√nα)−1 , ¨§ â¥®à¥¬ë 22.1 ¯®«ãç¨¬ âà¥¡ã¥¬®¥.

� ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �à¥¤¯®«®¦¨¬, çâ® á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à-
­® ¢¯®«­¥ ã¯à ¢«ï¥¬ . � ä¨ªá¨àã¥¬ ª ª®¥-«¨¡® t0 ∈ R . �á¯®«ì§ãï
¤®ª § â¥«ìáâ¢® «¥¬¬ë 22.2 (§ ¬¥­¨¢ ¢ ­¥¬ ááë«ªã ­  á«¥¤áâ¢¨¥ 22.1
ááë«ª®© ­  â¥®à¥¬ã 22.1), ¯®«ãç¨¬, çâ® áãé¥áâ¢ãîâ ¬®¬¥­âë ¢à¥¬¥­¨
ti ∈ ]t0 + δ, t0 + ϑ − δ[ ¨ ¢¥ªâ®àë νi ∈ Rm , ‖νi‖ = 1 , i = 1, . . . , n , â ª¨¥,
çâ® äã­ªæ¨ï Q(t0, ·) ­¥¯à¥àë¢­  ­  ª ¦¤®¬ [ti − δ, ti + δ] , ¬ âà¨æ 
F (t0) ®¡à â¨¬ , ‖F−1(t0)‖ 6 α , ¯à¨ç¥¬ ¢¥«¨ç¨­ë δ > 0 ¨ α > 0 ®â t0
­¥ § ¢¨áïâ. �ã¤¥¬ áç¨â âì, çâ® ¬®¬¥­âë ¢à¥¬¥­¨ ti § ­ã¬¥à®¢ ­ë ¯®
¢®§à áâ ­¨î, â. ¥. t0 + δ < t1 6 . . . 6 tn < t0 + ϑ− δ .

�ë¡¥à¥¬ â ª®¥ δ1 > 0 , çâ® á®£« á­® ¯à¥¤«®¦¥­¨î 22.1 ¯à¨ ¢á¥å
t0 ∈ R ¤«ï «î¡ëå t, s ∈ [t0, t0 + ϑ] , ¯à¨­ ¤«¥¦ é¨å ®¤­®¬ã ¨ â®¬ã ¦¥
¨­â¥à¢ «ã ­¥¯à¥àë¢­®áâ¨ Ii , i ∈ I , äã­ªæ¨¨ B(·) ¨ ã¤®¢«¥â¢®àïîé¨å
­¥à ¢¥­áâ¢ã |t− s|6 δ1 , ¢ë¯®«­¥­® á®®â­®è¥­¨¥

‖Q(t0, t)−Q(t0, s)‖ 6 (2α
√

n)−1.

�®«®¦¨¬ δ0 := min{δ/n, δ1/n} . �á«¨ min
i=1,...,n−1

{ti+1− ti} > δ0 , â® ¤®ª §ë-
¢ ¥¬®¥ á¢®©áâ¢® ¢ë¯®«­¥­®. �á«¨ ¦¥ min

i=1,...,n−1
{ti+1 − ti} < δ0 , â® ¯ãâ¥¬
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¬ «®£® ¢®§¬ãé¥­¨ï ¨¬¥îé¥£®áï ­ ¡®à  ti, i = 1, . . . , n , ¯¥à¥©¤¥¬ ª ­®-
¢®¬ã ­ ¡®àã t′i, i = 1, . . . , n , ®¡« ¤ îé¥¬ã ­¥®¡å®¤¨¬ë¬¨ á¢®©áâ¢ ¬¨
¯à¨ ¯à¥¦­¨å νi ∈ Rm, i = 1, . . . , n .

�ãáâì
t′i := ti + (i− 1)δ0, i = 1, . . . , n.

�®£¤  ¯à¨ ª ¦¤®¬ i ∈ {1, . . . , n} ¨¬¥¥¬ ­¥à ¢¥­áâ¢ 

ti 6 t′i 6 ti + (n− 1)δ0,

¨§ ª®â®àëå
t′i − δ0 > ti − δ0 > ti − δ,

t′i + δ0 6 ti + (n− 1)δ0 + δ0 = ti + nδ0 6 ti + δ,

â. ¥. á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

[t′i − δ0, t
′
i + δ0] ⊂ [ti − δ, ti + δ].

�âáî¤  á«¥¤ã¥â ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ t 7→ Q(t0, t) ­  ª ¦¤®¬ ¨§
¨­â¥à¢ «®¢ ]ti− δ0/2, ti + δ0/2[ . �à®¬¥ â®£®, ¯à¨ ¢á¥å i = 1, . . . , n ¨¬¥¥¬
®æ¥­ªã |t′i − ti|6 nδ0 6 δ1 , ¢«¥ªãéãî §  á®¡®© ­¥à ¢¥­áâ¢®

‖Q(t0, ti)−Q(t0, t
′
i)‖6 (2α

√
n)−1.

�ãáâì F̂ (t0) := [Q(t0, t
′
1)ν1, . . . , Q(t0, t

′
n)νn] , â®£¤ 

‖F̂ (t0)− F (t0)‖ =
∥∥∥∥[(Q(t0, t

′
1)−Q(t0, t1))ν1, . . . (Q(t0, t

′
n)−Q(t0, tn))νn]

∥∥∥∥ 6

6
√

n max
i=1,...,n

‖(Q(t0, ti)−Q(t0, t
′
i))νi‖6

√
n max

i=1,...,n
‖Q(t0, ti)−Q(t0, t

′
i)‖6(2α)−1.

�âáî¤  á®£« á­® [176, á. 365] á«¥¤ã¥â, çâ® ¬ âà¨æ  F̂ (t0) ®¡à â¨¬  ¨
¨¬¥¥â ¬¥áâ® ®æ¥­ª  [176, á. 403]

‖F̂−1(t0)‖6 ‖F−1(t0)‖+ ‖F̂−1(t0)− F−1(t0)‖6

6 ‖F−1(t0)‖+ ‖F−1(t0)‖2‖F̂ (t0)− F (t0)‖
1− ‖F−1(t0)‖ ‖F̂ (t0)− F (t0)‖

6 2α.

�¥®à¥¬  ¤®ª § ­ .
�à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 22.2. � ä¨ªá¨àã¥¬

ª ª®¥-«¨¡® t0 ∈ R ¨ ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 22.2 ¯®áâà®¨¬ ¬ âà¨æã
F = F (t0) = [ξ1, . . . , ξn] . �ã¤¥¬ £®¢®à¨âì, çâ® F := {ξ1, . . . , ξn} ï¢«ï¥âáï
¡ §¨á®¬ ç¨áâëå ¤¢¨¦¥­¨© ¤«ï á¨áâ¥¬ë (21.1) ­  ®âà¥§ª¥ [t0, t0 +ϑ] (¨«¨,
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¤®¯ãáª ï ­¥ª®â®àãî ¢®«ì­®áâì à¥ç¨, çâ® ¬ âà¨æ  F ®¡à §ã¥â ¡ §¨á
ç¨áâëå ¤¢¨¦¥­¨© ¤«ï á¨áâ¥¬ë (21.1) ­  ®âà¥§ª¥ [t0, t0 + ϑ] ).

�®ïá­¨¬ á¬ëá« ¢¢¥¤¥­­®£® ¯®­ïâ¨ï.
� áá¬®âà¨¬ § ¤ çã ã¯à ¢«¥­¨ï ¤«ï á¨áâ¥¬ë (21.1) á ãá«®¢¨ï¬¨

x(t0) = x0, x(t0 + ϑ) = 0, (22.6)

£¤¥ x0 ∈ Rn ¯à®¨§¢®«ì­®. �ãáâì t0 < t1 < . . . < tn < t0 + ϑ | ¬®¬¥­âë
¢à¥¬¥­¨, ν1, . . . , νn ∈ Rm | ¢¥ªâ®àë ¥¤¨­¨ç­®© ¤«¨­ë, ãç áâ¢ãîé¨¥ ¢
®¯à¥¤¥«¥­¨¨ ¬ âà¨æë F (t0) , â. ¥. F (t0) = [ξ1, . . . , ξn] , £¤¥ ξi = Q(t0, ti)νi ,
i = 1, . . . , n . �®§ì¬¥¬ «î¡®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® ε < 1/(α√n) (α |
¨§ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë 22.2) ¨ ¢ë¡¥à¥¬ � > 0 ­ áâ®«ìª® ¬ «ë¬,
çâ®¡ë ¯à®¨§¢®«ì­ë¥ ®âà¥§ª¨ �i ¤«¨­ë � , á®¤¥à¦ é¨¥ ti , i = 1, . . . , n ,
¯®¯ à­® ­¥ ¯¥à¥á¥ª «¨áì ¨ «¥¦ «¨ ¢ ]t0, t0 + ϑ[ , ¯à¨ç¥¬ ¢ë¯®«­ï«®áì
¡ë ­¥à ¢¥­áâ¢®

‖Q(t0, t)−Q(t0, ti)‖ < ε

¯à¨ ¢á¥å t ∈ �i . �¡®§­ ç¨¬ ­ ç «® ¨ ª®­¥æ ®âà¥§ª  �i ç¥à¥§ τi ¨ ϑi

á®®â¢¥âáâ¢¥­­®.
�¯à¥¤¥«¨¬ ã¯à ¢«¥­¨¥ u(·) ­  ®âà¥§ª¥ [t0, t0 + ϑ] à ¢¥­áâ¢ ¬¨

u(t) =





0, ¥á«¨ t /∈
n⋃

k=1
�k,

νiγi

� , ¥á«¨ t ∈ �i,
(22.7)

§­ ç¥­¨ï γi ∈ R ãâ®ç­¨¬ ­¨¦¥. �¥è¥­¨¥ á¨áâ¥¬ë (21.1), ã¤®¢«¥â¢®àï-
îé¥¥ ¯¥à¢®¬ã ãá«®¢¨î (22.6), § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

x(t) = X(t, t0)
(
x0 +

t∫

t0

X(t0, s)B(s)u(s) ds
)
,

¯®íâ®¬ã

x(t0 + ϑ) = X(t0 + ϑ, t0)
(
x0 +

t0+ϑ∫

t0

Q(t0, t)u(t) dt
)

=

= X(t0 + ϑ, t0)
(
x0 +

n∑

i=1

∫

�i

Q(t0, t)u(t) dt
)
.

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® äã­ªæ¨ï t 7→ Q(t0, t) ­  ª ¦¤®¬ ¨§
®âà¥§ª®¢ �i áâ æ¨®­ à­ , Q(t0, t) ≡ Q(t0, ti) . �®£¤  ¯à¨ t ∈ �i ¨¬¥¥¬
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áâà®£®¥ à ¢¥­áâ¢®

x(t) = X(t, t0)
(
x0 +

i−1∑

k=1

∫

�k

Q(t0, s)u(s) ds +
t∫

τi

Q(t0, s)u(s) ds
)

=

= X(t, t0)
(
x0 +

i−1∑

k=1

∫

�k

Q(t0, tk) · νkγk

� ds +
t∫

τi

Q(t0, ti) · νiγi

� ds
)

=

= X(t, t0)
(
x0 +

i−1∑

k=1
ξkγk + ξiγi · t− τi

�
)
.

(22.8)

� ç áâ­®áâ¨,

x(t0 + ϑ) = x(ϑn) = X(t0 + ϑ, t0)
(
x0 +

n∑

k=1
ξkγk

)
=

= X(t0 + ϑ, t0)
(
x0 +

n∑

k=1
γkFek

)
= X(t0 + ϑ, t0)(x0 + Fγ),

£¤¥ γ := col(γ1, . . . , γn) ∈ Rn . �§ ¢â®à®£® ãá«®¢¨ï (22.6) ¯®«ãç ¥¬ á®-
®â­®è¥­¨¥ x0 + Fγ = 0 . � âà¨æ  F ®¡à â¨¬ , á«¥¤®¢ â¥«ì­®, ¥á«¨
¯®«®¦¨âì γ = −F−1x0 , â® x(t0 + ϑ) = 0 , â. ¥. ¢â®à®¥ ãá«®¢¨¥ (22.6)
¡ã¤¥â ¢ë¯®«­¥­®.

�¡®§­ ç¨¬
ẑ(t) = X(t0, t)x(t), t ∈ [t0, t0 + ϑ],

£¤¥ äã­ªæ¨ï x(·) ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (22.8). �®£¤  ẑ(·) ï¢«ï¥âáï
à¥è¥­¨¥¬ á¨áâ¥¬ë

_z = _X(t0, t)x(t) + X(t0, t) _x(t) =
= −X(t0, t)A(t)x(t) + X(t0, t)(A(t)x(t) + B(t)u(t)) =

= X(t0, t)B(t)u(t) = Q(t0, t)u(t), t ∈ [t0, t0 + ϑ],
¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

ẑ(t0) = x(t0) = x0, ẑ(t0 + ϑ) = 0.

�§ (22.8) ¢ëâ¥ª ¥â, çâ® ¯à¨ ª ¦¤®¬ i ∈ {1, . . . , n} ¨ ¢á¥å t ∈ �i ¨¬¥¥â
¬¥áâ® à ¢¥­áâ¢®

ẑ(t) = x0 +
i−1∑

k=1
ξkγk + ξiγi · t− τi

� ,

á«¥¤®¢ â¥«ì­®, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ (ª®£¤  Q(t0, ·) áâ æ¨®­ à­ 
­  ª ¦¤®¬ �i ) ¤¢¨¦¥­¨¥ ¨§ ¯à®¨§¢®«ì­®© ­ ç «ì­®© â®çª¨ x0 ¢ ­ ç -
«® ª®®à¤¨­ â, § ¤ ¢ ¥¬®¥ äã­ªæ¨¥© t 7→ ẑ(t) , ¯à®¨áå®¤¨â áâà®£® ¢¤®«ì
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¢¥ªâ®à®¢ ¡ §¨á  ç¨áâëå ¤¢¨¦¥­¨© F = {ξ1, . . . , ξn} , ¯à¨ç¥¬ íâ¨ ¢¥ª-
â®àë ­¥¯¥à¥áâ ­®¢®ç­ë, ¯®áª®«ìªã ª ¦¤®¬ã ¢¥ªâ®àã ξi ®â¢¥ç ¥â á¢®©
¬®¬¥­â ¢à¥¬¥­¨ ti , ¨ íâ¨ ¬®¬¥­âë ã¯®àï¤®ç¥­ë ¯® ¢®§à áâ ­¨î.

�á«¨ ¦¥ äã­ªæ¨ï t 7→ Q(t0, t) ­  ®âà¥§ª å �i ­¥áâ æ¨®­ à­ , â®
¬®¦¥¬ áç¨â âì, çâ® Q(t0, t) ≈ Q(t0, ti) ­  �i . �®£¤  ¤«ï γ ¨¬¥¥¬ «¨èì
¯à¨¡«¨¦¥­­®¥ à ¢¥­áâ¢® γ ≈ −F−1x0 . �à¥¤¯®«®¦¨¬, çâ® ã¦¥ ­ ©¤¥-
­® ¨áâ¨­­®¥ §­ ç¥­¨¥ γ = col(γ1, . . . , γn) , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥­¨¥
ãá«®¢¨ï x(t0 + ϑ) = 0 ¤«ï à¥è¥­¨ï x(·) á¨áâ¥¬ë (21.1) á ã¯à ¢«¥-
­¨¥¬ u(·) , ®¯à¥¤¥«¥­­ë¬ à ¢¥­áâ¢®¬ (22.7), ¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬
x(t0) = x0 . �¡®§­ ç¨¬

z(t) = X(t0, t)x(t) = x0 +
t∫

t0

Q(t0, s)u(s) ds.

� íâ®¬ á«ãç ¥ ¤¢¨¦¥­¨¥ ¨§ â®çª¨ x0 ¢ ­ ç «® ª®®à¤¨­ â, § ¤ ¢ ¥¬®¥
äã­ªæ¨¥© t 7→ z(t) , ¯à®¨áå®¤¨â \¯à¨¡«¨§¨â¥«ì­®" ¢¤®«ì ¢¥ªâ®à®¢ ¡ -
§¨á  F .

�®«¥¥ â®ç­®, ®¯à¥¤¥«¨¬ ¬ âà¨æã R = [η1, . . . , ηn] ∈ Mn á®®â­®è¥-
­¨ï¬¨

ηi = 1
�

∫

�i

(
Q(t0, t)−Q(t0, ti)

)
νi dt, i = 1, . . . , n. (22.9)

�®£¤ 
‖ηi‖6 sup{‖Q(t0, t)−Q(t0, ti)‖ : t ∈ �i} < ε,

¯®íâ®¬ã
‖R‖ 6

√
n max

i
‖ηi‖ <

√
nε.

�¬¥¥¬ â®ç­®¥ à ¢¥­áâ¢®

x(t0 + ϑ) = X(t0 + ϑ, t0)
(
x0 +

n∑

i=1

∫

�i

(Q(t0, t)−Q(t0, ti))u(t) dt+

+
n∑

i=1

∫

�i

Q(t0, ti)u(t) dt
)

= X(t0 + ϑ, t0)
(
x0 +

n∑

i=1
γi(ηi + ξi)

)
=

= X(t0 + ϑ, t0)(x0 + (F + R)γ).
�®áª®«ìªã

F + R = F (E + F−1R),
‖F−1R‖6 ‖F−1‖ ‖R‖ < α

√
nε < 1,
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â® ¬ âà¨æ  F + R ®¡à â¨¬  [176, á. 364{365], ¯à¨ç¥¬ [176, á. 403]

‖(F + R)−1‖6 ‖F−1‖+ ‖F−1 − (F + R)−1‖6

6 α + ‖F−1R‖
1− ‖F−1R‖‖F

−1‖6 α
(
1 + α

√
nε

1− α
√

nε

)
.

�âáî¤  á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£® x0 ∈ Rn § ¤ ç  ã¯à ¢«¥­¨ï (21.1),
(22.6) à §à¥è¨¬ , ¯à¨ íâ®¬ ¢¥ªâ®à γ ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

γ = −(F + R)−1x0

¨ ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

‖γ‖6 α
(
1 + α

√
nε

1− α
√

nε

)
‖x0‖.

�®íâ®¬ã

‖u‖C 6 max
i=1,...,n

|γi| ‖νi‖
� 6 ‖γ‖

� 6 α

�
(
1 + α

√
nε

1− α
√

nε

)
‖x0‖.

�æ¥­¨¬ ®âª«®­¥­¨¥ \à¥ «ì­®£®" ¤¢¨¦¥­¨ï z(t) ®â \¨¤¥ «ì­®£®"
¤¢¨¦¥­¨ï ẑ(t) .

�ãáâì t ∈ �i . �®£¤ 

z(t) = x0 +
i−1∑

k=1

∫

�k

Q(t0, s)u(s) ds +
t∫

τi

Q(t0, s)u(s) ds =

= x0 +
i−1∑

k=1

(∫

�k

Q(t0, tk)u(s) ds +
∫

�k

(Q(t0, s)−Q(t0, tk))u(s) ds
)
+

+
t∫

τi

Q(t0, ti)u(s) ds +
t∫

τi

(Q(t0, s)−Q(t0, ti))u(s) ds =

= x0 +
i−1∑

k=1
ξkγk +

i−1∑

k=1
ηkγk + ξiγi · t− τi

� +
t∫

τi

(Q(t0, s)−Q(t0, ti))
νiγi

� ds =

= z(t) +
i−1∑

k=1
ηkγk +

t∫

τi

(Q(t0, s)−Q(t0, ti))
νiγi

� ds.

�«¥¤®¢ â¥«ì­®,

‖z(t)− ẑ(t)‖C[t0,t0+ϑ] 6
n∑

k=1
‖ηk‖ |γk| < εn‖γ‖6
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6ε · nα
(
1 + α

√
nε

1− α
√

nε

)
‖x0‖

| ¬ «�® ¯à¨ ¬ «ëå ε .
�§ ¯à¨¢¥¤¥­­ëå à ááã¦¤¥­¨©, ªà®¬¥ ¢á¥£® ¯à®ç¥£®, ¢ëâ¥ª ¥â á«¥-

¤ãîé¨© ªà¨â¥à¨© à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (21.1).
� ¥ ® à ¥ ¬   22.3 [97, 139]. �ãáâì B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢-

­ . �¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬ ¨ â®«ì-
ª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â â ª®¥ �0 > 0 , çâ® ¤«ï «î¡®£®
� ∈ ]0, �0] ­ ©¤ãâáï l > 0 ¨ ¯®¯ à­® ­¥ ¯¥à¥á¥ª îé¨¥áï ®âà¥§ª¨
�1, . . . , �n ¤«¨­ë � , «¥¦ é¨¥ ¢ ]t0, t0 + ϑ[ , £¤¥ t0 ∈ R ¯à®¨§¢®«ì-
­®, â ª¨¥, çâ® ¤«ï ª ¦¤®£® x0 ∈ Rn áãé¥áâ¢ã¥â ªãá®ç­® ¯®áâ®ï­­®¥
ã¯à ¢«¥­¨¥ u(·) , à ¢­®¥ ­ã«î ¢­¥ ®âà¥§ª®¢ �i , i = 1, . . . , n , ®¡¥á¯¥ç¨-
¢ îé¥¥ à §à¥è¨¬®áâì § ¤ ç¨ (21.1), (22.6) ¨ ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥
‖u‖C 6 l‖x0‖ .

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �®§ì¬¥¬ «î¡®¥ t0 ∈ R ¨
¯®áâà®¨¬ ¬ âà¨æã

F = [Q(t0, t1)ν1, . . . , Q(t0, tn)νn],

®¡à §ãîéãî ¡ §¨á ç¨áâëå ¤¢¨¦¥­¨© ¤«ï á¨áâ¥¬ë (21.1) ­  [t0, t0 + ϑ] ,
‖F−1‖6 α . �ë¡¥à¥¬ ¢¥«¨ç¨­ã �0 ¨§ ãá«®¢¨©

ε := sup{‖Q(t0, t)−Q(t0, ti)‖ : |t− ti|6 �0, i = 1, . . . , n}6 (2α
√

n)−1.

�§ â¥®à¥¬ë 22.2 á«¥¤ã¥â, çâ® ç¨á«® �0 ¬®¦¥â ¡ëâì ¢§ïâ® ¯®«®¦¨â¥«ì-
­ë¬ ¨ ­¥ § ¢¨áïé¨¬ ®â t0 . �«ï ¯à®¨§¢®«ì­®£® � ∈ ]0, �0] ¯®«®¦¨¬

l = α

�
(
1 + α

√
nε

1− α
√

nε

)
.

�à¨ ª ¦¤®¬ i ∈ {1, . . . , n} ¯®áâà®¨¬ ®âà¥§®ª �i ¤«¨­ë � , á®¤¥à¦ é¨©
â®çªã ti . �®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ x0 ∈ Rn . �¯à¥¤¥«¨¬ ã¯à ¢«¥­¨¥ u(·)
à ¢¥­áâ¢®¬ (22.7), £¤¥

γ = col(γ1, . . . , γn) = −(F + R)−1x0,

  ¬ âà¨æ  R § ¤ ­  á®®â­®è¥­¨¥¬ (22.9). �®£¤  à¥è¥­¨¥ § ¤ ç¨ �®-
è¨ ¤«ï á¨áâ¥¬ë (21.1) á ¢ë¡à ­­ë¬ u(·) ¨ á ­ ç «ì­ë¬ ãá«®¢¨¥¬
x(t0) = x0 ¯®¯ ¤ ¥â ¢ ­ ç «® ª®®à¤¨­ â ¢ ¬®¬¥­â t0 + ϑ ,   ¤«ï ­®à-
¬ë ã¯à ¢«¥­¨ï ¨¬¥¥â ¬¥áâ® ®æ¥­ª  ‖u‖C 6 l‖x0‖ .
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� ® á â   â ® ç ­ ® á â ì á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ ªà¨â¥à¨ï à ¢­®-
¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ �. �. �®­ª®¢  (â¥®à¥¬  1.1).

§ 23. �¥®à¥¬  ® £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨

�¤¥áì ¤®ª § ­ àï¤ ãâ¢¥à¦¤¥­¨© ® £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨ á¨-
áâ¥¬ë (21.2) (â¥®à¥¬  23.3, á«¥¤áâ¢¨ï 23.1 ¨ 23.2).

� íâ®¬ ¯ à £à ä¥ ¢ëïá­ï¥âáï, ¤«ï ª ª¨å ¬ âà¨æ H ∈ Mn á ¯®«®-
¦¨â¥«ì­ë¬ ®¯à¥¤¥«¨â¥«¥¬ ¢ë¡®à®¬ ªãá®ç­® ­¥¯à¥àë¢­®£® ®£à ­¨ç¥­-
­®£® ã¯à ¢«¥­¨ï U(·) ¬®¦­® ¤®¡¨âìáï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢ 

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)H,

¥á«¨ á¢®¡®¤­ ï á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ . � ¯®-
¬­¨¬ (á¬. § ¬¥ç ­¨¥ 21.1), çâ® ¤«ï ¯à®¨§¢®«ì­®© ¬ âà¨æë H á ¯®«®-
¦¨â¥«ì­ë¬ ®¯à¥¤¥«¨â¥«¥¬ â ª®¥ ã¯à ¢«¥­¨¥ ¢ ®¡é¥¬ á«ãç ¥ ­¥ áãé¥-
áâ¢ã¥â.

�®áâà®¥­¨¥ ¬ âà¨ç­®£® ã¯à ¢«¥­¨ï U(·) ¢ ®á­®¢­®¬ ãâ¢¥à¦¤¥­¨¨
¯ à £à ä  (â¥®à¥¬  23.3) ®áãé¥áâ¢«¥­® ­  ®á­®¢¥ ¡ §¨á  ç¨áâëå ¤¢¨¦¥-
­¨© á¨áâ¥¬ë (21.1). �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 23.3 ­ ¬ ¯®­ ¤®¡ïâáï
­¥ª®â®àë¥ ¯à¥¤¢ à¨â¥«ì­ë¥ ¯®áâà®¥­¨ï.

�ãáâì P, R ∈ Mn , F = {ξ1, . . . , ξn} | ¡ §¨á ¯à®áâà ­áâ¢  Rn , F =
= [ξ1, . . . , ξn] | ¬ âà¨æ  ¡ §¨á  F . �®áâà®¨¬ ¢¥ªâ®àë u1, . . . , un ∈ Rn

â ª, çâ®¡ë ¢ë¯®«­ï«®áì à ¢¥­áâ¢®

P +
n∑

i=1
ξiu

∗
i = R. (23.1)

�®áª®«ìªã ξi = Fei , ¯®«ãç ¥¬ á®®â­®è¥­¨¥

R− P =
n∑

i=1
Feiu

∗
i = F (

n∑

i=1
eiu

∗
i ).

� ª ª ª det F 6= 0 , â®
n∑

i=1
eiu

∗
i = F−1R− F−1P ,

¯®íâ®¬ã
n∑

i=1
eiu

∗
i F = F−1RF − F−1PF =: RF − PF ,



198

£¤¥ RF ¨ PF | íâ® ¬ âà¨æë R ¨ P , § ¯¨á ­­ë¥ ¢ ­®¢®¬ ¡ §¨á¥ F .
�¬­®¦¨¬ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® á«¥¢  ­  ¢¥ªâ®à-áâà®ªã e∗k , ¯®«ãç¨¬

e∗k(RF − PF) = e∗k(
n∑

i=1
eiu

∗
i F ) =

n∑

i=1
(e∗kei)u∗i F =

n∑

i=1
δiku

∗
i F = u∗kF.

�âáî¤  ¯®«ãç ¥¬ à ¢¥­áâ¢ 

u∗k = e∗k(RF − PF)F−1, k = 1, . . . , n,

¨§ ª®â®àëå
uk = (F−1)∗(RF − PF)∗ek, k = 1, . . . , n. (23.2)

�â ª, ¥á«¨ ¢ë¯®«­¥­® à ¢¥­áâ¢® (23.1), â® ¢¥ªâ®àë u1, . . . , un ®¯à¥-
¤¥«ïîâáï á®®â­®è¥­¨ï¬¨ (23.2).

�¡à â­®, ®¯à¥¤¥«¨¬ ¢¥ªâ®àë u1, . . . , un ¢ á®®â¢¥âáâ¢¨¨ á (23.2). �®-
£¤ 

P +
n∑

i=1
ξiu

∗
i = P +

n∑

i=1
(Fei)(e∗i (RF − PF)F−1) =

= P + F (
n∑

i=1
eie

∗
i )(RF −PF)F−1 = P + FE(RF −PF)F−1 = P + R−P = R,

â. ¥. (23.1) ¢ë¯®«­¥­®.
�®¤áâ ¢¨¬ ­ ©¤¥­­ë¥ §­ ç¥­¨ï uk ¢ (23.1), ¯®«ãç¨¬ â®¦¤¥áâ¢®

P +
n∑

i=1
ξie

∗
i (RF − PF)F−1 = R.

�¬­®¦¨¬ ¥£® á«¥¢  ­  F−1 ,   á¯à ¢  ­  F :

PF +
n∑

i=1
eie

∗
i (RF − PF) = RF .

�¡®§­ ç¨¬

Sj = PF +
j∑

i=1
eie

∗
i (RF − PF), j = 1, . . . , n. (23.3)

Sj | íâ® ¬ âà¨æ  PF , ¯¥à¢ë¥ j áâà®ª ª®â®à®© § ¬¥­¥­ë á®®â¢¥âáâ¢ã-
îé¨¬¨ áâà®ª ¬¨ ¬ âà¨æë RF . �ã¤¥¬ £®¢®à¨âì, çâ® ¬ âà¨æë Sj ¯à¥¤-
áâ ¢«ïîâ á®¡®© ¯à®¬¥¦ãâ®ç­ë¥ è £¨ ­  ¯ãâ¨ ®â P ª R ¢ ¡ §¨á¥ F .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 23.1 [139]. �ãáâì ρ | ­¥ª®â®à®¥ ¯®«®¦¨â¥«ì­®¥
ç¨á«®. �¯®àï¤®ç¥­­ãî ¯ àã (P, R) ¬ âà¨æ ¨§ Mn ­ §®¢¥¬ ρ-§ ª®­®¯®-
á«ãè­®© ®â­®á¨â¥«ì­® ¡ §¨á  F = {ξ1, . . . , ξn} ¯à®áâà ­áâ¢  Rn , ¥á«¨
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det P > ρ ¨ ¯à¨ ¢á¥å j ∈ {1, . . . , n} ¤«ï ¬ âà¨æ Sj , ï¢«ïîé¨åáï ¯à®¬¥-
¦ãâ®ç­ë¬¨ è £ ¬¨ ­  ¯ãâ¨ ®â P ª R ¢ ¡ §¨á¥ F , ¢ë¯®«­¥­ë ­¥à -
¢¥­áâ¢  det Sj > ρ .

� ¥ ¬ ¬   23.1. �ãáâì P, R ∈ Mn , det P > 0 , F | ¡ §¨á ¯à®áâà ­-
áâ¢  Rn . � à  (P,R) ρ -§ ª®­®¯®á«ãè­  ®â­®á¨â¥«ì­® ¡ §¨á  F ¢
â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¯ à  (E, RFP−1

F ) ρ1 -§ ª®­®¯®á«ãè­ 
®â­®á¨â¥«ì­® ¡ §¨á  E :={e1, . . . , en} , £¤¥ ç¨á«  ρ ¨ ρ1 á¢ï§ ­ë à ¢¥­-
áâ¢®¬ ρ = ρ1 det P .

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �ãáâì ¯ à  (P, R) ρ -§ -
ª®­®¯®á«ãè­  ®â­®á¨â¥«ì­® F . �®£« á­® ®¯à¥¤¥«¥­¨î 23.1, det P >ρ ¨
det Sj > ρ , j = 1, . . . , n , £¤¥ Sj § ¤ ­ë à ¢¥­áâ¢ ¬¨ (23.3). � áá¬®âà¨¬
¬ âà¨æë

S̃j := E +
j∑

i=1
eie

∗
i (RFP−1

F − E), j = 1, . . . , n,

¯à¥¤áâ ¢«ïîé¨¥ á®¡®© ¯à®¬¥¦ãâ®ç­ë¥ è £¨ ­  ¯ãâ¨ ®â E ª RFP−1
F ¢

¡ §¨á¥ E . �®£¤ 

S̃jPF = PF +
j∑

i=1
eie

∗
i (RF − PF) = Sj, j = 1, . . . , n.

�«¥¤®¢ â¥«ì­®, ¯à¨ ¢á¥å j ∈ {1, . . . , n} ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

det S̃j = det Sj

det PF
= det Sj

det P
> ρ

det P
=: ρ1.

�à®¬¥ â®£®,
det E = 1 > ρ

det P
= ρ1.

�â® ®§­ ç ¥â ρ1 -§ ª®­®¯®á«ãè­®áâì ¯ àë (E, RFP−1
F ) ®â­®á¨â¥«ì­® E .

� ® á â   â ® ç ­ ® á â ì. �ãáâì ¯ à  (E, RFP−1
F ) ρ1-§ ª®­®¯®á«ãè­  ®â-

­®á¨â¥«ì­® E . �®£¤  det E = 1 > ρ1 ¨ det S̃j > ρ1 , j = 1, . . . , n . �®-
áª®«ìªã

det Sj = det S̃j det PF > ρ1 det P =: ρ, j = 1, . . . , n,

¨ det P >ρ1 det P = ρ , ¯ à  (P,R) ρ -§ ª®­®¯®á«ãè­  ®â­®á¨â¥«ì­® F .
�¥¬¬  ¤®ª § ­ .

�«ï ¯à®¨§¢®«ì­®© ¬ âà¨æë H = {hij}n
i,j=1 ∈ Mn ç¥à¥§ (H)k ∈ Mk

®¡®§­ ç¨¬ ¥¥ ¢¥¤ãéãî £« ¢­ãî ¯®¤¬ âà¨æã [176, á. 479] ¯®àï¤ª  k , â. ¥.

(H)1 = h11, (H)2 =

 h11 h12

h21 h22


 , . . . , (H)n = H.
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�¥¤ãé¨¬¨ £« ¢­ë¬¨ ¬¨­®à ¬¨ ¬ âà¨æë H ­ §ë¢ ¥¬ ®¯à¥¤¥«¨â¥«¨ ¢¥-
¤ãé¨å £« ¢­ëå ¯®¤¬ âà¨æ ¬ âà¨æë H . �«ï ¯à®¨§¢®«ì­®£® ç¨á«  ρ > 0
®¯à¥¤¥«¨¬ ¬­®¦¥áâ¢® ¬ âà¨æ

H(ρ) := {H ∈ Mn : det(H)k > ρ, k = 1, . . . , n}.

� ¥ ¬ ¬   23.2. �ãáâì ρ ∈ ]0, 1] . � à  (E, H) ρ -§ ª®­®¯®á«ãè­  ®â-
­®á¨â¥«ì­® ¡ §¨á  E ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  H ∈ H(ρ) .

� ® ª   §   â ¥ « ì á â ¢ ®. �à®¬¥¦ãâ®ç­ë¬¨ è £ ¬¨ ­  ¯ãâ¨ ®â E ª H

¢ ¡ §¨á¥ E ï¢«ïîâáï ¬ âà¨æë

Sj = E +
j∑

i=1
eie

∗
i (H − E), j = 1, . . . , n.

� ¦¤ ï ¨§ Sj | íâ® ¬ âà¨æ , ¯¥à¢ë¥ j áâà®ª ª®â®à®© á®¢¯ ¤ îâ á á®-
®â¢¥âáâ¢ãîé¨¬¨ áâà®ª ¬¨ ¬ âà¨æë H ,   ®áâ «ì­ë¥ | á á®®â¢¥âáâ¢ã-
îé¨¬¨ áâà®ª ¬¨ E . �®íâ®¬ã Sj | ¡«®ç­®-¢¥àå­¥âà¥ã£®«ì­ ï ¬ âà¨-
æ , ¤¨ £®­ «ì­ë¬¨ ¡«®ª ¬¨ ª®â®à®© ï¢«ïîâáï (H)j ¨ (E)n−j . �®£¤ 
[176, á. 39]

det Sj = det(H)j det(E)n−j = det(H)j,

¨ ­¥à ¢¥­áâ¢  det Sj > ρ íª¢¨¢ «¥­â­ë ­¥à ¢¥­áâ¢ ¬ det(H)j > ρ . �®-
®â­®è¥­¨¥ det E > ρ ¢ë¯®«­¥­®, â ª ª ª ¯® ãá«®¢¨î ρ 6 1 .

�¥¯®áà¥¤áâ¢¥­­® ¨§ «¥¬¬ 23.1, 23.2 ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ªà¨â¥à¨¨
§ ª®­®¯®á«ãè­®áâ¨ ¯ à ¬ âà¨æ.

� ¥ ® à ¥ ¬   23.1. �ãáâì P,R ∈ Mn , det P > 0 , F | ¡ §¨á Rn . � -
à  (P, R) ρ -§ ª®­®¯®á«ãè­  ®â­®á¨â¥«ì­® F â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  RFP−1

F ∈ H(ρ1) , £¤¥ ρ1 = ρ/ det P .
� ¥ ® à ¥ ¬   23.2. �ãáâì P, R ∈ Mn , det P > 0 , F | ¡ §¨á Rn .

� à  (P, R) ρ -§ ª®­®¯®á«ãè­  ®â­®á¨â¥«ì­® F ¢ â®¬ ¨ â®«ìª® â®¬
á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â H ∈ H(ρ/ det P ) â ª ï, çâ® R = FHF−1P ,
£¤¥ F | ¬ âà¨æ  ¡ §¨á  F .

� ® ª   §   â ¥ « ì á â ¢ ®. � á¨«ã â¥®à¥¬ë 23.1 ρ -§ ª®­®¯®á«ãè­®áâì
¯ àë (P, R) ®â­®á¨â¥«ì­® F íª¢¨¢ «¥­â­  áãé¥áâ¢®¢ ­¨î ¬ âà¨æë
H ∈ H(ρ/ det P ) â ª®©, çâ® RFP−1

F = H , â. ¥.

H = (F−1RF )(F−1PF )−1 = F−1RP−1F,

çâ® à ¢­®á¨«ì­® âà¥¡ã¥¬®¬ã.
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� áá¬®âà¨¬ ç áâ­ë© á«ãç ©, ª®£¤  P = E . �§ â¥®à¥¬ë 23.2 ¢ëâ¥-
ª ¥â, çâ® ρ -§ ª®­®¯®á«ãè­ë¬¨ ®â­®á¨â¥«ì­® ¡ §¨á  F ï¢«ïîâáï ¯ àë
¢¨¤  (E, FHF−1) á H ∈ H(ρ) , ¨ â®«ìª® ®­¨, ¯à¨ íâ®¬ §¤¥áì ­¥®¡å®¤¨-
¬® ¤®«¦­® ¢ë¯®«­ïâìáï ãá«®¢¨¥ ρ 6 1 . �§ (23.3) ¯®«ãç ¥¬ ®¡é¨© ¢¨¤
¯à®¬¥¦ãâ®ç­ëå è £®¢ ­  ¯ãâ¨ ®â E ª FHF−1 ¢ ¡ §¨á¥ F :

Sj = E +
j∑

i=1
eie

∗
i (H − E), j = 1, . . . , n,

  ¨§ (23.2) | ®¡é¨© ¢¨¤ ¢¥ªâ®à®¢ uj :

uj = (F−1)∗(H∗ − E)ej, j = 1, . . . , n. (23.4)

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ ç¨á«  0 < ρ 6 1 ¨ r > 0 ¨ à áá¬®âà¨¬
¬­®¦¥áâ¢® ¬ âà¨æ

H(r, ρ) := {H ∈ Mn : ‖H − E‖6 r, det(H)j > ρ, j = 1, . . . , n}.
�ãáâì H ∈ H(r, ρ) . � ª ª ª ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ H(r, ρ) ⊂ H(ρ) ,
¯ à  (E, FHF−1) ρ -§ ª®­®¯®á«ãè­  ®â­®á¨â¥«ì­® F . �§ (23.4) ¨ ¨§
à ¢¥­áâ¢ ξj = Fej ¯®«ãç ¥¬ ξju

∗
j = Feje

∗
j(H − E)F−1 ¨

Pk := E +
k∑

j=1
ξju

∗
j = E + F

( k∑

j=1
eje

∗
j(H − E)

)
F−1 =

= F
(
E +

k∑

j=1
eje

∗
j(H − E)

)
F−1 = FSkF

−1, k = 1, . . . , n,

¢ ç áâ­®áâ¨, Pn = FSnF
−1 = FHF−1 . �â¬¥â¨¬, çâ®

det Pk = det Sk = det(H)k > ρ, ‖uk‖6 ‖F−1‖ ‖H − E‖,
‖ξku

∗
k‖6 ‖ξk‖ ‖uk‖6 ‖F‖ ‖uk‖6 κ(F )‖H − E‖6 κ(F )r. (23.5)

�®«®¦¨¬ ξ0 = u0 = 0 ∈ Rn ¨ à áá¬®âà¨¬ ¬­®¦¥áâ¢®

� =
n⋃

j=1
{t(E +

j∑

i=0
ξiu

∗
i ) + (1− t)(E +

j−1∑

i=0
ξiu

∗
i )| t ∈ [0, 1]},

¯à¥¤áâ ¢«ïîé¥¥ á®¡®© «®¬ ­ãî ¢ ¯à®áâà ­áâ¢¥ ¬ âà¨æ Mn , ¢¥àè¨­ë
ª®â®à®© á®¢¯ ¤ îâ á ¬ âà¨æ ¬¨ E =: P0 , P1, . . . , Pn = FHF−1 . �ãáâì

Oε(�):={L ∈ Mn| ∃G ∈ � : ‖L−G‖ < ε}
| ε-âàã¡ª  «®¬ ­®© � .
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� ¥ ¬ ¬   23.3 [139]. �«ï «î¡®© ¬ âà¨æë H ∈ H(r, ρ) ¨ ¤«ï «î¡®£®
ε ∈ ]0, ρ(1 + nγ)1−n[ , £¤¥ γ = κ(F )r , ¢áïª ï ¬ âà¨æ  L ∈ Oε(�) ®¡à -
â¨¬ , ¯à¨ íâ®¬ ‖L−1‖6 (1 + nγ)n−1(ρ− (1 + nγ)n−1ε)−1 .

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ «î¡ãî ¬ âà¨æã L ∈ Oε(�) ¨ ­ ©¤¥¬
â ªãî G ∈ � , çâ® ‖L − G‖ < ε . �®£¤  ¯à¨ ­¥ª®â®àëå j ∈ {1, . . . , n} ¨
t ∈ [0, 1] ¢ë¯®«­¥­ë à ¢¥­áâ¢ 

G = t
(
E +

j∑

i=0
ξiu

∗
i

)
+ (1− t)

(
E +

j−1∑

i=0
ξiu

∗
i

)
=

= E +
j−1∑

i=0
ξiu

∗
i + tξju

∗
j = Pj−1 + tξju

∗
j ,

£¤¥ P0 :=E . �«ï ¬ âà¨æ Pi , i = 0, 1, . . . , n−1 , á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 
det Pi > ρ , ¯®íâ®¬ã Pj−1 ®¡à â¨¬  ¨

det G = det(Pj−1 + tξju
∗
j) =

= det
(
Pj−1(E + tP−1

j−1ξju
∗
j)

)
= det Pj−1 det(E + taju

∗
j),

£¤¥ aj := P−1
j−1ξj . �à¨ t = 0 ¨¬¥¥¬ à ¢¥­áâ¢®

det(E + taju
∗
j) = 1,

  ¯à¨ t 6= 0

det(E + taju
∗
j) = det

(
t
(1
t
E + aju

∗
j

))
= tn det

(1
t
E − (−aju

∗
j)

)
.

�¡®§­ ç¨¬ Dj = −aju
∗
j ∈ Mn . �®£¤ 

1) rank Dj = 1 [176, á. 81];
2) ¬ âà¨æ  Dj ¨¬¥¥â, á ¬®¥ ¡®«ìè¥¥, ®¤­® ­¥­ã«¥¢®¥ á®¡áâ¢¥­­®¥ §­ -
ç¥­¨¥ ªà â­®áâ¨ 1, à ¢­®¥ −u∗jaj [176, á. 81];
3) á«¥¤ ¬ âà¨æë Dj á®¢¯ ¤ ¥â á áã¬¬®© á®¡áâ¢¥­­ëå §­ ç¥­¨© Dj á
ãç¥â®¬ ¨å ªà â­®áâ¥© [176, á. 58], ¯®íâ®¬ã SpDj = −u∗jaj .

�ãáâì Ei(Dj) | áã¬¬  £« ¢­ëå ¬¨­®à®¢ ¯®àï¤ª  i [176, á. 58] ¬ -
âà¨æë Dj , i = 1, . . . , n , â®£¤  å à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ ¬ âà¨æë
Dj ¨¬¥¥â ¢¨¤ [176, á. 58]

pDj
(t) = tn − E1(Dj)tn−1 + E2(Dj)tn−2 + . . . + (−1)nEn(Dj).

�®áª®«ìªã rank Dj = 1 , ®¯à¥¤¥«¨â¥«ì ¢áïª®© ¯®¤¬ âà¨æë ¬ âà¨æë Dj

¯®àï¤ª  k × k ¯à¨ k > 1 à ¢¥­ 0 , ¯®íâ®¬ã Ek(Dj) = 0 ¯à¨ ¢á¥å k ∈
∈ {2, . . . , n} ,   E1(Dj) = SpDj = −u∗jaj . �«¥¤®¢ â¥«ì­®,

pDj
(t) = tn + tn−1u∗jaj.
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�âáî¤  ¢ëâ¥ª ¥â, çâ® ¯à¨ t 6= 0

det(E + taju
∗
j) = tnpDj

(1
t

)
= tn(t−n + t1−nu∗jaj) = 1 + tu∗jaj.

�â ª, det(E + taju
∗
j) = 1 + tu∗jaj ¯à¨ ¢á¥å t ∈ R , ¨

det G = (1 + tu∗jP
−1
j−1ξj) det Pj−1

| «¨­¥©­® § ¢¨á¨â ®â t , ¯®íâ®¬ã ¤«ï ¢áïª®© G ∈ � ¯®«ãç ¥¬ ®æ¥­ªã

det G > min
j=0,...,n

det Pj > ρ.

� ¤àã£®© áâ®à®­ë, ¨§ (23.5) ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢®

‖G‖ =
∥∥∥∥E +

j−1∑

i=0
ξiu

∗
i + tξju

∗
j

∥∥∥∥ 6 1 +
n∑

i=1
‖ξiu

∗
i‖6 1 + nκ(F )r = 1 + nγ.

�®íâ®¬ã
‖G−1‖6 ‖G‖n−1

|det G| 6 (1 + nγ)n−1

ρ
< ε−1,

â. ¥. ‖L−G‖ < ε < ‖G−1‖−1 . �®£« á­® [176, á. 403] ®âáî¤  á«¥¤ã¥â, çâ®
¬ âà¨æ  L ®¡à â¨¬  ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖L−1‖6 ‖G−1 − L−1‖+ ‖G−1‖6 ‖G−1‖ ‖G−1(L−G)‖
1− ‖G−1(L−G)‖ + ‖G−1‖6

6 ‖G−1‖
1− ‖G−1(L−G)‖ 6 (1 + nγ)n−1

ρ
· 1

1− (1+nγ)n−1

ρ ε
= (1 + nγ)n−1

ρ− (1 + nγ)n−1ε
.

�¥¬¬  ¤®ª § ­ .
� ¥ ® à ¥ ¬   23.3 [139]. �á«¨ á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥

ã¯à ¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® ¤«ï ª ¦¤®£®
t0 ∈ R ­ ©¤¥âáï ®¡à â¨¬ ï ¬ âà¨æ  F ∈ Mn , ®¡¥á¯¥ç¨¢ îé ï ¢ë-
¯®«­¥­¨¥ á«¥¤ãîé¥£® á¢®©áâ¢ : ¤«ï «î¡ëå r > 0 ¨ 0 < ρ 6 1 áãé¥-
áâ¢ã¥â ­¥ § ¢¨áïé ï ®â t0 ¢¥«¨ç¨­  β = β(r, ρ) > 0 â ª ï, çâ® ¤«ï
¢áïª®© ¬ âà¨æë H ∈ H(r, ρ) ­ ©¤¥âáï ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥-
­¨¥ U : [t0, t0 + ϑ] → Mmn , ‖U‖C 6 β‖H − E‖ , ¯à¨ ª®â®à®¬ ¬ âà¨æ 
�®è¨ XU(t, s) á¨áâ¥¬ë (21.2) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)FHF−1. (23.6)

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ t0 ∈ R . �®«ì§ãïáì â¥-
®à¥¬®© 22.2, ¯®áâà®¨¬ ®¡à â¨¬ãî ¬ âà¨æã F = [ξ1, . . . , ξn] , ‖F−1‖6 α ,
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®¡à §ãîéãî ¡ §¨á ç¨áâëå ¤¢¨¦¥­¨© ¤«ï á¨áâ¥¬ë (21.1) ­  ®âà¥§ª¥
[t0, t0 + ϑ] . �â®«¡æ ¬¨ ¬ âà¨æë F ï¢«ïîâáï ¢¥ªâ®àë ξk = Q(t0, tk)νk ,
£¤¥ νk ∈ Rm , ‖νk‖ = 1 ,   ¬®¬¥­âë ¢à¥¬¥­¨ tk ∈ [t0 + δ0, t0 + ϑ − δ0] ,
k = 1, . . . , n , â ª®¢ë, çâ® tk − tk−1 > δ0 ¨ B(·) ∈ C(]tk − δ0/2, tk + δ0/2[) .
�§ â¥®à¥¬ë 22.2 á«¥¤ã¥â, çâ® ¯®«®¦¨â¥«ì­ë¥ ¢¥«¨ç¨­ë α ¨ δ0 ¬®¦­®
¢ë¡à âì ­¥ § ¢¨áïé¨¬¨ ®â t0 ∈ R . �à®¬¥ â®£®, ¤«ï ‖F‖ ¨¬¥¥â ¬¥áâ®
à ¢­®¬¥à­ ï ¯® t0 ®æ¥­ª 

‖F‖ 6
√

n max{‖ξk‖ : k = 1, . . . , n} 6
√

nb exp(aϑ),
¯®íâ®¬ã

κ(F ) = ‖F‖ ‖F−1‖ 6
√

nαb exp(aϑ) := κ.

�®§ì¬¥¬ «î¡ë¥ ρ ∈ ]0, 1] , r > 0 ¨ H ∈ H(r, ρ) . �  ®âà¥§ª¥ [t0, t0+ϑ]
à áá¬®âà¨¬ ¬ âà¨ç­ãî § ¤ çã ã¯à ¢«¥­¨ï

_Y = A(t)Y + B(t)V, (23.7)
Y (t0) = E, Y (t0 + ϑ) = X(t0 + ϑ, t0)FHF−1. (23.8)

�®£¤  ¨§ (23.7) ¨ ¯¥à¢®£® ãá«®¢¨ï (23.8) á«¥¤ã¥â

Y (t) = X(t, t0)
(
E +

t∫

t0

Q(t0, s)V (s) ds
)
,

  ¢â®à®¥ ãá«®¢¨¥ (23.8) ¢ë¯®«­¥­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

E +
t0+ϑ∫

t0

Q(t0, s)V (s) ds = FHF−1.

�®áâà®¨¬ ã¯à ¢«¥­¨¥ V ∈ KCmn([t0, t0 + ϑ]) , £ à ­â¨àãîé¥¥ ¢ë¯®«­¥-
­¨¥ íâ®£® à ¢¥­áâ¢ , â ª®¥, çâ® ¬ âà¨æ 

G(t) := E +
t∫

t0

Q(t0, s)V (s) ds

®¡à â¨¬  ­  [t0, t0 + ϑ] ¨ ¤«ï ­¥ª®â®àëå ­¥ § ¢¨áïé¨å ®â t0 ∈ R (­®
§ ¢¨áïé¨å ®â r ¨ ρ ) ¯®«®¦¨â¥«ì­ëå ç¨á¥« γ1 , γ2 ¨ ¢á¥å t ∈ [t0, t0 + ϑ]
á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

‖V (t)‖6 γ1‖H − E‖, ‖G−1(t)‖6 γ2.

�á«¨ ã¯à ¢«¥­¨¥ V (·) á íâ¨¬¨ á¢®©áâ¢ ¬¨ ¯®áâà®¥­®, â® ¬ âà¨æ  Y (·) ,
®¯à¥¤¥«¥­­ ï ­  [t0, t0 + ϑ] à ¢¥­áâ¢®¬ Y (t) = X(t, t0)G(t) , ®¡à â¨¬ ,
¯à¨ íâ®¬

‖Y −1(t)‖ = ‖G−1(t)X(t0, t)‖6 γ2 exp(aϑ).
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�®§ì¬¥¬ U(t) = V (t)Y −1(t) . �®£¤ , ­¥§ ¢¨á¨¬® ®â t0 ∈ R , ¯à¨ ¢á¥å
t ∈ [t0, t0 + ϑ] á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖U(t)‖6 ‖V (t)‖ ‖Y −1(t)‖6 γ1γ2 exp(aϑ)‖H − E‖=: β‖H − E‖,
¯à¨ç¥¬ U(·) ªãá®ç­® ­¥¯à¥àë¢­  ­  [t0, t0 + ϑ] . �§ (23.7) ¢ëâ¥ª ¥â, çâ®
äã­ªæ¨ï Y (·) ­  [t0, t0 + ϑ] ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

_Y = A(t)Y + B(t)V (t) = (A(t)Y + B(t)U(t))Y,

¯®íâ®¬ã ¨§ ¯¥à¢®£® ãá«®¢¨ï (23.8) ¯®«ãç ¥¬ Y (t) ≡ XU(t, t0) ¯à¨
t ∈ [t0, t0 + ϑ] . �®£¤  ¨§ ¢â®à®£® ãá«®¢¨ï (23.8) á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥
à ¢¥­áâ¢® (23.6).

�ã¤¥¬ ¨áª âì V (·) ¢ ¢¨¤¥ V (t) = V1(t) + V2(t) , £¤¥ V1(·) ªãá®ç­®
¯®áâ®ï­­®,   V2(·) ¤®áâ â®ç­® ¬ «® ¯® ­®à¬¥. �®«®¦¨¬

Gi(t) =
t∫

t0

Q(t0, s)Vi(s) ds, i = 1, 2.

�®£¤  G(t) = E + G1(t) + G2(t) , ¯®íâ®¬ã âà¥¡ã¥¬®¥ à ¢¥­áâ¢®

G(t0 + ϑ) = FHF−1

¢ë¯®«­¥­® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

E + G1(t0 + ϑ) + G2(t0 + ϑ) = FHF−1. (23.9)

� æ¥«ìî ä®à¬¨à®¢ ­¨ï ã¯à ¢«¥­¨ï V1(·) ¤«ï ¢ë¡à ­­®© ¬ âà¨-
æë H ¨ ­ ©¤¥­­®© ¬ âà¨æë F ¯®áâà®¨¬ ¯® ä®à¬ã« ¬ (23.4) ¢¥ªâ®àë
u1, . . . , un ¨ «®¬ ­ãî � .

�®§ì¬¥¬ ­¥ª®â®à®¥ � ∈ ]0, δ0/3] , ¢ë¡®à ª®â®à®£® ãâ®ç­¨¬ ­¨¦¥.
�ãáâì �i = [τi, ϑi] , i = 1, . . . , n | ¯à®¨§¢®«ì­ë¥ ®âà¥§ª¨ ¤«¨­ë � ,
â ª¨¥, çâ® ti ∈ �i . �®£¤  B(·) ­¥¯à¥àë¢­  ­  ª ¦¤®¬ �i ,   ®âà¥§-
ª¨ �i ¯®¯ à­® ­¥ ¯¥à¥á¥ª îâáï ¨ á®¤¥à¦ âáï ¢ ]t0, t0 + ϑ[ . �¡®§­ ç¨¬
τn+1 = t0 + ϑ ; �j = νju

∗
j/� , j = 1, . . . , n .

�áª®¬®¥ ã¯à ¢«¥­¨¥ V1(·) ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬ V1(t) ≡ �j ¯à¨
t ∈ �j , j = 1, . . . , n , ¨ V1(t) ≡ 0 ¯à¨ ¢á¥å ®áâ «ì­ëå t ∈ [t0, t0 + ϑ] .
�®£¤  ¤«ï ‖V1‖C ¨¬¥¥¬ ®æ¥­ªã

‖V1‖C 6 max{‖�j‖ : j = 1, . . . , n}6 max{‖uj‖ : j = 1, . . . , n}/� 6

6 ‖F−1‖ ‖H − E‖/� 6 α‖H − E‖/� =: α1(�)‖H − E‖.
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� ¤ ¤¨¬ ¯ à ¬¥âà¨§ æ¨î «®¬ ­®© � á ¯®¬®éìî äã­ªæ¨¨

P (t) =





E ¯à¨ t ∈ [t0, τ1],

E +
j−1∑

i=1
ξiu

∗
i + (t− τj)ξju

∗
j/� ¯à¨ t ∈ �j,

P (ϑj) ¯à¨ t ∈]ϑj, τj+1].
�®áª®«ìªã ¯à¨ t ∈ �i

ξiu
∗
i = Q(t0, ti)νiu

∗
i = Q(t0, ti)�i� ≡ Q(t0, ti)Vi(t)�,

â® á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

P (t) ≡ E +
j−1∑

i=1

∫

�i

Q(t0, ti)Vi(s) ds +
t∫

τj

Q(t0, tj)Vj(s) ds, t ∈ �j.

�à¨ ª ¦¤®¬ t ∈ [t0, t0 + ϑ] ®¡®§­ ç¨¬

R(t) = E + G1(t)− P (t)

| ®âª«®­¥­¨¥ E + G1(t) ®â «®¬ ­®© � . �®£¤ 

R(t) =
j−1∑

i=1

∫

�i

(Q(t0, s)−Q(t0, ti))�i ds +
t∫

τi

(Q(t0, s)−Q(t0, tj))�j ds

¯à¨ t ∈ �j ¨ R(t) ≡ R(ϑj) ¯à¨ t ∈]ϑj, τj+1] , ¯à¨ç¥¬ R(t0) = 0 . �¡®§­ -
ç¨¬ R = R(t0 + ϑ) | \ä¨­ «ì­®¥" ®âª«®­¥­¨¥ E + G1(t) ®â � .

�ãáâì

q(�) := sup{‖Q(t0, s)−Q(t0, t)‖ : t0 ∈ R, s, t ∈ [t0, t0 + ϑ],

|s− t|6 �, ∃i ∈ I : s, t ∈ Ii}.
�®£¤  ¯à¨ ¢á¥å t ∈ [t0, t0 + ϑ] ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

‖R(t)‖6 nq(�) max{‖�i‖ : i = 1, . . . , n}� 6

6 nq(�) max{‖ui‖ : i = 1, . . . , n}6 nq(�)α‖H − E‖,
¢ ç áâ­®áâ¨, ‖R‖6 nq(�)α‖H − E‖ .

�¯à ¢«¥­¨¥ V2(·) ¯®áâà®¨¬ ¢ ¢¨¤¥

V2(t) = −Q∗(t0, t)W−1(t0, t0 + ϑ)R,

£¤¥ W (t0, t0 + ϑ) | ¬ âà¨æ  � «¬ ­ . �®£¤ 

G2(t0 + ϑ) = −
t0+ϑ∫

t0

Q(t0, s)Q∗(t0, s)dsW−1(t0, t0 + ϑ)R = −R,
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¯®íâ®¬ã

E + G1(t0 + ϑ) + G2(t0 + ϑ) = P (t0 + ϑ) + R(t0 + ϑ) + G2(t0 + ϑ) =

= FHF−1 + R−R = FHF−1,

â. ¥. (23.9) ¢ë¯®«­¥­®.
�§ ϑ-à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (21.1) á«¥¤ã¥â,

çâ® ­ ©¤¥âáï â ª®¥ ­¥ § ¢¨áïé¥¥ ®â t0 ¯®«®¦¨â¥«ì­®¥ ç¨á«® β1 , çâ®
‖W−1(t0, t0 + ϑ)‖6 β1 . �®£¤ 

‖V2‖C 6 ‖Q(t0, ·)‖C([t0,t0+ϑ])‖W−1(t0, t0 + ϑ)‖ ‖R‖6

6 b exp(aϑ)β1nq(�)α‖H − E‖=:α2(�)‖H − E‖;

‖G2(t)‖6
t0+ϑ∫

t0

‖Q(t0, ·)‖C([t0,t0+ϑ])‖V2‖Cds 6 ϑb exp(aϑ)α2(�)‖H − E‖.

�®áª®«ìªã

G(t) = E + G1(t) + G2(t) = P (t) + R(t) + G2(t),

¨¬¥¥¬ ®æ¥­ªã
‖G(t)− P (t)‖6 ‖R(t)‖+ ‖G2(t)‖6

6 nq(�)α‖H −E‖+ ϑb exp(aϑ)α2(�)‖H −E‖=: α3(�)‖H −E‖6 α3(�)r,
â. ¥. ¯à¨ ¢á¥å t ∈ [t0, t0 + ϑ] ¢ë¯®«­¥­® ¢ª«îç¥­¨¥ G(t) ∈ Oε(�) , £¤¥
ε = α3(�)r . � ª ª ª α3(�) → 0 ¯à¨ � → 0 , ¢¥«¨ç¨­ã � ¬®¦­®
¢ë¡à âì ­ áâ®«ìª® ¬ «®©, çâ® ε < ρ(1 + nγ)1−n/2 , £¤¥ γ:=κr . �®£¤  ¨§
«¥¬¬ë 23.3 ¢ëâ¥ª ¥â, çâ® ¬ âà¨æ  G(t) ¯à¨ ¢á¥å t ∈ [t0, t0+ϑ] ®¡à â¨¬ ,
¨ á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

‖G−1(t)‖6 (1 + nγ)n−1(ρ− ε(1 + nγ)n−1)−1 < 2(1 + nγ)n−1/ρ=:γ2.

� á¢®î ®ç¥à¥¤ì,

‖V ‖C 6 ‖V1‖C + ‖V2‖C 6 (α1(�) + α2(�))‖H − E‖=:γ1‖H − E‖.
�¥«¨ç¨­ë γ1 ¨ γ2 § ¢¨áïâ ®â r ¨ ρ , ­® ­¥ § ¢¨áïâ ®â t0 . �¥®à¥¬ 
¤®ª § ­ .

�ãáâì
H := ⋃

ρ>0
H(ρ)

| á®¢®ªã¯­®áâì n×n ¬ âà¨æ, ¨¬¥îé¨å ¯®«®¦¨â¥«ì­ë¥ ¢¥¤ãé¨¥ £« ¢-
­ë¥ ¬¨­®àë.
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� ¥ ¬ ¬   23.4 [139]. � âà¨æ  H ∈ Mn ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã
H ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  H = LG , £¤¥ L ¨ G | á®®â¢¥â-
áâ¢¥­­® ­¨¦­ïï ¨ ¢¥àå­ïï âà¥ã£®«ì­ë¥ ¬ âà¨æë á ¯®«®¦¨â¥«ì­ë¬¨
¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨.

� ® ª   §   â ¥ « ì á â ¢ ®. � ® á â   â ® ç ­ ® á â ì. �ãáâì H = LG , £¤¥ L ¨
G | ­¨¦­ïï ¨ ¢¥àå­ïï âà¥ã£®«ì­ë¥ ¬ âà¨æë á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ -
£®­ «ì­ë¬¨ í«¥¬¥­â ¬¨. �®£¤  (H)k = (L)k(G)k , ¯®íâ®¬ã

det(H)k = det(L)k det(G)k > 0
¯à¨ ¢á¥å k ∈ {1, . . . , n} .

� ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �®ª ¦¥¬, çâ® ¢áïª ï ¬ âà¨æ  H ∈ H ®¤­®-
§­ ç­® ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ H = LG , £¤¥ L | ­¨¦­ïï âà¥ã£®«ì­ ï
¬ âà¨æ  á ¥¤¨­¨ç­®© ¤¨ £®­ «ìî, G | ¢¥àå­ïï âà¥ã£®«ì­ ï ¬ âà¨æ 
á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨ gii , i = 1, . . . , n . � ª
ª ª ¢á¥ ¢¥¤ãé¨¥ £« ¢­ë¥ ¬¨­®àë H ®â«¨ç­ë ®â ­ã«ï, ¤«ï H áãé¥-
áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ LDU-à §«®¦¥­¨¥ [9, á. 140], â. ¥. H ®¤­®§­ ç­®
¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ H = LDU , £¤¥ L ¨ U | á®®â¢¥âáâ¢¥­­® ­¨¦­ïï ¨
¢¥àå­ïï âà¥ã£®«ì­ë¥ ¬ âà¨æë á ¥¤¨­¨ç­ë¬¨ ¤¨ £®­ «ï¬¨, D | ¤¨ -
£®­ «ì­ . �®«®¦¨¬ G = DU | ¢¥àå­ïï âà¥ã£®«ì­ ï, â®£¤  H = LG

¨ (H)k = (L)k(G)k ¯à¨ ¢á¥å k = 1, . . . , n . �âáî¤ 

det(H)k = det(L)k det(G)k =
k∏

i=1
gii,

¯®íâ®¬ã
g11 = det(H)1 > 0,

gkk = det(H)k/ det(H)k−1 > 0, k = 2, . . . , n.

�¥¬¬  ¤®ª § ­ .
� « ¥ ¤ á â ¢ ¨ ¥ 23.1 [139]. �á«¨ á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«-

­¥ ã¯à ¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® ¤«ï ª ¦¤®£®
t0 ∈ R ­ ©¤¥âáï ®¡à â¨¬ ï ¬ âà¨æ  F ∈ Mn â ª ï, çâ® ¤«ï ¯à®-
¨§¢®«ì­ëå ¬ âà¨æ á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨,
­¨¦­¥© âà¥ã£®«ì­®© L ¨ ¢¥àå­¥© âà¥ã£®«ì­®© G , ­ ©¤¥âáï ã¯à -
¢«¥­¨¥ U ∈ KCmn([t0, t0 + ϑ]) , ®¡¥á¯¥ç¨¢ îé¥¥ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 
XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)FLGF−1 .

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ «î¡ë¥ ¬ âà¨æë á ¯®«®¦¨â¥«ì­ë¬¨
¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨, ­¨¦­îî âà¥ã£®«ì­ãî L ¨ ¢¥àå­îî âà¥-
ã£®«ì­ãî G . �§ «¥¬¬ë 23.4 á«¥¤ã¥â, çâ® LG ∈ H . �®«®¦¨¬

r = ‖LG− E‖, ρ = min{1; det(L)j det(G)j : j = 1, . . . , n}.
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�®£¤  LG ∈ H(r, ρ) , ¨ ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï ¢ëâ¥ª ¥â ¨§ â¥®à¥-
¬ë 23.3.

� « ¥ ¤ á â ¢ ¨ ¥ 23.2 [139]. �á«¨ á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«-
­¥ ã¯à ¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® áãé¥áâ¢ãîâ
â ª¨¥ ®¡à â¨¬ë¥ ¬ âà¨æë Fk ∈ Mn , k ∈ Z , çâ® ¤«ï «î¡ëå ¯®á«¥¤®¢ -
â¥«ì­®áâ¥© n×n ¬ âà¨æ á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­-
â ¬¨, ­¨¦­¨å âà¥ã£®«ì­ëå {Lk}k∈Z ¨ ¢¥àå­¨å âà¥ã£®«ì­ëå {Gk}k∈Z ,
â ª¨å, çâ® sup

k
{‖Lk‖, ‖L−1

k ‖, ‖Gk‖, ‖G−1
k ‖} < ∞ , ­ ©¤¥âáï ã¯à ¢«¥­¨¥

U ∈ KCmn(R) , ¤«ï ª®â®à®£®

XU(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)FkLkGkF
−1
k , k ∈ Z.

� ® ª   §   â ¥ « ì á â ¢ ®. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 22.2 ¯à¨ ª ¦¤®¬
k ∈ Z ¯®áâà®¨¬ ¬ âà¨æã Fk := F ((k − 1)ϑ) , ®¡à §ãîéãî ¡ §¨á ç¨áâëå
¤¢¨¦¥­¨© ¤«ï á¨áâ¥¬ë (21.1) ­  [(k − 1)ϑ, kϑ] . �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥
¯®á«¥¤®¢ â¥«ì­®áâ¨ n × n ¬ âà¨æ á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë-
¬¨ í«¥¬¥­â ¬¨, ­¨¦­¨å âà¥ã£®«ì­ëå {Lk}k∈Z ¨ ¢¥àå­¨å âà¥ã£®«ì­ëå
{Gk}k∈Z , â ª¨¥, çâ® sup

k
{‖Lk‖, ‖L−1

k ‖, ‖Gk‖, ‖G−1
k ‖}=: γ < ∞ . �®£¤  ¤«ï

¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ l
(k)
ii , i = 1, . . . , n , ¬ âà¨æë Lk ¯à¨ ª ¦¤®¬

k ∈ Z á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

l
(k)
ii = |l(k)

ii | = |e∗i Lkei|6 ‖Lk‖6 γ,

1/l
(k)
ii = |1/l

(k)
ii | = |e∗i L−1

k ei|6 ‖L−1
k ‖6 γ,

â. ¥. 1/γ 6 l
(k)
ii 6γ, i = 1, . . . , n, k ∈ Z . � ª¨¥ ¦¥ ®æ¥­ª¨ ¨¬¥îâ ¬¥áâ® ¤«ï

¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ g
(k)
ii , i = 1, . . . , n , ¬ âà¨æ Gk . �«¥¤®¢ â¥«ì­®,

¯à¨ ¢á¥å k ∈ Z ¨ j ∈ {1, . . . , n}

det(Lk)j =
j∏

i=1
l
(k)
ii > γ−j, det(Gk)j =

j∏

i=1
g

(k)
ii > γ−j.

�ãáâì Hk := LkGk , k ∈ Z . �®£¤  ¨§ «¥¬¬ë 23.4 ¢ëâ¥ª ¥â, çâ® Hk ∈ H ,
¯à¨ íâ®¬

‖Hk − E‖6 ‖Hk‖+ 1 6 ‖Lk‖ ‖Gk‖+ 1 6 γ2 + 1,

det(Hk)j = det(Lk)j det(Gk)j > γ−2j > γ−2n, k ∈ Z, j = 1, . . . , n.

�®íâ®¬ã Hk ∈ H(γ2 + 1, γ−2n) . �§ â¥®à¥¬ë 23.3 á«¥¤ã¥â, çâ® ­  ª ¦¤®¬
¨§ ®âà¥§ª®¢ [(k− 1)ϑ, kϑ] ¬®¦­® ¯®áâà®¨âì ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à -
¢«¥­¨¥ Uk(·) , ‖Uk‖C[(k−1)ϑ,kϑ]6β‖Hk−E‖6(γ2+1)β , £¤¥ β:=β(γ2+1, γ−2n) ,
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â ª®¥, çâ®
XUk

(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)FkHkF
−1
k .

�®«®¦¨¬
U(t) ≡ Uk(t), t ∈ [(k − 1)ϑ, kϑ[, k ∈ Z.

�®£¤  U(·) ªãá®ç­® ­¥¯à¥àë¢­® ­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢ [(k − 1)ϑ, kϑ] ,
¯à¨ç¥¬ â®çª¨ à §àë¢  U(·) à ¢­®¬¥à­® ¯® k ∈ Z à §¤¥«¥­ë ¬¥¦¤ã
á®¡®© ¨ ®â¤¥«¥­ë ®â ª®­æ®¢ ®âà¥§ª®¢ [(k − 1)ϑ, kϑ] . �«ï ­®à¬ë U(·)
¨¬¥¥â ¬¥áâ® ®æ¥­ª  ‖U‖C(R) 6 (γ2 + 1)β , á«¥¤®¢ â¥«ì­®, U ∈ KCmn(R) .
�à®¬¥ â®£®,

XU(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)FkLkGkF
−1
k , k ∈ Z.

�«¥¤áâ¢¨¥ ¤®ª § ­®.
�   ¬ ¥ ç   ­ ¨ ¥ 23.1. � âà¨æë Fk ¨§ á«¥¤áâ¢¨ï 23.2 ®¡« ¤ îâ â¥¬

á¢®©áâ¢®¬, çâ® ‖Fk‖ ¨ ‖F−1
k ‖ , k ∈ Z , ®£à ­¨ç¥­ë ¢ á®¢®ªã¯­®áâ¨. �¥©-

áâ¢¨â¥«ì­®, ‖Fk‖ 6
√

n max{‖Fkei‖ : i = 1, . . . , n} 6
√

neaϑb , ‖F−1
k ‖ 6 α ,

k ∈ Z , £¤¥ α | ¨§ â¥®à¥¬ë 22.2.
� ª ç¥áâ¢¥ ¨««îáâà æ¨¨ ¯à¨¬¥­¥­¨ï ¯®«ãç¥­­ëå ãâ¢¥à¦¤¥­¨© ¤®-

ª ¦¥¬ ¯à®¯®àæ¨®­ «ì­ãî £«®¡ «ì­ãî ã¯à ¢«ï¥¬®áâì ¢¥àå­¥£® ®á®¡®£®
¯®ª § â¥«ï á¨áâ¥¬ë (21.2) ¨ à ¢­®¬¥à­ãî áâ ¡¨«¨§¨àã¥¬®áâì íâ®© á¨-
áâ¥¬ë.

� ¥ ® à ¥ ¬   23.4 [98]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® ¢¥àå­¨© ®á®¡ë© ¯®ª -
§ â¥«ì á¨áâ¥¬ë (21.2) ¯à®¯®àæ¨®­ «ì­® £«®¡ «ì­® ã¯à ¢«ï¥¬ ­  ¬­®-
¦¥áâ¢¥ {µ ∈ R : |µ| 6 µ0} ¯à¨ ª ¦¤®¬ µ0 > 0 , â. ¥. ¤«ï ¢áïª®£®
µ0 > 0 áãé¥áâ¢ã¥â l = l(µ0) > 0 â ª®¥, çâ® ¤«ï «î¡®£® µ ∈ R ,
|µ| 6 µ0 , ­ ©¤¥âáï ã¯à ¢«¥­¨¥ Uµ(·) ∈ KCmn(R) , ã¤®¢«¥â¢®àïîé¥¥
®æ¥­ª¥ ‖Uµ‖C 6 l|µ| ¨ £ à ­â¨àãîé¥¥ ¤«ï ¢¥àå­¥£® ®á®¡®£® ¯®ª § â¥«ï

0(A + BUµ) á¨áâ¥¬ë (21.2) á U = Uµ(·) ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 


0(A + BUµ) = 
0(A) + µ.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì ϑ > 0 | ç¨á«®, ®¡¥á¯¥ç¨¢ îé¥¥ ϑ-
à ¢­®¬¥à­ãî ¯®«­ãî ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (21.1). �®§ì¬¥¬ ¯à®¨§-
¢®«ì­®¥ µ0 > 0 . �ã­ªæ¨ï µ 7→ eµϑ − 1 ¢ë¯ãª« , ¯®íâ®¬ã ¯à¨ ¢á¥å
µ ∈ [0, µ0] ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

|eµϑ − 1| = eµϑ − 1 6 µ

µ0
(eµ0ϑ − 1) = eµ0ϑ − 1

µ0
|µ|.
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�à¨ µ ∈ [−µ0, 0] á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

|eµϑ − 1| = 1− eµϑ 6−µϑ = ϑ|µ|.

� ª ª ª eµ0ϑ > 1 + µ0ϑ , â® ϑ 6 eµ0ϑ − 1
µ0

, á«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ®
­¥à ¢¥­áâ¢®

|eµϑ − 1|6 eµ0ϑ − 1
µ0

|µ|, µ ∈ [−µ0, µ0].

�®§ì¬¥¬ «î¡®¥ µ ∈ [−µ0, µ0] ¨ ¯®«®¦¨¬ Hµ := eµϑE ∈ Mn . �®£¤ 

‖Hµ − E‖ = |eµϑ − 1|6 eµ0ϑ − 1
µ0

|µ|6 eµ0ϑ − 1
µ0

,

det(Hµ)j =
j∏

k=1
eµϑ = eµjϑ > e−µ0jϑ > e−µ0nϑ, j = 1, . . . , n,

¯®íâ®¬ã ¬ âà¨æ  Hµ ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã H(r, ρ) , £¤¥ ρ = e−µ0nϑ ,
r = (eµ0ϑ − 1)/µ0 . �§ â¥®à¥¬ë 23.3 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥
Uµ ∈ KCmn(R) , ‖Uµ‖C 6 β‖Hµ − E‖ , â ª®¥, çâ® ¯à¨ ª ¦¤®¬ k ∈ Z

XUµ
(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)FkHµF

−1
k = eµϑX(kϑ, (k − 1)ϑ),

£¤¥ Fk | ¬ âà¨æ  ¡ §¨á  ç¨áâëå ¤¢¨¦¥­¨© á¨áâ¥¬ë (21.1) ­  ®âà¥§ª¥
[(k − 1)ϑ, kϑ] ,   ¢¥«¨ç¨­  β > 0 § ¢¨á¨â â®«ìª® ®â r ¨ ρ (â. ¥. â®«ìª®
®â µ0 ). �«¥¤®¢ â¥«ì­®, ¤«ï ‖Uµ‖C ¨¬¥¥¬ ®æ¥­ªã

‖Uµ‖C 6 β‖Hµ − E‖ = β|eµϑ − 1|6 β
eµ0ϑ − 1

µ0
|µ|=: l|µ|.

�ëç¨á«¨¬ ¢¥àå­¨© ®á®¡ë© ¯®ª § â¥«ì 
0(A+BUµ) á¨áâ¥¬ë (21.2)
á ã¯à ¢«¥­¨¥¬ U = Uµ(·) . � íâ®© æ¥«ìî ¢®§ì¬¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì
Tj = jϑ , j ∈ N . �®£¤ 


0(A + BUµ) = lim
T→+∞

1
T

sup
k

ln ‖XUµ
((k + 1)T, kT )‖ =

= lim
j→∞

1
Tj

sup
k

ln ‖XUµ
((k + 1)Tj, kTj)‖ =

= lim
j→∞

1
jϑ

sup
k

ln ‖XUµ
((k + 1)jϑ, kjϑ)‖ =

= lim
j→∞

1
jϑ

sup
k

ln
(
‖X((k + 1)jϑ, kjϑ)‖eµjϑ

)
=
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= lim
j→∞

1
jϑ

sup
k

(
µjϑ + ln ‖X((k + 1)jϑ, kjϑ)‖

)
= µ + 
0(A).

�¥®à¥¬  ¤®ª § ­ .
�   ¬ ¥ ç   ­ ¨ ¥ 23.2. �­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ ¯®«ãç¥­® �. �. � ©-

æ¥¢ë¬ ¢ à ¡®â¥ [49] ¡¥§ ¯à¥¤¯®«®¦¥­¨ï ªãá®ç­®© à ¢­®¬¥à­®© ­¥¯à¥-
àë¢­®áâ¨ ¬ âà¨æë B(·) (¤®áâ â®ç­  ªãá®ç­ ï ­¥¯à¥àë¢­®áâì íâ®© ¬ -
âà¨æë).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 23.2 (�. �. �®­ª®¢, [171]). �¨áâ¥¬  (21.2) ­ §ë¢ -
¥âáï à ¢­®¬¥à­® áâ ¡¨«¨§¨àã¥¬®©, ¥á«¨ ¤«ï ª ¦¤®£® α > 0 ­ ©¤¥âáï
â ª®¥ ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) , çâ® ¢¥àå­¨© ¯®ª § â¥«ì �®«ï β[x]
¢áïª®£® ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï x(·) á¨áâ¥¬ë (21.2) ¯à¨ U = U(·) ã¤®-
¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã β[x] < −α .

� « ¥ ¤ á â ¢ ¨ ¥ 23.3 [98]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥
ã¯à ¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® á¨áâ¥¬  (21.2)
à ¢­®¬¥à­® áâ ¡¨«¨§¨àã¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 23.4 á ãç¥â®¬ â®£® ä ª-
â , çâ® ¢¥àå­¨© ®á®¡ë© ¯®ª § â¥«ì ®£à ­¨ç¨¢ ¥â á¢¥àåã ¢¥àå­¨¥ ¯®ª -
§ â¥«¨ �®«ï ¢á¥å ­¥âà¨¢¨ «ì­ëå à¥è¥­¨© «¨­¥©­®© á¨áâ¥¬ë.

�   ¬ ¥ ç   ­ ¨ ¥ 23.3. �§ â¥®à¥¬ë 23.4 á«¥¤ã¥â â ª¦¥, çâ® ¥á«¨ ¢ë-
¯®«­¥­ë ¥¥ ãá«®¢¨ï, â® á¨áâ¥¬ã (21.2) ¢ë¡®à®¬ ¬ âà¨ç­®£® ã¯à ¢«¥-
­¨ï U(·) ¬®¦­® á¤¥« âì à ¢­®¬¥à­® (®â­®á¨â¥«ì­® ­ ç «ì­®£® ¬®¬¥­-
â  ¢à¥¬¥­¨)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®© (�. �. �¥àá¨¤áª¨©, [120]).

§ 24. �«®¡ «ì­ ï «ï¯ã­®¢áª ï ¯à¨¢®¤¨¬®áâì
¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬

� íâ®¬ ¯ à £à ä¥ ãáâ ­®¢«¥­  íª¢¨¢ «¥­â­®áâì ¯®«­®© ã¯à ¢«ï-
¥¬®áâ¨ ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (21.1) á ªãá®ç­® ­¥¯à¥àë¢­ë¬¨
ª®íää¨æ¨¥­â ¬¨ ¨ £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ á®®â-
¢¥âáâ¢ãîé¥© á¨áâ¥¬ë (21.2) (â¥®à¥¬  24.1).

�. �àã­®¢áª¨¬ ¢ [181] ¡ë«  ¤®ª § ­®, çâ® ¤«ï ¯®«­®© ã¯à ¢«ï-
¥¬®áâ¨ (á¬. ®¯à¥¤¥«¥­¨¥ 1.2) ω-¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (21.1) á ­¥-
¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¬¨ ª®íää¨æ¨¥­â ¬¨ ­¥®¡å®¤¨¬  ¨ ¤®áâ -
â®ç­  £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì ¬ã«ìâ¨¯«¨ª â®à®¢ [39, á. 185] á¨áâ¥-
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¬ë (21.2), â. ¥. áãé¥áâ¢®¢ ­¨¥ ¤«ï ¯à®¨§¢®«ì­®© ­ ¯¥à¥¤ § ¤ ­­®© ¢¥-
é¥áâ¢¥­­®© n× n-¬ âà¨æë � á ¯®«®¦¨â¥«ì­ë¬ ®¯à¥¤¥«¨â¥«¥¬ â ª®£®
ω-¯¥à¨®¤¨ç¥áª®£® ã¯à ¢«¥­¨ï U(·) , çâ® á¨áâ¥¬  (21.2) á íâ¨¬ ã¯à ¢«¥-
­¨¥¬ ¨¬¥¥â á¢®¨¬¨ ¬ã«ìâ¨¯«¨ª â®à ¬¨ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨-
æë � . � [181]  ¢â®à®¬ ãª § ­®, çâ® ¯à¨¬¥­¥­­ë© ¨¬ ¬¥â®¤ ¤®ª § -
â¥«ìáâ¢  ­¥®¡å®¤¨¬®áâ¨ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¬ã«ìâ¨¯«¨ª â®à®¢
á¨áâ¥¬ë (21.2) ¤«ï ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (21.1) ­¥ ¯®§¢®«ï¥â
ã¬¥­ìè¨âì £« ¤ª®áâì ª®íää¨æ¨¥­â®¢ á¨áâ¥¬ë (21.1).

� íâ®¬ ¯ à £à ä¥ ãáâ ­®¢«¥­  íª¢¨¢ «¥­â­®áâì ¯®«­®© ã¯à ¢«ï¥-
¬®áâ¨ ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (21.1) á ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ª®íää¨-
æ¨¥­â ¬¨ ¨ £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¥©
á¨áâ¥¬ë (21.2).

�ãáâì P ∈ Mn | ¯à®¨§¢®«ì­ ï ¬ âà¨æ  á ­¥­ã«¥¢ë¬ ®¯à¥¤¥«¨-
â¥«¥¬. � ¯®¬­¨¬ (á¬. [176, á. 139]), çâ® QR-à §«®¦¥­¨¥¬ ¬ âà¨æë P

­ §ë¢ ¥âáï à §«®¦¥­¨¥ ¢¨¤  P = QR , £¤¥ Q | ®àâ®£®­ «ì­ ï,   R |
¢¥àå­ïï âà¥ã£®«ì­ ï ¢¥é¥áâ¢¥­­ë¥ ¬ âà¨æë. �¨ £®­ «ì­ë¥ í«¥¬¥­âë
R ¬®¦­® ¢ë¡à âì ¯®«®¦¨â¥«ì­ë¬¨, ¨ ¢ íâ®¬ á«ãç ¥ Q ¨ R ®¯à¥¤¥-
«ïîâáï ®¤­®§­ ç­®. �®ª ¦¥¬ ¯à¥¤¢ à¨â¥«ì­® ®¤¨­ à¥§ã«ìâ â, ª á î-
é¨©áï QR-à §«®¦¥­¨ï.

� ¥ ¬ ¬   24.1 [139]. �«ï «î¡®© ­¥¢ëà®¦¤¥­­®© n × n ¬ âà¨æë X
áãé¥áâ¢ã¥â ­¨¦­ïï âà¥ã£®«ì­ ï ¬ âà¨æ  H á ¥¤¨­¨ç­®© ¤¨ £®­ -
«ìî, â ª ï, çâ® ¢ QR-à §«®¦¥­¨¨ ¯à®¨§¢¥¤¥­¨ï XH ®àâ®£®­ «ì­ ï
¬ âà¨æ  Q ¯à¨ ­¥ª®â®à®¬ k ∈ N ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã Qk = E ,
  ¢¥àå­ïï âà¥ã£®«ì­ ï ¬ âà¨æ  R ¨¬¥¥â ¯®«®¦¨â¥«ì­ë¥ ¤¨ £®­ «ì-
­ë¥ í«¥¬¥­âë.

� ® ª   §   â ¥ « ì á â ¢ ®. �®áâà®¨¬ â ªãî ­¨¦­îî âà¥ã£®«ì­ãî ¬ -
âà¨æã H á ¥¤¨­¨ç­®© ¤¨ £®­ «ìî, çâ® ¢ à ¢¥­áâ¢¥ XH = QR ®à-
â®£®­ «ì­ ï ¬ âà¨æ  Q ®¡à §®¢ ­  ­¥ª®â®à®© ¯¥à¥áâ ­®¢ª®© áâ®«¡æ®¢
ek1, . . . , ekn

¥¤¨­¨ç­®© ¬ âà¨æë, ¢§ïâëå á® §­ ª ¬¨ + ¨«¨ − .
� ¢¥­áâ¢® XH = QR ¢ë¯®«­¥­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

X−1Q = HR−1 . �à¥¤¯®«®¦¨¬, çâ® ¯® § ¤ ­­®© ¬ âà¨æ¥ X−1 ¬ âà¨-
æ  Q = [±ek1, . . . ,±ekn

] ¯®áâà®¥­  â ª, çâ® X−1Q ∈ H . �®£¤  ¢ á¨«ã
«¥¬¬ë 23.4 áãé¥áâ¢ãîâ ¥¤¨­áâ¢¥­­ë¥ ­¨¦­ïï âà¥ã£®«ì­ ï ¬ âà¨æ 
H á ¥¤¨­¨ç­®© ¤¨ £®­ «ìî ¨ ¢¥àå­ïï âà¥ã£®«ì­ ï R̃ á ¯®«®¦¨â¥«ì-
­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨, â ª¨¥, çâ® X−1Q = HR̃ . �®§ì¬¥¬
R = R̃−1 , ¯®«ãç¨¬ âà¥¡ã¥¬®¥ à ¢¥­áâ¢®.

�â ª, § ¤ ç  § ª«îç ¥âáï ¢ ¯®áâà®¥­¨¨ ¯® § ¤ ­­®© ­¥¢ëà®¦¤¥­-
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­®© ¬ âà¨æ¥ Y :=X−1 ¬ âà¨æë Q = [±ek1, . . . ,±ekn
] â ª®©, çâ® Y Q ∈ H .

�® ãá«®¢¨î det Y 6= 0 , ¯®íâ®¬ã à ­£ (n−1)×n ¬ âà¨æë, ¯®«ãç¥­-
­®© ¨§ Y ¢ë¡à áë¢ ­¨¥¬ ¯®á«¥¤­¥© áâà®ª¨, à ¢¥­ n−1 . �«¥¤®¢ â¥«ì-
­®, áãé¥áâ¢ã¥â kn ∈ {1, . . . , n} â ª®¥, çâ® ¬ âà¨æ  Yn−1 , ®¡à §®¢ ­­ ï
¨§ Y ¢ëç¥àª¨¢ ­¨¥¬ ¯®á«¥¤­¥© áâà®ª¨ ¨ kn -£® áâ®«¡æ , ¨¬¥¥â ­¥­ã«¥-
¢®© ®¯à¥¤¥«¨â¥«ì. �®£¤  à ­£ (n−2)× (n−1) ¬ âà¨æë, ¯®«ãç¥­­®© ¨§
Y ¢ë¡à áë¢ ­¨¥¬ ¯®á«¥¤­¨å ¤¢ãå áâà®ª ¨ kn -£® áâ®«¡æ , à ¢¥­ n− 2 .
�®íâ®¬ã áãé¥áâ¢ã¥â kn−1 ∈ {1, . . . , n} , kn−1 6= kn , â ª®¥, çâ® ¬ âà¨æ 
Yn−2 , ®¡à §®¢ ­­ ï ¨§ Y ¢ëç¥àª¨¢ ­¨¥¬ ¯®á«¥¤­¨å ¤¢ãå áâà®ª ¨ kn -
£® ¨ kn−1 -£® áâ®«¡æ®¢, ¨¬¥¥â ­¥­ã«¥¢®© ®¯à¥¤¥«¨â¥«ì. �à®¤®«¦ ï íâ®â
¯à®æ¥áá, ¯®«ãç¨¬ ¯¥à¥áâ ­®¢ªã {kn, kn−1, . . . , k1} ¨­¤¥ªá®¢ {1, 2, . . . , n} ,
â ªãî, çâ® ª ¦¤ ï ¨§ ¬ âà¨æ Yj , j = n − 1, n − 2, . . . , 1 , ¯®«ãç¥­­ ï
¨§ Y ¢ëç¥àª¨¢ ­¨¥¬ n-©, (n − 1)-©, . . . , (j + 1)-© áâà®ª ¨ kn -£®, kn−1 -
£®, . . . , kj+1 -£® áâ®«¡æ®¢, ¨¬¥¥â ­¥­ã«¥¢®© ®¯à¥¤¥«¨â¥«ì.

�¥¯¥àì ¯®áâà®¨¬ ­ã¦­ãî ®àâ®£®­ «ì­ãî ¬ âà¨æã Q = [q1, . . . , qn] .
�¡®§­ ç¨¬ Z = Y Q , Z = [z1, . . . , zn] . �®§ì¬¥¬ q1 = ±ek1 . �®£¤ 
z1 = Y q1 = ±Y ek1 = ±yk1 , â. ¥. z1 á â®ç­®áâìî ¤® §­ ª  á®¢¯ ¤ -
¥â á yk1 , ¯®íâ®¬ã á â®ç­®áâìî ¤® §­ ª  (Z)1 á®¢¯ ¤ ¥â á Y1 . �ë¡¥-
à¥¬ §­ ª q1 â ª, çâ®¡ë det(Z)1 > 0 . �®«®¦¨¬ q2 = ±ek2 . �®£¤  á
â®ç­®áâìî ¤® §­ ª®¢ áâ®«¡æ®¢ (Z)2 á®¢¯ ¤ ¥â á Y2 , á«¥¤®¢ â¥«ì­®,
|det(Z)2| = | det Y2| > 0 . �®§ì¬¥¬ §­ ª q2 â ª, çâ®¡ë det(Z)2 > 0 .
�®« £ ï ¢áïª¨© à § qi = ±eki

, i = 1, . . . , n , ¯®«ãç¨¬, çâ® ª ¦¤ ï ¨§
¬ âà¨æ (Z)j á â®ç­®áâìî ¤® §­ ª®¢ áâ®«¡æ®¢ á®¢¯ ¤ ¥â á Yj , ¯®íâ®¬ã
|det(Z)j| = |det Yj| > 0 . �­ ª¨ q1, . . . , qn ¯®á«¥¤®¢ â¥«ì­® ¬®£ãâ ¡ëâì
¢ë¡à ­ë â ª, çâ® det(Zj) > 0 , j = 1, . . . , n , â. ¥. Z = Y Q ∈ H , çâ® ¨
âà¥¡®¢ «®áì.

�ãáâì l | ¯®àï¤®ª [69, á. 150] ¯¥à¥áâ ­®¢ª¨

π =

 1 2 . . . n

k1 k2 . . . kn


 .

� ¬¥â¨¬, çâ® ¤«ï ¯à®¨§¢®«ì­®© ¬ âà¨æë P = [p1, . . . , pn] ∈ Mn á¯à -
¢¥¤«¨¢® à ¢¥­áâ¢® PQ = [±pk1, . . . ,±pkn

] , ¯®íâ®¬ã ¯à¨ ¢áïª®¬ j ∈ N
¬ âà¨æ  Qj ®¡à §®¢ ­  áâ®«¡æ ¬¨ es1, . . . , esn

, ¢§ïâë¬¨ á® §­ ª ¬¨ +
¨«¨ − , £¤¥ 

 1 2 . . . n

s1 s2 . . . sn


 = πj.

�®£¤  á â®ç­®áâìî ¤® §­ ª®¢ áâ®«¡æë ¬ âà¨æë Ql á®¢¯ ¤ îâ á ¢¥ªâ®-
à ¬¨ e1, . . . , en ,   Q2l = E . �¥¬¬  ¤®ª § ­ .
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� áá¬®âà¨¬ â¥¯¥àì ¢¯®«­¥ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã (21.1) á ω-¯¥à¨®-
¤¨ç¥áª¨¬¨ ¨ ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ­  R ¬ âà¨ç­ë¬¨ ª®íää¨æ¨¥­â -
¬¨ A(·) ¨ B(·) . �®£¤  (21.1) ï¢«ï¥âáï ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï-
¥¬®© ¯à¨ ϑ = nω [181, 170],   äã­ªæ¨ï t 7→ B(t) ªãá®ç­® à ¢­®¬¥à­®
­¥¯à¥àë¢­ . �§¢¥áâ­® [39, á. 183], çâ® ¤«ï ª ¦¤®£® t ∈ R ¬ âà¨æ  �®è¨
®¤­®à®¤­®© ω-¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (21.3) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

X(t + ω, 0) = X(t, 0)X(ω, 0),

¯®íâ®¬ã

X(t + lω, 0) = X(t + (l − 1)ω + ω, 0) = X(t + (l − 1)ω, 0)X(ω, 0) =

= X(t + (l − 2)ω + ω, 0)X(ω, 0) = X(t + (l − 2)ω, 0)X(ω, 0)X(ω, 0) =
= X(t + (l − 2)ω, 0)X2(ω, 0) = . . . = X(t, 0)X l(ω, 0)

¨
X(t + lω, s + lω) = X(t + lω, 0)(X(s + lω, 0))−1 =

= X(t, 0)X l(ω, 0)(X(s, 0)X l(ω, 0))−1 = X(t, 0)X(0, s) = X(t, s)
¯à¨ ¢á¥å t, s ∈ R ¨ l ∈ N .

�   ¬ ¥ ç   ­ ¨ ¥ 24.1. �ãáâì ϑ := nω . �®«ì§ãïáì â¥®à¥¬®© 22.2, ­ 
®âà¥§ª¥ [0, ϑ] ¯®áâà®¨¬ ¬ âà¨æã ¡ §¨á  ç¨áâëå ¤¢¨¦¥­¨©

F = [Q(0, t1)ν1, . . . , Q(0, tn)νn],

£¤¥ νi ∈ Rm , ‖νi‖ = 1 , tj ∈ [δ0, ϑ− δ0] , tj − tj−1 > δ0 ¨ B(·) ­¥¯à¥àë¢­ 
­  ª ¦¤®¬ ]tj−δ0/2, tj +δ0/2[ . � ä¨ªá¨àã¥¬ «î¡®¥ k ∈ Z ¨ à áá¬®âà¨¬
¬ âà¨æã

Fk = [Q(kϑ, kϑ + t1)ν1, . . . , Q(kϑ, kϑ + tn)νn].
�á¥ ¬®¬¥­âë ¢à¥¬¥­¨ kϑ + tj ¯à¨­ ¤«¥¦ â [kϑ + δ0, (k + 1)ϑ− δ0] , ã¤®-
¢«¥â¢®àïîâ ®æ¥­ª ¬ (kϑ + tj) − (kϑ + tj−1) > δ0 ¨ B(·) ­¥¯à¥àë¢­  ­ 
]kϑ + tj − δ0/2, kϑ + tj + δ0/2[ . �à®¬¥ â®£®,

Q(kϑ, kϑ+tj)νj = X(kϑ, kϑ+tj)B(kϑ+tj)νj = X(0, tj)B(tj)νj = Q(0, tj)νj

¯à¨ ª ¦¤®¬ j ∈ {1, . . . , n} , ¯®íâ®¬ã Fk = F . �«¥¤®¢ â¥«ì­®, ¬ âà¨æ  F

®¡à §ã¥â ¡ §¨á ç¨áâëå ¤¢¨¦¥­¨© ¤«ï ω-¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (21.1)
­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢ [kϑ, (k + 1)ϑ] , k ∈ Z .
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� ¥ ® à ¥ ¬   24.1 [139]. �ãáâì (21.1) | á¨áâ¥¬  á ªãá®ç­® ­¥¯à¥-
àë¢­ë¬¨ ω-¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨. �«ï â®£® çâ®¡ë (21.1)
¡ë«  ¢¯®«­¥ ã¯à ¢«ï¥¬ , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë á®®â¢¥â-
áâ¢ãîé ï § ¬ª­ãâ ï á¨áâ¥¬  (21.2) ®¡« ¤ «  á¢®©áâ¢®¬ £«®¡ «ì­®©
«ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨.

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �®«®¦¨¬ ϑ = nω ¨ ¢
á®®â¢¥âáâ¢¨¨ á § ¬¥ç ­¨¥¬ 24.1 ¯®áâà®¨¬ ¬ âà¨æã F , ®¡à §ãîéãî
¡ §¨á ç¨áâëå ¤¢¨¦¥­¨© ¤«ï á¨áâ¥¬ë (21.1) ­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢
[kϑ, (k+1)ϑ] . � ª ª ª ¬ âà¨æ  �®è¨ X((k+1)ϑ, kϑ) = X(ϑ, 0) ®¤­®à®¤-
­®© ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (21.3) ­¥ § ¢¨á¨â ®â k , ¢¢¥¤¥¬ ®¡®§­ ç¥­¨¥
X := F−1X((k + 1)ϑ, kϑ)F . � á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 24.1 ¯®áâà®¨¬ â -
ªãî ­¨¦­îî âà¥ã£®«ì­ãî ¬ âà¨æã H á ¥¤¨­¨ç­®© ¤¨ £®­ «ìî, çâ®
XH = QR , £¤¥ Q | ®àâ®£®­ «ì­ ï ¬ âà¨æ , ã¤®¢«¥â¢®àïîé ï à ¢¥­-
áâ¢ã Ql = E ¯à¨ ­¥ª®â®à®¬ l ∈ N ,   ¢¥àå­ïï âà¥ã£®«ì­ ï ¬ âà¨æ  R

¨¬¥¥â ¯®«®¦¨â¥«ì­ë¥ ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë. �®£¤  ¬ âà¨æ  R−1 |
¢¥àå­ïï âà¥ã£®«ì­ ï á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨.
�®«ì§ãïáì á«¥¤áâ¢¨¥¬ 23.1, ­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢ [kϑ, (k + 1)ϑ] ¯®-
áâà®¨¬ â ª®¥ ªãá®ç­® ­¥¯à¥àë¢­®¥ ®£à ­¨ç¥­­®¥ ã¯à ¢«¥­¨¥ U(·) , çâ®
¬ âà¨æ  �®è¨ XU(t, s) á¨áâ¥¬ë (21.2) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

XU((k + 1)ϑ, kϑ) = X((k + 1)ϑ, kϑ)F (HR−1)F−1 =

= FXF−1FHR−1F−1 = F (XH)R−1F−1 = FQRR−1F−1 = FQF−1.

� ¬¥â¨¬, çâ® äã­ªæ¨ï U(t), t ∈ R ¬®¦¥â ¡ëâì ¢ë¡à ­  ϑ-¯¥à¨®¤¨ç¥-
áª®©. � ¯®áâà®¥­­®© á¨áâ¥¬¥ (21.2) ¯à¨¬¥­¨¬ ¯®áâ®ï­­®¥ ¯à¥®¡à §®¢ -
­¨¥ x = Fy , ¯®«ãç¨¬ á¨áâ¥¬ã á ϑ-¯¥à¨®¤¨ç¥áª¨¬¨ ªãá®ç­® ­¥¯à¥àë¢-
­ë¬¨ ª®íää¨æ¨¥­â ¬¨

_y = F−1 _x = F−1(A(t) + B(t)U(t))x = F−1(A(t) + B(t)U(t))Fy, (24.1)

¬ âà¨æ  �®è¨ Y (t, s) ª®â®à®© ¯à¨ ¢á¥å t, s ∈ R ã¤®¢«¥â¢®àï¥â à ¢¥­-
áâ¢ã Y (t, s) = F−1XU(t, s)F . �«¥¤®¢ â¥«ì­®,

Y (ϑ, 0) = F−1XU(ϑ, 0)F = F−1FQF−1F = Q.

�ã­ªæ¨ï t 7→ Y (t, 0) ¨¬¥¥â ¯¥à¨®¤ lϑ , â ª ª ª

Y (t + lϑ, 0) = Y (t, 0)Y l(ϑ, 0) = Y (t, 0)Ql = Y (t, 0), t ∈ R.

�®ª ¦¥¬, çâ® ¬ âà¨æ  Y (t, 0) ï¢«ï¥âáï ¬ âà¨æ¥© �ï¯ã­®¢ . �¥©-
áâ¢¨â¥«ì­®,
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1) ‖Y (·, 0)‖C(R) = ‖Y (·, 0)‖C([0,lϑ]) 6 exp(κ(F )(a + b‖U‖C)lϑ) < ∞ ;
2) Y ∗(0, t) ï¢«ï¥âáï ­®à¬¨à®¢ ­­®© ¢ ­ã«¥ lϑ-¯¥à¨®¤¨ç¥áª®© äã­-

¤ ¬¥­â «ì­®© ¬ âà¨æ¥© á®¯àï¦¥­­®© á¨áâ¥¬ë
_ξ = −F ∗(A∗(t) + U ∗(t)B∗(t))(F−1)∗ξ,

¯®íâ®¬ã
‖Y −1(·, 0)‖C(R) = ‖Y (0, ·)‖C(R) = ‖Y ∗(0, ·)‖C(R) =

= ‖Y ∗(0, ·)‖C([0,lϑ]) 6 exp(κ(F )(a + b‖U‖C)lϑ) < ∞;
3) ¤«ï _Y (t, 0) á¯à ¢¥¤«¨¢  ®æ¥­ª 

sup
t∈R

‖ _Y (t, 0)‖ = sup
t∈R

‖F−1(A(t) + B(t)U(t))FY (t, 0)‖6

6κ(F )(a + b‖U‖C) exp(κ(F )(a + b‖U‖C)lϑ) < ∞.

�â¬¥â¨¬ (á¬. â¥®à¥¬ë 1.2 ¨ 1.3), çâ® á¨áâ¥¬ 

_y = F−1(A(t) + B(t)U(t))Fy + F−1B(t)u

ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ ,   ¥¥ ª®íää¨æ¨¥­âë ϑ -¯¥à¨®¤¨ç¥á-
ª¨¥ ¨ ªãá®ç­® ­¥¯à¥àë¢­ë¥ ­  R . �à¨¬¥­¨¬ ª íâ®© á¨áâ¥¬¥ «ï¯ã­®¢-
áª®¥ ¯à¥®¡à §®¢ ­¨¥ y = Y (t, 0)η , ¯®«ãç¨¬

_y = _Y (t, 0)η + Y (t, 0) _η = F−1(A(t) + B(t)U(t))FY (t, 0)η + Y (t, 0) _η =

= F−1(A(t) + B(t)U(t))Fy + Y (t, 0) _η,

¯®íâ®¬ã
_η = Y (0, t)F−1B(t)u.

�â® ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ ï (¨, á«¥¤®¢ â¥«ì­®, lϑ-à ¢­®¬¥à-
­® ¢¯®«­¥ ã¯à ¢«ï¥¬ ï) ¨ lϑ-¯¥à¨®¤¨ç¥áª ï á¨áâ¥¬  á ­ã«¥¢®© ¬ âà¨-
æ¥© ¯à¨ η ¨ á ªãá®ç­® ­¥¯à¥àë¢­®© ¬ âà¨æ¥© ¯à¨ u . �®«ì§ãïáì § ¬¥ç -
­¨¥¬ 24.1, ¯®áâà®¨¬ ¬ âà¨æã F1 , ®¡à §ãîéãî ¡ §¨á ¤«ï íâ®© á¨áâ¥¬ë
­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢ [klϑ, (k + 1)lϑ] , k ∈ Z .

�®ª ¦¥¬, çâ® ¤«ï «î¡®© á¨áâ¥¬ë (21.7) á ªãá®ç­® ­¥¯à¥àë¢­®© ¨
®£à ­¨ç¥­­®© ­  R ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢ C(·) áãé¥áâ¢ã¥â â ª®¥
ã¯à ¢«¥­¨¥ V (·) ∈ KCmn(R) , çâ® § ¬ª­ãâ ï á¨áâ¥¬ 

_η = Y (0, t)F−1B(t)V (t)η (24.2)

 á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ (21.7).
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�®áª®«ìªã ¢áïª ï á¨áâ¥¬  (21.7) ¯¥àà®­®¢áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬
¯à¨¢®¤¨âáï ª âà¥ã£®«ì­®¬ã ¢¨¤ã, ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨-
â âì, çâ® ¬ âà¨æ  C(t) = {cij(t)}n

i,j=1 | ¢¥àå­ïï âà¥ã£®«ì­ ï. �ãáâì
Z(t, s) | ¬ âà¨æ  �®è¨ á¨áâ¥¬ë (21.7), c := sup

t∈R
‖C(t)‖ . �à¨ ª ¦¤®¬

k ∈ Z ¬ âà¨æ  Z((k + 1)lϑ, klϑ) | ¢¥àå­ïï âà¥ã£®«ì­ ï á ¯®«®¦¨â¥«ì-
­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨

exp
(k+1)lϑ∫

klϑ

cjj(τ) dτ, j = 1, . . . , n.

�¬¥¥¬ à ¢­®¬¥à­ë¥ ¯® k ∈ Z ®æ¥­ª¨

‖Z((k + 1)lϑ, klϑ)− E‖6 exp(clϑ) + 1,

det(Z((k + 1)lϑ, klϑ))j = exp
j∑

i=1

(k+1)lϑ∫

klϑ

cii(τ) dτ >

> exp
j∑

i=1
lϑ(−max{|cii(t)| : t ∈ [klϑ, (k + 1)lϑ]}) >

> exp(−lϑ
j∑

i=1
max{‖C(t)ei‖ : t ∈ [klϑ, (k + 1)lϑ]}) >

> exp(−lϑn‖C‖C(R)) = exp(−cnlϑ), j = 1, . . . , n.

�«¥¤®¢ â¥«ì­®, ª ¦¤ ï ¨§ ¬ âà¨æ Z((k + 1)lϑ, klϑ) ¯à¨­ ¤«¥¦¨â ¬­®-
¦¥áâ¢ã H(r, ρ) , £¤¥ r = exp(clϑ)+1 , ρ = exp(−cnlϑ) . � á®®â¢¥âáâ¢¨¨ á®
á«¥¤áâ¢¨¥¬ 23.2 ¯®áâà®¨¬ ªãá®ç­® ­¥¯à¥àë¢­®¥ ­  R ã¯à ¢«¥­¨¥ V (·) ,
®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï ¬ âà¨æë �®è¨ ηV (t, s) á¨áâ¥¬ë (24.2) à ¢¥­áâ¢ 

ηV ((k + 1)lϑ, klϑ) = F1Z((k + 1)lϑ, klϑ)F−1
1 , k ∈ Z, (24.3)

¯à¨ íâ®¬
‖V ‖C(R) = sup{‖V ‖C([klϑ,(k+1)lϑ]) : k ∈ Z}6

6 sup{β‖Z((k + 1)lϑ, klϑ)− E‖ : k ∈ Z}6 βr,

£¤¥ ¢¥«¨ç¨­  β ­¥ § ¢¨á¨â ®â k .
� á¨áâ¥¬¥ (21.7) ¯à¨¬¥­¨¬ ¯®áâ®ï­­®¥ ¯à¥®¡à §®¢ ­¨¥ ξ = F1z ,

¯®«ãç¨¬ á¨áâ¥¬ã
_ξ = F1C(t)F−1

1 ξ

á ¬ âà¨æ¥© �®è¨ F1Z(t, s)F−1
1 . �®£¤  ¨§ (24.3) á«¥¤ã¥â (�. �. � ª -

à®¢, [90]), çâ® á¨áâ¥¬ë (24.2) ¨ _ξ = F1C(t)F−1
1 ξ  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ -

«¥­â­ë, ¯®íâ®¬ã ¢ íâ®¬ ®â­®è¥­¨¨ ­ å®¤ïâáï â ª¦¥ ¨ á¨áâ¥¬ë (21.7)
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¨ (24.2). � á¨áâ¥¬¥ (24.2) ¯à¨¬¥­¨¬ ®¡à â­®¥ «ï¯ã­®¢áª®¥ ¯à¥®¡à §®-
¢ ­¨¥ y = Y (t, 0)η , ¯®«ãç¨¬

_y = _Y (t, 0)η + Y (t, 0) _η = F−1(A(t) + B(t)U(t))FY (t, 0)η+
+Y (t, 0)Y (0, t)F−1B(t)V (t)η = F−1(A(t) + B(t)U(t))Fy+

+F−1B(t)V (t)Y (0, t)y = F−1(A(t) + B(t)(U(t) + V (t)Y (0, t)F−1))Fy.

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ ¬ âà¨ç­®£® ã¯à ¢«¥­¨ï ªãá®ç­® ­¥¯à¥àë¢­ãî ¨
®£à ­¨ç¥­­ãî ­  R äã­ªæ¨î

U1(t) = U(t) + V (t)Y (0, t)F−1,

â®£¤  á¨áâ¥¬ë (21.7) ¨
_y = F−1(A(t) + B(t)U1(t))Fy

 á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ë. � ¯®á«¥¤­¥© á¨áâ¥¬¥ ¯à¨¬¥­¨¬ ®¡à â-
­®¥ ¯à¥®¡à §®¢ ­¨¥ x = Fy , ¯®«ãç¨¬ á¨áâ¥¬ã

_x = (A(t) + B(t)U1(t))x,

 á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ãî á¨áâ¥¬¥ (21.7).
� ® á â   â ® ç ­ ® á â ì. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì á¨áâ¥¬  (21.1)

­¥ ï¢«ï¥âáï ¢¯®«­¥ ã¯à ¢«ï¥¬®©. �®£¤  [181] «¨­¥©­®¥ ¯®¤¯à®áâà ­-
áâ¢® N := {ξ ∈ Cn : ξ∗Q(0, t) = 0 ∀t ∈ R} ¨¬¥¥â à §¬¥à­®áâì
­¥ ¬¥­ìè¥ 1 ¨ ï¢«ï¥âáï X∗(0, ω)-¨­¢ à¨ ­â­ë¬, â. ¥. ¥á«¨ ξ ∈ N , â®
¨ X∗(0, ω)ξ ∈ N . �«¥¤®¢ â¥«ì­® [176, á. 68], N á®¤¥à¦¨â ¯® ¬¥­ì-
è¥© ¬¥à¥ ®¤¨­ á®¡áâ¢¥­­ë© ¢¥ªâ®à ξ ∈ Cn ¬ âà¨æë X∗(0, ω) . �ãáâì
λ ∈ C | á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ (λ 6= 0 , â ª ª ª
det X∗(0, ω) 6= 0 ).

�®§ì¬¥¬ ¯à®¨§¢®«ì­ãî ¬ âà¨æã C(·) ∈ KCn(R) ¨ ¢ á®®â¢¥âáâ¢¨¨
á® á¢®©áâ¢®¬ £«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨ ¯®áâà®¨¬ ã¯à ¢«¥-
­¨¥ U(·) ∈ KCmn(R) , ®¡¥á¯¥ç¨¢ îé¥¥  á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â-
­®áâì á¨áâ¥¬ (21.2) ¨ (21.7). �®£¤  á®¯àï¦¥­­ë¥ ª (21.2) ¨ (21.7) á¨áâ¥-
¬ë

_y = −(A(t) + B(t)U(t))∗y (24.4)
¨ _η = −C∗(t)η â ª¦¥  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ë [18, á. 244].

� âà¨æ  �®è¨ XU(t, s) á¨áâ¥¬ë (21.2) ¯à¨ ¢á¥å t, s ∈ R ã¤®¢«¥-
â¢®àï¥â à ¢¥­áâ¢ã

XU(t, s) = X(t, s)
(
E +

t∫

s

X(s, τ)B(τ)U(τ)XU(τ, s) dτ
)
,



220

¯®íâ®¬ã
ξ∗XU((k − 1)ω, kω) =

= ξ∗X((k − 1)ω, kω)
(
E +

(k−1)ω∫

kω

X(kω, τ)B(τ)U(τ)XU(τ, kω) dτ

)
=

= ξ∗X(0, ω)
(
E +

−ω∫

0
X(kω, s+kω)B(s+kω)U(s+kω)XU(s+kω, kω) ds

)
=

= λξ∗
(
E −

0∫

−ω

X(0, s)B(s)U(s + kω)XU(s + kω, kω) ds

)
=

= λξ∗ − λ
0∫

−ω

ξ∗Q(0, s)U(s + kω)XU(s + kω, kω) ds) = λξ∗

¯à¨ ª ¦¤®¬ k ∈ Z . �«ï ¬ âà¨æë �®è¨ YU(t, s) á¨áâ¥¬ë (24.4) á¯à -
¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ YU(t, s) = X∗

U(s, t) ¤«ï ¢á¥å s, t ∈ R , ¯®íâ®¬ã

YU(kω, (k − 1)ω)ξ = X∗
U((k − 1)ω, kω)ξ = λξ, k ∈ Z.

�«¥¤®¢ â¥«ì­®, ¯à¨ ª ¦¤®¬ k ∈ N
YU(kω, 0)ξ = YU(kω, ω)YU(ω, 0)ξ = λYU(kω, ω)ξ =

= λYU(kω, 2ω)YU(2ω, ω)ξ = λ2YU(kω, 2ω)ξ = . . . = λkξ.

� áá¬®âà¨¬ ¢®®¡é¥ £®¢®àï ª®¬¯«¥ªá­®¥ à¥è¥­¨¥ y(t) = YU(t, 0)ξ
á¨áâ¥¬ë (24.4). �«ï ¥£® å à ªâ¥à¨áâ¨ç¥áª®£® ¯®ª § â¥«ï ¨¬¥¥¬ à ¢¥­-
áâ¢ 

λ[y] = lim
t→∞ t−1 ln ‖y(t)‖ = lim

k→∞
(kω)−1 ln ‖y(kω)‖ =

= lim
k→∞

(kω)−1 ln ‖λkξ‖ = lim
k→∞

(kω)−1 ln |λ|k = ln |λ|/ω.

�®£¤  [39, á. 136{137] á¨áâ¥¬  (24.4) ¨¬¥¥â ¢¥é¥áâ¢¥­­®¥ à¥è¥­¨¥ á â¥¬
¦¥ ¯®ª § â¥«¥¬ �ï¯ã­®¢ , â. ¥. ç¨á«® ln |λ|/ω ¢å®¤¨â ¢ ¯®«­ë© á¯¥ªâà
¯®ª § â¥«¥© �ï¯ã­®¢  á¨áâ¥¬ë (24.4),   ¯®â®¬ã ¨ ¢ ¯®«­ë© á¯¥ªâà á¨-
áâ¥¬ë _η = −C∗(t)η . �â® ¯à®â¨¢®à¥ç¨â ¯à®¨§¢®«ì­®áâ¨ C(·) . �¥®à¥¬ 
¤®ª § ­ .

�   ¬ ¥ ç   ­ ¨ ¥ 24.2. �§ ¤®ª § ­­®© â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® ¥á«¨
ω-¯¥à¨®¤¨ç¥áª ï á¨áâ¥¬  (21.1) ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ¬ã«ìâ¨¯«¨ª -
â®àë á®®â¢¥âáâ¢ãîé¥© § ¬ª­ãâ®© á¨áâ¥¬ë (21.2) £«®¡ «ì­® ã¯à ¢«ï¥-
¬ë ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ¤«ï «î¡®© ¬ âà¨æë � ∈ Mn á ¯®«®¦¨â¥«ì-
­ë¬ ®¯à¥¤¥«¨â¥«¥¬ ­ ©¤ãâáï ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) ¨ «ï¯ã­®¢-
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áª®¥ ¯à¥®¡à §®¢ ­¨¥ z = L(t)x , â ª¨¥, çâ® á¨áâ¥¬  (21.2) á ã¯à ¢«¥-
­¨¥¬ U(·) ¯à¨¢®¤¨âáï íâ¨¬ ¯à¥®¡à §®¢ ­¨¥¬ ª ω-¯¥à¨®¤¨ç¥áª®© á¨áâ¥-
¬¥ (21.7), ¨¬¥îé¥© á¢®¨¬¨ ¬ã«ìâ¨¯«¨ª â®à ¬¨ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï
¬ âà¨æë � . �à¨ íâ®¬ ¬ âà¨æë U(·) ¨ L(·) ­¥ ®¡ï§ â¥«ì­® ¯¥à¨®¤¨-
ç¥áª¨¥, ¯®áª®«ìªã ¯à¨ ¯¥àà®­®¢áª®¬ ¯à¥®¡à §®¢ ­¨¨ ª âà¥ã£®«ì­®¬ã
¢¨¤ã ¯¥à¨®¤¨ç¥áª ï á¨áâ¥¬  (21.7) ¯¥à¥å®¤¨â ¢ ®¡é¥¬ á«ãç ¥ ¢ à¥ªãà-
à¥­â­ãî á¨áâ¥¬ã (�. �. �¨««¨®­é¨ª®¢, [105]).

�   ¬ ¥ ç   ­ ¨ ¥ 24.3. � å®¤¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 24.1 ¯®áâà®¥­®
ã¯à ¢«¥­¨¥ U(·) â ª®¥, çâ® á¨áâ¥¬  (24.1) ¨¬¥¥â ¬ âà¨æã �®è¨ Y (t, s) ,
¨¬¥îéãî ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ s ∈ R ¯¥à¨®¤ nlω ¯® ¯¥à¥¬¥­-
­®© t . �®áª®«ìªã ¬ âà¨æë �®è¨ Y (t, s) ¨ XU(t, s) á¢ï§ ­ë à ¢¥­áâ¢®¬
XU(t, s) = FY (t, s)F−1 , £¤¥ F | ¯®áâ®ï­­ ï ¬ âà¨æ , â® ¨¬¥¥â ¬¥áâ®

� « ¥ ¤ á â ¢ ¨ ¥ 24.1. �á«¨ (21.1) | ¢¯®«­¥ ã¯à ¢«ï¥¬ ï á¨áâ¥¬  á
ªãá®ç­® ­¥¯à¥àë¢­ë¬¨ ω-¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨, â® áãé¥-
áâ¢ã¥â ¬ âà¨ç­®¥ ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) â ª®¥, çâ® ¯à¨ ­¥ª®-
â®à®¬ l ∈ N ¬ âà¨æ  �®è¨ XU(t, s) á¨áâ¥¬ë (21.2) ¨¬¥¥â ¯¥à¨®¤
nlω ¯® ¯¥à¥¬¥­­®© t ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ s ∈ R .

§ 25. �«®¡ «ì­ ï ¤®áâ¨¦¨¬®áâì ¤¢ã¬¥à­ëå á¨áâ¥¬

� íâ®¬ ¯ à £à ä¥ ¤®ª § ­  £«®¡ «ì­ ï ¤®áâ¨¦¨¬®áâì ¯à®¨§¢®«ì-
­®© ¤¢ã¬¥à­®© (n = 2 ) § ¬ª­ãâ®© á¨áâ¥¬ë ¢¨¤  (21.2) ¯à¨ ãá«®-
¢¨¨ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á®®â¢¥âáâ¢ãîé¥© ®âªàë-
â®© á¨áâ¥¬ë (21.1) (â¥®à¥¬  25.1).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 25.1 [139]. �ãáâì F1, . . . ,Fl | ¡ §¨áë ¯à®áâà ­-
áâ¢  Rn , � ∈ Mn . �ã¤¥¬ £®¢®à¨âì, çâ® ã¯®àï¤®ç¥­­ ï á®¢®ªã¯­®áâì
n × n ¬ âà¨æ P1, . . . , Pl−1 ®¡à §ã¥â ρ -«¥£ «ì­ë© ¬ àèàãâ ®â E ª �
®â­®á¨â¥«ì­® ¡ §¨á®¢ F1, . . . ,Fl , ¥á«¨ ¯à¨ ª ¦¤®¬ i ∈ {1, . . . , l} ¯ à 
(Pi−1, Pi) ρ -§ ª®­®¯®á«ãè­  ®â­®á¨â¥«ì­® Fi ; §¤¥áì P0 := E , Pl := � .

� ¥ ¬ ¬   25.1 [139]. �ãáâì ρ ∈ ]0, 1] . �«ï â®£® çâ®¡ë ρ -«¥£ «ì­ë©
¬ àèàãâ ®â E ª � ®â­®á¨â¥«ì­® ¡ §¨á®¢ F1, . . . ,Fl áãé¥áâ¢®¢ «,
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ­ è«¨áì ¬ âà¨æë H1 ∈ H(ρ) , Hj ∈
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∈ H(ρ/
j−1∏
i=1

det Hi) , j = 2, . . . , l , â ª¨¥, çâ® � ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

� = (FlHlF
−1
l )(Fl−1Hl−1F

−1
l−1) . . . (F1H1F

−1
1 ) =:

1∏

j=l

FjHjF
−1
j .

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �à¥¤¯®«®¦¨¬, çâ® ¬ -
âà¨æë P1, . . . , Pl−1 ®¡à §ãîâ ρ -«¥£ «ì­ë© ¬ àèàãâ ®â E ª � ®â­®-
á¨â¥«ì­® ¡ §¨á®¢ F1, . . . ,Fl . �®áª®«ìªã ¯à¨ ª ¦¤®¬ j ∈ {1, . . . , l} ¯ -
à  (Pj−1, Pj) ρ -§ ª®­®¯®á«ãè­  ®â­®á¨â¥«ì­® Fj , ¢ á¨«ã â¥®à¥¬ë 23.2
¨¬¥¥¬ à ¢¥­áâ¢® Pj = FjHjF

−1
j Pj−1 , £¤¥ Hj | ­¥ª®â®à ï ¬ âà¨æ  ¨§

¬­®¦¥áâ¢  H(ρ/ det Pj−1) .
� ª ª ª P0 = E , â® H1 ∈ H(ρ) . �«¥¤®¢ â¥«ì­®,

det P1 = det(F1H1F
−1
1 P0) = det H1

¨ H2 ∈ H(ρ/ det H1) . � «¥¥,

det P2 = det(F2H2F
−1
2 P1) = det H2 det P1 = det H1 det H2,

¯®íâ®¬ã H3 ∈ H(ρ/(det H1 det H2)) . �à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¯®«ãç¨¬,
çâ® ª ¦¤ ï ¨§ ¬ âà¨æ Hj ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã H(ρ/

j−1∏
i=1

det Hi) .
�à®¬¥ â®£®,

� = Pl = FlHlF
−1
l Pl−1 = FlHlF

−1
l Fl−1Hl−1F

−1
l−1Pl−2 = . . . =

1∏

j=l

FjHjF
−1
j .

� ® á â   â ® ç ­ ® á â ì. �ãáâì � ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ � =
1∏

j=l

FjHjF
−1
j ,

£¤¥ H1 ∈ H(ρ) , Hj ∈ H(ρ/
j−1∏
i=1

det Hi) , j = 2, . . . , l . �®«®¦¨¬

Pk =
1∏

j=k

FjHjF
−1
j , k = 1, . . . , l.

�®£¤ 

Pk = FkHkF
−1
k

1∏

j=k−1
FjHjF

−1
j = FkHkF

−1
k Pk−1, k = 1, . . . , l,

¨
det Pk−1 =

k−1∏

j=1
det(FjHjF

−1
j ) =

k−1∏

j=1
det Hj,
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¯®íâ®¬ã Hk ∈ H(ρ/ det Pk−1) . �§ â¥®à¥¬ë 23.2 ¢ëâ¥ª ¥â ρ -§ ª®­®¯®-
á«ãè­®áâì ¯ àë (Pk−1, Pk) ®â­®á¨â¥«ì­® ¡ §¨á  Fk ¯à¨ ª ¦¤®¬ k ∈
{1, . . . , l} . �¥¬¬  ¤®ª § ­ .

�ëïá­¨¬ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ρ -«¥£ «ì­®£® ¬ àèàãâ  ¢ ¤¢ã-
¬¥à­®¬ ¯à®áâà ­áâ¢¥.

�ãáâì ä¨ªá¨à®¢ ­ ¡ §¨á F = {ξ1, ξ2} ¯à®áâà ­áâ¢  R2 , F | ¬ -
âà¨æ  ¡ §¨á  F , â. ¥. F = [ξ1, ξ2] . �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ ¬ âà¨æë
P, R ∈ M2 ¨ ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã« ¬¨ (23.2) ¯®áâà®¨¬ ¢¥ªâ®àë
u1, u2 ∈ R2 :

uk = (F−1)∗(RF − PF)∗ek = (R− P )∗(F−1)∗ek, k = 1, 2. (25.1)

�§ (23.3) ¯®«ãç ¥¬ ¢¨¤ ¯à®¬¥¦ãâ®ç­®£® è £  ­  ¯ãâ¨ ®â P ª R ¢
¡ §¨á¥ F :

S := S1 = PF + e1e
∗
1(RF − PF) = E · PF + e1e

∗
1(RF − PF) =

= (e1e
∗
1 + e2e

∗
2)PF + e1e

∗
1RF − e1e

∗
1PF = e1e

∗
1RF + e2e

∗
2PF .

�¡®§­ ç¨¬ S̃ = P + ξ1u
∗
1 . �®£¤ 

S̃ = P + Fe1u
∗
1 = F (F−1PF + e1u

∗
1F )F−1 =

= F (PF + e1e
∗
1(RF − PF))F−1 = FSF−1

¨
det S̃ = det S = det(e1e

∗
1F

−1RF + e2e
∗
2F

−1PF ). (25.2)
�®£« á­® ®¯à¥¤¥«¥­¨î 23.1, ¯ à  (P, R) ρ -§ ª®­®¯®á«ãè­  ®â­®á¨â¥«ì-
­® F , ¥á«¨ det P > ρ , det R > ρ ¨ det S > ρ .

�¡®§­ ç¨¬ J =
( 0 1
−1 0

)
| ¬ âà¨æ  ¯®¢®à®â  ­  ã£®« −π/2 ¢

¯à®áâà ­áâ¢¥ R2 .
� à ¥ ¤ « ® ¦ ¥ ­ ¨ ¥ 25.1 [97]. �«ï «î¡®© ­¥¢ëà®¦¤¥­­®© 2 × 2 ¬ -

âà¨æë F á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

JF−1e2 = F ∗e1/ det F, JF−1e1 = −F ∗e2/ det F. (25.3)

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì F = {fij}2
i,j=1 . �¬¥¥¬ à ¢¥­áâ¢ 

JF−1e2 · det F =
( 0 1
−1 0

) (
f22 −f12
−f21 f11

)
e2 =
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=
( 0 1
−1 0

) (−f12
f11

)
=

(
f11
f12

)
= F ∗e1,

JF−1e1 · det F =
( 0 1
−1 0

) (
f22 −f12
−f21 f11

)
e1 =

=
( 0 1
−1 0

) (
f22
−f21

)
=

(−f21
−f22

)
= −F ∗e2,

çâ® ¨ âà¥¡®¢ «®áì.
� ¥ ¬ ¬   25.2 [97]. �«ï «î¡®© ¬ âà¨æë � ∈ M2 á ¯®«®¦¨â¥«ì-

­ë¬ ®¯à¥¤¥«¨â¥«¥¬ ¨ ¤«ï «î¡ëå ¡ §¨á®¢ Fi = {ξ2i−1, ξ2i} (i = 1, . . . , 4)
¯à®áâà ­áâ¢  R2 ­ ©¤¥âáï ç¨á«® ρ > 0 ¨ ¬ âà¨æë P1, P2, P3 ∈ M2 ,
®¡à §ãîé¨¥ ρ-«¥£ «ì­ë© ¬ àèàãâ ®â E ª � ®â­®á¨â¥«ì­® ¡ §¨á®¢
F1, . . . ,F4 .

� ® ª   §   â ¥ « ì á â ¢ ®. �¡®§­ ç¨¬ ç¥à¥§ Fi ¬ âà¨æã á® áâ®«¡æ ¬¨
ξ2i−1, ξ2i , i = 1, . . . , 4 . �ãáâì κ(Fi) = ‖Fi‖ ‖F−1

i ‖ | á¯¥ªâà «ì­®¥ ç¨-
á«® ®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨æë Fi . �®§ì¬¥¬ f = max

i=1,...,4
κ(Fi) ¨ ¯®«®¦¨¬

h = 2f 4 . �®áª®«ìªã ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¢áïª®© ¬ âà¨æë F ã¤®¢«¥-
â¢®àï¥â ­¥à ¢¥­áâ¢ã κ(F ) > 1 , ¤«ï ¢¥«¨ç¨­ë h ¨¬¥¥¬ ®æ¥­ªã h > 2 .

� ¯¨è¥¬ � ¢ ¯à®¨§¢®«ì­®¬ ¨§ ¡ §¨á®¢ Fi , ¯®«ãç¥­­ãî ¬ âà¨æã
®¡®§­ ç¨¬ ç¥à¥§ M = {µkj}2

k,j=1 , â®£¤  M = F−1
i �Fi . � ª ª ª ®¯à¥¤¥-

«¨â¥«¨ ¬ âà¨æ � ¨ M á®¢¯ ¤ îâ, â®

det � = µ11µ22 − µ12µ21 6 |µ11| |µ22|+ |µ12| |µ21|6
6 max{|µ2j| : j = 1, 2}(|µ11|+ |µ12|) 6 ‖M‖(|µ11|+ |µ12|) 6

6κ(Fi)‖�‖(|µ11|+ |µ12|) 6 f‖�‖(|µ11|+ |µ12|).
�ãáâì r := det �/(2f‖�‖) = (2f‖�−1‖)−1 , â®£¤  ¨§ ¯à¥¤ë¤ãé¥£® ­¥à -
¢¥­áâ¢  ¯®«ãç¨¬

|µ11|+ |µ12|> 2r. (25.4)
�®§¬®¦­ë á«¥¤ãîé¨¥ 3 á«ãç ï:
(I). �®âï ¡ë ¢ ®¤­®¬ ¨§ ç¥âëà¥å ¡ §¨á®¢ F1, . . . ,F4 ¬ âà¨æ  �

¨¬¥¥â í«¥¬¥­â µ11 > r/h .
(II). � ª ¦¤®¬ ¨§ ¡ §¨á®¢ Fi , i = 1, . . . , 4 , í«¥¬¥­â µ11 < r/h , ¯à¨

íâ®¬ ¢ F4 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® µ11 6−r/h .
(III). � ª ¦¤®¬ ¨§ ¡ §¨á®¢ Fi , i = 1, . . . , 4 , í«¥¬¥­â µ11 < r/h , ¯à¨

íâ®¬ ¢ F4 ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ µ11 ∈]− r/h, r/h[ .
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�«ï ª ¦¤®£® ¨§ íâ¨å á«ãç ¥¢ ¡ã¤¥â ¯®áâà®¥­ ­ ¡®à ¬ âà¨æ P1, P2 ,
P3 ¨ ­ ©¤¥­® ç¨á«® ρ > 0 , ®¡¥á¯¥ç¨¢ îé¥¥ ρ-§ ª®­®¯®á«ãè­®áâì ¯ à
(Pi−1, Pi) ¯à¨ ¢á¥å i ∈ {1, . . . , 4} .

� áá¬®âà¨¬ ¯®¤à®¡­® á«ãç ¨ (I) { (III).
(I). �ãáâì Fl | â®â ¡ §¨á, ¢ ª®â®à®¬ µ11 > r/h . �®§ì¬¥¬ Pj = E

¯à¨ j ∈ {1, . . . , l − 1} ¨ Pj = � ¯à¨ j ∈ {l, . . . , 3} . �«ï ª ¦¤®© ¯ àë
(Pi−1, Pi) , i = 1, . . . , 4 , ¯®«ì§ãïáì (25.1), ¯®áâà®¨¬ ¢¥ªâ®àë

u2i−1 = (Pi − Pi−1)∗(F−1
i )∗e1, u2i = (Pi − Pi−1)∗(F−1

i )∗e2 (25.5)

¨ ¬ âà¨æë S̃i = Pi−1 + ξ2i−1u
∗
2i−1 , Si = F−1

i S̃Fi . � ª ª ª ¯à¨ i 6= l ¨¬¥¥¬
à ¢¥­áâ¢  u2i−1 = u2i = 0 , â® S̃i = Pi−1 , â. ¥. S̃i = E ¯à¨ i < l ¨ S̃i = �
¯à¨ i > l . �®«ì§ãïáì (25.2), ­ ©¤¥¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë Sl :

det Sl = det(e1e
∗
1F

−1
l �Fl + e2e

∗
2F

−1
l EFl) = det(e1e

∗
1M + e2e

∗
2E) = µ11 > r/h.

�®§ì¬¥¬ ρ = min{1, det �, r/h} , â®£¤  ¯®«ãç¨¬ ρ -§ ª®­®¯®á«ãè­®áâì
¢á¥å ¯ à (Pi−1, Pi) , i = 1, . . . , 4 .

(II). �®«®¦¨¬ P1 = E + αF1JF−1
1 , P2 = −E + αF1JF−1

1 , P3 = −E ;
§­ ç¥­¨¥ ¢¥«¨ç¨­ë α ∈ R ãâ®ç­¨¬ ­¨¦¥. � á®®â¢¥âáâ¢¨¨ á (25.5) ¯®-
áâà®¨¬ ¢¥ªâ®àë uj , j = 1, . . . , 8 , ¨, ¨á¯®«ì§ãï (25.2), ­ ©¤¥¬ det Si ,
i = 1, . . . 4 .

 ) �«ï det S1 á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

det S1 = det(e1e
∗
1F

−1
1 (E + αF1JF−1

1 )F1 + e2e
∗
2F

−1
1 EF1) =

= det(e1e
∗
1(E + αJ) + e2e

∗
2) = 1.

¡) �¡®§­ ç¨¬ F = F−1
2 F1 , �F = e∗2FF ∗e1 . �®£¤ , ¯®«ì§ãïáì (25.3),

¯®«ãç¨¬

det S2 = det(e1e
∗
1F

−1
2 (−E + αF1JF−1

1 )F2 + e2e
∗
2F

−1
2 (E + αF1JF−1

1 )F2) =

= det(e1e
∗
1(−E + αFJF−1) + e2e

∗
2(E + αFJF−1)) =

= det(αFJF−1)− αe∗2FJF−1e2 + αe∗1FJF−1e1 − 1 =
= α2 − αe∗2FF ∗e1/ det F − αe∗1FF ∗e2/ det F − 1 = α2 − 2α�F/ det F − 1.

�ë¡¥à¥¬ ¢¥«¨ç¨­ã α â ª, çâ®¡ë ¢ë¯®«­ï«®áì à ¢¥­áâ¢® det S2 = 1 .
�¥è ï ãà ¢­¥­¨¥ α2 − 2α�F/ det F − 1 = 1 , ¯®«ãç¨¬ ¤«ï α ¤¢  ¢®§-
¬®¦­ëå §­ ç¥­¨ï:

α1,2 = �F/ det F ±
√

(�F/ det F )2 + 2.
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¤«ï ª®â®àëå ¨¬¥¥â ¬¥áâ® ®æ¥­ª  |α1,2|6 |�F/ det F |+
√

(�F/ det F )2 + 2 .
� ª ª ª

∣∣∣∣∣
�F

det F

∣∣∣∣∣ 6
‖F ∗e1‖ ‖F ∗e2‖

|det F | 6 ‖F ∗‖2

| det F | = ‖F‖ ‖F−1‖6 κ(F1)κ(F2) 6 f 2,

â® |α|6 f 2 +
√

f 4 + 2 6 f 2 +
√

f 4 + 3f 4 = 3f 2 .
¢) �ãáâì G = F−1

3 F1 , �G = e∗2GG∗e1 . �®£¤ 

det S3 = det(e1e
∗
1F

−1
3 (−E)F3 + e2e

∗
2F

−1
3 (−E + αF1JF−1

1 )F3) =

= det(−e1e
∗
1 + e2e

∗
2(−E + αGJG−1)) = −e∗2(−E + αGJG−1)e2 =

= 1− αe∗2GJG−1e2 = 1− αe∗2GG∗e1/ det G = 1− α�G/ det G.

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ α âã ¨§ ¢¥«¨ç¨­ α1 ¨ α2 , §­ ª ª®â®à®© ¯à®â¨¢®-
¯®«®¦¥­ §­ ªã �G/ det G (¥á«¨ �G = 0 , â® ¢ë¡¥à¥¬ ¯®«®¦¨â¥«ì­ãî).
�®£¤  det S3 = 1 + |α| |�G|/|det G|> 1 .

£) �«ï det S4 ¨¬¥¥¬ à ¢¥­áâ¢ 

det S4 = det(e1e
∗
1F

−1
4 �F4 + e2e

∗
2F

−1
4 (−E)F4) =

= det(e1e
∗
1M − e2e

∗
2) = −µ11 > r/h.

�à®¬¥ â®£®,

det P1 = det(F1(E + αJ)F−1
1 ) = det(E + αJ) = 1 + α2 > 1,

det P2 = det(−E + αJ) = 1 + α2 > 1, det P3 = 1, det P4 = det �.

�®íâ®¬ã ª ¦¤ ï ¨§ ¯ à (Pi−1, Pi) , i = 1, . . . , 4 , ï¢«ï¥âáï ρ-§ ª®­®¯®-
á«ãè­®© ¯à¨ ρ = min{1, det �, r/h} .

(III). �®§ì¬¥¬ P1 = E , P2 = E + αF2JF−1
2 , P3 = αF2JF−1

2 ; ¢ë¡®à
¢¥«¨ç¨­ë α ∈ R ãâ®ç­¨¬ ­¨¦¥. �á¯®«ì§ãï (25.5), ¯®áâà®¨¬ ¢¥ªâ®àë
uj , j = 1, . . . , 8 . � ©¤¥¬ ®¯à¥¤¥«¨â¥«¨ ¬ âà¨æ Si, i = 1, . . . , 4 .

a) � ª ª ª P0 = P1 = E , â® u1 = u2 = 0 , á«¥¤®¢ â¥«ì­®, S1 = E ¨
det S1 = 1 .

¡) �ëç¨á«¥­¨¥ det S2  ­ «®£¨ç­® ¢ëç¨á«¥­¨î det S1 ¢ á«ãç ¥ (II),
¯®íâ®¬ã det S2 = 1 .

¢) �®«®¦¨¬ F = F−1
3 F2 , �F = e∗2FF ∗e1 . �®«ì§ãïáì (25.3), ¯®«ãç¨¬

det S3 = det(e1e
∗
1F

−1
3 (αF2JF−1

2 )F3 + e2e
∗
2F

−1
3 (E + αF2JF−1

2 )F3) =

= det(e1e
∗
1αFJF−1 + e2e

∗
2(E + αFJF−1)) = det(e2e

∗
2 + αFJF−1) =

= det(αFJF−1) + αe∗1FJF−1e1 = α2 det(FJF−1)− αe∗1FF ∗e2/ det F =
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= α2 − α�F/ det F.

�®âà¥¡ã¥¬ det S3 = 1 , â®£¤  ¤«ï α ¯®«ãç¨¬ ¤¢  ¢®§¬®¦­ëå §­ -
ç¥­¨ï

α1,2 = �F/(2 det F )±
√

(�F/(2 det F ))2 + 1.

¨ ®æ¥­ª¨

|α|6 f 2/2 +
√

f 4/4 + 1 6 (f 2 +
√

f 4 + 8f 4)/2 = 2f 2,

|α|>
√

(�F/(2 det F ))2 + 1− |�F |/(2| det F |) =
= (

√
(�F/(2 det F ))2 + 1 + |�F |/(2|det F |))−1 >

> (f 2/2 +
√

f 4/4 + 1)−1 > (2f 2)−1.

£) �¡®§­ ç¨¬ G = F−1
4 F2 , �G = e∗2GG∗e1 . �®£¤ 

det S4 = det(e1e
∗
1F

−1
4 �F4 + e2e

∗
2F

−1
4 (αF2JF−1

2 )F4) =

= det(e1e
∗
1M + αe2e

∗
2GJG−1) = µ11αe∗2GJG−1e2 − µ12αe∗2GJG−1e1 =

= α(µ11e
∗
2GG∗e1/ det G + µ12e

∗
2GG∗e2/ det G) =

= α(µ11�G + µ12‖G∗e2‖2)/ det G.

� ª ª ª ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ |µ11| < r/h , ¯à¨ç¥¬ h > 2 , â®
¨§ (25.4) á«¥¤ã¥â, çâ® |µ12|>r . �®§ì¬¥¬ ¢ ª ç¥áâ¢¥ α âã ¨§ ¢¥«¨ç¨­ α1 ¨
α2 , §­ ª ª®â®à®© á®¢¯ ¤ ¥â á® §­ ª®¬ µ12/ det G . �®£¤  ¨§ ­¥à ¢¥­áâ¢ 
κ(G) 6 κ(F2)κ(F4) 6 f 2 ¨ ®æ¥­ª¨ á­¨§ã ¤«ï |α| ¢ëâ¥ª ¥â, çâ®

det S4 > |α|(|µ12| ‖G∗e2‖2 − |µ11| |�G|)/| det G|>
> |α|(|µ12| min

‖x‖=1
‖G∗x‖2 − |µ11| max

‖x‖=1
‖G∗x‖2)/|det G|>

> r|α|(‖G−1‖−2 − ‖G‖2/h)/| det G| =
= r|α|(h− ‖G−1‖2‖G‖2)/(h| det G| ‖G−1‖2) >

> r|α|(2f 4 − f 4)/(2f 4‖G−1‖2|det G|) =
= r|α| | det G|/(2‖G−1‖ ‖G‖ | det G|) =

= r|α|/(2‖G−1‖ ‖G‖) > r|α|/(2f 2) > r/(4f 4).
�à®¬¥ â®£®,

det P1 = 1, det P2 = 1 + α2 > 1,

det P3 = α2 det J = α2 > (4f 4)−1, det P4 = det �,
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¯®íâ®¬ã ¢á¥ ¯ àë (Pi−1, Pi) ¯à¨ i = 1, . . . , 4 ï¢«ïîâáï ρ -§ ª®­®¯®á«ãè-
­ë¬¨ ¯à¨ ρ = min{det �, r/(4f 4), 1/(4f 4)} .

�®§ì¬¥¬ ρ = min{det �, det �/(8f 5‖�‖), 1/(4f 4)} . � ª ¦¤®¬ ¨§ âà¥å
¢®§¬®¦­ëå á«ãç ¥¢ ¯®áâà®¥­ ρ -«¥£ «ì­ë© ¬ àèàãâ ®â E ª � . �¥¬¬ 
¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 25.1 [97]. �«ï «î¡ëå ®¡à â¨¬ëå ¬ âà¨æ F1, F2, F3,
F4 ∈ M2 ¨ ¤«ï «î¡®© ¬ âà¨æë � ∈ M2 á ¯®«®¦¨â¥«ì­ë¬ ®¯à¥¤¥«¨-
â¥«¥¬ áãé¥áâ¢ãîâ â ª¨¥ 2 × 2 ¬ âà¨æë H1,H2,H3,H4 ∈ H , çâ®
� =

1∏

j=4
FjHjF

−1
j .

� « ¥ ¤ á â ¢ ¨ ¥ 25.2 [97]. �«ï «î¡®£® γ > 1 áãé¥áâ¢ãîâ â ª¨¥ r > 0
¨ ρ > 0 , çâ® ¤«ï ¯à®¨§¢®«ì­ëå ®¡à â¨¬ëå ¬ âà¨æ Fi ∈ M2 , ‖Fi‖6γ ,
‖F−1

i ‖6 γ , i = 1, 2, 3, 4 , ¨ ¤«ï «î¡®© ¬ âà¨æë � ∈ M2 á ¯®«®¦¨â¥«ì-
­ë¬ ®¯à¥¤¥«¨â¥«¥¬, ‖�‖ 6 γ , ‖�−1‖ 6 γ , ­ ©¤ãâáï 2 × 2 ¬ âà¨æë
Hi ∈ H(r, ρ) , i = 1, 2, 3, 4 , â ª¨¥, çâ®

� =
1∏

j=4
FjHjF

−1
j .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì γ >1 . �®§ì¬¥¬ «î¡ë¥ F1, . . . , F4 ∈ M2 ,
â ª¨¥, çâ® ‖Fi‖ 6 γ , ‖F−1

i ‖ 6 γ , ¨ ¯à®¨§¢®«ì­ãî ¬ âà¨æã � ∈ M2 á
¯®«®¦¨â¥«ì­ë¬ ®¯à¥¤¥«¨â¥«¥¬, ‖�‖6 γ , ‖�−1‖6 γ . �®£¤ 

‖�‖−1 6 ‖�−1‖6 γ, ‖�−1‖−1 6 ‖�‖6 γ,

¯®íâ®¬ã
det � = ‖�‖

‖�−1‖ 6 γ2, det � > 1
γ2 .

�«ï ¢¥«¨ç¨­ë f := max
i
κ(Fi) ¨¬¥¥¬ ®æ¥­ªã f 6 γ2 .

�ãáâì F1, . . . ,F4 | ¡ §¨áë ¯à®áâà ­áâ¢  R2 , ¬ âà¨æë ª®â®àëå
á®¢¯ ¤ îâ á F1, . . . , F4 . �§ «¥¬¬ë 25.2 ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ρ0 -
«¥£ «ì­®£® ¬ àèàãâ  ®â E ª � ®â­®á¨â¥«ì­® ¡ §¨á®¢ F1, . . . ,F4 , £¤¥
ρ0 = min

{
det �,

det �
8f 5‖�‖ ,

1
4f 4

}
. �®áª®«ìªã

det � > 1
γ2 ,

det �
8f 5‖�‖ > 1

8γ13 ,
1

4f 4 > 1
4γ8 ,

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

ρ0 > min
{ 1
γ2 ,

1
8γ13 ,

1
4γ8

}
= 1

8γ13 =: ρ1,
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¯®íâ®¬ã ¯®áâà®¥­­ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 25.2 ¬ âà¨æë P1, P2, P3
¢ ª ¦¤®¬ ¨§ á«ãç ¥¢ I { III ®¡à §ã¥â ρ1 -«¥£ «ì­ë© ¬ àèàãâ ®â E ª � .

�§ «¥¬¬ë 25.1 á«¥¤ã¥â, çâ® � =
1∏

j=4
FjHjF

−1
j , £¤¥ H1 ∈ H(ρ1) , Hj ∈

∈ H(ρ1/
j−1∏
i=1

det Hi) , j = 2, 3, 4 , ¯à¨ íâ®¬ Pj = FjHjF
−1
j Pj−1 , j = 1, . . . , 4 ,

á«¥¤®¢ â¥«ì­®,
Hj = F−1

j PjP
−1
j−1Fj, j = 1, . . . , 4.

�âáî¤  ¯à¨ ª ¦¤®¬ j ∈ {1, 2, 3, 4}
‖Hj − E‖6 ‖Hj‖+ 1 6 κ(Fj)‖PjP

−1
j−1‖+ 1 6 γ2‖PjP

−1
j−1‖+ 1,

det Hj = det Pj

det Pj−1
.

� ©¤¥¬ § ¢¨áïé¨¥ ®â γ ¢¥«¨ç¨­ë r ¨ ρ , â ª¨¥, çâ® Hj ∈ H(r, ρ) ,
j = 1, . . . , 4 . �«ï íâ®£® ¢­®¢ì à áá¬®âà¨¬ á«ãç ¨ I { III.

I.  ) �à¨ j < l : Pj−1 = Pj = E , ¯®íâ®¬ã ‖PjP
−1
j−1‖ = 1 , det Hj = 1 .

¡) �à¨ j = l : Pl−1 = E , Pl = � , ¯®íâ®¬ã ‖PlP
−1
l−1‖ = ‖�‖ , det Hl =

= det � .
¢) �à¨ j > l : Pj−1 = Pj = �, ¯®íâ®¬ã ‖PjP

−1
j−1‖ = 1 , det Hj = 1 .

�«¥¤®¢ â¥«ì­®, ¢ á«ãç ¥ I

‖Hj − E‖6 γ2 max{1, ‖�‖}+ 1 6 γ3 + 1, j = 1, 2, 3, 4,

j−1∏

i=1
det Hi 6 max{1, det �}6 γ2, j = 2, 3, 4,

â. ¥.
Hj ∈ H

(ρ1
γ2

)
= H

( 1
8γ15

)
, j = 2, 3, 4,

H1 ∈ H(ρ1) ⊂ H
( 1

8γ15

)
.

II.  ) det H1 = det P1 = 1 + α2 ,

‖P1P
−1
0 ‖ = ‖P1‖6 1 + |α|κ(F1)‖J‖6 1 + |α|f 6 1 + 3f 3 6 1 + 3γ6 6 4γ6.

¡) det H2 = det P2
det P1

= det(−E + αJ)
det(E + αJ) = 1 + α2

1 + α2 = 1 ,

‖P2P
−1
1 ‖6 ‖P2‖ ‖P−1

1 ‖ = ‖P2‖ ‖P1‖
|det P1| 6 (1 + |α|f)2

1 + α2 6
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6 (1 + |α|f)2 6 (1 + 3f 3)2 6 (1 + 3γ6)2 6 (4γ6)2 = 16γ12.

¢) det H2 = det P3
det P2

= det(−E)
det(−E + αJ) = 1

1 + α2 ,

‖P3P
−1
2 ‖ = ‖P−1

2 ‖ = ‖P2‖
|det P2| 6

1 + |α|f
1 + α2 6 1 + |α|f 6 1 + 3f 3 6 1 + 3γ6 6 4γ6.

£) ‖P4P
−1
3 ‖ = ‖P4‖ = ‖�‖6 γ .

� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ II

‖Hj − E‖6 γ2 max{4γ6, 16γ12, γ}+ 1 = 16γ14 + 1, j = 1, 2, 3, 4,

j−1∏

i=1
det Hi 6 max{1 + α2, 1} = 1 + α2 6 1 + 9f 4 6 1 + 9γ8 6 10γ8, j = 2, 3, 4,

â. ¥.
Hj ∈ H

( ρ1
10γ8

)
= H

( 1
80γ21

)
, j = 2, 3, 4,

H1 ∈ H(ρ1) ⊂ H
( 1

80γ21

)
.

III.  ) det H1 = det P1 = 1 , ‖P1P
−1
0 ‖ = 1 .

¡) det H2 = det P2
det P1

= det(E + αJ) = 1 + α2 ,

‖P2P
−1
1 ‖ = ‖P2‖6 1 + |α|κ(F2)‖J‖6 1 + |α|f 6 1 + 2f 3 6 1 + 2γ6 6 3γ6.

¢) det H3 = det P3
det P2

= det(αJ)
det(E + αJ) = α2

1 + α2 ,

‖P3P
−1
2 ‖6 ‖P3‖ ‖P−1

2 ‖6 ‖P2‖ ‖P3‖
|det P2| 6 (1 + |α|f)|α|f

1 + α2 6

6 (1 + |α|f)|α|f 6 (1 + 2f 3)2f 3 6 (1 + 2γ6)2γ6 6 3γ6 · 2γ6 = 6γ12.

£) � ª ª ª P−1
3 = α−1F2J

−1F−1
2 , â®

‖P4P
−1
3 ‖6 ‖P4‖ ‖P−1

3 ‖6 ‖�‖κ(F2)
|α| 6 ‖�‖f

|α| 6 2‖�‖f 3 6 2γ7.

�â ª, ¢ á«ãç ¥ III

‖Hj − E‖6 γ2 max{1, 3γ6, 6γ12, 2γ7}+ 1 = 16γ14 + 1, j = 1, 2, 3, 4,

j−1∏

i=1
det Hi 6 max{1, 1 + α2, α2} = 1 + α2 6 1 + 4f 4 6 5f 4 6 5γ8, j = 2, 3, 4,
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â. ¥.
Hj ∈ H

( ρ1
5γ8

)
= H

( 1
40γ21

)
, j = 2, 3, 4,

H1 ∈ H(ρ1) ⊂ H
( 1

40γ21

)
.

� ª¨¬ ®¡à §®¬, ¢ ª ¦¤®¬ ¨§ á«ãç ¥¢ I { III

‖Hj − E‖6 max{γ3, 16γ14}+ 1 = 16γ14 + 1,

Hj ∈ H
( 1

8γ15

)
∩H

( 1
80γ21

)
∩H

( 1
40γ21

)
= H

( 1
80γ21

)
, j = 1, 2, 3, 4,

â. ¥. ¯à¨ r = 16γ14 + 1 ¨ ρ = 1
80γ21 á¯à ¢¥¤«¨¢ë ¢ª«îç¥­¨ï Hj ∈

∈ H(r, ρ) , j = 1, 2, 3, 4 . �«¥¤áâ¢¨¥ ¤®ª § ­®.
�   ¬ ¥ ç   ­ ¨ ¥ 25.1. �ãáâì á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥

ã¯à ¢«ï¥¬ . � ä¨ªá¨àã¥¬ ª ª¨¥-«¨¡® t0 ∈ R ¨ l ∈ N . �®£¤  ­  ª -
¦¤®¬ ¨§ ®âà¥§ª®¢ [t0 + (k − 1)ϑ, t0 + kϑ] , k = 1, . . . , l , áãé¥áâ¢ã¥â ¡ §¨á
ç¨áâëå ¤¢¨¦¥­¨© Fk = [Q(t0 + (k− 1)ϑ, tk1)νk

1 , . . . , Q(t0 + (k− 1)ϑ, tkn)νk
n] ,

£¤¥ tkj ∈]t0 + (k− 1)ϑ, t0 + kϑ[ , νk
j ∈ Rm , ‖νk

j ‖ = 1 , j = 1, . . . , n , ¯à¨ íâ®¬
‖Fk‖6

√
neaϑb , ‖F−1

k ‖6 α . � áá¬®âà¨¬ ¬ âà¨æë

F̃k := X(t0, t0 + (k − 1)ϑ)Fk, k = 1, . . . , l.

�«ï ­¨å á¯à ¢¥¤«¨¢ë à ¢­®¬¥à­ë¥ ¯® k ∈ Z ®æ¥­ª¨

‖F̃k‖6 ea(l−1)ϑ‖Fk‖6
√

nealϑb,

‖F̃−1
k ‖6 ‖F−1

k ‖ ‖X(t0 + (k − 1)ϑ, t0)‖6 αea(l−1)ϑ.
(25.6)

�ãáâì r > 0 ¨ ρ ∈ ]0, 1] ä¨ªá¨à®¢ ­ë. � á¨«ã â¥®à¥¬ë 23.3 ¤«ï
«î¡ëå ¬ âà¨æ Hk ∈ H(r, ρ) , k = 1, . . . , l , áãé¥áâ¢ã¥â â ª®¥ ã¯à ¢«¥­¨¥
U(·) ∈ KCmn([t0, t0 + lϑ]) , ‖U‖C 6 β max

k
‖Hk − E‖6 βr , çâ®

XU(t0 +kϑ, t0 +(k−1)ϑ) = X(t0 +kϑ, t0 +(k−1)ϑ)FkHkF
−1
k , k = 1, . . . , l.

�®ª ¦¥¬ ¯® ¨­¤ãªæ¨¨, çâ® ¯à¨ ¢á¥å k ∈ {1, . . . , l}

XU(t0 + kϑ, t0) = X(t0 + kϑ, t0)
1∏

i=k

F̃iHiF̃
−1
i . (25.7)

�¥©áâ¢¨â¥«ì­®, ¯à¨ k = 1

XU(t0 + ϑ, t0) = X(t0 + ϑ, t0)F1H1F
−1
1 = X(t0 + ϑ, t0)F̃1H1F̃

−1
1 .
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�ãáâì (25.7) ãáâ ­®¢«¥­® ¯à¨ k = j , £¤¥ j ∈ {1, . . . , l − 1} . �à®¢¥-
à¨¬ (25.7) ¤«ï k = j + 1 . �¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

XU(t0 + (j + 1)ϑ, t0) = XU(t0 + (j + 1)ϑ, t0 + jϑ)XU(t0 + jϑ, t0) =

= X(t0 + (j + 1)ϑ, t0 + jϑ)Fj+1Hj+1F
−1
j+1X(t0 + jϑ, t0)

1∏

i=j

F̃iHiF̃
−1
i .

�à¥¤áâ ¢¨¬ ¬­®¦¨â¥«ì, ­ å®¤ïé¨©áï á«¥¢  ®â Fj+1 , ¢ ¢¨¤¥

X(t0 + (j + 1)ϑ, t0 + jϑ) = X(t0 + (j + 1)ϑ, t0)X(t0, t0 + jϑ),

¨ § ¬¥â¨¬, çâ® X(t0, t0 +jϑ)Fj+1 = F̃j+1 , F−1
j+1X(t0 +jϑ, t0) = F̃−1

j+1 . �®£¤ 

XU(t0 + (j + 1)ϑ, t0) = X(t0 + (j + 1)ϑ, t0)F̃j+1Hj+1F̃
−1
j+1

1∏

i=j

F̃iHiF̃
−1
i =

= X(t0 + (j + 1)ϑ, t0)
1∏

i=j+1
F̃iHiF̃

−1
i .

� ª¨¬ ®¡à §®¬, (25.7) ãáâ ­®¢«¥­® ¯à¨ ¢á¥å k ∈ {1, . . . , l} . � ç áâ-
­®áâ¨, XU(t0 + lϑ, t0) = X(t0 + lϑ, t0)

1∏

i=l

F̃iHiF̃
−1
i .

� ¥ ® à ¥ ¬   25.1 [96, 97]. �ãáâì n = 2 . �á«¨ á¨áâ¥¬  (21.1) ϑ-à ¢­®-
¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ ,   ¬ âà¨ç­ ï äã­ªæ¨ï B : R→ M2,m ªãá®ç-
­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® á®®â¢¥âáâ¢ãîé ï § ¬ª­ãâ ï á¨áâ¥-
¬  (21.2) ï¢«ï¥âáï 4ϑ-à ¢­®¬¥à­® £«®¡ «ì­® ¤®áâ¨¦¨¬®©.

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ «î¡ë¥ α0 > 0 , β0 > 0 ¨ § ä¨ªá¨àã-
¥¬ ¯à®¨§¢®«ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ t0 . �ãáâì H ∈ M2 | â ª ï ¬ âà¨æ ,
çâ® ‖H‖6 α0 , det H > β0 . �®£¤ 

‖H−1‖ = ‖H‖
det H

6 α0β
−1
0 .

�  ª ¦¤®¬ ¨§ ®âà¥§ª®¢ [t0 + (j − 1)ϑ, t0 + jϑ] , j ∈ {1, 2, 3, 4} , ¯®áâà®¨¬
¬ âà¨æã ¡ §¨á  ç¨áâëå ¤¢¨¦¥­¨© Fj ¨ ®¡®§­ ç¨¬

F̃j = X(kT, kT + (j − 1)ϑ)Fj.

�§ (25.6) á«¥¤ã¥â, çâ® ¤«ï F̃j á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

‖F̃j‖6 e4aϑ
√

2b, ‖F̃−1
j ‖6 αe3aϑ, j = 1, 2, 3, 4.

�®«®¦¨¬
γ = max{α0, α0β

−1
0 , e4aϑ

√
2b, αe3aϑ}.
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�®£¤ 
‖H‖6 γ, ‖H−1‖6 γ, ‖F̃j‖6 γ, ‖F̃−1

j ‖6 γ.

� á®®â¢¥âáâ¢¨¨ á® á«¥¤áâ¢¨¥¬ 25.2 ¯® ­ ©¤¥­­®¬ã γ > 1 ¢ë¡¥à¥¬ ¢¥«¨-
ç¨­ë r > 0 ¨ ρ ∈ ]0, 1] ¨ ¬ âà¨æë Hj ∈ H(r, ρ) , j = 1, 2, 3, 4 , â ª¨¥,
çâ®

H =
1∏

j=4
F̃jHjF̃

−1
j .

� á¨«ã § ¬¥ç ­¨ï 25.1 áãé¥áâ¢ã¥â ªãá®ç­® ­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥
U : [t0, t0 + 4ϑ] → Mm,2 , ‖U‖C 6 βr =: l , â ª®¥, çâ®

XU(t0 + 4ϑ, t0) = X(t0 + 4ϑ, t0)
1∏

j=4
F̃jHjF̃

−1
j = X(t0 + 4ϑ, t0)H.

�®«®¦¨â¥«ì­ ï ¢¥«¨ç¨­  l , ®£à ­¨ç¨¢ îé ï á¢¥àåã ­®à¬ã ã¯à ¢«¥-
­¨ï, ­¥ § ¢¨á¨â ®â ¢ë¡®à  t0 ¨ H , á«¥¤®¢ â¥«ì­®, á¨áâ¥¬  (21.2) ®¡« -
¤ ¥â á¢®©áâ¢®¬ 4ϑ-à ¢­®¬¥à­®© £«®¡ «ì­®© ¤®áâ¨¦¨¬®áâ¨. �¥®à¥¬  ¤®-
ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 25.3 [96, 97]. �ãáâì n = 2 . �á«¨ ¬ âà¨ç­ ï äã­ªæ¨ï
B : R → M2,m ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ ,   á¨áâ¥¬  (21.1) à ¢-
­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® á¨áâ¥¬  (21.2) ®¡« ¤ ¥â á¢®©áâ¢®¬
£«®¡ «ì­®© «ï¯ã­®¢áª®© ¯à¨¢®¤¨¬®áâ¨.

� ® ª   §   â ¥ « ì á â ¢ ® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ 21.3 ¨ 25.1.

§ 26. �«®¡ «ì­ ï ¯à¨¢®¤¨¬®áâì «¨­¥©­ëå ã¯à ¢«ï¥¬ëå
á¨áâ¥¬ ª á¨áâ¥¬ ¬ áª «ïà­®£® â¨¯ .
�¯à ¢«¥­¨¥ á¢®©áâ¢ ¬¨ ¯à ¢¨«ì­®áâ¨, ¯à¨¢®¤¨¬®áâ¨ ¨
ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢ 

� íâ®¬ ¯ à £à ä¥ ãáâ ­®¢«¥­®, çâ® ¤«ï ¯à®¨§¢®«ì­®© áª «ïà­®©
äã­ªæ¨¨ p(·) ¨ ¢áïª®© à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë
¢¨¤  (21.1) ¬®¦­® ¯®áâà®¨âì â ª®¥ ¬ âà¨ç­®¥ ã¯à ¢«¥­¨¥ U(·) ,
çâ® á®®â¢¥âáâ¢ãîé ï § ¬ª­ãâ ï á¨áâ¥¬  (21.2) á íâ¨¬ ã¯à ¢«¥­¨-
¥¬ U(·)  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ _z = p(t)z , z ∈ Rn

(â¥®à¥¬  26.1). � ª á«¥¤áâ¢¨¥ ãáâ ­®¢«¥­  £«®¡ «ì­ ï ã¯à ¢«ï¥-
¬®áâì â ª¨å «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢, ª ª ª®íää¨æ¨¥­âë ­¥¯à -
¢¨«ì­®áâ¨, ¯à ¢¨«ì­®áâì, ¯à¨¢®¤¨¬®áâì ¨ ãáâ®©ç¨¢®áâì ¯®«­®£®
á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ .
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�ãáâì p : R → R | ¯à®¨§¢®«ì­ ï ®£à ­¨ç¥­­ ï ªãá®ç­® ­¥¯à¥-
àë¢­ ï äã­ªæ¨ï. � áá¬®âà¨¬ «¨­¥©­ãî ®¤­®à®¤­ãî á¨áâ¥¬ã

_z = p(t)z, z ∈ Rn. (26.1)
� âà¨æ  �®è¨ Z(t, s) á¨áâ¥¬ë (26.1) ¨¬¥¥â ¢¨¤

Z(t, s) = E
t∫

s

p(τ) dτ,

  ¤«ï à¥è¥­¨ï z(·) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ z(t0) = z0 á¯à ¢¥¤«¨¢® ¯à¥¤-
áâ ¢«¥­¨¥

z(t) = z0

t∫

t0

p(τ) dτ,

á«¥¤®¢ â¥«ì­®, ®­® ¢¥¤¥â á¥¡ï ª ª à¥è¥­¨¥ áª «ïà­®£® ãà ¢­¥­¨ï
_ϕ = p(t)ϕ, ϕ ∈ R,

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ ϕ(t0) = 1 . �® íâ®© ¯à¨ç¨­¥ á¨áâ¥¬ë ¢¨¤  (26.1)
¡ã¤¥¬ ­ §ë¢ âì á¨áâ¥¬ ¬¨ áª «ïà­®£® â¨¯ . �¨áâ¥¬ë áª «ïà­®£® â¨¯ 
à áá¬ âà¨¢ «¨áì �. �. � å¨¬¡¥à¤¨¥¢ë¬ ¢ [144] ¢ á¢ï§¨ á ¢®¯à®á ¬¨
¯®çâ¨ ¯à¨¢®¤¨¬®áâ¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 26.1 [140]. �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (21.2) £«®-
¡ «ì­® áª «ïà¨§ã¥¬ , ¥á«¨ ¤«ï ¯à®¨§¢®«ì­®© ­ ¯¥à¥¤ § ¤ ­­®© ªãá®ç­®
­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­­®© ­  R áª «ïà­®© äã­ªæ¨¨ p(·) áãé¥áâ¢®-
¢ã¥â â ª®¥ ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) , çâ® á¨áâ¥¬  (21.2) á íâ¨¬ ã¯à -
¢«¥­¨¥¬  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ (26.1).

� ¥ ® à ¥ ¬   26.1 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® á¨áâ¥¬  (21.2) £«®-
¡ «ì­® áª «ïà¨§ã¥¬ .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  (21.1) ϑ-à ¢­®¬¥à­® ¢¯®«­¥
ã¯à ¢«ï¥¬ . �®£« á­® á«¥¤áâ¢¨î 23.2 áãé¥áâ¢ãîâ â ª¨¥ ­¥¢ëà®¦¤¥­-
­ë¥ ¬ âà¨æë Fk , k ∈ Z , çâ® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢¥àå­¨å
âà¥ã£®«ì­ëå n×n ¬ âà¨æ {Hk}k∈Z á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨
í«¥¬¥­â ¬¨, â ª®©, çâ® sup{‖Hk‖, ‖H−1

k ‖ : k ∈ Z} < ∞ , ­ ©¤¥âáï ã¯à -
¢«¥­¨¥ U(·) ∈ KCmn(R) , ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï ¬ âà¨æë �®è¨ XU(t, s)
á¨áâ¥¬ë (21.2) à ¢¥­áâ¢ 

XU(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)FkHkF
−1
k , k ∈ Z,

¯à¨ç¥¬ ¤«ï ‖Fk‖ ¨ ‖F−1
k ‖ ¨¬¥îâ ¬¥áâ® à ¢­®¬¥à­ë¥ ¯® k ∈ Z ®æ¥­ª¨

‖Fk‖6
√

nbeaϑ , ‖F−1
k ‖6 α .
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�® â¥®à¥¬¥ ® QR-à §«®¦¥­¨¨ [176, á. 139] ¯à¨ ¢áïª®¬ k ∈ Z ¤«ï
®¡à â¨¬®© ¬ âà¨æë F−1

k+1X(kϑ, (k − 1)ϑ)Fk áãé¥áâ¢ãîâ ®àâ®£®­ «ì­ ï
¬ âà¨æ  Qk ¨ ¢¥àå­ïï âà¥ã£®«ì­ ï ¬ âà¨æ  Rk á ¯®«®¦¨â¥«ì­®© ¤¨ -
£®­ «ìî â ª¨¥, çâ®

F−1
k+1X(kϑ, (k − 1)ϑ)Fk = QkRk.

�®£¤ 
X(kϑ, (k − 1)ϑ)FkR

−1
k F−1

k = Fk+1QkF
−1
k .

�®áª®«ìªã Rk = Q−1
k F−1

k+1X(kϑ, (k − 1)ϑ)Fk , ¨¬¥¥¬ ®æ¥­ª¨

‖Rk‖6 ‖Q−1
k ‖ ‖F−1

k+1‖ ‖X(kϑ, (k − 1)ϑ)‖ ‖Fk‖6 αeaϑ
√

nbeaϑ = αb
√

ne2aϑ,

‖R−1
k ‖6 ‖Qk‖ ‖Fk+1‖ ‖X((k − 1)ϑ, kϑ)‖ ‖F−1

k ‖6 αb
√

ne2aϑ.

�®§ì¬¥¬ «î¡ãî ®£à ­¨ç¥­­ãî ªãá®ç­® ­¥¯à¥àë¢­ãî áª «ïà­ãî
äã­ªæ¨î p(·) , γ := sup

t∈R
|p(t)| , ¨ ¤«ï ¯à®¨§¢®«ì­ëå s, t ∈ R ®¡®§­ ç¨¬

ϕ(t, s) = exp
t∫

s

p(τ) dτ.

�®£¤  ϕ(s, t) = ϕ−1(t, s) , ϕ(t, s) = ϕ(t, τ)ϕ(τ, s) ¨ ϕ(t, s)6eγ|t−s| ¤«ï ¢á¥å
t, s, τ ∈ R . � âà¨æ  Hk := R−1

k ϕ(kϑ, (k − 1)ϑ) | ¢¥àå­ïï âà¥ã£®«ì­ ï
á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨, ¯à¨ç¥¬ ¤«ï ‖Hk‖ ¨
‖H−1

k ‖ ¨¬¥¥¬ à ¢­®¬¥à­ë¥ ¯® k ∈ Z ®æ¥­ª¨

‖Hk‖6 ‖R−1
k ‖ϕ(kϑ, (k − 1)ϑ) 6 αb

√
ne2aϑeγϑ = αb

√
ne(2a+γ)ϑ,

‖H−1
k ‖6 αb

√
ne(2a+γ)ϑ,

¯®íâ®¬ã áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) â ª®¥, çâ®

XU(kϑ, (k − 1)ϑ) = X(kϑ, (k − 1)ϑ)FkHkF
−1
k =

= X(kϑ, (k − 1)ϑ)FkR
−1
k F−1

k ϕ(kϑ, (k − 1)ϑ) = Fk+1QkF
−1
k ϕ(kϑ, (k − 1)ϑ)

¯à¨ ¢á¥å k ∈ Z . �¥à¥¬­®¦ ï íâ¨ ¬ âà¨æë, ¯à¨ ª ¦¤®¬ k ∈ Z ¯®«ãç¨¬

XU(kϑ, 0) = XU(kϑ, (k − 1)ϑ)XU((k − 1)ϑ, (k − 2)ϑ) . . . XU(ϑ, 0) =

= (Fk+1QkF
−1
k )(FkQk−1F

−1
k−1) . . . (F2Q1F

−1
1 )×

×ϕ(kϑ, (k − 1)ϑ)ϕ((k − 1)ϑ, (k − 2)ϑ) . . . ϕ(ϑ, 0) =
= Fk+1QkQk−1 . . . Q1F

−1
1 ϕ(kϑ, 0) =: Fk+1Q̃kF

−1
1 ϕ(kϑ, 0),
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£¤¥ Q̃k ®àâ®£®­ «ì­  ª ª ¯à®¨§¢¥¤¥­¨¥ ®àâ®£®­ «ì­ëå ¬ âà¨æ.
�®ª ¦¥¬, çâ® L(t):=XU(t, 0)ϕ(0, t) | ¬ âà¨æ  �ï¯ã­®¢ . �¥©áâ¢¨-

â¥«ì­®, ¯à¨ ª ¦¤®¬ k ∈ Z ¨ ¢á¥å t ∈ [(k− 1)ϑ, kϑ] á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

‖L(t)‖ = ‖XU(t, kϑ)XU(kϑ, 0)ϕ(0, t)‖6 ‖XU(t, kϑ)‖ ‖XU(kϑ, 0)‖ϕ(0, t) 6

6 exp((a + b‖U‖C)ϑ)‖Fk+1‖ ‖Q̃k‖ ‖F−1
1 ‖ϕ(kϑ, 0)ϕ(0, t) 6

6 exp((a + b‖U‖C)ϑ)αb
√

neaϑϕ(kϑ, t) 6
6 αb

√
n exp((2a + b‖U‖C + ‖p‖C)ϑ) =: l,

‖L−1(t)‖ = ‖XU(0, kϑ)XU(kϑ, t)ϕ(t, 0)‖6
6 ‖F−1

k+1‖ ‖Q̃−1
k ‖ ‖F1‖ϕ(0, kϑ) exp((a + b‖U‖C)ϑ)ϕ(t, 0) 6

6 αb
√

neaϑ exp((a + b‖U‖C)ϑ)ϕ(t, kϑ) 6 l,

á«¥¤®¢ â¥«ì­®, ‖L‖C 6 l < ∞ , ‖L−1‖C 6 l < ∞ . �à®¬¥ â®£®,
_L(t) = _XU(t, 0)ϕ(0, t) + XU(t, 0) _ϕ(0, t) = (A(t) + B(t)U(t)− p(t)E)L(t),

¯®íâ®¬ã ‖ _L‖C 6 (a + b‖U‖C + γ)‖L‖C < ∞ .
�à¨¬¥­¨¬ «ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ x = L(t)z ª á¨áâ¥¬¥ (21.2)

á U = U(·) . �®£¤ 

_z = (L−1(t)x)_= −L−1(t) _L(t)L−1(t)x + L−1(t) _x =

= −L−1(t)(A(t) + B(t)U(t)− p(t)E)x + L−1(t)(A(t) + B(t)U(t))x =
= L−1(t)p(t)x = p(t)z.

� ª¨¬ ®¡à §®¬, á¨áâ¥¬ë (26.1) ¨ (21.2) ¯à¨ U = U(·)  á¨¬¯â®â¨ç¥áª¨
íª¢¨¢ «¥­â­ë. �¥®à¥¬  ¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 26.1. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® áãé¥áâ¢ã¥â ã¯à ¢«¥-
­¨¥ U(·) ∈ KCmn(R) â ª®¥, çâ® á¨áâ¥¬  (21.2) á íâ¨¬ ã¯à ¢«¥­¨¥¬
 á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ _z = 0 , z ∈ Rn .

�  ®á­®¢ ­¨¨ â¥®à¥¬ë 26.1 ã¤ ¥âáï ¤®ª § âì £«®¡ «ì­ãî ã¯à -
¢«ï¥¬®áâì ­¥ª®â®àëå ¨­¢ à¨ ­â®¢ ¯à¥®¡à §®¢ ­¨© �ï¯ã­®¢  á¨áâ¥-
¬ë (21.2).

� ¥ ® à ¥ ¬   26.2 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® á¨áâ¥¬  (21.2) ®¡« -
¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ª®íää¨æ¨¥­â  ­¥¯à ¢¨«ì-
­®áâ¨ �ï¯ã­®¢  (�¥àà®­ , �à®¡¬ ­ ).
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� ® ª   §   â ¥ « ì á â ¢ ®. �«ï ¯à®¨§¢®«ì­®£® ç¨á«  γ > 0 à áá¬®âà¨¬
á¨áâ¥¬ã (26.1) á ­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­­®© ­  R äã­ªæ¨¥©

p(t) = γ(sin ln(|t|+ 1) + cos ln(|t|+ 1) + 1)/2.

�®áª®«ìªã p = γ , p = 0 [18, á. 77{78], ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥©
�ï¯ã­®¢  á¨áâ¥¬ë (26.1) á®áâ®¨â ¨§ ç¨á¥« λ1 = . . . = λn = p = γ ,  
¯®«­ë© á¯¥ªâà á®¯àï¦¥­­®© á¨áâ¥¬ë _ξ = −p(t)ξ , ξ ∈ Rn , | ¨§ ç¨-
á¥« µ1 = . . . = µn = (−p) = −p = 0 . �«¥¤®¢ â¥«ì­®, ª®íää¨æ¨¥­â
­¥¯à ¢¨«ì­®áâ¨ �ï¯ã­®¢  á¨áâ¥¬ë (26.1) à ¢¥­

σ� =
n∑

i=1
λi − lim

t→+∞
t−1

t∫

0
Sp(p(s)E) ds = nγ − np = nγ,

  ª®íää¨æ¨¥­â ­¥¯à ¢¨«ì­®áâ¨ �¥àà®­ 

σ� := max{λi + µi : i = 1, . . . , n} = γ.

� âà¨æ  Z(t) = E exp
t∫

0
p(s) ds ï¢«ï¥âáï ­®à¬ «ì­®© äã­¤ ¬¥­â «ì-

­®© ¬ âà¨æ¥© á¨áâ¥¬ë (26.1), ¯®ª § â¥«ì �ï¯ã­®¢  i -© áâà®ª¨ ¬ âà¨æë

Z−1(t) = E exp
(
−

t∫

0
p(s) ds

)
á®¢¯ ¤ ¥â á

δi = lim
t→+∞ t−1

t∫

0
(−p(s) ds) = (−p) = 0.

�âáî¤  ¢ëâ¥ª ¥â, çâ® ª®íää¨æ¨¥­â ­¥¯à ¢¨«ì­®áâ¨ �à®¡¬ ­  à ¢¥­

σ� := max{λi + δi : i = 1, . . . , n} = γ.

�®«ì§ãïáì â¥®à¥¬®© 26.1, ¯®áâà®¨¬ ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) ,
®¡¥á¯¥ç¨¢ îé¥¥  á¨¬¯â®â¨ç¥áªãî íª¢¨¢ «¥­â­®áâì á¨áâ¥¬ë (21.2) ¨
á¨áâ¥¬ë (26.1) á ¢ë¡à ­­®© äã­ªæ¨¥© p(·) . �®£¤  σ�(A + BU) = nγ ,
σ�(A + BU) = γ , σ�(A + BU) = γ . � á¨«ã ¯à®¨§¢®«ì­®áâ¨ γ > 0 ¨¬¥¥¬
âà¥¡ã¥¬®¥. �¥®à¥¬  ¤®ª § ­ .

� « ¥ ¤ á â ¢ ¨ ¥ 26.2 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥
ã¯à ¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® á¨áâ¥¬  (21.2)
®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯à ¢¨«ì­®áâ¨.

� ® ª   §   â ¥ « ì á â ¢ ® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 26.2 á ãç¥â®¬ â®£® ä ª-
â , çâ® ¯à ¢¨«ì­®áâì á¨áâ¥¬ë à ¢­®á¨«ì­  à ¢¥­áâ¢ã ­ã«î ª®íää¨æ¨-
¥­â  ­¥¯à ¢¨«ì­®áâ¨ �ï¯ã­®¢ .
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� « ¥ ¤ á â ¢ ¨ ¥ 26.3 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥
ã¯à ¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® á¨áâ¥¬  (21.2)
®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯à¨¢®¤¨¬®áâ¨.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãé¥áâ¢®¢ ­¨¥ ã¯à ¢«¥­¨ï U(·) , ¯à¨ ª®â®-
à®¬ á¨áâ¥¬  (21.2) ¯à¨¢®¤¨¬ , ¢ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï 26.1. �§ á«¥¤-
áâ¢¨ï 26.2 ¯®«ãç ¥¬ áãé¥áâ¢®¢ ­¨¥ U(·) â ª®£®, çâ® ¯à¨ U = U(·) á¨-
áâ¥¬  (21.2) ­¥¯à ¢¨«ì­ , ¨ ¯® íâ®© ¯à¨ç¨­¥ ­¥¯à¨¢®¤¨¬ .

�   ¬ ¥ ç   ­ ¨ ¥ 26.1. � ¤ ç¨ ã¯à ¢«¥­¨ï ¯à ¢¨«ì­®áâìî ¨ ¯à¨¢®¤¨-
¬®áâìî á¨áâ¥¬ ¢¨¤  (21.2) ¢ á«ãç ¥ £« ¤ª¨å ª®íää¨æ¨¥­â®¢ à áá¬ âà¨-
¢ «¨áì �. �. �¬¨à­®¢ë¬ ¢ [164, á. 33] ¨ �. �. � ©èã­®¬ ¢ [30, á. 310{311].

� ¥ ¬ ¬   26.1 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® ­ ©¤¥âáï ã¯à ¢«¥-
­¨¥ U(·) ∈ KCmn(R) â ª®¥, çâ® á¨áâ¥¬  (21.2) ¯à¨ U = U(·) ¨¬¥¥â
­¥ãáâ®©ç¨¢ë¥ ¯®ª § â¥«¨ �ï¯ã­®¢ .

� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ ¯®ª § â¥«¨ �ï¯ã­®¢  ®¤­®à®¤­®© á¨-
áâ¥¬ë (21.3) ­¥ãáâ®©ç¨¢ë, â® ¯®« £ ¥¬ U(t) ≡ 0 ­  R .

�ãáâì (21.3) ¨¬¥¥â ãáâ®©ç¨¢ë¥ ¯®ª § â¥«¨. �®«ì§ãïáì á«¥¤áâ¢¨-
¥¬ 26.1, ¯®áâà®¨¬ ã¯à ¢«¥­¨¥ U1(·) ∈ KCmn(R) â ª®¥, çâ® á¨áâ¥-
¬  (21.2) á U = U1(·) ­¥ª®â®àë¬ ¯à¥®¡à §®¢ ­¨¥¬ �ï¯ã­®¢  y = L(t)x
¯à¨¢®¤¨âáï ª á¨áâ¥¬¥ _y = 0 , y ∈ Rn . �®£¤ 

_y = _L(t)x + L(t) _x = ( _L(t)L−1(t) + L(t)(A(t) + B(t)U1(t))L−1(t))y = 0,

¯®íâ®¬ã
L−1(t) _L(t) = −(A(t) + B(t)U1(t)). (26.2)

�â® ¦¥ ¯à¥®¡à §®¢ ­¨¥ ¯à¨¢®¤¨â á¨áâ¥¬ã

_x = (A(t) + B(t)U1(t))x + B(t)u

ª á¨áâ¥¬¥
_y = L(t)B(t)u,

ª®â®à ï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  á®£« á­® â¥®à¥¬ ¬ 1.2 ¨ 1.3.
�à¨¬¥­ïï ª íâ®© á¨áâ¥¬¥ â¥®à¥¬ã 11.5, ­ ©¤¥¬ ¯®«®¦¨â¥«ì­ë¥ ¢¥«¨-
ç¨­ë δ ¨ l . �ãáâì P (t) = diag(δ sin π

√
|t|, 0, . . . , 0) ∈ Mn . �®áª®«ìªã

‖P‖C = δ , ­ ©¤¥âáï ã¯à ¢«¥­¨¥ V (·) ∈ KCmn(R) , ‖V ‖C 6 lδ , â ª®¥, çâ®
á¨áâ¥¬ë

_z = P (t)z (26.3)
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¨
_y = L(t)B(t)V (t)y (26.4)

 á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ë. � ª ª ª ¤«ï á¨áâ¥¬ë (26.3) á¯à ¢¥¤«¨-
¢ë á®®â­®è¥­¨ï λ1(P ) = . . . = λn(P ) = 0 , 
(P ) = δ/π > 0 [18, á. 113],
¨§ ªà¨â¥à¨ï ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥«¥© (�. �. �¨««¨®­é¨ª®¢ [109],
�. �. �ë«®¢, �. �. �§®¡®¢ [19]) ¢ëâ¥ª ¥â ­¥ãáâ®©ç¨¢®áâì ¯®ª § â¥«¥©
�ï¯ã­®¢  á¨áâ¥¬ë (26.3) ¨, á«¥¤®¢ â¥«ì­®, á¨áâ¥¬ë (26.4). � (26.4)
¯à¨¬¥­¨¬ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ y = L(t)x , â®£¤  á ãç¥â®¬ (26.2)
¯®«ãç¨¬

_x = (L−1(t)y)_= −L−1(t) _L(t)L−1(t)y + L−1(t) _y =

= −L−1(t) _L(t)x + L−1(t)L(t)B(t)V (t)y =
= (A(t) + B(t)U1(t))x + B(t)V (t)L(t)x = (A(t) + B(t)(U1(t) + V (t)L(t)))x.

�®«®¦¨¬ U(t) = U1(t) + V (t)L(t) . �¨áâ¥¬  (21.2) á U = U(·)  á¨¬¯â®-
â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ (26.4), ¯®íâ®¬ã ¥¥ ¯®ª § â¥«¨ �ï¯ã­®¢ 
­¥ãáâ®©ç¨¢ë. �¥¬¬  ¤®ª § ­ .

� ¥ ® à ¥ ¬   26.3 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® á¨áâ¥¬  (21.2) ®¡« -
¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ãáâ®©ç¨¢®áâ¨ ¯®ª § â¥-
«¥© �ï¯ã­®¢ .

� ® ª   §   â ¥ « ì á â ¢ ®. � ª ª ª ¯®ª § â¥«¨ �ï¯ã­®¢  á¨áâ¥¬ë á ­ã-
«¥¢®© ¬ âà¨æ¥© ãáâ®©ç¨¢ë, â® áãé¥áâ¢®¢ ­¨¥ ã¯à ¢«¥­¨ï U(·) , ®¡¥á¯¥-
ç¨¢ îé¥£® ãáâ®©ç¨¢®áâì ¯®ª § â¥«¥© á¨áâ¥¬ë (21.2), ¢ëâ¥ª ¥â ¨§ á«¥¤-
áâ¢¨ï 26.1. �®áâà®¥­¨¥ ã¯à ¢«¥­¨ï U(·) , ¯à¨ ª®â®à®¬ á¨áâ¥¬  (21.2)
®¡« ¤ ¥â ­¥ãáâ®©ç¨¢ë¬¨ ¯®ª § â¥«ï¬¨, ®áãé¥áâ¢«ï¥âáï ­  ®á­®¢ ­¨¨
«¥¬¬ë 26.1.
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§ 27. �«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®«­®£® á¯¥ªâà 
¯®ª § â¥«¥© �ï¯ã­®¢ , æ¥­âà «ì­ëå, ®á®¡ëå ¨
íªá¯®­¥­æ¨ «ì­ëå ¯®ª § â¥«¥©

�¤¥áì ¤®ª § ­  £«®¡ «ì­ ï ã¯à ¢«ï¥¬®áâì ¯®«­®£® á¯¥ªâà  ¯®ª -
§ â¥«¥© �ï¯ã­®¢ ,   â ª¦¥ â¥å «ï¯ã­®¢áª¨å ¨­¢ à¨ ­â®¢, ª®â®àë¥
¤«ï âà¥ã£®«ì­ëå á¨áâ¥¬ ®¯à¥¤¥«ïîâáï á¨áâ¥¬ ¬¨ ¨å ¤¨ £®­ «ì-
­®£® ¯à¨¡«¨¦¥­¨ï. � íâ¨¬ ¨­¢ à¨ ­â ¬ ®â­®áïâáï, ¢ ç áâ­®áâ¨,
æ¥­âà «ì­ë¥ ¯®ª § â¥«¨ �. �. �¨­®£à ¤  ¨ �. �. �¨««¨®­é¨ª®-
¢ , ®á®¡ë¥ ¯®ª § â¥«¨ �. �®«ï ¨ íªá¯®­¥­æ¨ «ì­ë¥ ¯®ª § â¥«¨
�. �. �§®¡®¢ .

� ¥ ¬ ¬   27.1 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® ¤«ï «î¡ëå ­¥¯à¥àë¢-
­ëå ¨ ®£à ­¨ç¥­­ëå äã­ªæ¨© pi : R → R , i = 1, . . . , n , áãé¥áâ¢ã¥â
ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) â ª®¥, çâ® § ¬ª­ãâ ï á¨áâ¥¬  (21.2) ¯à¨
U = U(·)  á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ á ¢¥àå­¥© âà¥ã£®«ì-
­®© ªãá®ç­® ­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­­®© ­  R ¬ âà¨æ¥©, ¤¨ £®­ «ì
ª®â®à®© á®¢¯ ¤ ¥â á (p1(·), . . . , pn(·)) .

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ ­¥¯à¥àë¢­ë¥ ¨ ®£à -
­¨ç¥­­ë¥ ­  R áª «ïà­ë¥ äã­ªæ¨¨ p1(·), . . . , pn(·) ; γ := max

i=1,...,n
‖pi‖C .

�ãáâì ϑ > 0 | ç¨á«®, ®¡¥á¯¥ç¨¢ îé¥¥ ϑ-à ¢­®¬¥à­ãî ¯®«­ãî ã¯à -
¢«ï¥¬®áâì á¨áâ¥¬ë (21.1). �®«ì§ãïáì â¥®à¥¬®© 26.1, ¯®áâà®¨¬ â ª®¥
ã¯à ¢«¥­¨¥ U1(·) , çâ® á¨áâ¥¬  (21.2) á U = U1(·) ­¥ª®â®àë¬ «ï¯ã­®¢-
áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ y = L(t)x ¯à¨¢®¤¨âáï ª á¨áâ¥¬¥

_y = 0, y ∈ Rn.

�â® ¦¥ ¯à¥®¡à §®¢ ­¨¥ ¯à¨¢®¤¨â á¨áâ¥¬ã

_x = (A(t) + B(t)U1(t))x + B(t)u

ª á¨áâ¥¬¥
_y = L(t)B(t)u, (27.1)

ª®â®à ï ϑ-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ á¨«ã â¥®à¥¬ 1.2 ¨ 1.3. � -
âà¨æ  ¯à¨ ã¯à ¢«¥­¨¨ ¢ íâ®© á¨áâ¥¬¥ ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ ,
â ª ª ª L(·) à ¢­®¬¥à­® ­¥¯à¥àë¢­ . �à¨¬¥­¨¬ ª á¨áâ¥¬¥ (27.1) á«¥¤-
áâ¢¨¥ 23.2, â®£¤  ¯®«ãç¨¬ áãé¥áâ¢®¢ ­¨¥ â ª¨å ­¥¢ëà®¦¤¥­­ëå ¬ âà¨æ



241

Fk , k ∈ Z , çâ® ¤«ï «î¡ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© n×n ¬ âà¨æ á ¯®«®¦¨-
â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨, ­¨¦­¨å âà¥ã£®«ì­ëå {Lk}k∈Z ¨
¢¥àå­¨å âà¥ã£®«ì­ëå {Gk}k∈Z , â ª¨å, çâ®

sup
k∈Z

{‖Lk‖, ‖L−1
k ‖, ‖Gk‖, ‖G−1

k ‖} < ∞,

­ ©¤¥âáï ã¯à ¢«¥­¨¥ V (·) ∈ KCmn(R) , ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï ¬ âà¨æë
�®è¨ YV (t, s) § ¬ª­ãâ®© á¨áâ¥¬ë (26.4) à ¢¥­áâ¢®

YV (kϑ, (k − 1)ϑ) = FkLkGkF
−1
k .

�§ § ¬¥ç ­¨ï 23.1 á«¥¤ãîâ à ¢­®¬¥à­ë¥ ¯® k ∈ Z ®æ¥­ª¨ ‖Fk‖ 6 f ,
‖F−1

k ‖ 6 f , £¤¥ f > 0 . � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© ® QR -à §«®¦¥­¨¨
¯à¥¤áâ ¢¨¬ Fk ¢ ¢¨¤¥ Fk = RkQk , £¤¥ Rk ¢¥àå­ïï âà¥ã£®«ì­ ï,   Qk |
®àâ®£®­ «ì­ ï ¬ âà¨æ . �®£¤  ¯à¨ ª ¦¤®¬ k ∈ Z

‖Rk‖ = ‖FkQ
−1
k ‖6 ‖Fk‖6 f, ‖R−1

k ‖ = ‖QkF
−1
k ‖6 ‖F−1

k ‖6 f.

�¡®§­ ç¨¬

Dk = diag
(
exp

(1
2

kϑ∫

(k−1)ϑ
p1(τ) dτ

)
, . . . , exp

(1
2

kϑ∫

(k−1)ϑ
pn(τ) dτ

))
, k ∈ Z.

�à¨¬¥­¨¬ â¥®à¥¬ã ® QR -à §«®¦¥­¨¨ ª ¬ âà¨æ¥ DkQk , ¯®«ãç¨¬ ¯à¥¤-
áâ ¢«¥­¨¥ DkQk = Q̃kR̃k , £¤¥ Q̃k ®àâ®£®­ «ì­ ï,   R̃k | ¢¥àå­ïï âà¥-
ã£®«ì­ ï ¬ âà¨æ  á ¯®«®¦¨â¥«ì­ë¬¨ ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨. �®-
£¤  ¯à¨ ª ¦¤®¬ k ∈ Z

‖R̃k‖ = ‖Q̃−1
k DkQk‖6 ‖Dk‖ = max

i=1,...,n
exp

(1
2

kϑ∫

(k−1)ϑ
pi(τ) dτ

)
6 exp(1

2γϑ),

‖R̃−1
k ‖ = ‖Q−1

k D−1
k Q̃k‖6‖D−1

k ‖ = max
i=1,...,n

exp
(
−1

2

kϑ∫

(k−1)ϑ
pi(τ) dτ

)
6exp(1

2γϑ).

�â ª, {R̃∗
k}k∈Z ¨ {R̃k}k∈Z | íâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ á®®â¢¥âáâ¢¥­­®

­¨¦­¨å âà¥ã£®«ì­ëå ¨ ¢¥àå­¨å âà¥ã£®«ì­ëå n× n ¬ âà¨æ, â ª¨¥, çâ®
sup
k∈Z

{‖R̃∗
k‖, ‖(R̃∗

k)−1‖, ‖R̃k‖, ‖R̃−1
k ‖} 6 exp(γϑ/2) < ∞ . �§ á«¥¤áâ¢¨ï 23.2

¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ã¯à ¢«¥­¨ï V (·) ∈ KCmn(R) , ®¡¥á¯¥ç¨¢ îé¥-
£® ¯à¨ ª ¦¤®¬ k ∈ Z ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢

YV (kϑ, (k − 1)ϑ) = FkR̃
∗
kR̃kF

−1
k = FkR̃

∗
kQ̃

∗
kQ̃kR̃kF

−1
k = FkQ

∗
kD

∗
kDkQkF

−1
k =
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= FkQ
∗
kD

2
kQkF

−1
k = RkQkQ

∗
kD

2
kQkQ

−1
k R−1

k = RkD
2
kR

−1
k .

� áá¬®âà¨¬ á¨áâ¥¬ã

_z = C(t)z, z ∈ Rn, (27.2)

£¤¥

C(t) := Rk diag(p1(t), . . . , pn(t))R−1
k , t ∈ [(k − 1)ϑ, kϑ[, k ∈ Z.

�ã­ªæ¨ï t 7→ C(t) ªãá®ç­® ­¥¯à¥àë¢­  ¨ ®£à ­¨ç¥­ , â ª ª ª

‖C(t)‖6 ‖Rk‖ ‖R−1
k ‖γ 6 f 2γ, t ∈ R.

�à¨ ª ¦¤®¬ t ∈ R ¬ âà¨æ  ª®íää¨æ¨¥­â®¢ C(t) ¢¥àå­ïï âà¥ã£®«ì­ ï
á ¤¨ £®­ «ìî (p1(t), . . . , pn(t)) .

�  ](k − 1)ϑ, kϑ[ ª á¨áâ¥¬¥ (27.2) á ¢ë¡à ­­®© C(·) ¯à¨¬¥­¨¬ ¯®-
áâ®ï­­®¥ ¯à¥®¡à §®¢ ­¨¥ η = R−1

k z . �®£¤ 

_η = diag(p1(t), . . . , pn(t))η, (27.3)

¯®íâ®¬ã ¬ âà¨æ  �®è¨ η(t, s) á¨áâ¥¬ë (27.3) ¯à¨ ¢á¥å t, s ∈ ](k−1)ϑ, kϑ[
¨¬¥¥â ¢¨¤

η(t, s) = diag
(
exp

t∫

s

p1(τ) dτ, . . . , exp
t∫

s

pn(τ) dτ
)
.

� ª ª ª ¬ âà¨æë �®è¨ Z(t, s) ¨ η(t, s) á¨áâ¥¬ (27.2) ¨ (27.3) á¢ï§ ­ë
á®®â­®è¥­¨¥¬

Z(t, s) = Rkη(t, s)R−1
k , t, s ∈ ](k − 1)ϑ, kϑ[,

â® ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬ ¯à¨ s → (k − 1)ϑ + 0 ¨ t → kϑ− 0 ¯®«ãç ¥¬
à ¢¥­áâ¢®

Z(kϑ, (k − 1)ϑ) = Rk diag
(
exp

kϑ∫

(k−1)ϑ
p1(τ) dτ, . . . , exp

kϑ∫

(k−1)ϑ
pn(τ) dτ

)
R−1

k =

= RkD
2
kR

−1
k = YV (kϑ, (k − 1)ϑ), k ∈ Z.

�â® à ¢¥­áâ¢® ®§­ ç ¥â (�. �. � ª à®¢, [90]), çâ® á¨áâ¥¬ë (27.2) ¨ (26.4)
 á¨¬¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ë.

�à¨¬¥­¨¬ ª á¨áâ¥¬¥ (26.4) ®¡à â­®¥ «ï¯ã­®¢áª®¥ ¯à¥®¡à §®¢ ­¨¥
y = L(t)x , ¯®«ãç¨¬ á¨áâ¥¬ã (21.2) á U = U(t) := U1(t) + V (t)L(t) ,  á¨¬-
¯â®â¨ç¥áª¨ íª¢¨¢ «¥­â­ãî á¨áâ¥¬¥ (27.2). �¥®à¥¬  ¤®ª § ­ .
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�®ª ¦¥¬ ãâ¢¥à¦¤¥­¨ï ® £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ æ¥­âà «ì­ëå,
®á®¡ëå ¨ íªá¯®­¥­æ¨ «ì­ëå ¯®ª § â¥«¥©. �®à¬ã«ë ¢¥àå­¥£® æ¥­âà «ì-
­®£® ¯®ª § â¥«ï �. �. �¨­®£à ¤  
(A) , ¬« ¤è¥£® æ¥­âà «ì­®£® ¯®ª -
§ â¥«ï �. �. �¨««¨®­é¨ª®¢  ω(A) ¨ íªá¯®­¥­æ¨ «ì­ëå ¯®ª § â¥«¥©
�. �. �§®¡®¢  �0(A) , ∇0(A) ¨ à®«ì íâ¨å ¯®ª § â¥«¥© ¢  á¨¬¯â®â¨ç¥-
áª®© â¥®à¨¨ «¨­¥©­ëå á¨áâ¥¬ ®¯¨á ­ë ¢® ¢¢¥¤¥­¨¨ (á¬. á. 14 { 16). �¨¦-
­¨© æ¥­âà «ì­ë© ¯®ª § â¥«ì ω(A) �. �. �¨­®£à ¤  (á¬. á. 14) á«ã¦¨â
¤®áâ¨¦¨¬®© ­¨¦­¥© £à ­¨æ¥© ¯®ª § â¥«¥© �¥àà®­  á¨áâ¥¬ë (21.3) ¯à¨
¬ «ëå ¢®§¬ãé¥­¨ïå. �¥àå­¨© ®á®¡ë© ¯®ª § â¥«ì 
0(A) (á¬. á. 14, â¥-
®à¥¬ã 23.4 ¨ § ¬¥ç ­¨¥ 23.3) | ¤®áâ¨¦¨¬ ï ¢¥àå­ïï £à ­¨æ  ¢¥àå­¨å
¯®ª § â¥«¥© �®«ï. �¨¦­¨© ®á®¡ë© ¨ ¬« ¤è¨© ®á®¡ë© ¯®ª § â¥«¨

ω0(A) := lim
T→+∞

1
T

inf
k

ln ‖X(kT, (k + 1)T )‖−1,

ω0(A) := lim
T→+∞

1
T

sup
k

ln ‖X(kT, (k + 1)T )‖−1

| ¤®áâ¨¦¨¬ë¥ ­¨¦­¨¥ £à ­¨æë á®®â¢¥âáâ¢¥­­® ­¨¦­¥£® ¨ ¢¥àå­¥£®
¯®ª § â¥«¥© �®«ï.

� ¥ ® à ¥ ¬   27.1 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® æ¥­âà «ì­ë¥ ¯®ª -
§ â¥«¨ ω, ω ¨ 
 á¨áâ¥¬ë (21.2) ®¤­®¢à¥¬¥­­® £«®¡ «ì­® ã¯à ¢«ï¥¬ë,
â. ¥. ¤«ï «î¡ëå ç¨á¥« α6β6γ áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R)
â ª®¥, çâ® á¨áâ¥¬  (21.2) ¯à¨ U = U(·) ¨¬¥¥â á¢®¨¬¨ æ¥­âà «ì­ë¬¨
¯®ª § â¥«ï¬¨ ç¨á«  ω(A + BU) = α , ω(A + BU) = β , 
(A + BU) = γ .

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ «î¡ë¥ ç¨á«  α 6 β 6 γ ¨ ¯®«®¦¨¬

p1(t) = α + (β − α)(sin ln(|t|+ 1) + cos ln(|t|+ 1) + 1)/2,

p2(t) = . . . = pn(t) ≡ γ.

�®£¤  p1 = α , p1 = β [18, á. 77 { 78]. �®«ì§ãïáì «¥¬¬®© 27.1, ¯®áâà®-
¨¬ â ª®¥ ã¯à ¢«¥­¨¥ U(·) , çâ® á¨áâ¥¬  (21.2) ¯à¨ U = U(·)  á¨¬¯â®-
â¨ç¥áª¨ íª¢¨¢ «¥­â­  á¨áâ¥¬¥ (21.7), ¬ âà¨æ  C(t) ª®â®à®© ¯à¨ ª -
¦¤®¬ t ∈ R | ¢¥àå­ïï âà¥ã£®«ì­ ï á ¤¨ £®­ «ìî (p1(t), . . . , pn(t)) .
�ãáâì η(t, s) | ¬ âà¨æ  �®è¨ á¨áâ¥¬ë (27.3) á ¢ë¡à ­­ë¬¨ äã­ªæ¨ï-
¬¨ pi(·) , i = 1, . . . , n . �®áª®«ìªã æ¥­âà «ì­ë¥ ¯®ª § â¥«¨ ¢áïª®© âà¥-
ã£®«ì­®© á¨áâ¥¬ë á®¢¯ ¤ îâ á æ¥­âà «ì­ë¬¨ ¯®ª § â¥«ï¬¨ á¨áâ¥¬ë ¥¥
¤¨ £®­ «ì­®£® ¯à¨¡«¨¦¥­¨ï [18, á. 120 { 121] ¨ ï¢«ïîâáï «ï¯ã­®¢áª¨¬¨
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¨­¢ à¨ ­â ¬¨ [18, á. 117 { 118], á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  (á¬. [18, á. 116{
117, 537] )

ω(A + BU) = ω(C) = ω
(
diag(p1(·), . . . , pn(·))

)
=

= lim
T→∞

lim
k→∞

1
kT

k∑

i=1
ln ‖η((i− 1)T, iT )‖−1 =

= lim
T→∞

lim
k→∞

1
kT

k∑

i=1
ln

(
exp

(i−1)T∫

iT

p1(s) ds
)−1

=

= lim
T→∞

lim
k→∞

1
kT

k∑

i=1

iT∫

(i−1)T
p1(s) ds = lim

T→∞
lim
k→∞

1
kT

kT∫

0
p1(s) ds = p1 = α;

ω(A + BU) = lim
T→∞

lim
k→∞

1
kT

k∑

i=1
ln ‖η((i− 1)T, iT )‖−1 =

= lim
T→∞

lim
k→∞

1
kT

k∑

i=1
ln

(
exp

(i−1)T∫

iT

p1(s) ds
)−1

=

= lim
T→∞

lim
k→∞

1
kT

k∑

i=1

iT∫

(i−1)T
p1(s) ds = lim

T→∞
lim
k→∞

1
kT

kT∫

0
p1(s) ds = p1 = β;


(A + BU) = lim
T→∞

lim
k→∞

1
kT

k∑

i=1
ln ‖η(iT, (i− 1)T )‖ =

= lim
T→∞ lim

k→∞
1

kT

kT∫

0
pn(s) ds = pn = γ.

�¥®à¥¬  ¤®ª § ­ .
� ¥ ® à ¥ ¬   27.2 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -

¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® ®á®¡ë¥ ¯®ª § â¥«¨
ω0(A + BU) , ω0(A + BU) ¨ 
0(A + BU) á¨áâ¥¬ë (21.2) ®¤­®¢à¥¬¥­­®
£«®¡ «ì­® ã¯à ¢«ï¥¬ë.

� ¥ ® à ¥ ¬   27.3 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® íªá¯®­¥­æ¨ «ì­ë¥
¯®ª § â¥«¨ �0(A + BU) ¨ ∇0(A + BU) á¨áâ¥¬ë (21.2) ®¤­®¢à¥¬¥­-
­® £«®¡ «ì­® ã¯à ¢«ï¥¬ë.

� ® ª   §   â ¥ « ì á â ¢ ® â¥®à¥¬ 27.2 ¨ 27.3  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã
â¥®à¥¬ë 27.1. �®¢¯ ¤¥­¨¥ íªá¯®­¥­æ¨ «ì­ëå ¯®ª § â¥«¥© ¢áïª®© âà¥-
ã£®«ì­®© á¨áâ¥¬ë á íªá¯®­¥­æ¨ «ì­ë¬¨ ¯®ª § â¥«ï¬¨ á¨áâ¥¬ë ¥¥ ¤¨ -
£®­ «ì­®£® ¯à¨¡«¨¦¥­¨ï á«¥¤ã¥â ¨§ à ¡®âë �. �. �ãà¬ â®¢  [114].
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�®ª ¦¥¬ â¥¯¥àì £«®¡ «ì­ãî ã¯à ¢«ï¥¬®áâì ¯®«­®£® á¯¥ªâà  ¯®ª -
§ â¥«¥© �ï¯ã­®¢ .

� ¥ ® à ¥ ¬   27.4 [140]. �á«¨ á¨áâ¥¬  (21.1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬ , B(·) ªãá®ç­® à ¢­®¬¥à­® ­¥¯à¥àë¢­ , â® ¤«ï «î¡ëå ç¨á¥«
λ1 6 . . . 6 λn áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R) â ª®¥, çâ® á¨-
áâ¥¬  (21.2) ¯à¨ U = U(·) ¯à ¢¨«ì­  ¨ ¨¬¥¥â á¢®¨¬ ¯®«­ë¬ á¯¥ªâà®¬
¯®ª § â¥«¥© �ï¯ã­®¢  ­ ¡®à λ1, . . . , λn.

� ® ª   §   â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ì­ë¥ ç¨á«  λ1 6 . . . 6 λn .
� á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 27.1 ¯®áâà®¨¬ ã¯à ¢«¥­¨¥ U(·) ∈ KCmn(R)
â ª®¥, çâ® á¨áâ¥¬  (21.2) á íâ¨¬ ã¯à ¢«¥­¨¥¬  á¨¬¯â®â¨ç¥áª¨ íª¢¨-
¢ «¥­â­  á¨áâ¥¬¥ (21.7) á ªãá®ç­® ­¥¯à¥àë¢­®© ¨ ®£à ­¨ç¥­­®© ­  R
¬ âà¨æ¥© C(·) , ¤¨ £®­ «ì ª®â®à®© á®¢¯ ¤ ¥â á (λ1, . . . , λn) . � á¨«ã â¥-
®à¥¬ë �ï¯ã­®¢  ® ¯à ¢¨«ì­®áâ¨ âà¥ã£®«ì­®© á¨áâ¥¬ë [18, á. 141] íâ 
á¨áâ¥¬  ¯à ¢¨«ì­ ,   ¥¥ ¯®«­ë© á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢  á®áâ®¨â
¨§ ç¨á¥« λ1, . . . , λn . �«¥¤®¢ â¥«ì­®, á¨áâ¥¬  (21.2) á ¯®áâà®¥­­ë¬ U(·)
¯à ¢¨«ì­  ¨ ¨¬¥¥â á¢®¨¬ ¯®«­ë¬ á¯¥ªâà®¬ ¯®ª § â¥«¥© �ï¯ã­®¢  ­ -
¡®à λ1, . . . , λn .

� § ª«îç¥­¨¥ à áá¬®âà¨¬ ¢®¯à®á ® ­¥®¡å®¤¨¬®áâ¨ ãá«®¢¨ï à ¢-
­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ ¤«ï £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª -
§ â¥«¥© �ï¯ã­®¢ . � íâ®© æ¥«ìî à áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî
á¨áâ¥¬ã

_x = A0(t)x + B0(t)u, x ∈ Rn, u ∈ Rm, t ∈ R, (27.4)
á à ¢­®¬¥à­® ­¥¯à¥àë¢­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ­  R ª®íää¨æ¨¥­â ¬¨.
�¨áâ¥¬ã (27.4) ®â®¦¤¥áâ¢¨¬ á äã­ªæ¨¥© t 7→ σ0(t) := (A0(t), B0(t)) ∈
∈ Mn,n+m . �¡®§­ ç¨¬ στ(t) := σ0(t + τ) | á¤¢¨£ σ0 ­  τ ¨ à áá¬®âà¨¬
¬­®¦¥áâ¢® R(σ0) | § ¬ëª ­¨¥ (¢ â®¯®«®£¨¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨
­  ®âà¥§ª å) ¬­®¦¥áâ¢  {στ : τ ∈ R} . � ª¨¬ ®¡à §®¬, σ ∈ R(σ0) ¢ â®¬
¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¬®¬¥­â®¢
¢à¥¬¥­¨ {τk}∞k=1 â ª ï, çâ® ¤«ï ª ¦¤®£® ε > 0 ­ ©¤¥âáï ­®¬¥à K(ε) ,
­ ç¨­ ï á ª®â®à®£® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® max

|t|6 ε−1
‖σ(t)− στk

(t)‖ < ε .
�¥âà¨ª  ¢ R(σ0) § ¤ ¥âáï à ¢¥­áâ¢®¬

ρ(σ, σ̂) = sup
t∈R

min{‖σ(t)− σ̂(t)‖, |t|−1}.

�à®áâà ­áâ¢® (R(σ0), ρ) ª®¬¯ ªâ­® [112, á. 533].
� ¥ ® à ¥ ¬   27.5. �¨áâ¥¬  σ0 à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬

¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¤«ï ª ¦¤®© á¨áâ¥¬ë σ(·) = (A(·), B(·)) ∈
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∈ R(σ0) á®®â¢¥âáâ¢ãîé ï ¥© § ¬ª­ãâ ï á¨áâ¥¬ 
_x = (A(t) + B(t)U)x (27.5)

®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª -
§ â¥«¥© �ï¯ã­®¢ .

� ® ª   §   â ¥ « ì á â ¢ ®. � ¥ ® ¡ å ® ¤ ¨ ¬ ® á â ì. �ãáâì á¨áâ¥¬  σ0 à ¢-
­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ . � áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî á¨áâ¥¬ã σ(·) =
= (A(·), B(·)) ∈ R(σ0) . �­  â ª¦¥ ï¢«ï¥âáï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à -
¢«ï¥¬®© (�. �. �®­ª®¢, [173], â¥®à¥¬  2.1),   ¥¥ ª®íää¨æ¨¥­âë à ¢­®-
¬¥à­® ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ­  R . � á¨«ã â¥®à¥¬ë 27.4 § ¬ª­ãâ ï
á¨áâ¥¬  (27.5), ®â¢¥ç îé ï á¨áâ¥¬¥ σ(·) , ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì-
­®© ã¯à ¢«ï¥¬®áâ¨ ¯®«­®£® á¯¥ªâà  ¯®ª § â¥«¥© �ï¯ã­®¢ .

� ® á â   â ® ç ­ ® á â ì ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã ¤®-
áâ â®ç­®áâ¨ â¥®à¥¬ë �®­ª®¢  ®¡ íª¢¨¢ «¥­â­®áâ¨ à ¢­®¬¥à­®© ¯®«-
­®© ã¯à ¢«ï¥¬®áâ¨ ¨ à ¢­®¬¥à­®© áâ ¡¨«¨§¨àã¥¬®áâ¨ á¨áâ¥¬ë (27.4)
(�. �. �®­ª®¢, [173], â¥®à¥¬  15.1).

�à¨¢¥¤¥¬ ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ¨§ £«®¡ «ì­®© ã¯à ¢«ï¥¬®-
áâ¨ ¯®ª § â¥«¥© �ï¯ã­®¢  § ¬ª­ãâ®© á¨áâ¥¬ë (27.5) ¢ ®¡é¥¬ á«ãç ¥
­¥ á«¥¤ã¥â à ¢­®¬¥à­ ï ¯®«­ ï ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë

_x = A(t)x + B(t)u, x ∈ Rn, u ∈ Rm, t ∈ R.

� à ¨ ¬ ¥ à 27.1. �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ¬®¬¥­â®¢ ¢à¥¬¥­¨
{tk}∞k=1 à¥ªãàà¥­â­® à ¢¥­áâ¢ ¬¨

t1 = 1, t2m = mt2m−1, t2m+1 = m + t2m, m ∈ N.

�®á«¥¤®¢ â¥«ì­®áâì {tk} áâà®£® ¢®§à áâ ¥â ª +∞ , ­ ç¨­ ï á ­®¬¥à 
k = 2 , ¯à¨ íâ®¬

lim
m→∞

t2m−1
t2m

= lim
m→∞

1
m

= 0,

lim
m→∞

m

t2m
= lim

m→∞
1

t2m−1
= 0.

�®«®¦¨¬

b(t) =





1, t ∈ ]−∞, 2[,
1, t ∈ [t2m−1, t2m[,
0, t ∈ [t2m, t2m+1[,

£¤¥ m = 2, 3, . . . , ¨ à áá¬®âà¨¬ áª «ïà­®¥ «¨­¥©­®¥ ã¯à ¢«ï¥¬®¥ ãà ¢-
­¥­¨¥

_x = b(t)u, x ∈ R, u ∈ R, t ∈ R. (27.6)



247

�à ¢­¥­¨¥ (27.6) ­¥ ï¢«ï¥âáï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ë¬, â ª ª ª
¤«ï ª ¦¤®£® ϑ > 0 áãé¥áâ¢ã¥â ­®¬¥à m := [ϑ] + 1 â ª®©, çâ® ®¯¥à â®à
ã¯à ¢«ï¥¬®áâ¨ ãà ¢­¥­¨ï (27.6) ­  ®âà¥§ª¥ [t2m, t2m + ϑ] | ­ã«¥¢®©:

0 6 W (t2m, t2m + ϑ) =
t2m+ϑ∫

t2m

b2(s) ds 6
t2m+m∫

t2m

b2(s) ds =
t2m+1∫

t2m

b2(s) ds = 0.

� ¬ª­ãâ®¥ ãà ¢­¥­¨¥, ®â¢¥ç îé¥¥ (27.6), ¨¬¥¥â ¢¨¤

_x = b(t)ux, x ∈ R, u ∈ R, t ∈ R. (27.7)

�®ª ¦¥¬, çâ® íâ® ãà ¢­¥­¨¥ ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯à®¯®àæ¨®­ «ì­®©
£«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«ï �ï¯ã­®¢ .

�®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ §­ ç¥­¨¥ α ∈ R ¨ ¯®«®¦¨¬ u(t) ≡ α ,
t ∈ R . �®ª § â¥«ì �ï¯ã­®¢  «î¡®£® ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ãà ¢-
­¥­¨ï (27.7) á ¢ë¡à ­­ë¬ u(·) á®¢¯ ¤ ¥â á ¢¥àå­¨¬ áà¥¤­¨¬ §­ ç¥­¨-
¥¬ äã­ªæ¨¨ αb(·) . �â  äã­æ¨ï ªãá®ç­® ¯®áâ®ï­­ , ¯®íâ®¬ã ¤«ï ­ -
å®¦¤¥­¨ï ¥¥ ¢¥àå­¥£® áà¥¤­¥£® §­ ç¥­¨ï ¤®áâ â®ç­® § áâ ¢«ïâì ¯à®¡¥-

£ âì t «¨èì §­ ç¥­¨ï tk [18, á. 148 { 149]. � ©¤¥¬ lim
m→∞

1
t2m

t2m∫

0
αb(s) ds ¨

lim
m→∞

1
t2m+1

t2m+1∫

0
αb(s) ds .

lim
m→∞

1
t2m

t2m∫

0
αb(s) ds =

= lim
m→∞

1
t2m − t2m−1

· t2m − t2m−1
t2m

( t2m−1∫

0
αb(s) ds +

t2m∫

t2m−1

αb(s) ds
)

=

= lim
m→∞

1
t2m − t2m−1

( t2m−1∫

0
αb(s) ds +

t2m∫

t2m−1

α ds
)

=

= lim
m→∞

α

t2m − t2m−1

t2m−1∫

0
b(s) ds + α = lim

m→∞
α

(m− 1)t2m−1

t2m−1∫

0
b(s) ds + α = α;

¯®á«¥¤­¥¥ à ¢¥­áâ¢® §¤¥áì á«¥¤ã¥â ¨§ ®æ¥­®ª

0 6 1
t2m−1

t2m−1∫

0
b(s) ds 6 1

t2m−1

t2m−1∫

0
ds = 1,

¨§ ª®â®àëå ¢ëâ¥ª ¥â â ª¦¥ ¨ â®, çâ® ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨ ¢ëç¨á«¥­­ë©
¢¥àå­¨© ¯à¥¤¥« ï¢«ï¥âáï â®ç­ë¬.
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� ¤àã£®© áâ®à®­ë,

lim
m→∞

1
t2m+1

t2m+1∫

0
αb(s) ds = lim

m→∞
1

m + t2m

( t2m∫

0
αb(s) ds +

t2m+1∫

t2m

αb(s) ds
)

=

= lim
m→∞

1
m + t2m

t2m∫

0
αb(s) ds = lim

m→∞
1

m/t2m + 1 ·
1

t2m

t2m∫

0
αb(s) ds =

= lim
m→∞

1
t2m

t2m∫

0
αb(s) ds = lim

m→∞
1

t2m

t2m∫

0
αb(s) ds = α.

� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â â®ç­ë© ¯à¥¤¥« lim
t→∞

1
t

t∫

0
αb(s) ds = α , ¯®íâ®-

¬ã ãà ¢­¥­¨¥ (27.7) á ¢ë¡à ­­ë¬ ã¯à ¢«¥­¨¥¬ u(·) ¯à ¢¨«ì­® ¨ ¨¬¥¥â
¯®ª § â¥«ì �ï¯ã­®¢  α .

� ª ª ª á¢®¡®¤­®¥ ãà ¢­¥­¨¥ ¤«ï (27.6) ¨¬¥¥â ¢¨¤ _x = 0 , x ∈ R , ¯®-
ª § â¥«ì ª®â®à®£® à ¢¥­ 0 ,   ¤«ï ­®à¬ë ã¯à ¢«¥­¨ï u(·) á¯à ¢¥¤«¨¢®
à ¢¥­áâ¢® sup{|u(t)| : t ∈ R} = |α| , â® ãà ¢­¥­¨¥ (27.7) ®¡« ¤ ¥â á¢®©-
áâ¢®¬ ¯à®¯®àæ¨®­ «ì­®© £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¯®ª § â¥«ï �ï¯ã-
­®¢  (¨, á«¥¤®¢ â¥«ì­®, ¯à®¯®àæ¨®­ «ì­®© «®ª «ì­®© ã¯à ¢«ï¥¬®áâ¨
¯®ª § â¥«ï).

�â¬¥â¨¬, çâ® äã­ªæ¨î b(·) ¢ à áá¬®âà¥­­®¬ ¯à¨¬¥à¥ ¬®¦­® áª®­-
áâàã¨à®¢ âì à ¢­®¬¥à­® ­¥¯à¥àë¢­®©, ¯®«®¦¨¢, ­ ¯à¨¬¥à,

b(t) =





1, t ∈ ]−∞, 2[,
1, t ∈ [t2m−1, t2m[,
0, t ∈ [t2m + 1/2, t2m+1 − 1/2[,

m = 2, 3, . . . , ¨ ¤®®¯à¥¤¥«¨âì ¥¥ «¨­¥©­® ­  ¯à®¬¥¦ãâª å [t2m, t2m +1/2[
¨ [t2m+1 − 1/2, t2m+1[ â ª, çâ®¡ë ®­  ¡ë«  ­¥¯à¥àë¢­ .
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