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Îñíîâíûå îáîçíà÷åíèÿ

Rν � ïðîñòðàíñòâî ν-ìåðíûõ âåêòîð-ñòîëáöîâ ñ åâêëèäîâîé íîðìîé
‖x‖ � åâêëèäîâà íîðìà âåêòîðà x ∈ Rν

〈x, y〉 � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x, y ∈ Rν

IntA � âíóòðåííîñòü ìíîæåñòâà A

coA � âûïóêëàÿ îáîëî÷êà ìíîæåñòâà A

∂A � ãðàíèöà ìíîæåñòâà A

|A| � ÷èñëî ýëåìåíòîâ ìíîæåñòâà A

ι � ìíèìàÿ åäèíèöà
D(c, r) � çàìêíóòûé øàð ñ öåíòðîì â òî÷êå c ðàäèóñà r

I � åäèíè÷íàÿ ìàòðèöà

2



Ââåäåíèå

Òåîðèÿ êîíôëèêòíî óïðàâëÿåìûõ ïðîöåññîâ ïðåäñòàâëÿåò ñîáîé èíòåí-
ñèâíî ðàçâèâàþùèéñÿ ðàçäåë ñîâðåìåííîé ìàòåìàòèêè. Â äàííîé òåîðèè èñ-
ñëåäóþòñÿ çàäà÷è óïðàâëåíèÿ äèíàìè÷åñêèìè ïðîöåññàìè â óñëîâèÿõ êîí-
ôëèêòà, êîòîðûé ïðåäïîëàãàåò íàëè÷èå äâóõ èëè áîëåå ñòîðîí, ñïîñîáíûõ
âîçäåéñòâîâàòü íà ïðîöåññ ñ ïðîòèâîïîëîæíûìè èëè íåñîâïàäàþùèìè öå-
ëÿìè. Äèíàìè÷åñêèå ïðîöåññû, îïèñûâàåìûå îáûêíîâåííûìè äèôôåðåíöè-
àëüíûìè óðàâíåíèÿìè, íàçûâàþò òàêæå äèôôåðåíöèàëüíûìè èãðàìè.

Ïðåäëàãàåìàÿ ðàáîòà ïîñâÿùåíà äèôôåðåíöèàëüíûì èãðàì ïðåñëåäîâà-
íèÿ-óáåãàíèÿ ñ ó÷àñòèåì äâóõ ãðóïï (ïðåñëåäîâàòåëåé è óáåãàþùèõ). Ïî-
òðåáíîñòü èçó÷åíèÿ òàêèõ çàäà÷ âîçíèêàåò ïðè ðåøåíèè ðÿäà ïðèêëàäíûõ
çàäà÷ èç ìåõàíèêè, ýêîíîìèêè, âîåííîãî äåëà, ðàäèîýëåêòðîíèêè, áèîëîãèè
è íåêîòîðûõ äðóãèõ îáëàñòåé.

Îäíîé èç ïåðâûõ ðàáîò â ýòîé îáëàñòè, ïî âñåé âèäèìîñòè, ñëåäóåò ñ÷è-
òàòü ðàáîòó Ã. Øòåéíãàóçà, îïóáëèêîâàííóþ â 1925 ãîäó, â êîòîðîé îí ôîð-
ìóëèðóåò çàäà÷ó ïðåñëåäîâàíèÿ êàê äèôôåðåíöèàëüíóþ èãðó ïðåñëåäîâà-
íèÿ. Ñòàíîâëåíèå òåîðèè äèôôåðåíöèàëüíûõ èãð ñâÿçàíî ñ èññëåäîâàíèÿìè
Ð. Àéçåêñà, À. Áðàéñîíà, Ó. Ôëåìèíãà, Þ. Òî, Á. Í. Ïøåíè÷íîãî,
Ë. À. Ìàòðîñêà.

Îñíîâîïîëàãàþùèé âêëàä â ðàçâèòèå òåîðèè äèôôåðåíöèàëüíûõ èãð
âíåñëè àêàäåìèêè Í. Í. Êðàñîâñêèé è Ë. Ñ. Ïîíòðÿãèí.

Ê íàñòîÿùåìó âðåìåíè òåîðèÿ äèôôåðåíöèàëüíûõ èãð ïîëó÷èëà ñóùå-
ñòâåííîå ðàçâèòèå.

Â ðàáîòå [105] Á. Í. Ïøåíè÷íîãî ðàññìàòðèâàëàñü çàäà÷à ïðîñòîãî ïðå-
ñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî, ïðè óñëîâèè, ÷òî
ñêîðîñòè óáåãàþùåãî è ïðåñëåäîâàòåëåé ïî íîðìå íå ïðåâîñõîäÿò åäèíèöû.
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Áûëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîèìêè.
Ô. Ë. ×åðíîóñüêî â ðàáîòå [130] ðàññìàòðèâàëàñü çàäà÷à óêëîíåíèÿ óïðàâ-

ëÿåìîé òî÷êè, ñêîðîñòü êîòîðîé îãðàíè÷åíà ïî âåëè÷èíå, îò âñòðå÷è ñ ëþ-
áûì êîíå÷íûì ÷èñëîì ïðåñëåäóþùèõ òî÷åê, ñêîðîñòè êîòîðûõ òàêæå îãðà-
íè÷åíû ïî âåëè÷èíå è ñòðîãî ìåíüøå ñêîðîñòè óêëîíÿþùåéñÿ òî÷êè. Áûë
ïîñòðîåí òàêîé ñïîñîá óïðàâëåíèÿ, êîòîðûé îáåñïå÷èâàåò óêëîíåíèå îò âñåõ
ïðåñëåäîâàòåëåé íà êîíå÷íîå ðàññòîÿíèå, ïðè÷åì äâèæåíèå óêëîíÿþùåéñÿ
òî÷êè îñòàåòñÿ â ôèêñèðîâàííîé îêðåñòíîñòè çàäàííîãî äâèæåíèÿ.

Óêàçàííûå ðàáîòû áûëè, ïî ñóùåñòâó, ïåðâûìè, ïîñâÿùåííûìè çàäà÷å
ãðóïïîâîãî ïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî.

Â ðàáîòå [24] Í. Ë. Ãðèãîðåíêî ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ óêëîíåíèÿ îò âñòðå÷è îäíîãî óáåãàþùåãî îò íåñêîëüêèõ ïðåñëåäî-
âàòåëåé ïðè óñëîâèè, ÷òî óáåãàþùèé è ïðåñëåäîâàòåëè îáëàäàþò ïðîñòûì
äâèæåíèåì, è ìíîæåñòâî óïðàâëåíèé êàæäîãî èç èãðîêîâ � îäèí è òîò æå
âûïóêëûé êîìïàêò.

Ðàáîòà [21] îáîáùàåò ðåçóëüòàò Á. Í. Ïøåíè÷íîãî íà ñëó÷àé l-ïîèìêè.
Â ðàáîòå [151] Á. Ê. Õàéäàðîâ ðàññìîòðåë çàäà÷ó ïîçèöèîííîé l-ïîèìêè

îäíîãî óáåãàþùåãî ãðóïïîé ïðåñëåäîâàòåëåé ïðè óñëîâèè, ÷òî êàæäûé èç
èãðîêîâ îáëàäàåò ïðîñòûì äâèæåíèåì.

Â ðàáîòàõ [47, 114] ïîëó÷åíû óñëîâèÿ îïòèìàëüíîñòè âðåìåíè ïðåñëåäî-
âàíèÿ â äèôôåðåíöèàëüíîé èãðå îäíîãî óáåãàþùåãî è íåñêîëüêèõ ïðåñëåäî-
âàòåëåé, äâèæåíèå êîòîðûõ ÿâëÿåòñÿ ïðîñòûì.

Â ðàáîòå [26] Í. Ë. Ãðèãîðåíêî ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ r-êðàòíîé ïîèìêè îäíîãî óáåãàþùåãî ãðóïïîé ïðåñëåäîâàòåëåé ïðè
óñëîâèè, ÷òî âñå èãðîêè îáëàäàþò ïðîñòûì äâèæåíèåì ñ ìàêñèìàëüíîé ïî
íîðìå ñêîðîñòüþ, ðàâíîé åäèíèöå.
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Â ðàáîòå [45] Ð. Ï. Èâàíîâ ðàññìîòðåë çàäà÷ó ïðîñòîãî ïðåñëåäîâàíèÿ
ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî ïðè óñëîâèè, ÷òî óáåãàþùèé
íå ïîêèäàåò ïðåäåëû âûïóêëîãî êîìïàêòà ñ íåïóñòîé âíóòðåííîñòüþ. Áûëî
äîêàçàíî, ÷òî åñëè ÷èñëî ïðåñëåäîâàòåëåé ìåíüøå ðàçìåðíîñòè ìíîæåñòâà,
òî áóäåò óêëîíåíèå, èíà÷å � ïîèìêà è ïîëó÷åíà îöåíêà âðåìåíè ïîèìêè.

Ðàáîòà [80] Í. Í. Ïåòðîâà îáîáùàåò ðåçóëüòàò Ð. Ï. Èâàíîâà íà ñëó÷àé,
êîãäà óáåãàþùèé íå ïîêèäàåò ïðåäåëû âûïóêëîãî ìíîãîãðàííîãî ìíîæåñòâà
ñ íåïóñòîé âíóòðåííîñòüþ.

Çàäà÷è ïðîñòîãî ïðåñëåäîâàíèÿ ñ "ëèíèåé æèçíè" ðàññìîòðåíû
Ë. À. Ïåòðîñÿíîì â [92].

À. Ì. Êîâøîâ â [49] ðàññìîòðåë çàäà÷ó ïðîñòîãî ïðåñëåäîâàíèÿ îäíîãî
óáåãàþùåãî ãðóïïîé ïðåñëåäîâàòåëåé íà ñôåðå.

Ïî âñåé âèäèìîñòè, ïåðâîé ðàáîòîé, ïîñâÿùåííîé çàäà÷å ïðåñëåäîâàíèÿ
ãðóïïîé ïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ áûëà ðàáîòà [79]. Â äàííîé ðà-
áîòå ðàññìàòðèâàëàñü çàäà÷à ïðîñòîãî ïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâà-
òåëåé ãðóïïû óáåãàþùèõ, ïðè óñëîâèè, ÷òî ñêîðîñòè âñåõ ó÷àñòíèêîâ ïî íîð-
ìå íå ïðåâîñõîäÿò åäèíèöû è öåëüþ ïðåñëåäîâàòåëåé ÿâëÿåòñÿ ïîèìêà âñåõ
óáåãàþùèõ. Áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óêëîíåíèÿ îò âñòðå÷è è
ïîëó÷åíû îöåíêè ñâåðõó è ñíèçó ìèíèìàëüíîãî ÷èñëà óáåãàþùèõ, óêëîíÿþ-
ùèõñÿ îò çàäàííîãî ÷èñëà ïðåñëåäîâàòåëåé èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Ðàáîòà [144] îáîáùàåò ðåçóëüòàòû ïðåäûäóùåé ðàáîòû íà ëèíåéíûå äèô-
ôåðåíöèàëüíûå èãðû.

Õîòÿ ñ ìîìåíòà ïåðâîé ïóáëèêàöèè, ïîñâÿùåííîé çàäà÷å ïðåñëåäîâàíèÿ
ãðóïïîé ïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ ïðîøëî áîëåå 20 ëåò, ÷èñëî ïóá-
ëèêàöèé ïîñâÿùåííûõ äàííîé çàäà÷å íåâåëèêî.

Â ðàáîòå [78] ðàññìàòðèâàëàñü çàäà÷à ïðîñòîãî ïðåñëåäîâàíèÿ ãðóïïîé
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ïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ, ïðè óñëîâèè, ÷òî ñêîðîñòè âñåõ ó÷àñò-
íèêîâ ïî íîðìå íå ïðåâîñõîäÿò åäèíèöû, êàæäûé ïðåñëåäîâàòåëü ëîâèò íå
áîëåå îäíîãî óáåãàþùåãî, à óáåãàþùèå â íà÷àëüíûé ìîìåíò âðåìåíè âûáè-
ðàþò ñâîå óïðàâëåíèå íà èíòåðâàë [0,∞). Áûëè ïîëó÷åíû íåîáõîäèìûå è
äîñòàòî÷íûå óñëîâèÿ ïîèìêè.

Â ðàáîòàõ [56, 146] ðàññìàòðèâàëàñü çàäà÷à ïðåñëåäîâàíèÿ ÷åòûðüìÿ ïðå-
ñëåäîâàòåëÿìè íà ïëîñêîñòè äâóõ óáåãàþùèõ.

Â ðàáîòå [119] Í. Þ. Ñàòèìîâ è Ì. Ø. Ìàìàòîâ ðàññìîòðåëè çàäà÷ó ïðå-
ñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ, ïðè óñëîâèè, ÷òî
ïðåñëåäîâàòåëè è óáåãàþùèå îáëàäàþò ïðîñòûì äâèæåíèåì ñ åäèíè÷íîé ïî
íîðìå ìàêñèìàëüíîé ñêîðîñòüþ è, óáåãàþùèå, êðîìå òîãî, èñïîëüçóþò îäíî
è òî æå óïðàâëåíèå (æåñòêî ñêîîðäèíèðîâàííûå óáåãàþùèå) . Öåëü ãðóïïû
ïðåñëåäîâàòåëåé � ïîéìàòü õîòÿ áû îäíîãî óáåãàþùåãî. Áûëè ïðèâåäåíû
äîñòàòî÷íûå óñëîâèÿ ïîèìêè.

Ðàáîòû Ä. À. Âàãèíà è Í. Í. Ïåòðîâà [18, 90] äîïîëíÿþò ïðåäûäóùóþ
ðàáîòó.

Ñðåäè äðóãèõ ðàáîò, ïîñâÿùåííûõ çàäà÷å ïðîñòîãî ïðåñëåäîâàíèÿ, îòìå-
òèì ðàáîòû [1, 6, 22, 35, 57, 63, 64, 94, 121, 123, 141, 153, 154].

Îáîáùåíèåì çàäà÷è ïðîñòîãî ïðåñëåäîâàíèÿ ÿâëÿåòñÿ ïðèìåð Ïîíòðÿ-
ãèíà [98]. Äàííîìó ïðèìåðó ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà, òàê êàê îí
ÿâëÿåòñÿ ìîäåëüíûì äëÿ àíàëèçà ïîëó÷åííûõ ðàçëè÷íûõ óñëîâèé ïîèìêè è
óáåãàíèÿ.

Â ðàáîòå [109] Á. Í. Ïøåíè÷íûé è È. Ñ. Ðàïïîïîðò ðàññìîòðåëè çàäà÷ó
ïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî â äèôôåðåíöè-
àëüíîé èãðå, çàêîí äâèæåíèÿ êàæäîãî èç ó÷àñòíèêîâ â êîòîðîé èìååò âèä

ż + az = u, ‖u‖ 6 1, a < 0.
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Áûëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîèìêè.
Â ðàáîòå [87] Í. Í. Ïåòðîâ ðàññìîòðåë çàäà÷ó ïðåñëåäîâàíèÿ ãðóïïîé

ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî â ïðèìåðå Ïîíòðÿãèíà ñ ðàâíûìè äè-
íàìè÷åñêèìè è èíåðöèîííûìè âîçìîæíîñòÿìè èãðîêîâ. Áûëè ïîëó÷åíû äî-
ñòàòî÷íûå óñëîâèÿ ïîèìêè.

Â ðàáîòå [89] ðàññìîòðåíà çàäà÷à î ìíîãîêðàòíîé ïîèìêå îäíîãî óáåãàþ-
ùåãî ãðóïïîé ïðåñëåäîâàòåëåé â ïðèìåðå Ïîíòðÿãèíà ñ ôàçîâûìè îãðàíè-
÷åíèÿìè.

Çàäà÷à ïðåñëåäîâàíèÿ æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ ãðóïïîé
ïðåñëåäîâàòåëåé â ïðèìåðå Ïîíòðÿãèíà ïðè ðàâíûõ äèíàìè÷åñêèõ è èíåðöè-
îííûõ âîçìîæíîñòÿõ ó÷àñòíèêîâ ðàññìîòðåíà â [19]. Ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ ïîèìêè õîòÿ áû îäíîãî óáåãàþùåãî.

Â ðàáîòå [88] Í. Í. Ïåòðîâ ðàññìîòðåë çàäà÷ó ïðåñëåäîâàíèÿ ãðóïïîé
ïðåñëåäîâàòåëåé ãðóïïû óáåãàþùèõ â ïðèìåðå Ïîíòðÿãèíà ñ ðàâíûìè äè-
íàìè÷åñêèìè è èíåðöèîííûìè âîçìîæíîñòÿìè èãðîêîâ, ïðè óñëîâèè, ÷òî
êàæäûé ïðåñëåäîâàòåëü ëîâèò íå áîëåå îäíîãî óáåãàþùåãî è óáåãàþùèå âû-
áèðàþò ñâîè óïðàâëåíèÿ ïðè t = 0 ñðàçó íà [0,∞) è íå ïîêèäàþò ïðåäåëû
ìíîæåñòâà D. Áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîèìêè.

"Ìÿãêàÿ" ïîèìêà îäíîãî óáåãàþùåãî ãðóïïîé ïðåñëåäîâàòåëåé äëÿ èíåð-
öèîííûõ îáúåêòîâ ðàññìàòðèâàëàñü Ð. Ï. Èâàíîâûì â ðàáîòå [43].

Â ðàáîòå [145] À. À. ×èêðèé è Ï. Â. Ïðîêîïîâè÷ ðàññìîòðåëè çàäà÷ó óêëî-
íåíèÿ îäíîãî óáåãàþùåãî îò ãðóïïû ïðåñëåäîâàòåëåé â äèôôåðåíöèàëüíîé
èãðå, çàêîí äâèæåíèÿ êàæäîãî èç ó÷àñòíèêîâ â êîòîðîé èìååò âèä

z̈ = u, ‖u‖ 6 1.

Ïðè óñëîâèè äèñêðèìèíàöèè ïðåñëåäîâàòåëåé áûëè ïîëó÷åíû äîñòàòî÷íûå
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óñëîâèÿ óáåãàíèÿ.
Çàäà÷è óêëîíåíèÿ îäíîãî óáåãàþùåãî, îáëàäàþùåãî áîëüøåé ìàíåâðåí-

íîñòüþ, îò ãðóïïû ïðåñëåäîâàòåëåé â ïðèìåðå Ïîíòðÿãèíà ðàññìàòðèâàëèñü
ðàíåå Í. Þ. Ñàòèìîâûì è Á. Á. Ðèõñèåâûì â [122]. Ïðè óñëîâèè äèñêðèìè-
íàöèè ïðåñëåäîâàòåëåé áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óáåãàíèÿ.

Ïðèìåð Ïîíòðÿãèíà ñ ðàçëè÷íûìè èíåðöèîííûìè è äèíàìè÷åñêèìè âîç-
ìîæíîñòÿìè ó÷àñòíèêîâ ðàññìàòðèâàëñÿ òàêæå â ðàáîòàõ [28, 38, 39, 40, 41,
60, 67, 95, 98, 120, 142].

Êâàçèëèíåéíûå äèíàìè÷åñêèå ïðîöåññû ïðåäñòàâëÿþò ñîáîé åñòåñòâåííîå
îáîáùåíèå ðàññìîòðåííûõ âûøå çàäà÷.

Ïðè óñëîâèè äèñêðèìèíàöèè óáåãàþùåãî â ðàáîòàõ Í. Ë. Ãðèãîðåíêî [28],
À. À. ×èêðèÿ [142] ðàññìîòðåíû ðàçëè÷íûå ìåòîäû ãðóïïîâîãî ïðåñëåäîâà-
íèÿ îäíîãî óáåãàþùåãî â êâàçèëèíåéíûõ äèíàìè÷åñêèõ ïðîöåññàõ. Ïîëó÷å-
íû äîñòàòî÷íûå óñëîâèÿ ïîèìêè è r-êðàòíîé ïîèìêè.

Â ðàáîòå [95] Þ. Â. Ïèëèïåíêî è À. À. ×èêðèé ðàññìàòðèâàëè êâàçè-
ëèíåéíûå ïðîöåññû, äëÿ êîòîðûõ óñëîâèå Ë. Ñ. Ïîíòðÿãèíà [98] âûïîëíåíî
ëèøü íà íåêîòîðûõ èíòåðâàëàõ ÷èñëîâîé ïîëóîñè, ïîñëåäíåå îáñòîÿòåëüñòâî
ìîæåò èìåòü ìåñòî, íàïðèìåð, åñëè îäíîðîäíàÿ ñèñòåìà îñóùåñòâëÿåò ïåðè-
îäè÷åñêèå êîëåáàòåëüíûå äâèæåíèÿ. Ïðè äèñêðèìèíàöèè óáåãàþùåãî ïîëó-
÷åíû äîñòàòî÷íûå óñëîâèÿ ïîèìêè ãðóïïîé ïðåñëåäîâàòåëåé.

Ñðåäè äðóãèõ ðàáîò ïîñâÿùåííûõ çàäà÷àì ïðåñëåäîâàíèÿ è óáåãàíèÿ â
êâàçèëèíåéíûõ ïðîöåññàõ ñî ìíîãèìè ó÷àñòíèêàìè îòìåòèì [27, 31, 50, 71,
84, 118, 122, 134, 135, 136].

Íèæå ïðèâåäåíû êðàòêèé îáçîð äàííîé ðàáîòû è ñïèñîê ïóáëèêàöèé àâ-
òîðà ïî òåìå äèññåðòàöèè.
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Êðàòêèé îáçîð ðàáîòû

Ðàáîòà ñîñòîèò èç äâóõ ãëàâ è âîñüìè ïàðàãðàôîâ. Ïåðâàÿ ãëàâà ñîäåðæèò
øåñòü ïàðàãðàôîâ è ïîñâÿùåíà çàäà÷àì ãðóïïîâîãî ïðåñëåäîâàíèÿ îäíîãî è
íåñêîëüêèõ óáåãàþùèõ.

Ïåðâûé ïàðàãðàô íîñèò âñïîìîãàòåëüíûé õàðàêòåð, çäåñü äîêàçàíû íåêî-
òîðûå ñâîéñòâà ïî÷òè ïåðèîäè÷åñêèõ ôóíêöèé ñïåöèàëüíîãî âèäà è ïðèâå-
äåíà òåîðåìà Õîëëà î ñóùåñòâîâàíèè ñèñòåìû ðàçëè÷íûõ ïðåäñòàâèòåëåé.

Îïðåäåëåíèå 1. Äëÿ ìíîæåñòâ Jβ, β ∈ M = {1, 2, . . . , r} ñóùåñòâóåò
ñèñòåìà ðàçëè÷íûõ ïðåäñòàâèòåëåé, åñëè ìîæíî âûáðàòü ïîïàðíî ðàçëè÷-
íûå ýëåìåíòû α1, α2, . . . , αr òàêèå, ÷òî αβ ∈ Jβ, β ∈ M.

Âñå äèôôåðåíöèàëüíûå èãðû ðàññìàòðèâàþòñÿ â ïðîñòðàíñòâå Rν(ν > 2).

Âî âòîðîì ïàðàãðàôå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ n + 1

ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è óáåãàþùåãî E. Äâèæåíèå êàæäîãî
ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

x
(l)
i + a1x

(l−1)
i + a2x

(l−2)
i + · · ·+ alxi = ui, ui ∈ V, (1)

çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

y(l) + a1y
(l−1) + a2y

(l−2) + · · ·+ aly = v, v ∈ V. (2)

Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

x
(q)
i (0) = Xq

i , y(q)(0) = Y q, ïðè÷åì X0
i 6= Y 0 äëÿ âñåõ i, Z0 = (Xq

i , Y
q).

Çäåñü è äàëåå xi, y, ui, v ∈ Rν, a1, a2, . . . , al ∈ R1, V � ñòðîãî âûïóêëûé
êîìïàêò Rν òàêîé, ÷òî IntV 6= ∅, i ∈ I = {1, 2, . . . , n}, q = 0, 1, . . . , l − 1.

Âìåñòî (1), (2) ðàññìîòðèì óðàâíåíèå ñ íà÷àëüíûìè óñëîâèÿìè

z
(l)
i + a1z

(l−1)
i + a2z

(l−2)
i + · · ·+ alzi = ui − v, z

(q)
i (0) = Zq

i = Xq
i − Y q.
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Îïðåäåëåíèå 2. Â èãðå Γ âîçìîæíà ïîèìêà, åñëè ñóùåñòâóåò ìîìåíò
T0 = T0(Z0), ÷òî äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ v(t) íàéäóòñÿ äîïó-
ñòèìûå óïðàâëåíèÿ

ui(t) = ui(t, Z0, v(s), 0 6 s 6 t)

òàêèå, ÷òî äëÿ íåêîòîðûõ τ ∈ [0, T0], α ∈ I âûïîëíåíî zα(τ) = 0.

Âñþäó ïîä äîïóñòèìûìè ïîíèìàþòñÿ óïðàâëåíèÿ èç êëàññà èçìåðèìûõ
ôóíêöèé, óäîâëåòâîðÿþùèå óêàçàííûì îãðàíè÷åíèÿì.

×åðåç ϕq îáîçíà÷èì ðåøåíèå óðàâíåíèÿ ñ íà÷àëüíûìè óñëîâèÿìè

ω(l) + a1ω
(l−1) + a2ω

(l−2) + · · ·+ alω = 0

ω(0) = 0, . . . , ω(q−1)(0) = 0, ω(q)(0) = 1, ω(q+1)(0) = 0, . . . , ω(l−1)(0) = 0.

Ïðåäïîëîæåíèå 1. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λl + a1λ
l−1 + a2λ

l−2 + · · ·+ al = 0

ÿâëÿþòñÿ ïðîñòûìè è ÷èñòî ìíèìûìè.
Ïóñòü äàëåå,

ξi(t) = ϕ0(t)Z
0
i + ϕ1(t)Z

1
i + · · ·+ ϕl−1(t)Z

l−1
i .

Ñ÷èòàåì, ÷òî ξi(t) 6= 0 äëÿ âñåõ i, t > 0, èáî åñëè ξα(τ) = 0 ïðè íåêîòîðûõ
α ∈ I, τ > 0, òî ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî E ê ìîìåíòó τ, ïîëàãàÿ
uα(t) = v(t), t ∈ [0, τ ].

Îáîçíà÷èì ÷åðåç Hi êðèâûå

Hi = {ξi(t), t ∈ [0,∞)}.
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Óñëîâèå 1. Ñóùåñòâóþò h0
i ∈ Hi òàêèå, ÷òî

0 ∈ Intco{h0
i}.

Ò å î ð å ì à 1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 1 è óñëîâèå 1. Òîãäà
â èãðå Γ âîçìîæíà ïîèìêà.

Óñëîâèå 2. Íà÷àëüíûå ïîçèöèè ó÷àñòíèêîâ òàêîâû, ÷òî

0 ∈ Intco{Z0
i }.

Ñ ë å ä ñ ò â è å 1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 1 è óñëîâèå 2. Òî-
ãäà â èãðå Γ âîçìîæíà ïîèìêà.

Ò å î ð å ì à 2. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 1, ν = 2 è n = 2.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Â òðåòüåì ïàðàãðàôå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ n + m

ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em. Äâèæå-
íèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì (1), çàêîí äâèæåíèÿ
êàæäîãî óáåãàþùåãî Ej èìååò âèä

y
(l)
j + a1y

(l−1)
j + a2y

(l−2)
j + · · ·+ alyj = vj, vj ∈ V. (3)

Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

x
(q)
i (0) = Xq

i , y
(q)
j (0) = Y q

j , ïðè÷åì X0
i 6= Y 0

j äëÿ âñåõ i, j, Z0 = (Xq
i , Y

q
j ).

Çäåñü è äàëåå yj, vj ∈ Rν, j ∈ J = {1, 2, . . . , m}.
Öåëü ãðóïïû ïðåñëåäîâàòåëåé � "ïîéìàòü" íå ìåíåå r (1 6 r 6 m) óáå-

ãàþùèõ, ïðè óñëîâèè, ÷òî ñíà÷àëà óáåãàþùèå âûáèðàþò ñâîè óïðàâëåíèÿ
ñðàçó íà [0,∞), à çàòåì ïðåñëåäîâàòåëè, íà îñíîâå èíôîðìàöèè î âûáîðå
óáåãàþùèõ, âûáèðàþò ñâîè óïðàâëåíèÿ, è, êðîìå òîãî, êàæäûé ïðåñëåäîâà-
òåëü ìîæåò "ïîéìàòü" íå áîëåå îäíîãî óáåãàþùåãî. Ñ÷èòàåì, ÷òî n > r.
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Âìåñòî (1), (3) ðàññìîòðèì óðàâíåíèå ñ íà÷àëüíûìè óñëîâèÿìè

z
(l)
ij + a1z

(l−1)
ij + a2z

(l−2)
ij + · · ·+ alzij = ui − vj, z

(q)
ij (0) = Zq

ij = Xq
i − Y q

j .

Îïðåäåëåíèå 3. Â èãðå Γ âîçìîæíà ïîèìêà, åñëè ñóùåñòâóåò ìîìåíò
T0 = T0(Z0), ÷òî äëÿ ëþáîé ñîâîêóïíîñòè äîïóñòèìûõ óïðàâëåíèé vj(t)

íàéäóòñÿ äîïóñòèìûå óïðàâëåíèÿ

ui(t) = ui

(
t, Z0, vj(s), s ∈ [0,∞)

)

îáëàäàþùèå ñëåäóþùèì ñâîéñòâîì: ñóùåñòâóþò ìíîæåñòâà

N ⊂ I, M ⊂ J, |N | = |M | = r

òàêèå, ÷òî êàæäûé óáåãàþùèé Eβ, β ∈ M ëîâèòñÿ íå ïîçäíåå ìîìåíòà T0

íåêîòîðûì ïðåñëåäîâàòåëåì Pα, α ∈ N, ïðè÷åì åñëè ïðåñëåäîâàòåëü Pα ëî-
âèò óáåãàþùåãî Eβ, òî îñòàëüíûå óáåãàþùèå ñ÷èòàþòñÿ èì íå ïîéìàí-
íûìè. Âûðàæåíèå "ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî Eβ" îçíà÷àåò,
÷òî äëÿ íåêîòîðîãî ταβ ∈ [0, T0] âûïîëíåíî zαβ(ταβ) = 0.

Ïóñòü
ξij(t) = ϕ0(t)Z

0
ij + ϕ1(t)Z

1
ij + · · ·+ ϕl−1(t)Z

l−1
ij .

Ñ÷èòàåì, ÷òî ξij(t) 6= 0 äëÿ âñåõ i, j, t > 0.

Îáîçíà÷èì ÷åðåç Hij êðèâûå

Hij = {ξij(t), t ∈ [0,∞)}.

Óñëîâèå 3. Äëÿ êàæäîãî k ∈ {0, 1, . . . , r − 1} âåðíî ñëåäóþùåå:
äëÿ ëþáîãî ìíîæåñòâà N ⊂ I, |N | = n − k íàéäåòñÿ òàêîå ìíîæåñòâî
M ⊂ J, |M | = r − k, ÷òî äëÿ âñåõ β ∈ M

0 ∈ Intco{Hαβ, α ∈ N}.
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Ò å î ð å ì à 3. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 1 è óñëîâèå 3. Òîãäà
â èãðå Γ âîçìîæíà ïîèìêà.

Ñ ë å ä ñ ò â è å 2. Ïóñòü m = r = 1, âûïîëíåíî ïðåäïîëîæåíèå 1, ν = 2

è n = 1. Òîãäà â èãðå Γ âîçìîæíà ïîèìêà èç ëþáûõ íà÷àëüíûõ ïîçèöèé.
Óñëîâèå 4. Äëÿ êàæäîãî k ∈ {0, 1, . . . , r − 1} âåðíî ñëåäóþùåå:

äëÿ ëþáîãî ìíîæåñòâà N ⊂ I, |N | = n − k íàéäåòñÿ òàêîå ìíîæåñòâî
M ⊂ J, |M | = r − k, ÷òî äëÿ âñåõ β ∈ M

0 ∈ Intco{Z0
αβ, α ∈ N}.

Ñ ë å ä ñ ò â è å 3. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 1 è óñëîâèå 4.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.

Â ÷åòâåðòîì ïàðàãðàôå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ n+1

ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è óáåãàþùåãî E. Äâèæåíèå êàæäîãî
ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

ẋi = Axi + ui, ui ∈ V, (4)

çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

ẏ = Ay + v, v ∈ V. (5)

Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

xi(0) = X0
i , y(0) = Y 0, ïðè÷åì X0

i 6= Y 0 äëÿ âñåõ i, Z0 = (X0
i , Y

0).

Çäåñü è äàëåå A � ïîñòîÿííàÿ êâàäðàòíàÿ ïîðÿäêà ν ìàòðèöà.
Âìåñòî (4), (5) ðàññìîòðèì óðàâíåíèå ñ íà÷àëüíûìè óñëîâèÿìè

żi = Azi + ui − v, zi(0) = Z0
i = X0

i − Y 0.
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Îïðåäåëåíèå 4. Â èãðå Γ âîçìîæíà ïîèìêà, åñëè ñóùåñòâóåò ìîìåíò
T0 = T0(Z0), ÷òî äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ v(t) íàéäóòñÿ äîïó-
ñòèìûå óïðàâëåíèÿ

ui(t) = ui(t, Z0, v(t))

òàêèå, ÷òî äëÿ íåêîòîðûõ τ ∈ [0, T0], α ∈ I âûïîëíåíî zα(τ) = 0.

Ïóñòü Φ � ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû

ω̇ = Aω

òàêàÿ, ÷òî Φ(0) = I. Ñ÷èòàåì, ÷òî Φ(t)Z0
i 6= 0 äëÿ âñåõ i, t > 0.

Ïðåäïîëîæåíèå 2. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

det(A− λI) = 0

ÿâëÿþòñÿ ïðîñòûìè è ÷èñòî ìíèìûìè.
Ò å î ð å ì à 4. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 2 è óñëîâèå 2. Òîãäà

â èãðå Γ âîçìîæíà ïîèìêà.
Â ïÿòîì ïàðàãðàôå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ n + m

ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em. Äâè-
æåíèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì (4), çàêîí äâè-
æåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä

ẏj = Ayj + vj, vj ∈ V. (6)

Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

xi(0) = X0
i , yj(0) = Y 0

j , ïðè÷åì X0
i 6= Y 0

j äëÿ âñåõ i, j, Z0 = (X0
i , Y

0
j ).

Öåëü ãðóïïû ïðåñëåäîâàòåëåé � "ïîéìàòü" íå ìåíåå r (1 6 r 6 m) óáåãà-
þùèõ, ïðè óñëîâèè óêàçàííîì â òðåòüåì ïàðàãðàôå.

Âìåñòî (4), (6) ðàññìîòðèì óðàâíåíèå
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żij = Azij + ui − vj, zij(0) = Z0
ij = X0

i − Y 0
j .

Âîçìîæíîñòü ïîèìêè â èãðå Γ ïîíèìàåì â ñìûñëå îïðåäåëåíèÿ 3.
Ñ÷èòàåì, ÷òî Φ(t)Z0

ij 6= 0 äëÿ âñåõ i, j, t > 0.

Ò å î ð å ì à 5. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 2 è óñëîâèå 4. Òîãäà
â èãðå Γ âîçìîæíà ïîèìêà.

Â ïîñëåäíåì ïàðàãðàôå ïåðâîé ãëàâû ðàññìàòðèâàåòñÿ äèôôåðåíöèàëü-
íàÿ èãðà Γ n + m ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ
E1, E2, . . . , Em. Äâèæåíèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíå-
íèåì

ẋi = ui, ‖ui‖ 6 1, (7)

çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä

ẏj = vj, ‖vj‖ 6 γ, γ > 1. (8)

Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

xi(0) = X0
i , yj(0) = Y 0

j , ïðè÷åì X0
i 6= Y 0

j äëÿ âñåõ i, j, Z0 = (X0
i , Y

0
j ).

Öåëü ãðóïïû ïðåñëåäîâàòåëåé � "ïîéìàòü" íå ìåíåå r (1 6 r 6 m) óáåãà-
þùèõ, ïðè óñëîâèè óêàçàííîì â òðåòüåì ïàðàãðàôå.

Âîçìîæíîñòü ïîèìêè â èãðå Γ ïîíèìàåì â ñìûñëå îïðåäåëåíèÿ 3, ãäå
âûðàæåíèå "ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî Eβ" îçíà÷àåò, ÷òî äëÿ
íåêîòîðîãî ταβ ∈ [0, T0] âûïîëíåíî xα(ταβ) = yβ(ταβ).

Îáîçíà÷èì ÷åðåç Aij ìíîæåñòâî òî÷åê ïðîñòðàíñòâà Rν , êîòîðûå ïðåñëå-
äîâàòåëåì Pi ìîãóò äîñòèãàòüñÿ íå ïîçæå, ÷åì óáåãàþùèì Ej. Îòìåòèì, ÷òî
êàæäîå èç ìíîæåñòâ Aij � çàìêíóòûé øàð. Äàëåå, Aj(N) =

⋃
α∈N

Aαj � ìíî-
æåñòâî òî÷åê ïðîñòðàíñòâà Rν, êîòîðûå õîòÿ áû îäíèì èç ïðåñëåäîâàòåëåé
Pα, α ∈ N äîñòèãàþòñÿ íå ïîçæå, ÷åì óáåãàþùèì Ej.
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Ïóñòü `j � ëó÷ ñ íà÷àëîì â òî÷êå Y 0
j , ρj � íåïðåðûâíàÿ êðèâàÿ ñ íà÷àëîì

â òî÷êå Y 0
j òàêàÿ, ÷òî äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà L íàéäåòñÿ òî÷êà

ρ ∈ ρj, äëÿ êîòîðîé ‖ρ− Y 0
j ‖ > L.

Ïðåäïîëîæåíèå 3. Åñëè äëÿ íåêîòîðûõ N ⊂ I è β ∈ J ñóùåñòâóåò
êðèâàÿ ρβ, äëÿ êîòîðîé Aβ(N)∩ρβ = ∅, òî ñóùåñòâóåò ëó÷ `β òàêîé, ÷òî
Aβ(N) ∩ `β = ∅.

Óñëîâèå 5. Äëÿ êàæäîãî k ∈ {0, 1, . . . , r − 1} âåðíî ñëåäóþùåå:
äëÿ ëþáîãî ìíîæåñòâà N ⊂ I, |N | = n − k íàéäåòñÿ òàêîå ìíîæåñòâî
M ⊂ J, |M | = r − k, ÷òî äëÿ âñåõ β ∈ M è `β

Aβ(N) ∩ `β 6= ∅.

Ò å î ð å ì à 6. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 3. Â èãðå Γ âîçìîæíà
ïîèìêà òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå 5.

Âòîðàÿ ãëàâà ñîñòîèò èç äâóõ ïàðàãðàôîâ, â íåé ðàññìàòðèâàþòñÿ çàäà÷è
óêëîíåíèÿ âñåé ãðóïïû æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ îò ãðóïïû
ïðåñëåäîâàòåëåé.

Â ïåðâîì ïàðàãðàôå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ n + m

ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em. Äâè-
æåíèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

x
(ni)
i = ui, ‖ui‖ 6 1, (9)

çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä

y
(mj)
j = v, ‖v‖ 6 γ, γ ∈ (0, 1), (10)

ãäå ni > mj > 1 äëÿ âñåõ i, j. Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

x
(αi)
i (0) = Xαi

i , y
(βj)
j (0) = Y

βj

j , ïðè÷åì X
βj

i 6= Y
βj

j äëÿ âñåõ i, j, βj.

Çäåñü è äàëåå αi = 0, 1, . . . , ni − 1, βj = 0, 1, . . . , mj − 1.
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Îïðåäåëåíèå 5. Â èãðå Γ âîçìîæíî ìÿãêîå óáåãàíèå, åñëè äëÿ ëþáûõ
äîïóñòèìûõ óïðàâëåíèé ui(t) íàéäåòñÿ äîïóñòèìîå óïðàâëåíèå

v(t) = v
(
t, x

(αi)
i (t), y

(βj)
j (t)

)

òàêîå, ÷òî x
(βj)
i (t) 6= y

(βj)
j (t) äëÿ âñåõ t ∈ [0,∞).

Äåéñòâèÿ óáåãàþùèõ ìîæíî òðàêòîâàòü ñëåäóþùèì îáðàçîì: èìååòñÿ
öåíòð, êîòîðûé â êàæäûé ìîìåíò âðåìåíè t ïî âåëè÷èíàì

{
x

(αi)
i (t), y

(βj)
j (t)

}

äëÿ âñåõ óáåãàþùèõ Ej âûáèðàåò îäíî è òîæå óïðàâëåíèå v(t).
Ò å î ð å ì à 7. Â èãðå Γ âîçìîæíî ìÿãêîå óáåãàíèå èç ëþáûõ íà÷àëüíûõ

ïîçèöèé.
Â ïîñëåäíåì ïàðàãðàôå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ n+m

ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em. Äâèæå-
íèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì (9), ãäå ni > 2 äëÿ
âñåõ i, çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä (10), ãäå mj = 1

äëÿ âñåõ j. Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

x
(αi)
i (0) = Xαi

i , yj(0) = Y 0
j , ïðè÷åì X0

i 6= Y 0
j äëÿ âñåõ i, j.

Äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî óáåãàþùèé Ej íå ïîêèäàåò ïðåäåëû
øàðà D(Y 0

j , r0), ãäå r0 ïîëîæèòåëüíîå ÷èñëî.
Îïðåäåëåíèå 6. Â èãðå Γ âîçìîæíî óêëîíåíèå îò âñòðå÷è â øàðå, åñëè

äëÿ ëþáûõ äîïóñòèìûõ óïðàâëåíèé ui(t) íàéäåòñÿ äîïóñòèìîå óïðàâëåíèå

v(t) = v
(
t, x

(αi)
i (t), yj(t)

)

òàêîå, ÷òî xi(t) 6= yj(t) è yj(t) ∈ D(Y 0
j , r0) äëÿ âñåõ t ∈ [0,∞).

Ò å î ð å ì à 8. Â èãðå Γ âîçìîæíî óêëîíåíèå îò âñòðå÷è â øàðå èç
ëþáûõ íà÷àëüíûõ ïîçèöèé.
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ÃËÀÂÀ 1
Ãðóïïîâîå ïðåñëåäîâàíèå îäíîãî è íåñêîëüêèõ óáåãàþùèõ

�1.1. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Íàïîìíèì îïðåäåëåíèå è äâà èçâåñòíûõ ñâîéñòâà ïî÷òè ïåðèîäè÷åñêèõ
ôóíêöèé.

Îïðåäåëåíèå 1.1. Íåïðåðûâíàÿ íà R1 ôóíêöèÿ g íàçûâàåòñÿ ïî÷òè
ïåðèîäè÷åñêîé, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ÷èñëî T (ε) > 0 òàêîå,
÷òî ëþáîé îòðåçîê [a, a + T (ε)] ñîäåðæèò ïî ìåíüøåé ìåðå îäíî ÷èñëî τ,

äëÿ êîòîðîãî ïðè âñåõ t ñïðàâåäëèâî íåðàâåíñòâî

‖g(t + τ)− g(t)‖ < ε.

1. Ïåðèîäè÷åñêàÿ ôóíêöèÿ ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêîé.
2. Ëèíåéíàÿ êîìáèíàöèÿ ïî÷òè ïåðèîäè÷åñêèõ ôóíêöèé åñòü ôóíêöèÿ

ïî÷òè ïåðèîäè÷åñêàÿ.
Ðàññìîòðèì ïî÷òè ïåðèîäè÷åñêóþ ôóíêöèþ f âèäà

f(t) =

p∑

k=1

(
ck cos bkt + sk sin bkt

)
, ãäå ck, sk, bk ∈ R1, bk > 0.

Ë å ì ì à 1.1. Ïóñòü f(t) 6≡ 0. Òîãäà íàéäóòñÿ ïîëîæèòåëüíûå ÷èñëà
t1, t2, τ òàêèå, ÷òî f(t1) < 0, f(t2) > 0, f(τ) = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñóùåñòâîâàíèå òàêèõ ÷èñåë t1, t2 ñëåäóåò
èç ëåììû 1.1 [71, ñòð. 151], ïîýòîìó, ó÷èòûâàÿ íåïðåðûâíîñòü ôóíêöèè f,

íàéäåòñÿ, õîòÿ áû îäíî, èñêîìîå τ.

Ëåììà äîêàçàíà.
Äîêàæåì íåêîòîðûå ñâîéñòâà ïî÷òè ïåðèîäè÷åñêîé ôóíêöèè ξ òàêîé, ÷òî

ξ(t) =

p∑

k=1

(
Ck cos bkt + Sk sin bkt

)
, ãäå Ck, Sk ∈ Rν, bk ∈ R1, bk > 0
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èëè â êîîðäèíàòíîé ôîðìå

ξq(t) =

p∑

k=1

(
Cq

k cos bkt + Sq
k sin bkt

)
, q = 1, 2, . . . , ν.

Îáîçíà÷èì ÷åðåç H êðèâóþ

H = {ξ(t), t ∈ [0,∞)}.

Ë å ì ì à 1.2. Ïóñòü ξ(t) 6= 0 äëÿ âñåõ t ∈ [0,∞). Òîãäà
1) åñëè ν > 3, òî IntcoH = ∅ èëè 0 ∈ IntcoH;

2) åñëè ν = 2, òî 0 ∈ IntcoH.

Ä î ê à ç à ò å ë ü ñ ò â î. 1) Ïðåäïîëîæèì ïðîòèâíîå:

IntcoH 6= ∅ è 0 6∈ IntcoH.

Â òàêîì ñëó÷àå, ïî òåîðåìå îòäåëèìîñòè, íàéäåòñÿ íå íóëåâîé âåêòîð e ∈ Rν

òàêîé, ÷òî
〈h, e〉 6 0 äëÿ âñåõ h ∈ coH.

Èç ïîñëåäíåãî ñëåäóåò, ÷òî ôóíêöèÿ

f(t) = 〈ξ(t), e〉 =
ν∑

q=1

ξq(t)eq 6 0 äëÿ âñåõ t ∈ [0,∞).

Åñëè f(t) = 0 äëÿ âñåõ t ∈ [0,∞), òî IntcoH = ∅, ÷òî íåâîçìîæíî. Òàêèì
îáðàçîì, ôóíêöèÿ f(t) 6≡ 0, ïîýòîìó ê íåé ìîæíî ïðèìåíèòü ëåììó 1.1,
îòêóäà f(t2) > 0 ïðè íåêîòîðîì t2 > 0. Ïîëó÷èëè ïðîòèâîðå÷èå. Óòâåðæäå-
íèå 1 ëåììû äîêàçàíî.

2) Ïðåäïîëîæèì, ÷òî
IntcoH = ∅.
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Òîãäà H ⊂ L äëÿ íåêîòîðîé ïðÿìîé L, îòêóäà ñëåäóåò ñóùåñòâîâàíèå êîí-
ñòàíò a, b ∈ R1, ÷òî äëÿ âñåõ t ∈ [0,∞) èìååò ìåñòî îäíî èç òðåõ ðàâåíñòâ:

1. ξ1(t)− aξ2(t) = b, a 6= 0; 2. ξ1(t) = b; 3. ξ2(t) = b.

Â ïåðâîì ñëó÷àå ïîëîæèì f(t) = ξ1(t) − aξ2(t). Èç ëåììû 1.1 ñëåäóåò,
÷òî f(τ1) = 0 äëÿ íåêîòîðîãî τ1 > 0, çíà÷èò b = 0 è ξ1(t) = aξ2(t). Ñíîâà
ïðèìåíÿÿ ëåììó 1.1 ïîëó÷èì, ÷òî ξ2(τ) = 0 ïðè íåêîòîðîì çíà÷åíèè τ > 0,

ïîýòîìó ξ1(τ) = 0 è ξ(τ) = 0.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî âî âòîðîì ñëó÷àå b = 0. Èç ëåììû 1.1
ïîëó÷àåì ξ2(τ) = 0, τ > 0 è ξ(τ) = 0. Òàêîé æå âûâîä è â ïîñëåäíåì ñëó÷àå.

Èòàê, ïîêàçàíî, ÷òî âî âñåõ ñëó÷àÿõ íàéäåòñÿ çíà÷åíèå τ > 0 òàêîå, ÷òî
ξ(τ) = 0. Ïîëó÷èëè ïðîòèâîðå÷èå óñëîâèþ ëåììû, ñëåäîâàòåëüíî

IntcoH 6= ∅.

Äàëüíåéøåå äîêàçàòåëüñòâî ïðîâîäèì àíàëîãè÷íî äîêàçàòåëüñòâó óòâåð-
æäåíèÿ 1. Óòâåðæäåíèå 2 äîêàçàíî.

Ëåììà äîêàçàíà.
Ïðèâåäåì îäèí ðåçóëüòàò òåîðèè ñèñòåì ðàçëè÷íûõ ïðåäñòàâèòåëåé.
Îïðåäåëåíèå 1.2. Äëÿ ìíîæåñòâ Jβ, β ∈ M = {1, 2, . . . , r} ñóùåñòâó-

åò ñèñòåìà ðàçëè÷íûõ ïðåäñòàâèòåëåé, åñëè ìîæíî âûáðàòü ïîïàðíî ðàç-
ëè÷íûå ýëåìåíòû α1, α2, . . . , αr òàêèå, ÷òî αβ ∈ Jβ, β ∈ M.

Ò å î ð å ì à 1.1 (Õîëëà)[152]. Ïóñòü Jβ, β ∈ M òàêîâû, ÷òî

|J1| 6 |J2| 6 . . . 6 |Jr| è
∣∣∣

k⋃

β=1

Jβ

∣∣∣> k äëÿ âñåõ k = 1, 2, . . . , r.

Òîãäà äëÿ Jβ, β ∈ M ñóùåñòâóåò ñèñòåìà ðàçëè÷íûõ ïðåäñòàâèòåëåé.
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�1.2. Ãðóïïîâîå ïðåñëåäîâàíèå îäíîãî óáåãàþùåãî â ïðèìåðå
Ïîíòðÿãèíà

Â ïðîñòðàíñòâå Rν (ν > 2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ

n+1 ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è óáåãàþùåãî E. Äâèæåíèå êàæ-
äîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

x
(l)
i + a1x

(l−1)
i + a2x

(l−2)
i + · · ·+ alxi = ui, ui ∈ V, (2.1)

çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

y(l) + a1y
(l−1) + a2y

(l−2) + · · ·+ aly = v, v ∈ V, (2.2)

ãäå xi, y, ui, v ∈ Rν, a1, a2, . . . , al ∈ R1, V � ñòðîãî âûïóêëûé êîìïàêò Rν

òàêîé, ÷òî IntV 6= ∅. Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

x
(q)
i (0) = Xq

i , y(q)(0) = Y q, ïðè÷åì X0
i 6= Y 0 äëÿ âñåõ i.

Çäåñü è äàëåå

i ∈ I = {1, 2, . . . , n}, q = 0, 1, . . . , l − 1, Z0 = (Xq
i , Y

q).

Âìåñòî (2.1), (2.2) ðàññìîòðèì óðàâíåíèå

z
(l)
i + a1z

(l−1)
i + a2z

(l−2)
i + · · ·+ alzi = ui − v (2.3)

ñ íà÷àëüíûìè óñëîâèÿìè

z
(q)
i (0) = Zq

i = Xq
i − Y q.

Îïðåäåëåíèå 2.1. Óïðàâëåíèÿ ui(t), v(t) èç êëàññà èçìåðèìûõ ôóíêöèé,
óäîâëåòâîðÿþùèå ñîîòâåòñòâåííî îãðàíè÷åíèÿì èç (2.1), (2.2) íàçûâàþò-
ñÿ äîïóñòèìûìè.
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Îïðåäåëåíèå 2.2. Â èãðå Γ âîçìîæíà ïîèìêà, åñëè ñóùåñòâóåò ìî-
ìåíò T0 = T0(Z0), ÷òî äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ v(t) íàéäóòñÿ
äîïóñòèìûå óïðàâëåíèÿ

ui(t) = ui(t, Z0, v(s), 0 6 s 6 t)

òàêèå, ÷òî äëÿ íåêîòîðûõ τ ∈ [0, T0], α ∈ I âûïîëíåíî zα(τ) = 0.

×åðåç ϕq îáîçíà÷èì ðåøåíèå óðàâíåíèÿ

ω(l) + a1ω
(l−1) + a2ω

(l−2) + · · ·+ alω = 0

ñ íà÷àëüíûìè óñëîâèÿìè

ω(0) = 0, . . . , ω(q−1)(0) = 0, ω(q)(0) = 1, ω(q+1)(0) = 0, . . . , ω(l−1)(0) = 0.

Ïðåäïîëîæåíèå 2.1. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λl + a1λ
l−1 + a2λ

l−2 + · · ·+ al = 0 (2.4)

ÿâëÿþòñÿ ïðîñòûìè è ÷èñòî ìíèìûìè.
Îáîçíà÷èì êîðíè óðàâíåíèÿ (2.4) ÷åðåç

±b1ι,±b2ι, . . . ,±bpι (0 < b1 < b2 < · · · < bp, 2p = l).

Ïóñòü äàëåå,

ξi(t) = ϕ0(t)Z
0
i + ϕ1(t)Z

1
i + · · ·+ ϕl−1(t)Z

l−1
i

è òàê êàê êàæäàÿ èç ôóíêöèé ϕq èìååò âèä

ϕq(t) =

p∑

k=1

(
ck cos bkt + sk sin bkt

)
, ãäå ck, sk ∈ R1,

òî âñå ôóíêöèè ξi ïðåäñòàâèìû â âèäå

ξi(t) =

p∑

k=1

(
Ck cos bkt + Sk sin bkt

)
, ãäå Ck, Sk ∈ Rν.
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Ñ÷èòàåì, ÷òî ξi(t) 6= 0 äëÿ âñåõ i, t > 0, èáî åñëè ξα(τ) = 0 ïðè íåêîòîðûõ
α ∈ I, τ > 0, òî ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî E ê ìîìåíòó τ, ïîëàãàÿ
uα(t) = v(t), t ∈ [0, τ ].

Îáîçíà÷èì ÷åðåç Hi êðèâûå

Hi = {ξi(t), t ∈ [0,∞)}.

Óñëîâèå 2.1. Ñóùåñòâóþò h0
i ∈ Hi òàêèå, ÷òî

0 ∈ Intco{h0
i}.

Óñëîâèå 2.2. Äëÿ ëþáûõ hi ∈ D(h0
i , ε)

0 ∈ Intco{hi}.

Ë å ì ì à 2.1. Ïóñòü âûïîëíåíî óñëîâèå 2.1. Òîãäà ïðè íåêîòîðîì
çíà÷åíèè ε > 0 âûïîëíåíî óñëîâèå 2.2.

Ä î ê à ç à ò å ë ü ñ ò â î. Ìíîæåñòâî co{h0
i} ÿâëÿåòñÿ âûïóêëûì ìíîãî-

ãðàííèêîì ñ âåðøèíàìè â h0
k, k ∈ K ⊂ I. Èç óñëîâèÿ 2.1 ñëåäóåò, ÷òî

0 ∈ Intco{h0
k}.

Òàê êàê ìíîæåñòâî Intco{h0
k} ÿâëÿåòñÿ îòêðûòûì, òî íàéäåòñÿ ÷èñëî ε > 0

òàêîå, ÷òî äëÿ ëþáûõ hk ∈ D(h0
k, ε)

0 ∈ Intco{hk}.

Èç ïîñëåäíåãî, ó÷èòûâàÿ, ÷òî

Intco{hk} ⊂ Intco{hi},

ñëåäóåò ñïðàâåäëèâîñòü óñëîâèÿ 2.2.
Ëåììà äîêàçàíà.
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Òàê êàê ôóíêöèè ξi ÿâëÿþòñÿ ïî÷òè ïåðèîäè÷åñêèìè, òî ñóùåñòâóåò ÷èñëî
T (ε) > 0, äëÿ êîòîðîãî âûïîëíåíî

Óñëîâèå 2.3. Äëÿ âñåõ t > 0 íàéäåòñÿ τi ∈ [t, t + T (ε)), ÷òî

ξi(τi) ∈ D(h0
i , ε).

Ñ÷èòàåì, ÷òî ε > 0 è T (ε) âûáðàíû èñõîäÿ èç óñëîâèé 2.2 è 2.3.
Îïðåäåëèì ôóíêöèè ψ, λ, Q

ψ(t) =





1, åñëè ϕl−1(t) > 0

−1, â ïðîòèâíîì ñëó÷àå,

λ(v, ψ, h) = sup {λ : λ > 0, (v − λψh) ∈ V } ,

Q(t, h) =

t∫

0

|ϕl−1(t− s)|λ(v(s), ψ(t− s), h)ds.

Ïîëîæèì

d = (h1, h2, . . . , hn), D = D(h0
1, ε)×D(h0

2, ε)× · · · ×D(h0
n, ε).

Ë å ì ì à 2.2. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 2.1 è óñëîâèå 2.1. Òîãäà
ñóùåñòâóåò ìîìåíò T òàêîé, ÷òî äëÿ êàæäûõ äîïóñòèìîãî óïðàâëåíèÿ
v(t) è d ∈ D íàéäåòñÿ íîìåð α ∈ I, ÷òî Q(T, hα) > 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèé ëåììû ñëåäóåò, ÷òî âûïîëíåíî
óñëîâèå 2.2, ïîýòîìó, äëÿ ïðîèçâîëüíîãî d ∈ D,

δ±1(d) = min
v∈V

max
i∈I

λ(v,±1, hi) > 0.

Â ñèëó ëåììû 1.3.13 [142, ñòð. 30] ôóíêöèÿ λ íåïðåðûâíà íà êàæäîì èç
ìíîæåñòâ V × {±1} ×D(h0

i , ε), îòêóäà

lim
d∗→d

δ±1(d
∗) = lim

d∗→d
min
v∈V

max
i∈I

λ(v,±1, h∗i ) = min
v∈V

max
i∈I

λ(v,±1, hi) = δ±1(d),

26



ñëåäîâàòåëüíî è ôóíêöèè δ±1 ÿâëÿþòñÿ íåïðåðûâíûìè, ó÷èòûâàÿ åùå, ÷òî
ìíîæåñòâî D êîìïàêò, ïîëó÷èì

δ = min
d∈D

min
ψ∈{1,−1}

min
v∈V

max
i∈I

λ(v, ψ, hi) = min
d∈D

{δ+1(d), δ−1(d)} > 0.

Äàëåå,

max
i∈I

Q(t, hi) = max
i∈I

t∫

0

|ϕl−1(t− s)|λ(v(s), ψ(t− s), hi)ds >

> 1

n

t∫

0

|ϕl−1(t− s)|
∑

i∈I

λ(v(s), ψ(t− s), hi)ds > δ

n

t∫

0

|ϕl−1(t− s)|ds.

Òàêèì îáðàçîì, äëÿ ìîìåíòà T, îïðåäåëÿåìîãî èç óñëîâèÿ

δ

n

T∫

0

|ϕl−1(T − s)|ds > 1,

è íåêîòîðîãî α ∈ I âûïîëíåíî Q(T, hα) > 1.

Ëåììà äîêàçàíà.
Ïóñòü

T1 = T1(Z0) = min{t > 0 : inf
v(·)

min
d∈D

max
i∈I

Q(t, hi) > 1}.

Â ñèëó ëåììû 2.2 T1 < ∞.

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 2.1 è óñëîâèå 2.1.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî ôîðìóëå Êîøè äëÿ âñåõ t > 0

zi(t) = ξi(t) +

t∫

0

ϕl−1(t− s)(ui(s)− v(s))ds.
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Ïóñòü v(τ), 0 6 τ 6 T0 = T1 + T (ε) � ïðîèçâîëüíîå äîïóñòèìîå óïðàâëå-
íèå óáåãàþùåãî E è t1 � íàèìåíüøèé ïîëîæèòåëüíûé êîðåíü ôóíêöèè

F (t) = 1−max
i∈I

t∫

0

|ϕl−1(τi − s)|λ(v(s), ψ(τi − s), ξi(τi))ds,

ãäå τi ∈ [T1, T0) âûáðàíû òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå 2.3. Îòìåòèì, ÷òî
t1 6 τi, ò.ê. â ñèëó ëåììû 2.2 F (τi) 6 0.

Çàäàåì óïðàâëåíèå ïðåñëåäîâàòåëåé Pi ñëåäóþùèì îáðàçîì:

ui(t) = v(t)− λ(v(t), ψ(τi − t), ξi(τi))ψ(τi − t)ξi(τi), t ∈ [0, T0],

ãäå ñ÷èòàåì, ÷òî λ(v(t), ψ(τi − t), ξi(τi)) = 0 ïðè t ∈ [t1, T0]. Òîãäà, ñ ó÷åòîì
ôîðìóëû Êîøè,

zi(τi) = ξi(τi)
(
1−

t1∫

0

|ϕl−1(τi − s)|λ(v(s), ψ(τi − s), ξi(τi))ds
)
.

Â ñèëó îïðåäåëåíèÿ t1, äëÿ íåêîòîðîãî α ∈ I âûðàæåíèå â ñêîáêàõ îáðàùà-
åòñÿ â íîëü, ïîýòîìó zα(τα) = 0.

Òåîðåìà äîêàçàíà.
Óñëîâèå 2.4. Íà÷àëüíûå ïîçèöèè ó÷àñòíèêîâ òàêîâû, ÷òî

0 ∈ Intco{Z0
i }.

Ñ ë å ä ñ ò â è å 2.1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 2.1 è óñëîâèå 2.4.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. Â êà÷åñòâå h0
i â óñëîâèè 2.1 ìîæíî âçÿòü

Z0
i = ξi(0) ∈ Hi è ïðèìåíèòü òåîðåìó 2.1.
Ñëåäñòâèå äîêàçàíî.
Ñ ë å ä ñ ò â è å 2.2. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 2.1, ν = 2 è

n = 3. Òîãäà â èãðå Γ âîçìîæíà ïîèìêà èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

28



Ä î ê à ç à ò å ë ü ñ ò â î. Èç âòîðîãî óòâåðæäåíèÿ ëåììû 1.2 ñëåäóåò,
÷òî ìîæíî âûáðàòü h0

i òàê, ÷òîáû óñëîâèå 2.1 èìåëî ìåñòî. Òåïåðü îñòàëîñü
âîñïîëüçîâàòüñÿ òåîðåìîé 2.1.

Ñëåäñòâèå äîêàçàíî.
Ñëåäñòâèå 2.2, ïîñòðîèâ äðóãîå óïðàâëåíèå, ìîæíî óñèëèòü. Äàëåå (äî

ïðèìåðîâ) ñ÷èòàåì
ν = 2, n = 2, k = 1, 2.

Çàôèêñèðóåì ÷èñëî r > 0 òàê, ÷òîáû

Hi ∈ IntD(0, r),

åãî ñóùåñòâîâàíèå ñëåäóåò èç îãðàíè÷åííîñòè ôóíêöèé ξi. Íà÷àëî êîîðäè-
íàò îáîçíà÷èì ÷åðåç O. Äàëåå, ïî åäèíè÷íûì âåêòîðàì ek

i ∈ R2 îïðåäåëèì
ñëåäóþùåå: Dk

i ∈ ∂D(0, r) � òî÷êè âèäà ek
i r; Di � íàèìåíüøèé èç äâóõ ñåê-

òîðîâ êðóãà D(0, r), îáðàçîâàííûõ îòðåçêàìè OD1
i è OD2

i ; ∂i � îêðóæíîñòü
ñåêòîðà Di; íàêîíåö,

θi(t) = {ξi(s), s ∈ [t∗, t∗]},

ãäå t∗ > t∗ > t � òàêèå ìîìåíòû, äëÿ êîòîðûõ, âïåðâûå,
(
ξi(t∗) ∈ OD1

i , ξi(t
∗) ∈ OD2

i

)
èëè

(
ξi(t∗) ∈ OD2

i , ξi(t
∗) ∈ OD1

i

)
è

ξi(s) ∈ Di, s ∈ [t∗, t∗],

ò.å. θi(t) � ýòî êðèâàÿ, ëåæàùàÿ â ñåêòîðå Di, îáëàäàþùàÿ ñëåäóþùèì ñâîé-
ñòâîì: åñëè äâèãàòüñÿ èç òî÷êè ξi(t) â íàïðàâëåíèè ðîñòà t, òî äàííûé ñåê-
òîð âïåðâûå "ïåðåñå÷åøü öåëèêîì" èìåííî ïî ýòîé êðèâîé. Â ñèëó âòîðîãî
óòâåðæäåíèÿ ëåììû 1.2, ñóùåñòâóþò ek

i òàêèå, ÷òî

〈e1
i , e

2
i 〉 > 0, ek

2 = −ek
1, IntDi 6= ∅ è θi(t) 6= ∅ äëÿ âñåõ t > 0.
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Ñ÷èòàåì, ÷òî òàêèå âåêòîðà âûáðàíû, ñìîòðèòå ðèñ. 2.1.

r
r
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6
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θ1(t)
θ2(t) t

t

t

t

t

O

D1
1

D2
1

D2
2

D1
2

Ðèñ. 2.1

Îòìåòèì, ÷òî
0 ∈ Intco{ek

i }. (2.5)

Îïðåäåëèì ôóíêöèè λk
i , ki, Qi

λk
i (v, ψ) = λ(v, ψ, ek

i r),

çíà÷åíèå ôóíêöèè ki(t, s) ∈ I íàõîäèòñÿ èç óñëîâèÿ

λ
ki(t,s)
i (v(s), ψ(t− s)) = max

k∈I
λk

i (v(s), ψ(t− s)),

åñëè æå îíî íå îïðåäåëÿåòñÿ îäíîçíà÷íî, òî ïîëîæèì ki(t, s) = 1,

Qi(t) =

t∫

0

|ϕl−1(t + ∆− s)|λki(t+∆,s)
i (v(s), ψ(t + ∆− s))e

ki(t+∆,s)
i rds.

Ë å ì ì à 2.3. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 2.1. Òîãäà ñóùåñòâóåò
ìîìåíò T òàêîé, ÷òî äëÿ êàæäûõ äîïóñòèìîãî óïðàâëåíèÿ v(t) è ∆ ∈ R1

íàéäåòñÿ íîìåð α ∈ I è ìîìåíò τ 6 T, ÷òî

Qα(t) ∈ Dα äëÿ âñåõ t ∈ [0, τ ] è Qα(τ) ∈ ∂α.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ôóíêöèÿ Qi ïðè êàæäîì t > 0 ïðåäñòàâèìà â
âèäå Qi(t) = q1

i (t)e
1
i + q2

i (t)e
2
i , ãäå ôóíêöèè qk

i (t) > 0, qk
i (0) = 0 è íåïðåðûâ-

íû. Îòñþäà ñëåäóåò, ÷òî çíà÷åíèå ôóíêöèè Qi ìîæåò âûéòè çà ïðåäåëû Di

òîëüêî ÷åðåç ∂i, ñìîòðèòå ðèñ. 2.1.
Òàêèì îáðàçîì, äîñòàòî÷íî äîêàçàòü, ÷òî ñóùåñòâóåò ìîìåíò T òàêîé, ÷òî

äëÿ êàæäûõ äîïóñòèìîãî v(t) è ∆ ∈ R1 âûïîëíåíî

max
i∈I

‖Qi(T )‖ > r.

Èç (2.5) ïîëó÷àåì, ÷òî âåëè÷èíà

σ = min
ψ∈{1,−1}

min
v∈V

max
(i,k)∈I×I

λk
i (v, ψ) > 0.

Äàëåå,
max
i∈I

‖Qi(t)‖ =

= max
i∈I

∥∥∥
t∫

0

|ϕl−1(t + ∆− s)|λki(t+∆,s)
i (v(s), ψ(t + ∆− s))e

ki(t+∆,s)
i rds

∥∥∥>

> r

2
max
i∈I

t∫

0

|ϕl−1(t + ∆− s)|λki(t+∆,s)
i (v(s), ψ(t + ∆− s))ds >

> r

8

t∫

0

|ϕl−1(t+∆−s)|
∑

i,k∈I

λk
i (v(s), ψ(t+∆−s))ds > rσ

8

t∫

0

|ϕl−1(t+∆−s)|ds.

Òàêèì îáðàçîì, â ìîìåíò T, îïðåäåëÿåìûé èç óñëîâèÿ

σ

8
inf

∆∈R1

T∫

0

|ϕl−1(T + ∆− s)|ds > 1,

ïîëó÷èì, ÷òî max
i∈I

‖Qi(T )‖ > r.

Ëåììà äîêàçàíà.

31



Ïóñòü

T2 = T2(Z0) = min{t > 0 : Qi(s) ∈ Di, s ∈ [0, t] è inf
v(·)

inf
∆∈R1

max
i∈I

‖Qi(t)‖ > r}.

Â ñèëó ëåììû 2.3 T2 < ∞.

Ò å î ð å ì à 2.2. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 2.1, ν = 2 è n = 2.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì T0 òàê,÷òîáû

θi(T2) ⊂ {ξi(s), s ∈ [T2, T0]}.

Ïóñòü v(s), 0 6 s 6 T0 � ïðîèçâîëüíîå äîïóñòèìîå óïðàâëåíèå óáåãàþ-
ùåãî E. Âûáåðåì íàèìåíüøåå ïîëîæèòåëüíîå ÷èñëî t1 òàê, ÷òîáû äëÿ íåêî-
òîðûõ α ∈ I è τ ∈ [T2, T0]

t1∫

0

|ϕl−1(T0 − s)|λki(T0,s)
i (v(s), ψ(T0 − s))e

ki(T0,s)
i rds = ξα(τ) ∈ θα(T2).

Òàê êàê T0 = T2 + ∆, ãäå ∆ = T0 − T2, òî, â ñèëó îïðåäåëåíèÿ ìîìåíòà T2,

ïîëó÷èì, ÷òî t1 6 T2.

Ñîãëàñíî ôîðìóëå Êîøè äëÿ âñåõ t > 0 èìååì

zi(t) = ξi(t) +

t∫

0

ϕl−1(t− s)(ui(s)− v(s))ds.

Çàäàåì óïðàâëåíèå ïðåñëåäîâàòåëåé Pi ñëåäóþùèì îáðàçîì:

ui(t) = v(t)− λ
ki(T0,t)
i (v(t), ψ(T0 − t))ψ(T0 − t)e

ki(T0,t)
i r, t ∈ [0, T0],

ãäå ñ÷èòàåì, ÷òî λ
ki(T0,t)
i (v(t), ψ(T0 − t)) = 0 ïðè t ∈ [t1, T0].

Òîãäà, ñ ó÷åòîì ôîðìóëû Êîøè äëÿ t ∈ [T2, T0], èìååì

zi(t) = ξi(t)−
t1∫

0

|ϕl−1(T0 − s)|λki(T0,s)
i (v(s), ψ(T0 − s))e

ki(T0,s)
i rds
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è ïî îïðåäåëåíèþ ìîìåíòà t1 äëÿ íåêîòîðûõ α ∈ I è τ ∈ [T2, T0] èìååì
zα(τ) = ξα(τ)− ξα(τ) = 0.

Òåîðåìà äîêàçàíà.
Ï ð è ì å ð 2.1. Â R3 ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó Γ 6 ëèö: 5 ïðå-

ñëåäîâàòåëåé P1, P2, P3, P4, P5 è óáåãàþùåãî E. Óðàâíåíèå (2.3) è íà÷àëüíûå
óñëîâèÿ èìåþò âèä

z̈i + zi = ui − v,

Z0
1 = Z0

2 = Z0
3 =




1

0

0


 , Z0

4 = Z0
5 =




0

0

1


 , Z1

i =




0

1

0


 , i = 1, 2, 3, 4, 5.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ2 + 1 = 0

ðàâíû ±ι è ïðåäïîëîæåíèå 2.1 âûïîëíåíî. Çäåñü óñëîâèå 2.4 íå âûïîëíåíî.
Ïîêàæåì, ÷òî èìååò ìåñòî óñëîâèå 2.1, ò.ê.

ξi(t) = Z0
i cos t + Z1

i sin t,

òî H1 = H2 = H3 � ýòî îêðóæíîñòè ðàäèóñà 1 ñ öåíòðîì â íà÷àëå êîîðäèíàò,
ëåæàùèå â ïëîñêîñòè ïåðâîé è âòîðîé êîîðäèíàòû, H4 = H5 � ýòî îêðóæíî-
ñòè ðàäèóñà 1 ñ öåíòðîì â íà÷àëå êîîðäèíàò, ëåæàùèå â ïëîñêîñòè âòîðîé è
òðåòüåé êîîðäèíàòû, ñìîòðèòå ðèñ. 2.2. Âûáèðàÿ

h0
1 =




1

0

0


 h0

2 =



−√2/2
√

2/2

0


 h0

3 =



−√2/2

−√2/2

0


 h0

4 =




0

0

1


 h0

5 =




0

0

−1


 ,

ïîëó÷àåì, ÷òî óñëîâèå 2.1 âûïîëíåíî, ñìîòðèòå ðèñ. 2.3. Èç òåîðåìû 2.1
ñëåäóåò

Ó ò â å ð æ ä å í è å 2.1. Â èãðå Γ âîçìîæíà ïîèìêà.
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v

v

v
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Ï ð è ì å ð 2.2. Â Rν ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó Γ n+1 ëèö: n
ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è óáåãàþùåãî E. Ïóñòü óðàâíåíèå (2.3) èìååò
âèä

z
(6)
i + 14z

(4)
i + 49z̈i + 36zi = ui − v.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ6 + 14λ4 + 49λ2 + 36 = 0

ðàâíû ±ι, ±2ι, ±3ι è ïðåäïîëîæåíèå 2.1 âûïîëíåíî.
Ó ò â å ð æ ä å í è å 2.2. Ïóñòü 0 ∈ Intco{Z0

i }. Òîãäà â èãðå Γ âîçìîæíà
ïîèìêà.

Ó ò â å ð æ ä å í è å 2.3. Ïóñòü ν = 2 è n = 2. Òîãäà â èãðå Γ âîçìîæíà
ïîèìêà èç ëþáûõ íà÷àëüíûõ ïîçèöèé.
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�1.3. Ïîèìêà çàäàííîãî ÷èñëà óáåãàþùèõ â ïðèìåðå Ïîíòðÿãèíà

Â ïðîñòðàíñòâå Rν (ν > 2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ

n + m ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em.

Äâèæåíèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

x
(l)
i + a1x

(l−1)
i + a2x

(l−2)
i + · · ·+ alxi = ui, ui ∈ V, (3.1)

çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä

y
(l)
j + a1y

(l−1)
j + a2y

(l−2)
j + · · ·+ alyj = vj, vj ∈ V, (3.2)

ãäå xi, yj, ui, vj ∈ Rν, a1, a2, . . . , al ∈ R1, V � ñòðîãî âûïóêëûé êîìïàêò Rν

òàêîé, ÷òî IntV 6= ∅. Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

x
(q)
i (0) = Xq

i , y
(q)
j (0) = Y q

j , ïðè÷åì X0
i 6= Y 0

j äëÿ âñåõ i, j.

Çäåñü è äàëåå

i ∈ I = {1, 2, . . . , n}, j ∈ J = {1, 2, . . . , m},

q = 0, 1, . . . , l − 1, Z0 = (Xq
i , Y

q
j ).

Öåëü ãðóïïû ïðåñëåäîâàòåëåé � "ïîéìàòü" íå ìåíåå r (1 6 r 6 m) óáå-
ãàþùèõ, ïðè óñëîâèè, ÷òî ñíà÷àëà óáåãàþùèå âûáèðàþò ñâîè óïðàâëåíèÿ
ñðàçó íà [0,∞), à çàòåì ïðåñëåäîâàòåëè, íà îñíîâå èíôîðìàöèè î âûáîðå
óáåãàþùèõ, âûáèðàþò ñâîè óïðàâëåíèÿ, è, êðîìå òîãî, êàæäûé ïðåñëåäîâà-
òåëü ìîæåò "ïîéìàòü" íå áîëåå îäíîãî óáåãàþùåãî. Ñ÷èòàåì, ÷òî n > r.

Âìåñòî (3.1), (3.2) ðàññìîòðèì óðàâíåíèå

z
(l)
ij + a1z

(l−1)
ij + a2z

(l−2)
ij + · · ·+ alzij = ui − vj (3.3)

ñ íà÷àëüíûìè óñëîâèÿìè

z
(q)
ij (0) = Zq

ij = Xq
i − Y q

j .
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Îïðåäåëåíèå 3.1. Óïðàâëåíèÿ ui(t), vj(t) èç êëàññà èçìåðèìûõ ôóíê-
öèé, óäîâëåòâîðÿþùèå ñîîòâåòñòâåííî îãðàíè÷åíèÿì èç (3.1), (3.2) íà-
çûâàþòñÿ äîïóñòèìûìè.

Îïðåäåëåíèå 3.2. Â èãðå Γ âîçìîæíà ïîèìêà, åñëè ñóùåñòâóåò ìî-
ìåíò T0 = T0(Z0), ÷òî äëÿ ëþáîé ñîâîêóïíîñòè äîïóñòèìûõ óïðàâëåíèé
vj(t) íàéäóòñÿ äîïóñòèìûå óïðàâëåíèÿ

ui(t) = ui

(
t, Z0, vj(s), s ∈ [0,∞)

)

îáëàäàþùèå ñëåäóþùèì ñâîéñòâîì: ñóùåñòâóþò ìíîæåñòâà

N ⊂ I, M ⊂ J, |N | = |M | = r

òàêèå, ÷òî êàæäûé óáåãàþùèé Eβ, β ∈ M ëîâèòñÿ íå ïîçäíåå ìîìåíòà T0

íåêîòîðûì ïðåñëåäîâàòåëåì Pα, α ∈ N, ïðè÷åì åñëè ïðåñëåäîâàòåëü Pα ëî-
âèò óáåãàþùåãî Eβ, òî îñòàëüíûå óáåãàþùèå ñ÷èòàþòñÿ èì íå ïîéìàí-
íûìè. Âûðàæåíèå "ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî Eβ" îçíà÷àåò,
÷òî äëÿ íåêîòîðîãî ταβ ∈ [0, T0] âûïîëíåíî zαβ(ταβ) = 0.

×åðåç ϕq îáîçíà÷èì ðåøåíèå óðàâíåíèÿ

ω(l) + a1ω
(l−1) + a2ω

(l−2) + · · ·+ alω = 0

ñ íà÷àëüíûìè óñëîâèÿìè

ω(0) = 0, . . . , ω(q−1)(0) = 0, ω(q)(0) = 1, ω(q+1)(0) = 0, . . . , ω(l−1)(0) = 0.

Ïðåäïîëîæåíèå 3.1. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λl + a1λ
l−1 + a2λ

l−2 + · · ·+ al = 0 (3.4)

ÿâëÿþòñÿ ïðîñòûìè è ÷èñòî ìíèìûìè.
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Îáîçíà÷èì êîðíè óðàâíåíèÿ (3.4) ÷åðåç

±b1ι,±b2ι, . . . ,±bpι (0 < b1 < b2 < · · · < bp, 2p = l).

Ïóñòü äàëåå,

ξij(t) = ϕ0(t)Z
0
ij + ϕ1(t)Z

1
ij + · · ·+ ϕl−1(t)Z

l−1
ij

è òàê êàê êàæäàÿ èç ôóíêöèé ϕq èìååò âèä

ϕq(t) =

p∑

k=1

(
ck cos bkt + sk sin bkt

)
, ãäå ck, sk ∈ R1,

òî âñå ôóíêöèè ξij ïðåäñòàâèìû â âèäå

ξij(t) =

p∑

k=1

(
Ck cos bkt + Sk sin bkt

)
, ãäå Ck, Sk ∈ Rν.

Ñ÷èòàåì, ÷òî ξij(t) 6= 0 äëÿ âñåõ i, j, t > 0, èáî åñëè ξαβ(τ) = 0 ïðè
íåêîòîðûõ α ∈ I, β ∈ J, τ > 0, òî ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî Eβ

ê ìîìåíòó τ, ïîëàãàÿ uα(t) = vβ(t), t ∈ [0, τ ].

Îáîçíà÷èì ÷åðåç Hij êðèâûå

Hij = {ξij(t), t ∈ [0,∞)}.

Óñëîâèå 3.1. Èìååò ìåñòî âêëþ÷åíèå

0 ∈ Intco{Hi1}.

Èç óñëîâèÿ 3.1 ñëåäóåò, ÷òî ìîæíî âûáðàòü òî÷êè, ïðèíàäëåæàùèõ ñîâî-
êóïíîñòè êðèâûõ Hi1 (ïðè ýòîì íà êàæäîé êðèâîé èç ñîâîêóïíîñòè áåðåòñÿ
îäíà èëè íåñêîëüêî òî÷åê), âíóòðåííîñòü âûïóêëîé îáîëî÷êè êîòîðûõ ñî-
äåðæèò íà÷àëî êîîðäèíàò. Òàêèì îáðàçîì, åñëè èìååò ìåñòî óñëîâèå 3.1, òî
ñïðàâåäëèâî
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Óñëîâèå 3.2. Ñóùåñòâóþò h0
iqi
∈ Hi1 òàêèå, ÷òî

0 ∈ Intco{h0
iqi
}.

Â óñëîâèè 3.2 è äàëåå

qi ∈ Li = {1, 2, . . . , li}, σ = l1 + l2 + · · ·+ ln.

Èç ëåììû 2.1 ñëåäóåò, ÷òî åñëè âûïîëíåíî óñëîâèå 3.2, òî ïðè íåêîòîðîì
çíà÷åíèè ε > 0 âûïîëíåíî

Óñëîâèå 3.3. Äëÿ ëþáûõ hiqi
∈ D(h0

iqi
, ε)

0 ∈ Intco{hiqi
}.

Òàê êàê ôóíêöèè ξi1 ÿâëÿþòñÿ ïî÷òè ïåðèîäè÷åñêèìè, òî ñóùåñòâóåò ÷èñ-
ëî T (ε) > 0, äëÿ êîòîðîãî âûïîëíåíî

Óñëîâèå 3.4. Äëÿ âñåõ t > 0 íàéäóòñÿ τiqi
∈ [t, t + T (ε)), ÷òî

ξi1(τiqi
) ∈ D(h0

iqi
, ε).

Ñ÷èòàåì, ÷òî h0
iqi

, ε > 0 è T (ε) âûáðàíû èñõîäÿ èç óñëîâèé 3.2, 3.3 è 3.4.
Îïðåäåëèì ôóíêöèè ψ, λ, Q

ψ(t) =





1, åñëè ϕl−1(t) > 0

−1, â ïðîòèâíîì ñëó÷àå,
λ(v, ψ, h) = sup {λ : λ > 0, (v − λψh) ∈ V } ,

Q(t, h) =

t∫

0

|ϕl−1(t− s)|λ(v1(s), ψ(t− s), h)ds.

Ïîëîæèì
d = (h11, h12, . . . , h1l1, h21, h22, . . . , h2l2, . . . . . . , hn1, hn2, . . . , hnln),

D = D(h0
11, ε)×D(h0

12, ε)× · · · ×D(h0
1l1

, ε)×
D(h0

21, ε)×D(h0
22, ε)× · · · ×D(h0

2l2
, ε)× · · · · · · ×

D(h0
n1, ε)×D(h0

n2, ε)× · · · ×D(h0
nln

, ε).
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Ë å ì ì à 3.1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 3.1 è óñëîâèå 3.1. Òîãäà
ñóùåñòâóåò ìîìåíò T òàêîé, ÷òî äëÿ êàæäûõ äîïóñòèìîãî óïðàâëåíèÿ
v1(t) è d ∈ D íàéäóòñÿ íîìåðà α ∈ I è g ∈ Lα, ÷òî Q(T, hαg) > 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèé ëåììû ñëåäóåò, ÷òî âûïîëíåíî
óñëîâèå 3.3, ïîýòîìó, äëÿ ïðîèçâîëüíîãî d ∈ D,

δ±1(d) = min
v∈V

max
i∈I, qi∈Li

λ(v,±1, hiqi
) > 0.

Òàê êàê ôóíêöèÿ λ íåïðåðûâíà, òî

lim
d∗→d

δ±1(d
∗) = lim

d∗→d
min
v∈V

max
i∈I, qi∈Li

λ(v,±1, h∗iqi
) =

= min
v∈V

max
i∈I, qi∈Li

λ(v,±1, hiqi
) = δ±1(d),

ñëåäîâàòåëüíî è ôóíêöèè δ±1 ÿâëÿþòñÿ íåïðåðûâíûìè, ó÷èòûâàÿ åùå, ÷òî
ìíîæåñòâî D êîìïàêò, ïîëó÷èì

δ = min
d∈D

min
ψ∈{1,−1}

min
v∈V

max
i∈I, qi∈Li

λ(v, ψ, hiqi
) = min

d∈D
{δ+1(d), δ−1(d)} > 0.

Äàëåå,

max
i∈I, qi∈Li

Q(t, hiqi
) = max

i∈I, qi∈Li

t∫

0

|ϕl−1(t− s)|λ(v1(s), ψ(t− s), hiqi
)ds >

> 1

σ

t∫

0

|ϕl−1(t− s)|
∑

i∈I, qi∈Li

λ(v1(s), ψ(t− s), hiqi
)ds > δ

σ

t∫

0

|ϕl−1(t− s)|ds.

Òàêèì îáðàçîì, äëÿ ìîìåíòà T, îïðåäåëÿåìîãî èç óñëîâèÿ

δ

σ

T∫

0

|ϕl−1(T − s)|ds > 1,

è íåêîòîðûõ α ∈ I, g ∈ Lα âûïîëíåíî Q(T, hαg) > 1.

Ëåììà äîêàçàíà.
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Ïóñòü

T1 = T1(Z0) = min{t > 0 : inf
v1(·)

min
d∈D

max
i∈I, qi∈Ki

Q(t, hiqi
) > 1}.

Â ñèëó ëåììû 3.1 T1 < ∞.

Ò å î ð å ì à 3.1. Ïóñòü m = r = 1, âûïîëíåíû ïðåäïîëîæåíèå 3.1 è
óñëîâèå 3.1. Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî ôîðìóëå Êîøè äëÿ âñåõ t > 0

zi1(t) = ξi1(t) +

t∫

0

ϕl−1(t− s)(ui(s)− v1(s))ds.

Ïóñòü v1(τ), 0 6 τ 6 T0 = T1 + T (ε) � ïðîèçâîëüíîå äîïóñòèìîå óïðàâ-
ëåíèå óáåãàþùåãî E1 è t1 � íàèìåíüøèé ïîëîæèòåëüíûé êîðåíü ôóíêöèè

F (t) = 1− max
i∈I, qi∈Ki

t∫

0

|ϕl−1(τiqi
− s)|λ(v1(s), ψ(τiqi

− s), ξi1(τiqi
))ds, (3.5)

ãäå τiqi
∈ [T1, T0) âûáðàíû òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå 3.4. Îòìåòèì, ÷òî

t1 6 τiqi
, ò.ê. â ñèëó ëåììû 3.1 F (τiqi

) 6 0. Ïóñòü α ∈ I, g ∈ Lα òå íîìåðà,
íà êîòîðûõ â ôîðìóëå (3.5) â ìîìåíò t1 äîñòèãàåòñÿ ìàêñèìóì (ðàâíûé 1).

Çàäàåì óïðàâëåíèå ïðåñëåäîâàòåëÿ Pα ñëåäóþùèì îáðàçîì:

uα(t) = v1(t)− λ(v1(t), ψ(ταg − t), ξα1(ταg))ψ(ταg − t)ξα1(ταg), t ∈ [0, T0],

ãäå ñ÷èòàåì, ÷òî λ(v1(t), ψ(ταg − t), ξα1(ταg)) = 0 ïðè t ∈ [t1, T0]. Óïðàâëåíèå
îñòàëüíûõ ïðåñëåäîâàòåëåé çàäàåì ïðîèçâîëüíûì îáðàçîì. Òîãäà, ñ ó÷åòîì
ôîðìóëû Êîøè, èìååì

zα1(ταg) = ξα1(ταg)
(
1−

t1∫

0

|ϕl−1(ταg − s)|λ(v1(s), ψ(ταg − s), ξα1(ταg))ds
)
.
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Â ñèëó îïðåäåëåíèÿ t1 è âûáîðà α ∈ I, g ∈ Kα âûðàæåíèå â ñêîáêàõ îáðà-
ùàåòñÿ â íîëü, ïîýòîìó zα1(ταg) = 0.

Òåîðåìà äîêàçàíà.
Óñëîâèå 3.5. Íà÷àëüíûå ïîçèöèè ó÷àñòíèêîâ òàêîâû, ÷òî

0 ∈ Intco{Z0
i1}.

Ñ ë å ä ñ ò â è å 3.1. Ïóñòü m = r = 1, âûïîëíåíû ïðåäïîëîæåíèå 3.1
è óñëîâèå 3.5. Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. Â êà÷åñòâå h0
i1 â óñëîâèè 3.2 âîçüìåì

Z0
i1 = ξi1(0) ∈ Hi1. Óñëîâèå 3.2 âëå÷åò âûïîëíåíèå óñëîâèÿ 3.1. Îñòàëîñü

ïðèìåíèòü òåîðåìó 3.1.
Ñëåäñòâèå äîêàçàíî.
Ñ ë å ä ñ ò â è å 3.2. Ïóñòü m = r = 1, âûïîëíåíî ïðåäïîëîæåíèå 3.1,

ν = 2 è n = 1. Òîãäà â èãðå Γ âîçìîæíà ïîèìêà èç ëþáûõ íà÷àëüíûõ
ïîçèöèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç âòîðîãî óòâåðæäåíèÿ ëåììû 1.2 ñëåäóåò,
÷òî âûïîëíåíî óñëîâèå 3.1. Òåïåðü âîñïîëüçóåìñÿ òåîðåìîé 3.1.

Ñëåäñòâèå äîêàçàíî.
Óñëîâèå 3.6. Äëÿ êàæäîãî k ∈ {0, 1, . . . , r − 1} âåðíî ñëåäóþùåå:

äëÿ ëþáîãî ìíîæåñòâà N ⊂ I, |N | = n − k íàéäåòñÿ òàêîå ìíîæåñòâî
M ⊂ J, |M | = r − k, ÷òî äëÿ âñåõ β ∈ M

0 ∈ Intco{Hαβ, α ∈ N}.

Ò å î ð å ì à 3.2. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 3.1 è óñëîâèå 3.6.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.
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Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì, ÷òî ëþáûå n − k ïðåñëåäîâàòåëåé
ëîâÿò íå ìåíåå r−k óáåãàþùèõ, ãäå k ∈ {0, 1, . . . , r−1}. Ïðè k = 0 ïîëó÷èì
óòâåðæäåíèå òåîðåìû.

Ïóñòü k = r−1 è N ⊂ I, |N | = n−k. Â ñèëó óñëîâèÿ 3.6 ïî N ñóùåñòâóåò
β ∈ J òàêîé, ÷òî 0 ∈ Intco{Hαβ, α ∈ N}. Èç òåîðåìû 3.1 ñëåäóåò, ÷òî
ïðåñëåäîâàòåëè Pα, α ∈ N ëîâÿò óáåãàþùåãî Eβ.

Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå äîêàçàíî äëÿ âñåõ k > k0 + 1.

Äîêàæåì óòâåðæäåíèå ïðè k = k0. Ïóñòü N ⊂ I, |N | = n − k0. Òîãäà
ñóùåñòâóåò M ⊂ J, |M | = r − k0, ÷òî

0 ∈ Intco{Hαβ, α ∈ N} äëÿ ëþáîãî β ∈ M.

Äëÿ âñåõ β ∈ M îïðåäåëèì ìíîæåñòâà

Jβ = {α ∈ N : ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî Eβ}.

Áóäåì ñ÷èòàòü, ÷òî

M = {1, 2, . . . , r − k0} è |J1| 6 |J2| 6 . . . 6 |Jr−k0
|.

Â ñèëó òåîðåìû 3.1 Jβ 6= ∅ äëÿ âñåõ β ∈ M.

Âîçìîæíû äâà ñëó÷àÿ:
1)

∣∣∣
n1⋃

β=1
Jβ

∣∣∣> n1 äëÿ ëþáîãî n1 = 1, 2, . . . , r − k0.

Ïî òåîðåìå 1.1(Õîëëà) äëÿ ìíîæåñòâ Jβ ñóùåñòâóåò ñèñòåìà ðàçëè÷íûõ
ïðåäñòàâèòåëåé, ò.å. ñóùåñòâóþò ïîïàðíî ðàçëè÷íûå αβ ∈ N, β ∈ M òà-
êèå, ÷òî αβ ∈ Jβ. Òàêèì îáðàçîì, äîêàçàíî, ÷òî ïðåñëåäîâàòåëü Pαβ

ëîâèò
óáåãàþùåãî Eβ, β ∈ M è óòâåðæäåíèå â ýòîì ñëó÷àå ñïðàâåäëèâî.
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2) Ñóùåñòâóåò n1 ∈ {1, 2, . . . , r−k0}, ÷òî
∣∣∣

n1⋃
β=1

Jβ

∣∣∣< n1. Ïóñòü n1 � íàèìåíü-

øåå èç íàòóðàëüíûõ ÷èñåë, óäîâëåòâîðÿþùèõ äàííîìó ñâîéñòâó. Îòìåòèì,
÷òî n1 > 1 è

∣∣∣
n2⋃

β=1
Jβ

∣∣∣> n2 äëÿ âñåõ n2 ∈ {1, 2, . . . , n1 − 1}. Ïðè n2 = n1 − 1

èìååì ñèñòåìó íåðàâåíñòâ
∣∣∣

n1⋃

β=1

Jβ

∣∣∣< n1,
∣∣∣
n1−1⋃

β=1

Jβ

∣∣∣> n1 − 1.

Îòñþäà
∣∣∣

n1⋃
β=1

Jβ

∣∣∣= n1−1. Ðàññìîòðèì ìíîæåñòâî N1 = N \
n1⋃

β=1
Jβ. Ìíîæåñòâî

N1 íå ïóñòî, òàê êàê

|N | = n− k0,
∣∣∣

n1⋃

β=1

Jβ

∣∣∣= n1 − 1, n1 ∈ {1, 2, . . . , r − k0}, n > r.

Ïî ïðåäïîëîæåíèþ äëÿ ÷èñëà k = k0 + n1 − 1 ñóùåñòâóåò ìíîæåñòâî
M1 ⊂ J, |M1| = r − (k0 + n1 − 1), ÷òî ïðåñëåäîâàòåëè Pα, α ∈ N1 ëîâÿò
óáåãàþùèõ Eβ, β ∈ M1, ïðè÷åì {1, 2, . . . , n1 − 1} ∩M1 = ∅, èáî â ïðîòèâíîì
ñëó÷àå ñóùåñòâîâàë áû íîìåð α ∈ N1 òàêîé, ÷òî ïðåñëåäîâàòåëü Pα ëîâèò
óáåãàþùåãî Eβ, ãäå β ∈ {1, 2, . . . , n1 − 1}, ÷òî ïðîòèâîðå÷èò ïîñòðîåíèþ
ìíîæåñòâà N1.∣∣∣

n2⋃
β=1

Jβ

∣∣∣> n2 äëÿ âñåõ n2 ∈ {1, 2, . . . , n1−1}, ïðèìåíÿÿ òåîðåìó 1.1(Õîëëà),

ïîëó÷èì, ÷òî äëÿ Jβ ñóùåñòâóåò ñèñòåìà ðàçëè÷íûõ ïðåäñòàâèòåëåé, ò.å.
ñóùåñòâóþò ïîïàðíî ðàçëè÷íûå αβ ∈ Jβ, ãäå β = 1, 2, . . . , n1 − 1. Çíà÷èò

ïðåñëåäîâàòåëè Pα, ãäå α ∈
n1−1⋃
β=1

Jβ ëîâÿò íå ìåíåå n1 − 1 óáåãàþùèõ.

Òàêèì îáðàçîì, âñå ïðåñëåäîâàòåëè ëîâÿò íå ìåíåå

(r − (k0 + n1 − 1)) + (n1 − 1) = r − k0

óáåãàþùèõ.
Òåîðåìà äîêàçàíà.
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Óñëîâèå 3.7. Äëÿ êàæäîãî k ∈ {0, 1, . . . , r − 1} âåðíî ñëåäóþùåå:
äëÿ ëþáîãî ìíîæåñòâà N ⊂ I, |N | = n − k íàéäåòñÿ òàêîå ìíîæåñòâî
M ⊂ J, |M | = r − k, ÷òî äëÿ âñåõ β ∈ M

0 ∈ Intco{Z0
αβ, α ∈ N}.

Ñ ë å ä ñ ò â è å 3.3. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 3.1 è óñëîâèå 3.7.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. Z0
αβ = ξαβ(0) ∈ Hαβ, ïîýòîìó óñëîâèå 3.7 âëå÷åò

ñïðàâåäëèâîñòü óñëîâèÿ 3.6, âîñïîëüçóåìñÿ òåîðåìîé 3.2.
Ñëåäñòâèå äîêàçàíî.
Ï ð è ì å ð 3.1. Â R3 ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó Γ 3 ëèö:

2 ïðåñëåäîâàòåëåé P1, P2 è óáåãàþùåãî E1, öåëü ïðåñëåäîâàòåëåé � "ïîéìàòü"
óáåãàþùåãî (m = r = 1). Óðàâíåíèå (3.3) è íà÷àëüíûå óñëîâèÿ èìåþò âèä

z̈i1 + zi1 = ui − v1,

Z0
11 =




1

0

0


 , Z0

21 =




0

0

1


 , Z1

i1 =




0

1

0


 , i = 1, 2.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ2 + 1 = 0

ðàâíû ±ι è ïðåäïîëîæåíèå 3.1 âûïîëíåíî. Çäåñü óñëîâèå 3.5 íå âûïîëíåíî.
Ïîêàæåì, ÷òî èìååò ìåñòî óñëîâèå 3.1, ò.ê.

ξi1(t) = Z0
i1 cos t + Z1

i1 sin t,

òî H11 � ýòî îêðóæíîñòü ðàäèóñà 1 ñ öåíòðîì â íà÷àëå êîîðäèíàò, ëåæàùàÿ
â ïëîñêîñòè ïåðâîé è âòîðîé êîîðäèíàòû, H21 � ýòî îêðóæíîñòü ðàäèóñà
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1 ñ öåíòðîì â íà÷àëå êîîðäèíàò, ëåæàùàÿ â ïëîñêîñòè âòîðîé è òðåòüåé
êîîðäèíàòû. Ïîëó÷àåì, ÷òî óñëîâèå 3.1 âûïîëíåíî, ñìîòðèòå ðèñ. 3.1. Èç
òåîðåìû 3.1 ñëåäóåò

Ó ò â å ð æ ä å í è å 3.1. Â èãðå Γ âîçìîæíà ïîèìêà.

-

6

¡
¡

¡
¡

¡
¡

¡
¡ª

ïåðâàÿ êîîðäèíàòà

âòîðàÿ êîîðäèíàòà

òðåòüÿ êîîðäèíàòà

v

v

v

H21

Z0
21

Z1
21H11

Z0
11

Z1
11

Ðèñ. 3.1

Ï ð è ì å ð 3.2. Â Rν ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó Γ n + 1 ëèö:
n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è óáåãàþùåãî E1, öåëü ïðåñëåäîâàòåëåé �
"ïîéìàòü" óáåãàþùåãî (m = r = 1). Ïóñòü óðàâíåíèå (3.3) èìååò âèä

z
(6)
i + 14z

(4)
i + 49z̈i + 36zi = ui − v.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ6 + 14λ4 + 49λ2 + 36 = 0

ðàâíû ±ι, ±2ι, ±3ι è ïðåäïîëîæåíèå 3.1 âûïîëíåíî.
Ó ò â å ð æ ä å í è å 3.2. Ïóñòü 0 ∈ Intco{Z0

i1}. Òîãäà â èãðå Γ âîçìîæ-
íà ïîèìêà.

46



Ó ò â å ð æ ä å í è å 3.3. Ïóñòü ν = 2 è n = 1. Òîãäà â èãðå Γ âîçìîæíà
ïîèìêà èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Ï ð è ì å ð 3.3. Â R3 ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó Γ 5 ëèö:
3 ïðåñëåäîâàòåëåé P1, P2, P3 è 2 óáåãàþùèõ E1, E2, öåëü ïðåñëåäîâàòåëåé �
"ïîéìàòü" âñåõ óáåãàþùèõ (r = 2). Óðàâíåíèå (3.3) è íà÷àëüíûå óñëîâèÿ
èìåþò âèä

z̈ij + zij = ui − vj,

Z0
1j =




1

0

0


 , Z1

1j =




0

1

0


 , Z0

2j =




0

0

1


 , Z1

2j =




0

1

0


 ,

Z0
3j =




1

0

0


 , Z1

3j =




0

0

1


 , i = 1, 2, 3, j = 1, 2.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ2 + 1 = 0

ðàâíû ±ι è ïðåäïîëîæåíèå 3.1 âûïîëíåíî. Çäåñü óñëîâèå 3.7 íå âûïîëíåíî
(Intco{Z0

ij} = ∅). Ïîêàæåì, ÷òî èìååò ìåñòî óñëîâèå 3.6, ò.ê.

ξij(t) = Z0
ij cos t + Z1

ij sin t,

òî H1j � ýòî îêðóæíîñòè ðàäèóñà 1 ñ öåíòðîì â íà÷àëå êîîðäèíàò, ëåæàùèå
â ïëîñêîñòè ïåðâîé è âòîðîé êîîðäèíàòû, H2j � ýòî îêðóæíîñòè ðàäèóñà
1 ñ öåíòðîì â íà÷àëå êîîðäèíàò, ëåæàùèå â ïëîñêîñòè âòîðîé è òðåòüåé
êîîðäèíàòû, H3j � ýòî îêðóæíîñòè ðàäèóñà 1 ñ öåíòðîì â íà÷àëå êîîðäèíàò,
ëåæàùèå â ïëîñêîñòè ïåðâîé è òðåòüåé êîîðäèíàòû. Ïðîâåðÿÿ, ïîëó÷àåì,
÷òî óñëîâèå 3.6 âûïîëíåíî, ñìîòðèòå ðèñ. 3.2. Èç òåîðåìû 3.2 ñëåäóåò

Ó ò â å ð æ ä å í è å 3.4. Â èãðå Γ âîçìîæíà ïîèìêà.
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âòîðàÿ êîîðäèíàòà

òðåòüÿ êîîðäèíàòà

v

v

v

H2j

Z0
2j, Z

1
3j

Z1
1j, Z

1
2j

H1j

H3j

Z0
1j, Z

0
3j

Ðèñ. 3.2

Ï ð è ì å ð 3.4. Â R2 ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó Γ 6 ëèö: 4
ïðåñëåäîâàòåëåé P1, P2, P3, P4 è 2 óáåãàþùèõ E1, E2, öåëü ïðåñëåäîâàòåëåé �
"ïîéìàòü" âñåõ óáåãàþùèõ (r = 2). Óðàâíåíèå (3.3) è íà÷àëüíûå óñëîâèÿ
èìåþò âèä

z
(4)
ij + 5z̈ij + 4zij = ui − vj,

Z0
ij = X0

i − Y 0
j , Z1

ij, Z2
ij è Z3

ij � çàäàíû ïðîèçâîëüíî, i = 1, 2, 3, 4, j = 1, 2,

ãäå X0
i è Y 0

j âûáðàíû òàê, ÷òîáû èõ âçàèìíîå ðàñïîëîæåíèå áûëî òàêèì
êàê íà ðèñ. 3.3 (Y 0

j ïðèíàäëåæàò âíóòðåííîñòè ñîîòâåòñòâóþùèõ òðåóãîëü-
íèêîâ). Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ4 + 5λ2 + 4 = 0

ðàâíû ±ι, ±2ι è ïðåäïîëîæåíèå 3.1 âûïîëíåíî. Ïðîâåðÿÿ, ïîëó÷àåì, ÷òî
óñëîâèå 3.7 âûïîëíåíî, ñìîòðèòå ðèñ. 3.3.

Ó ò â å ð æ ä å í è å 3.5. Â èãðå Γ âîçìîæíà ïîèìêà.

48



vX0
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vX0
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1 vY 0
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Ðèñ. 3.3
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�1.4. Êîëåáàòåëüíûé êîíôëèêòíî óïðàâëÿåìûé ïðîöåññ ñ îäíèì
óáåãàþùèì

Â ïðîñòðàíñòâå Rν (ν > 2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ

n+1 ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è óáåãàþùåãî E. Äâèæåíèå êàæ-
äîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

ẋi = Axi + ui, ui ∈ V, (4.1)

çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

ẏ = Ay + v, v ∈ V, (4.2)

ãäå xi, y, ui, v ∈ Rν, A � ïîñòîÿííàÿ êâàäðàòíàÿ ïîðÿäêà ν ìàòðèöà,
V � ñòðîãî âûïóêëûé êîìïàêò Rν òàêîé, ÷òî IntV 6= ∅. Ïðè t = 0 çàäà-
íû íà÷àëüíûå óñëîâèÿ

xi(0) = X0
i , y(0) = Y 0, ïðè÷åì X0

i 6= Y 0 äëÿ âñåõ i.

Çäåñü è äàëåå
i ∈ I = {1, 2, . . . , n}, Z0 = (X0

i , Y
0).

Âìåñòî (4.1), (4.2) ðàññìîòðèì óðàâíåíèå

żi = Azi + ui − v (4.3)

ñ íà÷àëüíûìè óñëîâèÿìè

zi(0) = Z0
i = X0

i − Y 0.

Îïðåäåëåíèå 4.1. Óïðàâëåíèÿ ui(t), v(t) èç êëàññà èçìåðèìûõ ôóíêöèé,
óäîâëåòâîðÿþùèå ñîîòâåòñòâåííî îãðàíè÷åíèÿì èç (4.1), (4.2) íàçûâàþò-
ñÿ äîïóñòèìûìè.
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Îïðåäåëåíèå 4.2. Â èãðå Γ âîçìîæíà ïîèìêà, åñëè ñóùåñòâóåò ìî-
ìåíò T0 = T0(Z0), ÷òî äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ v(t) íàéäóòñÿ
äîïóñòèìûå óïðàâëåíèÿ

ui(t) = ui(t, Z0, v(t))

òàêèå, ÷òî äëÿ íåêîòîðûõ τ ∈ [0, T0], α ∈ I âûïîëíåíî zα(τ) = 0.

Ïóñòü Φ � ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû

ω̇ = Aω

òàêàÿ, ÷òî Φ(0) = I. Ñ÷èòàåì, ÷òî Φ(t)Z0
i 6= 0 äëÿ âñåõ i, t > 0, èáî åñ-

ëè Φ(τ)Z0
α = 0 ïðè íåêîòîðûõ α ∈ I, τ > 0, òî ïðåñëåäîâàòåëü Pα ëîâèò

óáåãàþùåãî E ê ìîìåíòó τ, ïîëàãàÿ uα(t) = v(t), t ∈ [0, τ ].

Ïðåäïîëîæåíèå 4.1. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

det(A− λI) = 0 (4.4)

ÿâëÿþòñÿ ïðîñòûìè è ÷èñòî ìíèìûìè.
Îáîçíà÷èì êîðíè óðàâíåíèÿ (4.4) ÷åðåç

±b1ι,±b2ι, . . . ,±bpι (0 < b1 < b2 < · · · < bp, 2p = ν).

Óñëîâèå 4.1. Íà÷àëüíûå ïîçèöèè ó÷àñòíèêîâ òàêîâû, ÷òî

0 ∈ Intco{Z0
i }.

Èç ëåììû 2.1 ñëåäóåò, ÷òî åñëè âûïîëíåíî óñëîâèå 4.1, òî ïðè íåêîòîðîì
çíà÷åíèè ε > 0 âûïîëíåíî

Óñëîâèå 4.2. Äëÿ ëþáûõ hi ∈ D(Z0
i , 2ε)

0 ∈ Intco{hi}.
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Ñ÷èòàåì, ÷òî ε > 0 âûáðàíî èñõîäÿ èç óñëîâèÿ 4.2.
Îïðåäåëèì ôóíêöèè λ, Ji

λ(v, h) = sup {λ : λ > 0, (v − λh) ∈ V } ,

Ji(t) =

t∫

0

λ(v(s), Φ(s)Z0
i )ds.

Ë å ì ì à 4.1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 4.1 è óñëîâèå 4.1. Òîãäà
ñóùåñòâóåò ìîìåíò T òàêîé, ÷òî äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ
v(t) íàéäåòñÿ íîìåð α ∈ I, ÷òî Jα(T ) > 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó ïðåäïîëîæåíèÿ 4.1 êàæäàÿ èç ôóíêöèé
Φ(t)Z0

i ïðåäñòàâèìà â âèäå
p∑

k=1

(
Ck cos bkt + Sk sin bkt

)
, ãäå Ck, Sk ∈ Rν. (4.5)

Èç (4.5) ñëåäóåò, ÷òî ôóíêöèè Φ(t)Z0
i ÿâëÿþòñÿ ïî÷òè ïåðèîäè÷åñêèìè.

Èç ïîñëåäíåãî, ñ ó÷åòîì òîãî, ÷òî

Φ(0)Z0
i = Z0

i ∈ IntD(Z0
i , ε),

ñëåäóåò, ÷òî ñóùåñòâóåò T (ε) > 0 òàêîå, ÷òî äëÿ âñåõ k = 0, 1, 2, . . . íàéäåòñÿ
ìîìåíò τk ∈ [T (ε)k, T (ε)(k + 1)) îáëàäàþùèé ñâîéñòâîì

Φ(τk)Z
0
i ∈ D(Z0

i , ε) äëÿ âñåõ i.

Ââåäåì îáîçíà÷åíèÿ

Ωk = {t : Φ(t)Z0
i ∈ D(Z0

i , 2ε), t ∈ [τk, τk+1)}, Ω =
∞⋃

k=1

Ωk,

µ(G)� ìåðà Ëåáåãà G ⊂ R1, dist(D1, D2) = inf
d1∈D1, d2∈D2

‖d1 − d2‖.
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Èç (4.5) ñëåäóåò, ÷òî ôóíêöèè d

dt
(Φ(t)Z0

i ) òàêæå ïðåäñòàâèìû â âèäå (4.5),
çíà÷èò îíè îãðàíè÷åíû, ò.å. íàéäåòñÿ ïîëîæèòåëüíîå ÷èñëî M òàêîå, ÷òî

∥∥∥∥
d

dt
(Φ(t)Z0

i )

∥∥∥∥ 6 M äëÿ âñåõ i, t > 0.

Òàê êàê dist
(
∂D(Z0

i , ε), ∂D(Z0
i , 2ε)

)
= ε, òî äëÿ âñåõ k = 0, 1, 2, . . .

µ(Ωk) > µ
({t : Φ(t)Z0

i ∈ D(Z0
i , 2ε)\IntD(Z0

i , ε), t ∈ [τk, τk+1)}
)
> ε

M
,

ñëåäîâàòåëüíî µ(Ω) = ∞.

Äëÿ ëþáîãî

d = (h1, h2, . . . , hn) ∈ D = D(Z0
1 , 2ε)×D(Z0

2 , 2ε)× · · · ×D(Z0
n, 2ε),

ó÷èòûâàÿ óñëîâèå 4.2, ïîëó÷àåì, ÷òî

ρ(d) = min
v∈V

max
i∈I

λ(v, hi) > 0.

Òàê êàê ôóíêöèÿ λ íåïðåðûâíà, òî

lim
d∗→d

ρ(d∗) = lim
d∗→d

min
v∈V

max
i∈I

λ(v, h∗i ) = min
v∈V

max
i∈I

λ(v, hi) = ρ(d),

ñëåäîâàòåëüíî è ôóíêöèÿ ρ ÿâëÿåòñÿ íåïðåðûâíîé, ó÷èòûâàÿ åùå, ÷òî ìíî-
æåñòâî D êîìïàêò, ïîëó÷èì

r = min
d∈D

min
v∈V

max
i∈I

λ(v, hi) = min
d∈D

ρ(d) > 0.

Èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì, ÷òî âåëè÷èíà

δ = min
t∈Ω

min
v∈V

max
i∈I

λ(v, Φ(t)Z0
i ) > min

d∈D
min
v∈V

max
i∈I

λ(v, hi) = r > 0.

Èìååò ìåñòî ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ-íåðàâåíñòâ

max
i∈I

Ji(t) = max
i∈I

t∫

0

λ(v(s), Φ(s)Z0
i )ds > max

i∈I

∫

[0,t]
⋂

Ω

λ(v(s), Φ(s)Z0
i )ds >
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> 1

n

∫

[0,t]
⋂

Ω

∑

i∈I

λ(v(s), Φ(s)Z0
i )ds > 1

n

∫

[0,t]
⋂

Ω

δds =
δ

n
µ([0, t] ∩ Ω).

Îòìåòèì, ÷òî lim
t→∞

µ([0, t] ∩ Ω) = ∞, ò.ê. µ(Ω) = ∞. Òàêèì îáðàçîì, äëÿ
ìîìåíòà T, îïðåäåëÿåìîãî èç óñëîâèÿ

δ

n
µ([0, T ] ∩ Ω) > 1,

è íåêîòîðîãî α ∈ I âûïîëíåíî Jα(T ) > 1.

Ëåììà äîêàçàíà.
Ïóñòü

T0 = min{t > 0 : inf
v(·)

max
i∈I

Ji(t) > 1}.

Â ñèëó ëåììû 4.1 T0 < ∞.

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 4.1 è óñëîâèå 4.1.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî ôîðìóëå Êîøè äëÿ âñåõ t > 0

zi(t) = Φ(t)
(
Z0

i +

t∫

0

Φ−1(s)(ui(s)− v(s))ds
)
.

Ïóñòü v(τ), 0 6 τ 6 T0 � ïðîèçâîëüíîå äîïóñòèìîå óïðàâëåíèå óáåãàþùå-
ãî E è t1 � íàèìåíüøèé ïîëîæèòåëüíûé êîðåíü ôóíêöèè

F (t) = 1−max
i∈I

t∫

0

λ(v(s), Φ(s)Z0
i )ds.

Îòìåòèì, ÷òî, â ñèëó îïðåäåëåíèÿ T0, ìîìåíò t1 6 T0.

Çàäàåì óïðàâëåíèå ïðåñëåäîâàòåëåé Pi ñëåäóþùèì îáðàçîì:

ui(t) = v(t)− λ(v(t), Φ(t)Z0
i )Φ(t)Z0

i äëÿ âñåõ t ∈ [0, T0].
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Òîãäà, ñ ó÷åòîì ôîðìóëû Êîøè,

zi(t1) = Φ(t1)Z
0
i

(
1−

t1∫

0

λ(v(s), Φ(s)Z0
i )ds

)
.

Â ñèëó îïðåäåëåíèÿ t1, äëÿ íåêîòîðîãî α ∈ I âûðàæåíèå â ñêîáêàõ îáðàùà-
åòñÿ â íîëü, ïîýòîìó zα(t1) = 0.

Òåîðåìà äîêàçàíà.
Ï ð è ì å ð 4.1. Â Rν(ν = 2p, p > 1) ðàññìîòðèì äèôôåðåíöèàëüíóþ

èãðó Γ n + 1 ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è óáåãàþùåãî E. Ïóñòü
óðàâíåíèå (4.3) èìååò âèä

żi = Azi + ui − v, ãäå A =




0 −a1 0 0 · · · 0 0

a1 0 0 0 · · · 0 0

0 0 0 −a2 · · · 0 0

0 0 a2 0 · · · 0 0
... ... ... ... . . . ... ...
0 0 0 0 · · · 0 −ap

0 0 0 0 · · · ap 0




,

a1, a2, . . . , ap � íåêîòîðûå îòëè÷íûå îò íóëÿ è íå ñîâïàäàþùèå äðóã ñ äðóãîì
ïî àáñîëþòíîé âåëè÷èíå ÷èñëà. Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

det(A− λI) = (λ2 + a2
1)(λ

2 + a2
2) . . . (λ2 + a2

p) = 0

ðàâíû ±a1ι, ±a2ι, . . . ,±apι è ïðåäïîëîæåíèå 4.1 âûïîëíåíî.
Ó ò â å ð æ ä å í è å 4.1. Ïóñòü 0 ∈ Intco{Z0

i }. Òîãäà â èãðå Γ âîçìîæíà
ïîèìêà.
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�1.5. Ïîèìêà çàäàííîãî ÷èñëà óáåãàþùèõ â êîëåáàòåëüíîì
êîíôëèêòíî óïðàâëÿåìîì ïðîöåññå

Â ïðîñòðàíñòâå Rν (ν > 2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ

n + m ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em.

Äâèæåíèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

ẋi = Axi + ui, ui ∈ V, (5.1)

çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä

ẏj = Ayj + vj, vj ∈ V, (5.2)

ãäå xi, yj, ui, vj ∈ Rν, A � ïîñòîÿííàÿ êâàäðàòíàÿ ïîðÿäêà ν ìàòðèöà,
V � ñòðîãî âûïóêëûé êîìïàêò Rν òàêîé, ÷òî IntV 6= ∅. Ïðè t = 0 çàäà-
íû íà÷àëüíûå óñëîâèÿ

xi(0) = X0
i , yj(0) = Y 0

j , ïðè÷åì X0
i 6= Y 0

j äëÿ âñåõ i, j.

Çäåñü è äàëåå

i ∈ I = {1, 2, . . . , n}, j ∈ J = {1, 2, . . . , m}, Z0 = (X0
i , Y

0
j ).

Öåëü ãðóïïû ïðåñëåäîâàòåëåé � "ïîéìàòü" íå ìåíåå r (1 6 r 6 m) óáå-
ãàþùèõ, ïðè óñëîâèè, ÷òî ñíà÷àëà óáåãàþùèå âûáèðàþò ñâîè óïðàâëåíèÿ
ñðàçó íà [0,∞), à çàòåì ïðåñëåäîâàòåëè, íà îñíîâå èíôîðìàöèè î âûáîðå
óáåãàþùèõ, âûáèðàþò ñâîè óïðàâëåíèÿ, è, êðîìå òîãî, êàæäûé ïðåñëåäîâà-
òåëü ìîæåò "ïîéìàòü" íå áîëåå îäíîãî óáåãàþùåãî. Ñ÷èòàåì, ÷òî n > r.

Âìåñòî (5.1), (5.2) ðàññìîòðèì óðàâíåíèå

żij = Azij + ui − vj (5.3)
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ñ íà÷àëüíûìè óñëîâèÿìè

zij(0) = Z0
ij = X0

i − Y 0
j .

Îïðåäåëåíèå 5.1. Óïðàâëåíèÿ ui(t), vj(t) èç êëàññà èçìåðèìûõ ôóíê-
öèé, óäîâëåòâîðÿþùèå ñîîòâåòñòâåííî îãðàíè÷åíèÿì èç (5.1), (5.2) íà-
çûâàþòñÿ äîïóñòèìûìè.

Îïðåäåëåíèå 5.2. Â èãðå Γ âîçìîæíà ïîèìêà, åñëè ñóùåñòâóåò ìî-
ìåíò T0 = T0(Z0), ÷òî äëÿ ëþáîé ñîâîêóïíîñòè äîïóñòèìûõ óïðàâëåíèé
vj(t) íàéäóòñÿ äîïóñòèìûå óïðàâëåíèÿ

ui(t) = ui

(
t, Z0, vj(s), s ∈ [0,∞)

)

îáëàäàþùèå ñëåäóþùèì ñâîéñòâîì: ñóùåñòâóþò ìíîæåñòâà

N ⊂ I, M ⊂ J, |N | = |M | = r

òàêèå, ÷òî êàæäûé óáåãàþùèé Eβ, β ∈ M ëîâèòñÿ íå ïîçäíåå ìîìåíòà T0

íåêîòîðûì ïðåñëåäîâàòåëåì Pα, α ∈ N, ïðè÷åì åñëè ïðåñëåäîâàòåëü Pα ëî-
âèò óáåãàþùåãî Eβ, òî îñòàëüíûå óáåãàþùèå ñ÷èòàþòñÿ èì íå ïîéìàí-
íûìè. Âûðàæåíèå "ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî Eβ" îçíà÷àåò,
÷òî äëÿ íåêîòîðîãî ταβ ∈ [0, T0] âûïîëíåíî zαβ(ταβ) = 0.

Ïóñòü Φ � ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû

ω̇ = Aω

òàêàÿ, ÷òî Φ(0) = I. Ñ÷èòàåì, ÷òî Φ(t)Z0
ij 6= 0 äëÿ âñåõ i, j, t > 0, èáî åñëè

Φ(τ)Z0
αβ = 0 ïðè íåêîòîðûõ α ∈ I, β ∈ J, τ > 0, òî ïðåñëåäîâàòåëü Pα ëîâèò

óáåãàþùåãî Eβ ê ìîìåíòó τ, ïîëàãàÿ uα(t) = vβ(t), t ∈ [0, τ ].

Ïðåäïîëîæåíèå 5.1. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

det(A− λI) = 0

ÿâëÿþòñÿ ïðîñòûìè è ÷èñòî ìíèìûìè.

57



Óñëîâèå 5.1. Äëÿ êàæäîãî k ∈ {0, 1, . . . , r − 1} âåðíî ñëåäóþùåå:
äëÿ ëþáîãî ìíîæåñòâà N ⊂ I, |N | = n − k íàéäåòñÿ òàêîå ìíîæåñòâî
M ⊂ J, |M | = r − k, ÷òî äëÿ âñåõ β ∈ M

0 ∈ Intco{Z0
αβ, α ∈ N}.

Ò å î ð å ì à 5.1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 5.1 è óñëîâèå 5.1.
Òîãäà â èãðå Γ âîçìîæíà ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì, ÷òî ëþáûå n − k ïðåñëåäîâàòåëåé
ëîâÿò íå ìåíåå r−k óáåãàþùèõ, ãäå k ∈ {0, 1, . . . , r−1}. Ïðè k = 0 ïîëó÷èì
óòâåðæäåíèå òåîðåìû.

Ïóñòü k = r−1 è N ⊂ I, |N | = n−k. Â ñèëó óñëîâèÿ 5.1 ïî N ñóùåñòâóåò
β ∈ J òàêîé, ÷òî 0 ∈ Intco{Z0

αβ, α ∈ N}. Èç òåîðåìû 4.1 ñëåäóåò, ÷òî
ïðåñëåäîâàòåëè Pα, α ∈ N ëîâÿò óáåãàþùåãî Eβ.

Äàëüíåéøåå äîêàçàòåëüñòâî ñîâïàäàåò ñ äîêàçàòåëüñòâîì òåîðåìû 3.2.
Òåîðåìà äîêàçàíà.
Ï ð è ì å ð 5.1. Â R2 ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó Γ 10 ëèö:

5 ïðåñëåäîâàòåëåé P1, P2, P3, P4, P5 è 5 óáåãàþùèõ E1, E2, E3, E4, E5, öåëü
ïðåñëåäîâàòåëåé � "ïîéìàòü" òðåõ óáåãàþùèõ (r = 3). Óðàâíåíèå (5.3) è
íà÷àëüíûå óñëîâèÿ èìåþò âèä

żij =


 0 4

−1 0


 zij + ui − vj,

Z0
ij = X0

i − Y 0
j , i, j = 1, 2, 3, 4, 5,

ãäå X0
i è Y 0

j âûáðàíû òàê, ÷òîáû èõ âçàèìíîå ðàñïîëîæåíèå áûëî òàêèì
êàê íà ðèñ. 5.1 (Y 0

j ïðèíàäëåæàò âíóòðåííîñòè ñîîòâåòñòâóþùèõ òðåóãîëü-
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íèêîâ). Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

det


 −λ 4

−1 −λ


 = λ2 + 4 = 0

ðàâíû ±2ι è ïðåäïîëîæåíèå 5.1 âûïîëíåíî. Ïðîâåðÿÿ, ïîëó÷àåì, ÷òî
óñëîâèå 5.1 âûïîëíåíî, ñìîòðèòå ðèñ. 5.1.

Ó ò â å ð æ ä å í è å 5.1. Â èãðå Γ âîçìîæíà ïîèìêà.

vX0
1

vX0
5

vX0
4

vX0
2

vX
0
3

v

Y 0
1

v Y 0
5 v

vY 0
4

v
Y 0

2

vY 0
3

Ðèñ. 5.1
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�1.6. Ïðîñòîå ãðóïïîâîå ïðåñëåäîâàíèå çàäàííîãî ÷èñëà
óáåãàþùèõ, èìåþùèõ ïðåèìóùåñòâî â ñêîðîñòè

Â ïðîñòðàíñòâå Rν (ν > 2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ

n + m ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em.

Äâèæåíèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

ẋi = ui, ‖ui‖ 6 1, (6.1)

çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä

ẏj = vj, ‖vj‖ 6 γ, γ > 1, (6.2)

ãäå xi, yj, ui, vj ∈ Rν. Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

xi(0) = X0
i , yj(0) = Y 0

j , ïðè÷åì X0
i 6= Y 0

j äëÿ âñåõ i, j.

Çäåñü è äàëåå

i ∈ I = {1, 2, . . . , n}, j ∈ J = {1, 2, . . . , m}, Z0 = (X0
i , Y

0
j ).

Öåëü ãðóïïû ïðåñëåäîâàòåëåé � "ïîéìàòü" íå ìåíåå r (1 6 r 6 m) óáå-
ãàþùèõ, ïðè óñëîâèè, ÷òî ñíà÷àëà óáåãàþùèå âûáèðàþò ñâîè óïðàâëåíèÿ
ñðàçó íà [0,∞), à çàòåì ïðåñëåäîâàòåëè, íà îñíîâå èíôîðìàöèè î âûáîðå
óáåãàþùèõ, âûáèðàþò ñâîè óïðàâëåíèÿ, è, êðîìå òîãî, êàæäûé ïðåñëåäîâà-
òåëü ìîæåò "ïîéìàòü" íå áîëåå îäíîãî óáåãàþùåãî. Ñ÷èòàåì, ÷òî n > r.

Îïðåäåëåíèå 6.1. Óïðàâëåíèÿ ui(t), vj(t) èç êëàññà èçìåðèìûõ ôóíê-
öèé, óäîâëåòâîðÿþùèå ñîîòâåòñòâåííî îãðàíè÷åíèÿì èç (6.1), (6.2) íà-
çûâàþòñÿ äîïóñòèìûìè.
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Îïðåäåëåíèå 6.2. Â èãðå Γ âîçìîæíà ïîèìêà, åñëè ñóùåñòâóåò ìî-
ìåíò T0 = T0(Z0), ÷òî äëÿ ëþáîé ñîâîêóïíîñòè äîïóñòèìûõ óïðàâëåíèé
vj(t) íàéäóòñÿ äîïóñòèìûå óïðàâëåíèÿ

ui(t) = ui

(
t, Z0, vj(s), s ∈ [0,∞)

)

îáëàäàþùèå ñëåäóþùèì ñâîéñòâîì: ñóùåñòâóþò ìíîæåñòâà

N ⊂ I, M ⊂ J, |N | = |M | = r

òàêèå, ÷òî êàæäûé óáåãàþùèé Eβ, β ∈ M ëîâèòñÿ íå ïîçäíåå ìîìåíòà T0

íåêîòîðûì ïðåñëåäîâàòåëåì Pα, α ∈ N, ïðè÷åì åñëè ïðåñëåäîâàòåëü Pα ëî-
âèò óáåãàþùåãî Eβ, òî îñòàëüíûå óáåãàþùèå ñ÷èòàþòñÿ èì íå ïîéìàí-
íûìè. Âûðàæåíèå "ïðåñëåäîâàòåëü Pα ëîâèò óáåãàþùåãî Eβ" îçíà÷àåò,
÷òî äëÿ íåêîòîðîãî ταβ ∈ [0, T0] âûïîëíåíî xα(ταβ) = yβ(ταβ).

Îáîçíà÷èì ÷åðåç Aij ìíîæåñòâî òî÷åê ïðîñòðàíñòâà Rν , êîòîðûå ïðåñëå-
äîâàòåëåì Pi ìîãóò äîñòèãàòüñÿ íå ïîçæå, ÷åì óáåãàþùèì Ej. Îòìåòèì, ÷òî

Aij =

{
z : ‖z −X0

i ‖ 6
‖z − Y 0

j ‖
γ

}
= D

(
γ2X0

i − Y 0
j

γ2 − 1
,

γ

γ2 − 1
‖X0

i − Y 0
j ‖

)
.

Äàëåå, Aj(N) =
⋃

α∈N

Aαj � ìíîæåñòâî òî÷åê ïðîñòðàíñòâà Rν, êîòîðûå õîòÿ
áû îäíèì èç ïðåñëåäîâàòåëåé Pα, α ∈ N äîñòèãàþòñÿ íå ïîçæå, ÷åì óáåãà-
þùèì Ej. Òàê êàê êàæäîå èç ìíîæåñòâ Aij � çàìêíóòûé øàð, òî Aj(N) �
êîìïàêò äëÿ âñåõ N ⊂ I.

Ïóñòü `j � ëó÷ ñ íà÷àëîì â òî÷êå Y 0
j , ρj � íåïðåðûâíàÿ êðèâàÿ ñ íà÷àëîì

â òî÷êå Y 0
j òàêàÿ, ÷òî äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà L íàéäåòñÿ òî÷êà

ρ ∈ ρj, äëÿ êîòîðîé ‖ρ− Y 0
j ‖ > L.

Ïðåäïîëîæåíèå 6.1. Åñëè äëÿ íåêîòîðûõ N ⊂ I è β ∈ J ñóùåñòâóåò
êðèâàÿ ρβ, äëÿ êîòîðîé Aβ(N)∩ρβ = ∅, òî ñóùåñòâóåò ëó÷ `β òàêîé, ÷òî
Aβ(N) ∩ `β = ∅.
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Óñëîâèå 6.1. Äëÿ ëþáîãî ëó÷à `1

A1(I) ∩ `1 6= ∅.

Ò å î ð å ì à 6.1. Ïóñòü m = r = 1 è âûïîëíåíî ïðåäïîëîæåíèå 6.1.
Â èãðå Γ âîçìîæíà ïîèìêà òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî
óñëîâèå 6.1.

Ä î ê à ç à ò å ë ü ñ ò â î. Ä î ñ ò à ò î ÷ í î ñ ò ü. Ïóñòü âûïîëíåíî
óñëîâèå 6.1. Äëÿ êàæäîãî åäèíè÷íîãî âåêòîðà a îïðåäåëèì ìîìåíò âðåìåíè
T (a) è ìíîæåñòâî C ñëåäóþùèì îáðàçîì:

T (a) = min{t > 0 : Y 0
1 + γat ∈ A1(I)},

C = {z : z = Y 0
1 + γat, t ∈ [0, T (a)), a : ‖a‖ = 1}.

Òàê êàê A1(I) êîìïàêò, òî ñóùåñòâóåò ìîìåíò T = max
a:‖a‖=1

T (a). Ñëåäîâàòåëü-
íî, ìíîæåñòâî

C0 = {z : z = Y 0
1 + γat, t ∈ [0, T ], a : ‖a‖ = 1}

îãðàíè÷åíî. Îòìåòèì, ÷òî C ⊂ C0. Òàê êàê ìíîæåñòâî C îãðàíè÷åíî, òî
ñóùåñòâóåò ìîìåíò T0 > 0 òàêîé, ÷òî äëÿ ëþáîé òî÷êè z ∈ C ñïðàâåäëèâî
íåðàâåíñòâî ‖z −X0

1‖ 6 T0.

Âîçìîæíû äâà ñëó÷àÿ:
1) y1(t) /∈ A1(I) äëÿ âñåõ t ∈ [0, T0]. Òîãäà y1(t) ∈ C äëÿ âñåõ t ∈ [0, T0].

Çàäàåì óïðàâëåíèå ïðåñëåäîâàòåëÿ P1 ñëåäóþùèì îáðàçîì:

u1(t) =
y1(T0)−X0

1

T0
, t ∈ [0, T0].

Óïðàâëåíèÿ îñòàëüíûõ ïðåñëåäîâàòåëåé çàäàåì ïðîèçâîëüíûì îáðàçîì.
Òîãäà

‖u1(t)‖ 6 1, t ∈ [0, T0], x1(T0) = y1(T0).
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2) Ñóùåñòâóåò ìîìåíò τ ∈ [0, T0] òàêîé, ÷òî y1(τ) ∈ A1(I). Ñëåäîâàòåëüíî
y1(τ) ∈ Aα1 äëÿ íåêîòîðîãî α ∈ I.

Çàäàåì óïðàâëåíèå ïðåñëåäîâàòåëÿ Pα ñëåäóþùèì îáðàçîì:

uα(t) =
y1(τ)−X0

1

τ
, t ∈ [0, τ ].

Óïðàâëåíèÿ îñòàëüíûõ ïðåñëåäîâàòåëåé çàäàåì ïðîèçâîëüíûì îáðàçîì.
Òîãäà

‖uα(t)‖ 6 1, t ∈ [0, τ ], xα(τ) = y1(τ).

Äîêàçàíî, ÷òî â èãðå Γ âîçìîæíà ïîèìêà.
Í å î á õ î ä è ì î ñ ò ü. Ïóñòü â èãðå Γ âîçìîæíà ïîèìêà. Ïðåäïîëîæèì,

÷òî óñëîâèå 6.1 íå âûïîëíåíî. Òîãäà ñóùåñòâóåò ëó÷ `1 òàêîé, ÷òî

A1(I) ∩ `1 = ∅.

Åñëè óáåãàþùèé E1 áóäåò äâèãàòüñÿ ïî ëó÷ó `1 ñî ñêîðîñòüþ γ, òî ïîèìêè
íå ïðîèçîéäåò. Ïîëó÷èëè ïðîòèâîðå÷èå, çíà÷èò óñëîâèå 6.1 âûïîëíåíî.

Òåîðåìà äîêàçàíà.
Óñëîâèå 6.2. Äëÿ êàæäîãî k ∈ {0, 1, . . . , r − 1} âåðíî ñëåäóþùåå:

äëÿ ëþáîãî ìíîæåñòâà N ⊂ I, |N | = n − k íàéäåòñÿ òàêîå ìíîæåñòâî
M ⊂ J, |M | = r − k, ÷òî äëÿ âñåõ β ∈ M è `β

Aβ(N) ∩ `β 6= ∅.

Ò å î ð å ì à 6.2. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 6.1. Â èãðå Γ

âîçìîæíà ïîèìêà òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå 6.2.
Ä î ê à ç à ò å ë ü ñ ò â î. Ä î ñ ò à ò î ÷ í î ñ ò ü. Ïóñòü âûïîëíåíî

óñëîâèå 6.2. Äîêàæåì, ÷òî ëþáûå n − k ïðåñëåäîâàòåëåé ëîâÿò íå ìåíåå
r − k óáåãàþùèõ, ãäå k ∈ {0, 1, . . . , r − 1}. Ïðè k = 0 ïîëó÷èì óòâåðæäåíèå
òåîðåìû.
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Ïóñòü k = r−1 è N ⊂ I, |N | = n−k. Â ñèëó óñëîâèÿ 6.2 ïî N ñóùåñòâóåò
β ∈ J òàêîé, ÷òî Aβ(N) ∩ `β 6= ∅ äëÿ âñåõ `β. Èç òåîðåìû 6.1 ñëåäóåò, ÷òî
ïðåñëåäîâàòåëè Pα, α ∈ N ëîâÿò óáåãàþùåãî Eβ.

Äàëüíåéøåå äîêàçàòåëüñòâî äîñòàòî÷íîñòè ñîâïàäàåò ñ äîêàçàòåëüñòâîì
òåîðåìû 3.2.

Í å î á õ î ä è ì î ñ ò ü. Ïóñòü â èãðå Γ âîçìîæíà ïîèìêà. Ïðåäïîëîæèì,
÷òî óñëîâèå 6.2 íå âûïîëíåíî. Òîãäà äëÿ íåêîòîðîãî k ∈ {0, 1, . . . , r − 1}
ñóùåñòâóþò ìíîæåñòâà N ⊂ I, |N | = n− k è M ⊂ J, |M | > m− (r − k − 1)

òàêèå, ÷òî äëÿ êàæäîãî β ∈ M íàéäåòñÿ ëó÷ `β, äëÿ êîòîðîãî

Aβ(N) ∩ `β = ∅.

Ïóñòü óáåãàþùèé Eβ, β ∈ M äâèæåòñÿ ïî ëó÷ó `β ñî ñêîðîñòüþ γ. Òîãäà íè
îäèí èç ïðåñëåäîâàòåëåé Pα, α ∈ N íå ìîæåò ïîéìàòü äàííîãî óáåãàþùåãî.
Ïîýòîìó ïðåñëåäîâàòåëè Pα, α ∈ N ëîâÿò íå áîëåå ÷åì

m− (m− (r − k − 1)) = r − k − 1

óáåãàþùèõ. Îñòàâøèåñÿ k ïðåñëåäîâàòåëåé ëîâÿò íå áîëåå k óáåãàþùèõ.
Çíà÷èò, âñå ïðåñëåäîâàòåëè ëîâÿò íå áîëåå

(r − k − 1) + k = r − 1

óáåãàþùèõ, ÷òî ïðîòèâîðå÷èò òîìó, ÷òî â èãðå Γ âîçìîæíà ïîèìêà, çíà÷èò
óñëîâèå 6.2 âûïîëíåíî.

Òåîðåìà äîêàçàíà.
Çàìå÷àíèå 6.1. Ïóñòü îãðàíè÷åíèÿ íà óïðàâëåíèÿ èìåþò âèä

ui ∈ Ui, vj ∈ Vj,

ãäå Ui, Vj � âûïóêëûå êîìïàêòû òàêèå, ÷òî Ui ⊂ IntVj 6= ∅ äëÿ âñåõ i, j.

Òîãäà ìíîæåñòâà Aij � êîìïàêòû è âñå óòâåðæäåíèÿ îñòàþòñÿ â ñèëå.
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Ïðèìåð 6.1. Â R2 ðàññìîòðèì äèôôåðåíöèàëüíóþ èãðó Γ 13 ëèö: 12 ïðå-
ñëåäîâàòåëåé P1, P2, . . . , P12 è óáåãàþùåãî E1, öåëü ïðåñëåäîâàòåëåé � "ïîé-
ìàòü" óáåãàþùåãî (m = r = 1). Ïóñòü íà÷àëüíûå ïîçèöèè ïðåñëåäîâàòå-
ëåé (X0

1 , X
0
2 , . . . , X

0
12) îáðàçóþò ïðàâèëüíûé äâåíàäöàòèóãîëüíèê, à íà÷àëü-

íàÿ ïîçèöèÿ óáåãàþùåãî (Y 0
1 ) ñîâïàäàåò ñ öåíòðîì äàííîãî ìíîãîóãîëüíèêà.

Çäåñü ïðåäïîëîæåíèå 6.1 âûïîëíåíî.
Ó ò â å ð æ ä å í è å 6.1. Â èãðå Γ âîçìîæíà ïîèìêà òîãäà è òîëüêî

òîãäà, êîãäà γ ∈
(
1, 2

√
2 +

√
3
]
.
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ÃËÀÂÀ 2
Óêëîíåíèå æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ îò ãðóïïû

ïðåñëåäîâàòåëåé

�2.1. Ìÿãêîå óáåãàíèå æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ îò
îáúåêòîâ ñ ìåíüøåé ìàíåâðåííîñòüþ

Â ïðîñòðàíñòâå Rν (ν > 2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ

n + m ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em.

Äâèæåíèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

x
(ni)
i = ui, ‖ui‖ 6 1, (1.1)

çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä

y
(mj)
j = v, ‖v‖ 6 γ, γ ∈ (0, 1), (1.2)

ãäå ni > mj > 1 äëÿ âñåõ i, j,

xi, yj, ui, v ∈ Rν. Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

x
(αi)
i (0) = Xαi

i , αi ∈ Ni, y
(βj)
j (0) = Y

βj

j , βj ∈ Mj, ïðè÷åì

X
βj

i 6= Y
βj

j äëÿ âñåõ i, j, βj ∈ Mj.

Çäåñü è âñþäó äàëåå

i ∈ I = {1, 2, . . . , n}, j = 1, 2, . . . , m, c = 1, 2,

Ni = {0, 1, . . . , ni − 1}, Mj = {0, 1, . . . , mj − 1}.
Îïðåäåëåíèå 1.1. Óïðàâëåíèÿ ui(t), v(t) èç êëàññà èçìåðèìûõ ôóíêöèé,

óäîâëåòâîðÿþùèå ñîîòâåòñòâåííî îãðàíè÷åíèÿì èç (1.1), (1.2) íàçûâàþò-
ñÿ äîïóñòèìûìè.
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Îïðåäåëåíèå 1.2. Â èãðå Γ âîçìîæíî ìÿãêîå óáåãàíèå, åñëè äëÿ ëþáûõ
äîïóñòèìûõ óïðàâëåíèé ui(t) íàéäåòñÿ äîïóñòèìîå óïðàâëåíèå

v(t) = v
(
t, x

(αi)
i (t), αi ∈ Ni, y

(βj)
j (t), βj ∈ Mj

)

òàêîå, ÷òî x
(βj)
i (t) 6= y

(βj)
j (t), βj ∈ Mj äëÿ âñåõ t ∈ [0,∞).

Äåéñòâèÿ óáåãàþùèõ ìîæíî òðàêòîâàòü ñëåäóþùèì îáðàçîì: èìååòñÿ
öåíòð, êîòîðûé â êàæäûé ìîìåíò âðåìåíè t ∈ [0,∞) ïî âåëè÷èíàì
{
x

(αi)
i (t), αi ∈ Ni, y

(βj)
j (t), βj ∈ Mj

}
äëÿ âñåõ óáåãàþùèõ Ej âûáèðàåò îä-

íî è òîæå óïðàâëåíèå v(t).
Ñëó÷àé m = 1. Ïîñòðîèì äîïóñòèìîå óïðàâëåíèå v(t), îáåñïå÷èâàþùåå

ìÿãêîå óáåãàíèå â çàäà÷å ñ îäíèì óáåãàþùèì E1.

Ôèêñèðóåì ïðîèçâîëüíûé åäèíè÷íûé âåêòîð e ∈ Rν.

Èç âîçìîæíîñòè ìÿãêîãî óáåãàíèÿ äëÿ ν = 2, ò.å. íà ïëîñêîñòè, ñëåäóåò
âîçìîæíîñòü ìÿãêîãî óáåãàíèÿ è ïðè ν > 2. Äåéñòâèòåëüíî, åñëè ν > 2,

òîãäà âûáåðåì ïëîñêîñòü Π, âêëþ÷àþùóþ â ñåáÿ âåêòîð Y 0
1 + e òàêóþ, ÷òî

Π(Xβ
i ) 6= Π(Y β

1 ), β ∈ M1, ãäå ïîä Π(z) ïîíèìàåòñÿ ïðîåêöèÿ òî÷êè z ∈ Rν

íà ïëîñêîñòü Π. Òàêàÿ ïëîñêîñòü íàéäåòñÿ â ñèëó êîíå÷íîñòè ÷èñëà ïðåñëå-
äîâàòåëåé n. Åñëè çàäà÷à ìÿãêîãî óáåãàíèÿ îò ïðîåêöèé ðàçðåøèìà, òî òåì
ñàìûì ðàçðåøèìà è èñõîäíàÿ çàäà÷à. Äàëåå â ýòîì ïóíêòå ñ÷èòàåì ν = 2.

Âûáèðàåì åäèíè÷íûé âåêòîð e⊥ ïåðïåíäèêóëÿðíûé e ïðîòèâ ÷àñîâîé
ñòðåëêè. Ïî e, e⊥ êàê ïî îðò-âåêòîðàì ïîëó÷àåì äåêàðòîâó ñèñòåìó êîîð-
äèíàò. Ðåøàåì çàäà÷ó â âûáðàííîé ñèñòåìå êîîðäèíàò.

Îáîçíà÷èì ÷åðåç

zc � c êîîðäèíàòó âåêòîðà z ∈ Rν,

lc(t) = |Lc(t)|, ãäå Lc(t) =
{

α ∈ I : x(m1−1)
cα (t) < y

(m1−1)
c1 (t)

}
,
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qc(t) = |Qc(t)|, ãäå Qc(t) =
{

α ∈ I : x(m1−1)
cα (t) = y

(m1−1)
c1 (t)

}
,

δ1, δ2, ρ1, ρ2 � ïîëîæèòåëüíûå êîíñòàíòû òàêèå, ÷òî

δc − ρc/4 > 0 è
√

(δ1 + 2ρ1n + ρ1/4)2 + (δ2 + 2ρ2n + ρ2/4)2 6 γ, (1.3)

íàïðèìåð: δc = 3ρc/4, ρc = γ/
√

2(2n + 1).

Ë å ì ì à 1.1. Äëÿ ëþáûõ ρ > 0, σ, ξ1, ξ2, . . . , ξq ∈ R1, q > 1

max
ω∈Ω

min
{|ω − ξ1|, . . . , |ω − ξq|

}
> ρ, ãäå Ω = {σ + 2ρk, k = 0, 1, . . . , q}.

Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì ëþáîå k ∈ {0, 1, 2, . . . , q}. Ïðåäïîëîæèì,
÷òî íàéäåòñÿ íîìåð r ∈ {1, 2, . . . , q} òàêîé, ÷òî |(σ +2ρk)− ξr| < ρ. Äëÿ âñåõ
ω ∈ Ω\{σ + 2ρk}, âûïîëíåíî |(σ + 2ρk)− ω| > 2ρ, îòêóäà |ω − ξr| > ρ.

Ïóñòü ëåììà íåâåðíà, çíà÷èò âûïîëíåíî ñëåäóþùåå óñëîâèå: ñóùåñòâóþò
ρ > 0, σ, ξ1, ξ2, . . . , ξq ∈ R1, q > 1 òàêèå, ÷òî

max
ω∈Ω

min
{|ω − ξ1|, . . . , |ω − ξq|

}
< ρ,

îòêóäà ñëåäóåò, ÷òî äëÿ êàæäîãî k ∈ {0, 1, 2, . . . , q} íàéäåòñÿ íîìåð
r ∈ {1, 2, . . . , q} òàêîé, ÷òî |(σ + 2ρk) − ξr| < ρ. Âûøå ïîêàçàíî, ÷òî îä-
íîìó òàêîìó r ìîæåò ñîîòâåòñòâîâàòü íå áîëåå îäíîãî k. Ïðè ýòîì k ïðè-
íèìàåò q + 1 çíà÷åíèå, r � ðîâíî q, ïîýòîìó ñóùåñòâóåò ïî êðàéíåé ìåðå
îäíî çíà÷åíèå k∗ ∈ {0, 1, 2, . . . , q} òàêîå, ÷òî |(σ + 2ρk∗) − ξr| > ρ äëÿ âñåõ
r ∈ {1, 2, . . . , q}. Ïîëó÷åííîå ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî.

Ëåììà äîêàçàíà.
Äëÿ êàæäîãî ìîìåíòà t ∈ [0,∞) îïðåäåëèì ìíîæåñòâî

Ωc(t) =
{
δc + 2ρclc(t) + 2ρck, k = 0, 1, . . . , qc(t)

}

è âåëè÷èíó ωc(t) ∈ Ωc(t) ñëåäóþùèì îáðàçîì:
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åñëè qc(t) = 0, òîãäà ωc(t) = δc + 2ρclc(t);

åñëè qc(t) > 1, òîãäà ωc(t) îïðåäåëÿåòñÿ èç óñëîâèÿ

min
α∈Qc(t)

{∣∣ωc(t)− x(m1)
cα (t)

∣∣
}

= max
ω∈Ωc(t)

min
α∈Qc(t)

{∣∣ω − x(m1)
cα (t)

∣∣
}

> ρc. (1.4)

Íåðàâåíñòâî â (1.4) ñëåäóåò èç ëåììû 1.1. Äëÿ îïðåäåëåííîñòè: åñëè ñóùå-
ñòâóåò íåñêîëüêî çíà÷åíèé ωc(t), òî âîçüìåì ìàêñèìàëüíîå èç íèõ. Òàêèì
îáðàçîì, äëÿ âñåõ t > 0 âåëè÷èíà ωc(t) îïðåäåëåíà îäíîçíà÷íî è

ωc(t) ∈ Ω∗
c =

{
δc + 2ρck, k = 0, 1, . . . , n}. (1.5)

Ë å ì ì à 1.2 Äëÿ âñåõ t > 0, T > 0 è r ∈ M1 ñïðàâåäëèâî:
1) îáëàñòü äîñòèæèìîñòè x

(r)
i â ìîìåíò t+T ñîâïàäàåò ñ ìíîæåñòâîì

D

(
ni−r−1∑

k=0

x
(r+k)
i (t)T k

k!
,

T ni−r

(ni − r)!

)
;

2) îáëàñòü äîñòèæèìîñòè x
(r)
ci â ìîìåíò t + T ñîâïàäàåò ñ îòðåçêîì

[
ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
− T ni−r

(ni − r)!
,

ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
+

T ni−r

(ni − r)!

]
;

3) ïóñòü vc(τ) = vc(t) äëÿ âñåõ τ ∈ [t, t + T ], òîãäà

y
(r)
c1 (t + T ) =

m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k!
+ vc(t)

Tm1−r

(m1 − r)!
.

Ä î ê à ç à ò å ë ü ñ ò â î. Èíòåãðèðóÿ (1.1) è (1.2) íà èíòåðâàëå [t, t + T ]

ïîëó÷èì ñïðàâåäëèâîñòü âñåõ òðåõ óòâåðæäåíèé.
Ëåììà äîêàçàíà.
Îïðåäåëèì ôóíêöèè T r

ci(t) > 0, r ∈ M1 êàê âðåìÿ, ÷åðåç êîòîðîå âïåðâûå
ìîãóò ñîâïàñòü c êîîðäèíàòû x

(r)
i (t) è y

(r)
1 (t), ò.å. ìîæåò âûïîëíèòñÿ

x
(r)
ci (t + T r

ci(t)) = y
(r)
c1 (t + T r

ci(t)),

ïðè óñëîâèè, ÷òî vc(τ) = vc(t) äëÿ âñåõ τ ∈ [t,∞).
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Âîçìîæíû òðè ñëó÷àÿ:
1) y

(r)
c1 (t) < x

(r)
ci (t). Èç (1.1), (1.2) è ëåììû 1.2, ïîëó÷èì, ÷òî T r

ci(t) åñòü
íàèìåíüøåå ïîëîæèòåëüíîå (îòíîñèòåëüíî T ) ðåøåíèå óðàâíåíèÿ

m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k!
+ vc(t)

Tm1−r

(m1 − r)!
=

ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
− T ni−r

(ni − r)!
;

2) y
(r)
c1 (t) = x

(r)
ci (t). Ïîëîæèì T r

ci(t) = 0 ;

3) y
(r)
c1 (t) > x

(r)
ci (t). Òîãäà T r

ci(t) åñòü íàèìåíüøåå ïîëîæèòåëüíîå ðåøåíèå
m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k!
+ vc(t)

Tm1−r

(m1 − r)!
=

ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
+

T ni−r

(ni − r)!
.

Òàêèì îáðàçîì, äëÿ âñåõ t ∈ [0,∞) è r ∈ M1 çíà÷åíèå T r
ci(t) îïðåäåëÿåòñÿ

êàê ìèíèìàëüíûé íåîòðèöàòåëüíûé (îòíîñèòåëüíî T ) êîðåíü ìíîãî÷ëåíà

−sign
(
y

(r)
c1 (t)− x

(r)
ci (t)

) T ni−r

(ni − r)!
−

ni−r−1∑

k=m1−r+1

x
(r+k)
ci (t)T k

k!
+

+
(
vc(t)− x

(m1)
ci (t)

) Tm1−r

(m1 − r)!
+ (1.6)

+

m1−r−1∑

k=1

(
y

(r+k)
c1 (t)− x

(r+k)
ci (t)

)
T k

k!
+

(
y

(r)
c1 (t)− x

(r)
ci (t)

)
= 0,

êîòîðûé ñóùåñòâóåò, ò.ê. äàííîå óðàâíåíèå ïðåäñòàâèìî â âèäå

T ni−r + a1T
ni−r−1 + · · ·+ ani−r−1T = ani−r, ãäå ani−r > 0.

Äëÿ âñåõ t ∈ [0,∞) è r ∈ M1 îïðåäåëèì ôóíêöèè

Jr
ci(t) = min

{
T p

dα(t), (d, α, p) ∈ {1, 2} × I ×M1 è (d, α, p) 6= (c, i, r)
}

.

Èíà÷å ãîâîðÿ, Jr
ci(t) > 0 ïðè êàæäîì t > 0 åñòü ìèíèìàëüíîå èç âñåõ îïðå-

äåëåííûõ âûøå çíà÷åíèé T p
dα(t), (d, α, p) ∈ {1, 2} × I ×M1 çà èñêëþ÷åíèåì

òîëüêî îäíîãî T r
ci(t), ò.å. ìèíèìóì âûáèðàåòñÿ èç 2nm1 − 1 ÷èñåë.
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Äëÿ êàæäîãî r ∈ M1 îïðåäåëèì ôóíêöèè

Kr
ci(t) =





1, åñëè y
(r)
c1 (t) < x

(r)
ci (t) è äëÿ T = T r

ci(t) âûïîëíåíî
m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k!
+

(
vc(t) +

ρc

8

) Tm1−r

(m1 − r)!
>

>
ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
+

T ni−r

(ni − r)!
;

−1, åñëè y
(r)
c1 (t) > x

(r)
ci (t) è äëÿ T = T r

ci(t) âûïîëíåíî
m1−r−1∑

k=0

y
(r+k)
c1 (t)T k

k!
+

(
vc(t)− ρc

8

) Tm1−r

(m1 − r)!
6

6
ni−r−1∑

k=0

x
(r+k)
ci (t)T k

k!
− T ni−r

(ni − r)!
;

0, â ïðîòèâíîì ñëó÷àå.

(1.7)

Ë å ì ì à 1.3 Ïóñòü óáåãàþùèé E1 èñïîëüçóåò ïðîèçâîëüíîå ïîñòî-
ÿííîå óïðàâëåíèå. Òîãäà äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ ui(t) ïðåñëå-
äîâàòåëÿ Pi è r ∈ M1 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) åñëè äëÿ t > 0 è íåêîòîðîãî σ > 0

y
(r)
c1 (τ) < x

(r)
ci (τ)

{
y

(r)
c1 (τ) > x

(r)
ci (τ)

}
, τ ∈ [t− σ, t), y

(r)
c1 (t) = x

(r)
ci (t),

y
(r)
d (τ) 6= x

(r)
di (τ), τ ∈ [t− σ, t], d ∈ {1, 2}\{c},

òî íàéäåòñÿ ε ∈ (0, σ] òàêîå, ÷òî

Kr
ci(τ) = 1

{
Kr

ci(τ) = −1
}

, T r
di(τ) > T r

ci(τ), τ ∈ [t− ε, t);

2) åñëè äëÿ t > 0 è íåêîòîðîãî σ > 0

y
(r)
11 (τ) 6= x

(r)
1i (τ), y

(r)
21 (τ) 6= x

(r)
2i (τ), τ ∈ [t− σ, t), y

(r)
1 (t) = x

(r)
i (t),

òî íàéäåòñÿ ε ∈ (0, σ] òàêîå, ÷òî

Kr
1i(τ) 6= 0, T r

2i(τ) > T r
1i(τ) > 0, τ ∈ [t− ε, t) èëè

Kr
2i(τ) 6= 0, T r

1i(τ) > T r
2i(τ) > 0, τ ∈ [t− ε, t).
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Ä î ê à ç à ò å ë ü ñ ò â î. Èç (1.6) è óñëîâèé ëåììû ñëåäóåò íåïðåðûâíîñòü
ôóíêöèé T r

1i(τ), T r
2i(τ) äëÿ âñåõ τ ∈ [0,∞).

1) Ïóñòü

y
(r)
c1 (τ) < x

(r)
ci (τ), y

(r)
d (τ) 6= x

(r)
di (τ), τ ∈ [t− σ, t),

y
(r)
c1 (t) = x

(r)
ci (t), y

(r)
d (t) 6= x

(r)
di (t).

Â ýòîì ñëó÷àå,
T r

ci(t) = 0, T r
di(t) > 0,

ó÷èòûâàÿ íåïðåðûâíîñòü, ïîëó÷àåì, ÷òî ñóùåñòâóåò ε ∈ (0, σ] òàêîå, ÷òî

T r
di(τ) > T r

ci(τ),
ρc

8
> 2

(m1 − r)!

(ni − r)!
(T r

ci(τ))ni−m1, τ ∈ [t− ε, t).

Èç (1.7) ñëåäóåò, ÷òî Kr
ci(τ) = 1, τ ∈ [t− ε, t), åñëè

m1−r−1∑

k=0

y
(r+k)
c1 (τ)(T r

ci(τ))k

k!
+

(
vc(τ) +

ρc

8

) (T r
ci(τ))m1−r

(m1 − r)!
>

>
ni−r−1∑

k=0

x
(r+k)
ci (τ)(T r

ci(τ))k

k!
+

(T r
ci(τ))ni−r

(ni − r)!
,

÷òî ýêâèâàëåíòíî íåðàâåíñòâó
[(

m1−r−1∑

k=0

y
(r+k)
c1 (τ)(T r

ci(τ))k

k!
+vc(τ)

(T r
ci(τ))m1−r

(m1 − r)!

)
−

(
ni−r−1∑

k=0

x
(r+k)
ci (τ)(T r

ci(τ))k

k!
−

−(T r
ci(τ))ni−r

(ni − r)!

)]
+

[(
ρc

8
− 2

(m1 − r)!

(ni − r)!
(T r

ci(τ))ni−m1

)
(T r

ci(τ))m1−r

(m1 − r)!

]
> 0,

êîòîðîå âûïîëíåíî, ò.ê. ïåðâîå ñëàãàåìîå ðàâíî íóëþ, â ñèëó îïðåäåëåíèÿ
ôóíêöèè T r

ci(τ), à âòîðîå íåîòðèöàòåëüíî ïî âûáîðó ε. Îñòàâøèéñÿ ñëó÷àé
ðàññìàòðèâàåòñÿ àíàëîãè÷íî. Óòâåðæäåíèå 1 äîêàçàíî.
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2) Èìååì

T r
1i(τ) > 0, T r

2i(τ) > 0, τ ∈ [t− σ, t), T r
1i(t) = T r

2i(t) = 0,

ó÷èòûâàÿ íåïðåðûâíîñòü, ïîëó÷àåì, ÷òî ñóùåñòâóåò ε ∈ (0, σ] òàêîå, ÷òî äëÿ
âñåõ τ ∈ [t− ε, t)

(
ρc

16

(ni − r)!

(m1 − r)!

)1/(ni−m1)

> T r
2i(τ) > T r

1i(τ) > 0 èëè
(

ρc

16

(ni − r)!

(m1 − r)!

)1/(ni−m1)

> T r
1i(τ) > T r

2i(τ) > 0.

Àíàëîãè÷íî óòâåðæäåíèþ 1, äëÿ òàêèõ ε, äîêàçûâàåòñÿ, ÷òî

Kr
1i(τ) 6= 0 è Kr

2i(τ) 6= 0, τ ∈ [t− ε, t).

Óòâåðæäåíèå 2 äîêàçàíî.
Ëåììà äîêàçàíà.
Äëÿ âñåõ t > 0 è r ∈ M1 îïðåäåëèì ôóíêöèè

Br
1i(t) =





1, åñëè Kr
1i(t) 6= 0, Jr

1i(t) > T r
1i(t),

Bp
1α(t) = Bp

2α(t) = 0

äëÿ âñåõ α ∈ I è p = r + 1, r + 2, . . . , m1 − 1,

Br
11(t) = Br

12(t) = · · · = Br
1i−1(t) = 0,

0, â îñòàëüíûõ ñëó÷àÿõ,

(1.8)

Br
2i(t) =





1, åñëè Kr
2i(t) 6= 0, Jr

2i(t) > T r
2i(t),

Bp
1α(t) = Bp

2α(t) = Br
1α(t) = 0

äëÿ âñåõ α ∈ I è p = r + 1, r + 2, . . . , m1 − 1,

Br
21(t) = Br

22(t) = · · · = Br
2i−1(t) = 0,

0, â îñòàëüíûõ ñëó÷àÿõ.

(1.9)

Èç (1.8), (1.9) ñëåäóåò, ÷òî â êàæäûé ìîìåíò t > 0 èç 2nm1 ôóíêöèé Br
ci

íå áîëåå ÷åì îäíà îáðàùàåòñÿ â 1.
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Âû÷èñëåíèå ôóíêöèé Br
ci ìîæíî ïðîâîäèòü â òàêîì ïîðÿäêå

Bm1−1
11 , Bm1−1

12 , . . . , Bm1−1
1n , Bm1−1

21 , Bm1−1
22 , . . . , Bm1−1

2n ,

Bm1−2
11 , Bm1−2

12 , . . . , Bm1−2
1n , Bm1−2

21 , Bm1−2
22 , . . . , Bm1−2

2n , . . .

òàê äîéäåì äî ôóíêöèè ðàâíîé 1 èëè äî B0
2n. Åñëè èñïîëüçîâàòü ýòó ñõåìó, òî

èç (1.8), (1.9) ñëåäóåò, ÷òî äëÿ êàæäîé ôóíêöèé Br
ci äîñòàòî÷íî ïðîâåðÿòü

óñëîâèÿ Kr
ci(t) 6= 0, Jr

ci(t) > T r
ci(t) (åñëè îíè âûïîëíÿþòñÿ, òî Br

ci(t) = 1,

èíà÷å Br
ci(t) = 0).

Îïðåäåëÿåì vc(t) ñëåäóþùèì îáðàçîì:

vc(t) = ωc(τ
c
2b), t ∈ [τ c

2b, τ
c
2b+1),

ãäå τ c
2b+1 > τ c

2b − ìîìåíò, êîãäà âïåðâûå íàéäóòñÿ
α ∈ I, r ∈ M1 : Br

cα(τ c
2b+1) = 1 è vd(τ

c
2b+1) ∈ Ω∗

d;

vc(t) = ωc(τ
c
2b+1) + Kr

cα(τ c
2b+1)

ρc

4
, t ∈ [τ c

2b+1, τ
c
2b+2),

ãäå τ c
2b+2 > τ c

2b+1 − ìîìåíò, êîãäà âïåðâûå íàéäåòñÿ
β ∈ I : y

(r)
c1 (τ c

2b+2) = x
(r)
cβ (τ c

2b+2).





(1.10)

Â ôîðìóëå (1.10)

τ c
0 = 0, d ∈ {1, 2}\{c}, b = 0, 1, 2, . . . .

Îïðåäåëèì ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü tcb : tc0 = 0; τ c
2k+1 > tcb−1− ìî-

ìåíò, êîãäà âïåðâûå â (1.10) r = m1 − 1, òîãäà tcb = τ c
2k+2, b = 1, 2, . . .

Âåçäå äàëåå ñ÷èòàåì, ÷òî óïðàâëåíèå v(t) è {τ c
b}bc

b=0 îïðåäåëåíû ñîãëàñíî
(1.10), ïðè ýòîì, ëèáî bc < ∞, ëèáî bc = ∞, à {tcb}b∗c

b=0 ⊂ {τ c
b}bc

b=0 îïðåäåëåíà
êàê îïèñàíî âûøå, ïðè ýòîì, ëèáî b∗c < ∞, ëèáî b∗c = ∞.
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Ë å ì ì à 1.4. Äëÿ ëþáûõ äîïóñòèìûõ óïðàâëåíèé ui(t) âûïîëíåíî:
1) åñëè b1 > 2 è b2 > 2, òîãäà

{τ 1
2b}b1÷2

b=1

⋂
{τ 2

2b}b2÷2
b=1 = ∅, ãäå ÷ � îïåðàöèÿ äåëåíèÿ íàöåëî;

2) åñëè bc > 2, òîãäà

y
(r)
c1 (t) 6= x

(r)
ci (t) äëÿ âñåõ r ∈ M1 è t ∈

bc÷2−1⋃

b=0

(τ c
2b, τ

c
2b+2);

3) vc(τ) ∈ [δc − ρc/4, δc + 2ρcn + ρc/4] äëÿ âñåõ τ ∈ {τ c
b}bc

b=0;

4) åñëè bc = ∞, òîãäà è b∗c = ∞;

5) vc(t
c
b)− ρc/4 6 vc(t) 6 vc(t

c
b) + ρc/4 äëÿ âñåõ t ∈ [tcb, t

c
b+1).

Ä î ê à ç à ò å ë ü ñ ò â î. 1) Èç ôîðìóëû (1.10) ñëåäóåò, ÷òî

τ 1
2p+1 6= τ 2

2q+1 äëÿ âñåõ p, q > 0,

ïðè êîòîðûõ τ 1
2p+1, τ

2
2q+1 îïðåäåëåíû, ò.ê., êàê áûëî îòìå÷åíî âûøå, ïðè êàæ-

äîì t > 0 èç 2nm1 ôóíêöèé Br
ci íå áîëåå ÷åì îäíà îáðàùàåòñÿ â 1.

Ïóñòü íàñòóïèë ìîìåíò τ 1
2p+1, òîãäà, ñëåäóÿ (1.10), (1.8), (1.7), (1.5),

v1(t) = v1(τ
1
2p+1) + Kr

1α(τ 1
2p+1)

ρ1

4
/∈ Ω1

∗, t ∈ (τ 1
2p+1, τ

1
2p+2),

îòñþäà è èç ñêàçàííîãî âûøå,

τ 2
2q+1 /∈ [τ 1

2p+1, τ
1
2p+2), v2(t) = v2(τ

1
2p+1), t ∈ (τ 1

2p+1, τ
1
2p+2).

Îáúåäèíÿÿ



v1(t) = v1(τ
1
2p+1) + Kr

1α(τ 1
2p+1)

ρ1

4
v2(t) = v2(τ

1
2p+1)

, t ∈ (τ 1
2p+1, τ

1
2p+2),

îòêóäà ïîëó÷àåì ñèñòåìó



τ 1
2p+2 ∈ (τ 1

2p+1, τ
1
2p+1 + T r

1α(τ 1
2p+1))

Jr
1α(τ 1

2p+1) > T r
1α(τ 1

2p+1)
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èç êîòîðîé ñëåäóåò, ÷òî

y
(r)
21 (t) 6= x

(r)
2i (t) äëÿ âñåõ r ∈ M1, t ∈ [τ 1

2p+1, τ
1
2p+2] è τ 2

2q /∈ [τ 1
2p+1, τ

1
2p+2].

Ïóñòü íàñòóïèë ìîìåíò âðåìåíè τ 2
2q+1, àíàëîãè÷íî ïîëó÷èì, ÷òî

y
(r)
11 (t) 6= x

(r)
1i (t) äëÿ âñåõ r ∈ M1, t ∈ [τ 2

2q+1, τ
2
2q+2] è τ 1

2p /∈ [τ 2
2q+1, τ

2
2q+2].

Óòâåðæäåíèå 1 äîêàçàíî.
2) Äîêàæåì, ÷òî äëÿ âñåõ r ∈ M1 è ïðîèçâîëüíîãî p ∈ {0, 1, . . . , b1÷2−1}

y
(r)
11 (t) 6= x

(r)
1i (t) äëÿ âñåõ t ∈ (τ 1

2p, τ
1
2p+2).

Èç ëåììû 1.3 ñëåäóåò, ÷òî

y
(r)
11 (t) 6= x

(r)
1i (t), t ∈ (τ 1

2p, min{τ 1
2p+1, τ

2
2q+1}).

Åñëè min{τ 1
2p+1, τ

2
2q+1} = τ 1

2p+1, òîãäà óòâåðæäåíèå âûïîëíåíî.
Ïóñòü min{τ 1

2p+1, τ
2
2q+1} = τ 2

2q+1, â äîêàçàòåëüñòâå ïåðâîãî óòâåðæäåíèÿ
ýòîé ëåììû ïîêàçàíî, ÷òî â ýòîì ñëó÷àå

y
(r)
11 (t) 6= x

(r)
1i (t), t ∈ [τ 2

2q+1, τ
2
2(q+1)].

Òåïåðü, ñíîâà ïðèìåíÿÿ ëåììó 1.3,

y
(r)
11 (t) 6= x

(r)
1i (t), t ∈ (τ 2

2(q+1), min{τ 1
2p+1, τ

2
2(q+1)+1}).

Ïðîäîëæàÿ äàëåå ïîëó÷èì, ÷òî äëÿ íåêîòîðîãî l min{τ 1
2p+1, τ

2
2(q+l)+1} = τ 1

2p+1

è óòâåðæäåíèå âûïîëíåíî.
Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî

y
(r)
21 (t) 6= x

(r)
2i (t) äëÿ âñåõ t ∈ (τ 2

2q, τ
2
2q+2).

Óòâåðæäåíèå 2 äîêàçàíî.
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3) Èç (1.5) è (1.10) ïîëó÷èì, ÷òî vc(τ
c
2b) ∈ Ω∗

c ⊂ [δc, δc + 2ρcn] è

vc(τ
c
2b+1) = vc(τ

c
2b)± ρc/4 ∈ [δc − ρc/4, δc + 2ρcn + ρc/4].

4) Åñëè m1 = 1, òîãäà {tcb}b∗c
b=0 = {τ c

2b}∞b=0, îòêóäà b∗c = ∞.

Ïóñòü m1 = 2. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå íå âûïîëíåíî, ò.å.
bc = ∞, b∗c < ∞, ñëåäîâàòåëüíî íàéäåòñÿ íîìåð p, ÷òî ïðè ëþáîì b > p

B1
ci(τ

c
2b+1) = 0 äëÿ âñåõ i è, äëÿ íåêîòîðîãî α ∈ I, B0

cα(τ c
2b+1) = 0.

Èç óòâåðæäåíèÿ 2 äàííîé ëåììû, ñëåäóåò, áåç ïîòåðè îáùíîñòè, ÷òî íàéäåò-
ñÿ íîìåð k ∈ {0, 1, . . . , n} òàêîé, ÷òî äëÿ âñåõ t > τ c

2(p+1) âûïîëíåíî

ẋc1(t), ẋc2(t), . . . , ẋck(t) < ẏc1(t) < ẋck+1(t), ẋck+2(t), . . . , ẋcn(t).

Èç ïîñëåäíåãî ñëåäóåò ñóùåñòâîâàíèå íîìåðà q, ÷òî äëÿ âñåõ t > τ c
2(p+q)

xc1(t), xc2(t), . . . , xck(t) < yc1(t) < xck+1(t), xck+2(t), . . . , xcn(t).

Îáúåäèíÿÿ äâà íåðàâåíñòâà äëÿ t > τ c
2(p+q), ïîëó÷èì, ÷òî bc < ∞. Ïîëó÷èëè

ïðîòèâîðå÷èå. Ñëó÷àé m1 > 3 ðàññìàòðèâàåòñÿ àíàëîãè÷íî. Óòâåðæäåíèå 4
ëåììû äîêàçàíî.

5) Ïóñòü tcb = τ c
2p 6 τ c

2p+1 < τ c
2(p+1) 6 τ c

2(p+1)+1 < · · · < τ c
2(p+q) = tcb+1, òîãäà,

ïðèìåíÿÿ óòâåðæäåíèå 2 ýòîé ëåììû è (1.10), ïîëó÷èì, ÷òî

vc(t
c
b) = vc(τ

c
2p), vc(τ

c
2p+1) = vc(t

c
b)± ρc/4, vc(τ

c
2(p+1)) = vc(t

c
b), . . . ,

vc(τ
c
2(p+q−1)) = vc(t

c
b), vc(τ

c
2(p+q−1)+1) = vc(t

c
b)± ρc/4.

Èç ïîñëåäíåãî ñëåäóåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ 5.
Ëåììà äîêàçàíà.
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Äîêàæåì, ÷òî ôîðìóëà (1.10) îïðåäåëÿåò v(t) äëÿ âñåõ t ∈ [0,∞). Äëÿ
ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî èìååò ìåñòî ñëåäóþùàÿ

Ë å ì ì à 1.5. Äëÿ ëþáîãî íàáîðà äîïóñòèìûõ óïðàâëåíèé ui(t) ïðåñëå-
äîâàòåëåé Pi ëèáî çíà÷åíèå bc êîíå÷íî, ëèáî lim

b→∞
τ c
b = ∞.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ñëó÷àé c = 1. Äëÿ êàæäîãî íàáîðà
äîïóñòèìûõ óïðàâëåíèé ui(t) âîçìîæåí îäèí èç äâóõ ñëó÷àåâ:

I. (1.10) ïðèìåíÿåòñÿ êîíå÷íîå ÷èñëî ðàç, ïîýòîìó çíà÷åíèå b1 êîíå÷íî;
II. (1.10) ïðèìåíÿåòñÿ áåñêîíå÷íîå ÷èñëî ðàç. Òðåáóåòñÿ äîêàçàòü, ÷òî ïî-

ëó÷åííàÿ ïî ýòîé ôîðìóëå ïîñëåäîâàòåëüíîñòü {τ 1
b }∞b=0 : lim

b→∞
τ 1
b = ∞. Ïðåä-

ïîëîæèì ïðîòèâíîå, ò.å.: ñóùåñòâóåò íàáîð äîïóñòèìûõ óïðàâëåíèé

u∗i (t) : lim
b→∞

τ 1
b = τ ∗ < ∞.

II.1. Ðàññìîòðèì ÷èñëà x
(m1−1)
1i (τ ∗). Ïóñòü îíè ïðèíèìàþò r ∈ I ðàçëè÷-

íûõ çíà÷åíèé ξ1 < ξ2 < · · · < ξr. Íå òåðÿÿ îáùíîñòè, ñ÷èòàåì, ÷òî

x
(m1−1)
1s (τ ∗) = ξk, s ∈ Sk,

ãäå Sk = {sk−1 + 1, sk−1 + 2, . . . , sk}, k = 1, 2, . . . , r (s0 = 0, sr = n).

Äëÿ êàæäîãî ε ∈ [0, τ ∗] îïðåäåëèì ìíîæåñòâà

Hk(ε) =
⋃

s∈Sk

{
z ∈ R1 : z = x

(m1−1)
1s (t), t ∈ [τ ∗ − ε, τ ∗]

}
, k = 1, 2, . . . , r.

Ïóñòü G1, G2 ⊂ R1, îáîçíà÷èì dist(G1, G2) = inf
g1∈G1, g2∈G2

|g1 − g2|,

h(ε) = min
{

dist
(
Hk(ε), Hk+1(ε)

)
, k = 1, 2, . . . , r − 1

}
,

H(ε) = h(ε)− 2(δ1 + 2ρ1n + ρ1/4)ε, ε ∈ [0, τ ∗].

Â ñèëó íåïðåðûâíîñòè ôóíêöèè H è óñëîâèÿ h(0) > 0 ïîëó÷àåì, ÷òî
ñóùåñòâóåò ε1 > 0 òàêîå, ÷òî H(ε) > 0 äëÿ âñåõ ε ∈ [0, ε1]. Îòñþäà

h(ε)

δ1 + 2ρ1n + ρ1/4
> 2ε äëÿ âñåõ ε ∈ [0, ε1]. (1.11)
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II.2. Åñëè |Sk| = 1, òîãäà ïîëàãàåì εk
2 = ∞. Ïóñòü |Sk| > 2 è α, β ∈ Sk.

Ðàññìîòðèì çíà÷åíèÿ x
(m1−1)
1α , x

(m1−1)
1β , x

(m1)
1α , x

(m1)
1β . Îòìåòèì, ÷òî

x
(m1−1)
1α (τ ∗) = x

(m1−1)
1β (τ ∗) = ξk. (1.12)

Ðàçáåðåì âñåâîçìîæíûå ñëó÷àè èõ âçàèìíîãî ðàñïîëîæåíèÿ:
1) x

(m1)
1α (τ ∗) > x

(m1)
1β (τ ∗). Â ñèëó íåïðåðûâíîñòè ýòèõ ôóíêöèé,

ñóùåñòâóåò ε > 0, ÷òî x
(m1)
1α (t) > x

(m1)
1β (t), t ∈ [τ ∗ − ε, τ ∗]. Êðîìå òîãî,

ó÷èòûâàÿ (1.12), x
(m1−1)
1α (t) < x

(m1−1)
1β (t), t ∈ [τ ∗ − ε, τ ∗);

2) x
(m1)
1α (τ ∗) < x

(m1)
1β (τ ∗). Àíàëîãè÷íî ñëó÷àþ 1, ñóùåñòâóåò ε > 0, ÷òî

x
(m1)
1α (t) < x

(m1)
1β (t), x

(m1−1)
1α (t) > x

(m1−1)
1β (t), t ∈ [τ ∗ − ε, τ ∗);

3) x
(m1)
1α (τ ∗) = x

(m1)
1β (τ ∗). Ýòîò ñëó÷àé èìååò íåñêîëüêî âàðèàíòîâ:

3.1) ñóùåñòâóåò ε > 0, ÷òî x
(m1)
1α (t) = x

(m1)
1β (t), t ∈ [τ ∗ − ε, τ ∗],

òîãäà è x
(m1−1)
1α (t) = x

(m1−1)
1β (t), t ∈ [τ ∗ − ε, τ ∗];

3.2) ñóùåñòâóåò ε > 0, ÷òî x
(m1)
1α (t) > x

(m1)
1β (t), t ∈ [τ ∗ − ε, τ ∗),

òîãäà, ïîäîáíî ñëó÷àþ 1, x
(m1−1)
1α (t) < x

(m1−1)
1β (t), t ∈ [τ ∗ − ε, τ ∗);

3.3) ñóùåñòâóåò ε > 0, ÷òî x
(m1)
1α (t) < x

(m1)
1β (t), t ∈ [τ ∗ − ε, τ ∗),

òîãäà, ïîäîáíî ñëó÷àþ 2, x
(m1−1)
1α (t) > x

(m1−1)
1β (t), t ∈ [τ ∗ − ε, τ ∗).

Òåïåðü, ïåðåáèðàÿ âñå x
(m1−1)
1s , x

(m1)
1s , s ∈ Sk ïîïàðíî, êàê x

(m1−1)
1α , x

(m1−1)
1β ,

x
(m1)
1α , x

(m1)
1β , ïîëó÷èì, ÷òî ñóùåñòâóåò εk

2 > 0 òàêîå, ÷òî ðàñïîëîæåíèå
x

(m1−1)
1s , x

(m1)
1s , s ∈ Sk äðóã îòíîñèòåëüíî äðóãà íå èçìåíÿåòñÿ íà [τ ∗− εk

2, τ
∗).

Ïîñëåäíåå, áåç ïîòåðè îáùíîñòè, îçíà÷àåò:

x
(m1−1)
1sk−1+1(t) 5 x

(m1−1)
1sk−1+2(t) 5 · · · 5 x

(m1−1)
1sk

(t)

x
(m1)
1sk−1+1(t) = x

(m1)
1sk−1+2(t) = · · · = x

(m1)
1sk

(t)
, t ∈ [τ ∗ − εk

2, τ
∗). (1.13)

Â (1.13) 5, = � îçíà÷àåò, ÷òî íà âñåì ïðîìåæóòêå [τ ∗ − εk
2, τ

∗), â ïåðâîé
ñòðîêå ôîðìóëû, çíàê ëèáî <, ëèáî =, âî âòîðîé ñòðîêå, çíàê > ñîîòâåò-
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ñòâóåò çíàêó < ïåðâîé ñòðîêè, çíàê = ñîîòâåòñòâóåò =.
Âûáèðàåì ε2 = min

{
ε1
2, ε

2
2, . . . , ε

r
2
}
> 0.

II.3. Èç íåïðåðûâíîñòè x
(m1)
1i (t) ñëåäóåò ñóùåñòâîâàíèå εi

3 > 0, ÷òî
∣∣∣x(m1)

1i (τ ∗ − ε′)− x
(m1)
1i (τ ∗ − ε′′)

∣∣∣< ρ1/4 äëÿ âñåõ ε′, ε′′ ∈ [0, εi
3). (1.14)

Âîçüìåì ε3 = min
{
ε1
3, ε

2
3, . . . , ε

n
3
}
> 0.

II.4. Îïðåäåëèì
ε∗ = min

{
ε1, ε2, ε3} > 0. (1.15)

Èç ïðåäïîëîæåíèÿ, ÷òî lim
b→∞

τ 1
b = τ ∗ ñëåäóåò, ÷òî äî ìîìåíòà τ ∗ − ε∗ < τ ∗

óïðàâëåíèå v1(t) îïðåäåëåííî è ñóùåñòâóåò íîìåð p òàêîé, ÷òî
t1p, t

1
p+1, t

1
p+2, · · · ∈ [τ ∗ − ε∗, τ ∗), ãäå, ñîãëàñíî ëåììå 1.4, {t1b}∞b=0 ⊂ {τ 1

b }∞b=0.

Ðàññìîòðèì èãðó Γ íà÷èíàÿ ñ ìîìåíòà τ ∗−ε∗ è äîêàæåì, ÷òî íàéäåòñÿ íî-
ìåð q : t1(p+q) > τ ∗, ýòèì ïîëó÷èì ïðîòèâîðå÷èå ïðåäïîëîæåíèþ î êîíå÷íîì
çíà÷åíèè lim

b→∞
τ 1
b , òåì ñàìûì ëåììà áóäåò äîêàçàíà ïîëíîñòüþ.

Èòàê, ìîìåíò t1p ∈ [τ ∗− ε∗, τ ∗). Íåîáõîäèìî y
(m1−1)
11 (t1p) ∈ Hk(ε

∗) ïðè íåêî-
òîðîì k ∈ {1, 2, . . . , r}. Íàïîìíèì, ÷òî

x
(m1−1)
1s (t) ∈ Hk(ε

∗), t ∈ [τ ∗ − ε∗, τ ∗], s ∈ Sk.

Ñóùåñòâóåò, õîòÿ áû îäíî, α ∈ Sk òàêîå, ÷òî y
(m1−1)
11 (t1p) = x

(m1−1)
1α (t1p).

Èç (1.4) ñëåäóåò, ÷òî âîçìîæíû äâà ñëó÷àÿ:
1) v1(t

1
p) > x

(m1)
1α (t1p) + ρ1 (α � ýòî îäèí èëè íåñêîëüêî ïîñëåäîâàòåëüíûõ

èíäåêñîâ èç Sk). Èç ëåììû 1.4 ñëåäóåò, ÷òî

v1(t
1
p)− ρ1/4 6 v1(t) 6 v1(t

1
p) + ρ1/4, t ∈ [t1p, t

1
p+1).

îòñþäà, ó÷èòûâàÿ (1.14), (1.15),

v1(t) > x
(m1)
1α (t) + ρ1/2 äëÿ âñåõ t ∈ [t1p, t

1
p+1). (1.16)
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Ñëåäóÿ (1.13) â ìîìåíò t1p+1 äîëæíî âûïîëíèòñÿ îäíî èç äâóõ:
à) y

(m1−1)
11 (t1p+1) = x

(m1−1)
1α (t1p+1), ýòîò ñëó÷àé íåâîçìîæåí â ñèëó (1.16);

á) y
(m1−1)
11 (t1p+1) = x

(m1−1)
1β (t1p+1), β > α (β � îäèí èëè íåñêîëüêî ïîñëåäîâà-

òåëüíûõ èíäåêñîâ èç Sk). Ðàññìîòðèì ñèñòåìó




∣∣∣x(m1)
1β (t1p+1)− x

(m1)
1β (t)

∣∣∣< ρ1/4

v1(t)− ρ1/2 > x
(m1)
1α (t) > x

(m1)
1β (t)

, t ∈ [tp, tp+1), (1.17)

ñïðàâåäëèâîñòü ïåðâîãî íåðàâåíñòâà ñëåäóåò èç (1.14) è (1.15), âòîðîé öå-
ïî÷êè íåðàâåíñòâ � èç (1.16), (1.13). Èç (1.17) ïîëó÷èì, ÷òî

v1(t) > x
(m1)
1β (t1p+1) + ρ1/4, t ∈ [tp, tp+1).

Ïîýòîìó v1(t
1
p+1) ïî (1.10) áóäåò îïðåäåëåíî òàê, ÷òî

v1(t
1
p+1) > x

(m1)
1β (t1p+1) + ρ1.

Ïðîäîëæàÿ äàëåå, ïîëó÷èì, ÷òî ñóùåñòâóåò ìîìåíò t1p+l òàêîé, ÷òî

y
(m1−1)
11 (t1p+l) = x

(m1−1)
1sk

(t1p+l), v1(t
1
p+l) > x

(m1)
1sk

(t1p+l) + ρ1. (1.18)

Èç (1.18) ïîëó÷àåì, ÷òî x
(m1−1)
1s (t) < y

(m1−1)
11 (t), t ∈ (t1p+l, τ

∗], s ∈ Sk. Çíà÷èò,
÷òîáû t1p+l+1 ∈ [τ ∗ − ε∗, τ ∗) íåîáõîäèìî âûïîëíåíèå ðàâåíñòâà

y
(m1−1)
11 (t1p+l+1) = x

(m1−1)
1η (t1p+l+1), η ∈ I\Sk,

ýòî îçíà÷àåò, ÷òî y
(m1−1)
11 èç ìíîæåñòâà Hk(ε

∗) äîëæåí ïîïàñòü â ìíîæåñòâî
Hk+1(ε

∗). Èç (1.11) íà ýòî ïîòðåáóåòñÿ âðåìåíè, äàæå ïðè ìàêñèìàëüíîì
v1, êîòîðîå ïî ëåììå 1.4 ðàâíî δ1 + 2ρ1n + ρ1/4, áîëüøå ÷åì 2ε∗, îòêóäà
t1p+l+1 − t1p+l > 2ε∗. Èòàê, ñóùåñòâóåò íîìåð q = l + 1 : t1p+q > τ ∗.

2) v1(t
1
p) 6 x

(m1)
1α (t1p)− ρ1. Àíàëîãè÷íî äîêàçûâàåòñÿ ñóùåñòâîâàíèå q.

Ñëó÷àé c = 2 ðàññìàòðèâàåòñÿ àíàëîãè÷íî.
Ëåììà äîêàçàíà.
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Èç ëåìì 1.4 è 1.5 ñëåäóåò, ÷òî îïðåäåëåííûå ïî ôîðìóëå (1.10) ôóíêöèè
vc òàêîâû, ÷òî

vc(t) ∈ [δc − ρc/4, δc + 2ρcn + ρc/4] äëÿ âñåõ t ∈ [0,∞). (1.19)

Òàêèì îáðàçîì, ïîëíîñòüþ îïðåäåëåíà ñòðàòåãèÿ óáåãàþùåãî E1:
â êàæäûé ìîìåíò âðåìåíè t > 0 óáåãàþùèé E1 ïî (1.10) îïðåäåëÿåò v1(t) è
v2(t), òåì ñàìûì ïîëíîñòüþ çàäàåò ñâîå óïðàâëåíèå v(t).

Ò å î ð å ì à 1.1. Â èãðå Γ ïðè m = 1 âîçìîæíî ìÿãêîå óáåãàíèå èç
ëþáûõ íà÷àëüíûõ ïîçèöèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì, ÷òî ñòðàòåãèÿ óáåãàþùåãî, îïðåäå-
ëÿåìàÿ (1.10) ÿâëÿåòñÿ ñòðàòåãèåé ìÿãêîãî óáåãàíèÿ.

1) Óïðàâëåíèå v(t), t ∈ [0,∞) èç êëàññà êóñî÷íî-ïîñòîÿííûõ ôóíêöèé è
ìåíÿåò çíà÷åíèå â ìîìåíòû τ ∈ {τ 1

b }b1

b=0
⋃{τ 2

b }b2

b=0. Â ñèëó (1.19), (1.3)

‖v(t)‖ 6
√

(δ1 + 2ρ1n + ρ1/4)2 + (δ2 + 2ρ2n + ρ2/4)2 6 γ.

2) Âûïîëíåíèå óñëîâèÿ x
(r)
i (t) 6= y

(r)
1 (t) äëÿ âñåõ r ∈ M1 è t > 0 ñëåäóåò

èç ëåìì 1.4 è 1.5. Ýòè äâà óòâåðæäåíèÿ ïîëíîñòüþ äîêàçûâàþò òåîðåìó.
Òåîðåìà äîêàçàíà.
Ñëó÷àé m > 2. Îïðåäåëèì ñòðàòåãèþ ìÿãêîãî óáåãàíèÿ äëÿ ãðóïïû

æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ Ej.

Ò å î ð å ì à 1.2. Â èãðå Γ âîçìîæíî ìÿãêîå óáåãàíèå èç ëþáûõ íà-
÷àëüíûõ ïîçèöèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü

l = max{m1,m2, . . . , mm}, lj = l −mj.
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Â Rν îïðåäåëèì âñïîìîãàòåëüíóþ äèôôåðåíöèàëüíóþ èãðó Γ1 nm+1 ëèö:
nm ïðåñëåäîâàòåëåé Pij è óáåãàþùåãî E ñ çàêîíàìè äâèæåíèÿ è íà÷àëüíûìè
óñëîâèÿìè (ïðè t = 0)

x
(lj+ni)
ij = uij, ‖ui‖ 6 1,

y(l) = w, ‖v‖ 6 γ,

xij(0) = X0
ij 6= 0, ẋij(0) = X1

ij 6= 0, . . . , x
(lj−1)
ij (0) = X

lj−1
ij 6= 0,

x
(lj)
ij (0) = X0

i − Y 0
j , x

(lj+1)
ij (0) = X1

i − Y 1
j , . . . , x

(l−1)
ij (0) = X

mj−1
i − Y

mj−1
j ,

x
(lj+mj)
ij (0) = X

mj

i , x
(lj+mj+1)
ij (0) = X

mj+1
i , . . . , x

(lj+ni−1)
ij (0) = Xni−1

i ,

y(0) = ẏ(0) = · · · = y(l−1)(0) = 0.

Îòìåòèì, ÷òî

xij(0) 6= y(0), ẋij(0) 6= ẏ(0), . . . , x
(l−1)
ij (0) 6= y(l−1)(0) äëÿ âñåõ i, j.

Äëÿ âñåõ äîïóñòèìûõ óïðàâëåíèé uij(t), w(t), íîìåðà p ∈ {0, 1, . . . , mj−1}
è ìîìåíòà âðåìåíè t > 0

x
(lj+p)
ij (t) =

ni−p−1∑
r=0

x
(lj+p+r)
ij (0)tr

r!
+

t∫

0

(t− s)ni−p−1

(ni − p− 1)!
uij(s)ds =

= (Xp
i − Y p

j ) + (Xp+1
i − Y p+1

j )t + · · ·+ (X
mj−1
i − Y

mj−1
j )

tmj−p−1

(mj − p− 1)!
+

+X
mj

i

tmj−p

(mj − p)!
+ · · ·+ Xni−1

i

tni−p−1

(ni − p− 1)!
+

t∫

0

(t− s)ni−p−1

(ni − p− 1)!
uij(s)ds,

y(lj+p)(t) =

t∫

0

(t− s)mj−p−1

(mj − p− 1)!
w(s)ds .
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Ïóñòü â èãðå Γ1 êàæäûé èç ïðåñëåäîâàòåëåé Pij èñïîëüçóåò îäíî è òî æå
óïðàâëåíèå, âûáðàííîå ïðåñëåäîâàòåëåì Pi â èãðå Γ, ò.å.

uij(t) = ui(t) äëÿ âñåõ t > 0.

Â ýòîì ñëó÷àå èìååò ìåñòî ðàâåíñòâî

x
(p)
i (t) = x

(lj+p)
ij (t) + Y p

j + Y p+1
j t + · · ·+ Y

mj−1
j

tmj−p−1

(mj − p− 1)!
. (1.20)

Ïóñòü w(t) � äîïóñòèìîå óïðàâëåíèå, îáåñïå÷èâàþùåå óêëîíåíèå îò âñòðå-
÷è â èãðå Γ1, âûáðàííîå óáåãàþùèì E, îòêóäà

x
(lj+p)
ij (t) 6= y(lj+p)(t) äëÿ âñåõ t > 0. (1.21)

Îïðåäåëÿåì óïðàâëåíèå óáåãàþùèõ Ej â èãðå Γ ñëåäóþùèì îáðàçîì:

v(t) = w(t) äëÿ âñåõ t > 0,

òîãäà

y
(p)
j (t) = y(lj+p)(t) + Y p

j + Y p+1
j t + · · ·+ Y

mj−1
j

tmj−p−1

(mj − p− 1)!
. (1.22)

Îáúåäèíÿÿ (1.20), (1.21), (1.22) ïîëó÷èì, ÷òî

x
(p)
i (t) 6= y

(p)
j (t) äëÿ âñåõ t > 0.

Èç ïîñòðîåíèÿ óïðàâëåíèÿ v(t) è òåîðåìû 1.1 ñëåäóåò ñïðàâåäëèâîñòü
äàííîé òåîðåìû.

Òåîðåìà äîêàçàíà.
Çàìå÷àíèå 1.1. Ïóñòü îãðàíè÷åíèÿ íà óïðàâëåíèÿ èìåþò âèä

ui ∈ Ui, v ∈ V,

ãäå Ui, V � âûïóêëûå êîìïàêòû Rν, ïðè÷åì IntV 6= ∅. Òîãäà â èãðå Γ âîç-
ìîæíî ìÿãêîå óáåãàíèå èç ëþáûõ íà÷àëüíûõ ïîçèöèé.
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Ñ÷èòàåì, ÷òî Ui ⊂ D(0, 1), èáî åñëè ýòî íå òàê, òî ìîæíî ïåðåéòè ê äðó-
ãîé ñèñòåìå êîîðäèíàò, â êîòîðîé óêàçàííîå óñëîâèå âûïîëíÿåòñÿ. Äàëåå, íå
óìåíüøàÿ âîçìîæíîñòåé ïðåñëåäîâàòåëåé, ñ÷èòàåì, ÷òî âûïîëíåíû îãðàíè-
÷åíèÿ íà óïðàâëåíèÿ âèäà (1.1).

Ïîêàæåì, êàê íóæíî èçìåíèòü óïðàâëåíèå v(t) äëÿ ñëó÷àÿ m = 1 :

1. Åñëè 0 ∈ IntV 6= ∅, òî íàéäåòñÿ ÷èñëî γ ∈ (0, 1) òàêîå, ÷òî D(0, γ) ⊂ V

è, íå óâåëè÷èâàÿ âîçìîæíîñòè óáåãàþùèõ, ñ÷èòàåì, ÷òî âûïîëíåíî îãðàíè-
÷åíèå (1.2). Ïîëó÷èëè çàäà÷ó ðàññìîòðåííóþ âûøå;

2. Ïóñòü 0 /∈ IntV 6= ∅, ïîýòîìó íàéäóòñÿ z ∈ Rν è γ > 0, ÷òî D(z, γ) ⊂ V.

Ïóñòü âåêòîð e = z/‖z‖ (ðàíåå îí âûáèðàëñÿ ïðîèçâîëüíî) è ïîëîæèòåëüíûå
êîíñòàíòû δc, ρc âûáèðàþòñÿ èç óñëîâèÿ (âìåñòî (1.3))

δc−ρc/4 > 0, [δ1−ρ1/4, δ1+2ρ1n+ρ1/4]×[δ2−ρ2/4, δ2+2ρ2n+ρ2/4] ⊂ D(z, γ).

Óêàçàííîå âêëþ÷åíèå îáåñïå÷èò âûïîëíåíèå óñëîâèÿ v(t) ∈ V äëÿ âñåõ t > 0

(ñìîòðèòå (1.19)).
Â îñòàëüíîì ðåøåíèå çàäà÷è î ìÿãêîì óáåãàíèè ñîâïàäàåò ñ ðàíåå ïðèâå-

äåííûì.
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�2.2. Óêëîíåíèå æåñòêî ñêîîðäèíèðîâàííûõ óáåãàþùèõ â øàðå
îò ãðóïïû èíåðöèîííûõ ïðåñëåäîâàòåëåé

Â ïðîñòðàíñòâå Rν (ν > 2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ

n + m ëèö: n ïðåñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em.

Äâèæåíèå êàæäîãî ïðåñëåäîâàòåëÿ Pi îïèñûâàåòñÿ óðàâíåíèåì

x
(ni)
i = ui, ‖ui‖ 6 1, ni > 2, (2.1)

çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej èìååò âèä

ẏj = v, ‖v‖ 6 γ, γ ∈ (0, 1), (2.2)

ãäå xi, yj, ui, v ∈ Rν. Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ

x
(αi)
i (0) = Xαi

i , yj(0) = Y 0
j , ïðè÷åì X0

i 6= Y 0
j äëÿ âñåõ i, j.

Çäåñü è âñþäó äàëåå

i = 1, 2, . . . , n, j = 1, 2, . . . , m, αi = 0, 1, . . . , ni − 1.

Äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî óáåãàþùèé Ej íå ïîêèäàåò ïðåäåëû
øàðà D(Y 0

j , r0), ãäå r0 ïîëîæèòåëüíîå ÷èñëî.
Îïðåäåëåíèå 2.1. Óïðàâëåíèÿ ui(t), v(t) èç êëàññà èçìåðèìûõ ôóíêöèé,

óäîâëåòâîðÿþùèå ñîîòâåòñòâåííî îãðàíè÷åíèÿì èç (2.1), (2.2) íàçûâàþò-
ñÿ äîïóñòèìûìè.

Îïðåäåëåíèå 2.2. Â èãðå Γ âîçìîæíî óêëîíåíèå îò âñòðå÷è â øàðå,
åñëè äëÿ ëþáûõ äîïóñòèìûõ óïðàâëåíèé ui(t) íàéäåòñÿ äîïóñòèìîå óïðàâ-
ëåíèå

v(t) = v
(
t, x

(αi)
i (t), yj(t)

)

òàêîå, ÷òî xi(t) 6= yj(t) è yj(t) ∈ D(Y 0
j , r0) äëÿ âñåõ t ∈ [0,∞).
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Äåéñòâèÿ óáåãàþùèõ ìîæíî òðàêòîâàòü ñëåäóþùèì îáðàçîì: èìååòñÿ
öåíòð, êîòîðûé â êàæäûé ìîìåíò t > 0 ïî âåëè÷èíàì

{
x

(αi)
i (t), yj(t)

}
äëÿ

âñåõ óáåãàþùèõ Ej âûáèðàåò îäíî è òîæå óïðàâëåíèå v(t).
Â Rν îïðåäåëèì âñïîìîãàòåëüíóþ äèôôåðåíöèàëüíóþ èãðó Γ̂ n+m ëèö:

n ïðåñëåäîâàòåëåé P̂i è m óáåãàþùèõ Êj ñ çàêîíàìè äâèæåíèÿ è íà÷àëüíûìè
óñëîâèÿìè (ïðè t = t0 > 0)

x
(ni)
i = ûi, ‖ûi‖ 6 1,

ẏj = v̂, ‖v̂‖ 6 γ,

x
(αi)
i (t0) = X̂αi

i , yj(t0) = Ŷ 0
j , ïðè÷åì X̂0

i 6= Ŷ 0
j äëÿ âñåõ i, j.

Êðîìå òîãî, òðåáóåòñÿ íàéòè ïîñòîÿííóþ h > 0 òàêóþ, ÷òî äëÿ ëþáîãî
åäèíè÷íîãî âåêòîðà ê ∈ Rν óáåãàþùèé Êj íå ïîêèäàåò ïðåäåëû êîíóñà

Cj =
{
z ∈ Rν : 〈z − zj, ê〉 = 0, ‖z − zj‖ 6 ah, zj = Ŷ 0

j + aê, a > 0
}
.

Îïðåäåëåíèå 2.3. Â èãðå Γ̂ âîçìîæíî óêëîíåíèå îò âñòðå÷è â êîíóñå,
åñëè ñóùåñòâóåò h > 0, ÷òî äëÿ ëþáûõ äîïóñòèìûõ óïðàâëåíèé ûi(t) è
åäèíè÷íîãî âåêòîðà ê ∈ Rν íàéäåòñÿ äîïóñòèìîå óïðàâëåíèå

v̂(t) = v̂
(
t, x

(αi)
i (t), yj(t)

)

òàêîå, ÷òî xi(t) 6= yj(t) è yj(t) ∈ Cj äëÿ âñåõ t ∈ [t0,∞).

Ò å î ð å ì à 2.1. Â èãðå Γ̂ âîçìîæíî óêëîíåíèå îò âñòðå÷è â êîíóñå
èç ëþáûõ íà÷àëüíûõ ïîçèöèé.

Ä î ê à ç à ò å ë ü ñ ò â î. Îïðåäåëèì óïðàâëåíèå v̂(t) äëÿ âñåõ t > t0 êàê
â ïðåäûäóùåì ïàðàãðàôå, ãäå ïîëîæèì e = ê. Òîãäà èç òåîðåìû 1.2 ñëåäóåò
âûïîëíåíèå íåðàâåíñòâà xi(t) 6= yj(t) äëÿ âñåõ t ∈ [t0,∞).

87



Âûáèðàåì h > (δ2 + 2ρ2n + ρ2/4)/(δ1 − ρ1/4). Îòìåòèì, ÷òî çíà÷åíèÿ δc

è ρc íå çàâèñÿò îò âûáîðà e, à ñëåäîâàòåëüíî h íå çàâèñèò îò ê.

Ïðèìåíÿÿ (1.19) è (1.3) ïîëó÷èì, ÷òî

v̂2(t)

v̂1(t)
6 δ2 + 2ρ2n + ρ2/4

δ1 − ρ1/4
6 h, h > 0,

îòêóäà v̂2(t) 6 v̂1(t)h äëÿ âñåõ t ∈ [t0,∞). Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò,
÷òî yj(t) ∈ Cj äëÿ âñåõ t ∈ [t0,∞).

Òåîðåìà äîêàçàíà.
Ò å î ð å ì à 2.2. Â èãðå Γ âîçìîæíî óêëîíåíèå îò âñòðå÷è â øàðå èç

ëþáûõ íà÷àëüíûõ ïîçèöèé.
Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü â èãðå Γ̂ ïðåñëåäîâàòåëü P̂i â êàæäûé ìî-

ìåíò âðåìåíè èñïîëüçóåò óïðàâëåíèå âûáðàííîå ïðåñëåäîâàòåëåì Pi â èãðå
Γ, ò.å. ûi(t) = ui(t) äëÿ âñåõ t ∈ [t0,∞).

Îáîçíà÷èì ÷åðåç v̂(t) = v̂
(
t, t0, X̂

αi

i , Ŷ 0
j , ê

)
� óïðàâëåíèå, îáåñïå÷èâàþùåå

óêëîíåíèå â êîíóñå â èãðå Γ̂, âûáðàííîå óáåãàþùèìè Êj â ìîìåíò t > t0.

Îïðåäåëÿåì óïðàâëåíèå v(t) óáåãàþùèõ Ej â èãðå Γ :

0) v(t) = v̂

(
t, 0, Xαi

i , Y 0
j ,

Y 0
1 −X0

1

‖Y 0
1 −X0

1‖
)

, t ∈ [0, t1),

t1 > 0− ìîìåíò, êîãäà âïåðâûå y1(t1) ∈ ∂D(Y 0
1 , r0);

p) v(t) = v̂

(
t, tp, x

(αi)
i (tp), yj(tp),

Y 0
1 − y1(tp)

‖Y 0
1 − y1(tp)‖

)
, t ∈ [tp, tp+1)

tp+1 > tp − ìîìåíò, êîãäà âïåðâûå y1(tp+1) ∈ ∂D(Y 0
1 , r0),

çäåñü p = 1, 2, 3, . . .





Èç ïîñòðîåíèÿ óïðàâëåíèÿ v(t) è òåîðåìû 2.1 ñëåäóåò ñïðàâåäëèâîñòü
äàííîé òåîðåìû.

Òåîðåìà äîêàçàíà.
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